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Graviton noise on tidal forces and geodesic congruences
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In this work we continue with our recent study, using the Feynman-Vernon worldline influence action
and the Schwinger-Keldysh closed-time-path formalism, to consider the effects of quantum noise of
gravitons on the motion of point masses. This effect can be regarded as due to a stochastic tensorial force
whose correlator is given by the graviton noise kernel associated with the Hadamard function of the
quantized gravitational field. Solving the Langevin equation governing the motion of the separation of two
masses, the fluctuations of the separation due to the graviton noise can be obtained for various states of the
quantum field. Since this force has the stretching and compressing effects like the tidal force, we can view it
as one. We therefore derive the expressions for, and estimate the magnitude of,, this tidal force for the cases
of the Minkowski and the squeezed vacua. The influence of this force on the evolution of the geodesic
congruence through the Raychaudhuri equation is then studied and the effects of quantum graviton noise on

the shear and rotation tensors presented.
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I. INTRODUCTION

Demonstrating the existence of gravitons is a necessity to
affirming the quantum nature of perturbative gravity [1,2].
This is in principle doable at today’s low energy, unlike
quantum gravity proper, such as string or loop quantum
gravity, operative at the Planck scale [3-5]. Bounds on
graviton’s mass are deduced from gravitational waves
detected in LIGO [6], but a graviton in the classical context
of gravitational waves invokes the assumption of a propa-
gating particle that mediates gravitational forces not in the
full context of (perturbative) quantum gravity. Theoretically
one can ask how graviton as a quantum entity changes the
Newtonian potential, as in, e.g., [7-9]; one can compute the
graviton-induced corrections to the classical wave equa-
tions, as in, e.g., [10] for the Maxwell equation under the
one-loop and weak field approximations. The corrected
equations are reported to be analogous to the classical
equations in anisotropic and inhomogeneous media.
From the changes in the dispersion relations one can in
principle induce the existence of gravitons. However, direct
experimental detection of gravitons remains a serious
challenge [11].

Lately, there is a surge of interest in accessible albeit indi-
rect experimental detection of gravitons (see, e.g., [12,13]).
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One proposal suggested by Parikh er al. [14-16] is to
measure the effects of graviton noise on masses. This line
of investigation was pursued by several groups of authors
[17-19] and will be the main focus of this work. In a recent
paper by the present authors [19], the effects of graviton noise
on free test masses in Minkowski spacetime were considered
via the Feynman-Vernon [20] worldline influence functional
and the Schwinger-Keldysh [21,22] closed time path for-
malism [23-25] applied to the quantum Brownian motion
model [21,26,27]. The noise kernel originating from the
Hadamard function of the gravitons acts as a stochastic
tensorial force in a Langevin equation governing the motion
of the separation of two masses. The fluctuations of the
separation due to the graviton noise are then solved for
various quantum states including the Minkowski vacuum,
thermal, coherent, and squeezed states.

The purpose of this work is to study the effects of
graviton noise on the tidal forces as well as the geodesic
congruences. For this purpose we introduce a Newtonian
potential ¢(x) in the background. The tidal force between
two masses each following its geodesics arises from the
difference of forces exerted on the two masses, as governed
by the geodesic deviation equation. Fluctuations of a
quantum field, here the quantized linear perturbations of
a weak gravitational field, constitute graviton noise. At the
lowest consistent order we can neglect the interaction of the
Newtonian potential with the gravitons. Thus we can derive
graviton noise using a Minkowski spacetime background
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and calculate its effect on the tidal force generated by the
Newtonian potential.

Following this, we continue to investigate the effect of
graviton noise on many masses each following a geodesic,
namely, a geodesic congruence. The kinematics of a
geodesic congruence, characterized by three parameters:
an expansion scalar, a shear tensor, and a rotation tensor,
collectively called the “deformation tensor,” is governed by
the Raychaudhuri equation [28] (for useful reviews see, e.g.,
[29,30]). The Raychaudhuri equation played an important
role in the landmark proofs by Penrose, Hawking, and
Geroch of the existence of singularities in classical general
relativity [31,32]. Quantum versions have also been used
to test out different quantum gravitational theories from
“improved” (asymptotic safety) to “zero-point length” to
generalized uncertainty principles and loop quantum gravity
[33-39], to name just a few veins [40]. Our goal is to find out
how graviton noises impact on the deformation tensor
components in both the Minkowski and the squeezed
vacuum states. These are observable quantities in physical
systems at low energies that, once measured, could reveal
not only the existence, but also the nature and dynamics of
gravitons through the action of their noises.

In Sec. II, we review the Feynman-Vernon influence
functional formalism implemented in [19] to derive the
quantum noise effects of gravitons. It is shown that the
influence of this noise to the geodesic separation of two
masses is manifested as a stochastic tensor force in the
Langevin equation of motion. In Sec. III, we point out that
the stochastic force can also be viewed as a tidal effect on
neighboring masses. We then estimate the possibility of
measuring this tidal force coming from gravitons in differ-
ent quantum states of the field. It is natural to extend the
consideration of neighboring particles to that of a geodesic
congruence. This extension is carried out in Sec. IV, where
the evolution of the expansion scalar, the shear tensor as
well as the rotation tensor are investigated through the
Raychaudhuri equation with external forces. We conclude
with discussions in Sec. V [42].

II. GRAVITON NOISE

To make our presentation self-contained we briefly
describe the origin of graviton noises and summarize their
effects on free masses via the Langevin equation according
to [19]. We begin with the FEinstein action

1
5, = [ =g (1)

where k%> = 162G and G is the Newton’s constant.
Quantizing the linear gravitational perturbations, we obtain
the action for the graviton field 2(*)(x),

/ d4xZa R (x)0*h) (x), (2)

which represents two minimally coupled massless scalar

fields 4*)(x) for the two polarizations s of the graviton.
In the Fermi normal coordinate (f,7), the action of the
test mass m can be written as

S, = —m/ v —ds?,

:/dt[aéljzlzj‘f'fhuzlzj] RN (3)

The first term is the kinetic term and the second one is the
interaction term with the gravitational perturbation /;;(x).

S grav —

Using the scalar fields h(), this interaction can be
expressed as

/dtn:;ciiijzizf :a/d“th("')(x)X

where the constant @ = mx/2+v/2(27) and

©x). (4)

d2

X0 = [ ke L@ RZ0P. )

with €
graviton.

To examine the influence of the gravitons on the
equation of motion of the test mass, we shall follow the
in-in closed time path integral formalism. The interaction
term in Eq. (4) is linear in the graviton field. Therefore, the
graviton fields can be integrated over to produce the
influence action

bemg the polarization vector corresponding to the

Sp = / drdt NI (£)Dyjy (2, 1) (1)
i y
+§/dldt/Alj(t)Nijkl(t’ A (7, (6)
where

(1) = L(0) + 2L (0L (1), (7)

24 (1)z

| =

(1) = 24 ()2 (1) = 2L ()2 (1), (8)

Z'(¢) and z'_(z) are the forward and backward in-time fields
in the closed-time path formalism. Here,

2 & & 31 31 3, g3/ —lkx —zk'-)?’
Dijkl(t’t) a Pﬁ d’kd’k d°xd’x
x > el (K)efs) (K) G (x, 1) (9)
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is the dissipation kernel with
Groa(x, ') = i6(1 = ') {[2(x), h(x")]) (10)

being the retarded Green function.

o & & —ik-% =ik ¥
Niju(t. 1) zjﬁm/cpkd‘%k’/cﬁxd‘%x’e kX =ik
x Y e (R)ey ()G (v, ) (1)

is the noise kernel where

G (x.x') = ({h(x). h(x)}) (12)

is the Hadamard function. Using the Feynman-Vernon
Gaussian functional identity, the noise term can be replaced
by a path integral over the stochastic tensor force &;;(¢) with
the two-point correlation function

(&ij()&u(1))s = Niju(t, 1). (13)

Together with the kinetic terms of the test mass, we finally
arrive at the so-called stochastic effective action Sqga,

Ssea = Smlz1] = Sulz-] + S,
:%/m@ﬁ@ﬁ@-%/m@i@ﬁ@
+/mWwawﬁijﬁ—/m@@Nm)
(14)
from which one can derive the effective equation of motion.

Indeed, the Langevin equation of motion for the test
mass can be obtained by

OSsEA

: =0
oz,

= mzi(t) + 26™ / dt' Dy (2. 1) 2" (1) 2 (7) 2/ (1)
_ 255k§kl(t)zl(t) =0. (15)

In the following we shall concentrate on the stochastic
tensor force term coming from the effect of the graviton
noise. That is, we shall neglect the history dependent
dissipation term, which is supposed to be of higher order
effect. Then, Eq. (15) simplifies to

mz' (1) = 26" & (1)2'(1). (16)
We shall explore in the subsequent sections the effects of

the graviton noise on the tidal forces as well as the geodesic
congruences. For this purpose we introduce a Newtonian

potential ¢(x) in the background and at the lowest con-
sistent order we can neglect the interaction of the
Newtonian potential with the graviton. In other words,
gravitons come from the quantized linear perturbations of
flat space, not of the weakly curved space due to the
gravitational potential, while the gravitational potential
remains a classical external field which mediates the tidal
forces between two or more masses. We want to know how
gravitons influence the tidal forces between two masses and
affect the congruences of masses in their geodesic motions,
as a way to identify the presence of hitherto evasive
gravitons. Therefore, we shall keep on using various
vacuum states in the Minkowski spacetime for the evalu-
ations of the Hadamard function and the noise kernel in
Egs. (11) and (12).

With the Newtonian potential, the equation of motion is
modified to

mzi(t) = —md'(Z) + 26 &, (1) (1). (17)

This is the form of the Langevin equation of motion we
shall use in the following sections to consider quantum tidal
forces on test masses as well as the graviton noise effect to
geodesic congruences.

As we have pointed out earlier, for the geodesic con-
gruences, the graviton noise, owing to its intrinsic and
ubiquitous nature, represents a generic quantum effect in all
quantum versions of the Raychaudhuri equations. Hence,
this study may shed light, especially for null geodesics, on
the possibility of quantum resolution of the singularity
theorems in classical general relativity. From the quantum
information perspective one can use our analysis with the
world-line path integral formalism to study the effects of
graviton noise on quantum entanglement between two
nearby masses [44-46]. Since graviton, the dynamical
degree of freedom of gravitational interaction, and not just
the Newtonian force, a pure gauge [47], is involved, this
can in principle reveal the quantum nature of perturbative
gravity.

I1I1. TIDAL FORCES

In this section, we shall examine the effect of the
graviton noise on the tidal forces experienced by test
particles. Since tidal forces measure the difference in forces
exerted to a material body at neighboring locations [48], we
take the variation of z'(r) at fixed time ¢ of the modified
Langevin equation of motion as shown in Eq. (17).

Ly = [-vap+ ()] ey,
= K';(Az)/, (18)

where (Az)' represents the geodesic deviation of a nearby
geodesic in the congruence at time ¢ in the spatial
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directions. —0d;0;¢ is the Newtonian tidal tensor that is
symmetric and traceless. Hence, the stochastic tensor force
2¢&;;/m can also be interpreted as a form of tidal force. It is
also symmetric and traceless. As a result the total tidal
tensor K;; therefore consists of a classical Newtonian part
and a stochastic part due to the gravitons.
The stochastic average of the tidal tensor

<Kij> = —0,0;¢ (19)
because the distribution of ¢;; is assumed to be Gaussian
and (£;;) = 0. The correlator of the stochastic part of the
tidal tensor is just

(Ee00)Gas0) - (e o

given in terms of the noise kernel.

To have some estimation of the magnitudes of the
tidal forces, we look at the typical example of that of a
central mass M. The corresponding Newtonian potential
would just be ¢(r) = —x*M/16zr. Hence, the classical
Newtonian tidal tensor is given by

K*M 3x;x;
16773 (5” P j)' (21)

For radial geodesics, we take x; = (0,0, r) and

_aiaj¢(r) =-

21 1 0 O

K

0,0; =— I 0 |. 22

Qiblr) = =2 (22)
0 0 -2

The tidal stress in the radial direction is positive, k>M /81,
which represents stretching tension. In the transverse direc-
tions, the tidal stress is negative, —x>M /161>, representing
a compression strain.

One can therefore estimate the magnitude of this tidal
tensor component by x?>M/16zr3. With x*/16x ~ 6.67 x
10~!"" N'm? kg2 being the gravitational constant and M, ~
2 x 10 kg the mass of the Sun,

KM M/M
~133x 101 [ ——2 ) Nm~'kg™!. (23
16713 x ((r/l km)3> meoxe (23)

For example, near the event horizon (ry = 3 km) of a solar
mass black hole,

KM
16713

~4.93 x 103 Nm~'kg~!. (24)

Therefore, for an object of mass m = 100 kg and size
[ = 1 m, the pressure due to the tidal stress near the horizon
of a solar mass black hole is given by

K>Mml
T6nE ™ 4.93 x 10* atm. (25)
In fact, a human body cannot withstand a pressure of more
than about 100 atmospheric pressures without breaking.
This corresponds to a distance of about 100 km from the
center of the solar mass black hole.

To have another order of magnitude estimation, consider
one near the surface of the Earth with M ~ M /333000 and
r ~ 6400 km,

KM

16713

Nm™'kg!,

~1.33 x 10“<71/333OOO>

(6400)°
~1.52x107° Nm~'kg™!. (26)

In this case, the result is about 14 orders of magnitude
smaller than that in Eq. (24).

Next, we would like to estimate the tidal forces due to the
graviton noise as indicated in the correlator in Eq. (20).
In [19], we have calculated the noise kernel from gravitons
in the Minkowski vacuum,

0 3274
N:(/lgl(t ) =- (?> a?N°[268;;83 — 3(88j1 + 816 1]
X F[A(t—1)], (27)
where
1 / s
=— | dyy’cosy,
X7 Jo
1 4
=% [(5x* = 60x* + 120) cos x
+ x(x* = 20x% + 120) sinx — 120],  (28)

and A is a momentum cutoff which will be related to some
scale in the problem. As there is no particular scale for the
Minkowski vacuum, the scale A would be related mainly to
that of the masses in the measuring device. To make the
estimation, we consider the typical component 3333 of the
noise kernel in the coincident limit,

0 6471'4
NGs(t,1) = (ﬁ a’A°, (29)

which is independent of the time ¢ because the Minkowski
vacuum is time-translation invariant.

Now, we estimate the magnitude of the stochastic part of
the tidal tensor component by taking the square root of the
fluctuation, that is, the coincident limit of the correlation
function. Remember the constant a = mx/2+v/2(2x)? so

4 hck®A°
\/hc(WNé‘;g(m)) =\ oo G0
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where we have added the factor 7c to obtain the right
dimension. If we take the momentum cutoff as the
reciprocal of the typical length in the problem, that is,
A~1/I~1m!, then

4
\/hc ($N§3§3(z, z)> =239x 107" Nm~'kg™!, (31)

which is about 12 order of magnitude smaller than that near
the Earth’s surface as shown in Eq. (26).

In [19], we have also discussed the case of squeezed
vacuum state. The explicit form of the corresponding noise
kernel is

N (1,8) = (cosh2O )N (1.7

167

—(sinh2¢) By, <?) A AF[A(t+1)], (32)

where ¢ is the squeeze parameter and the tensor B is

Biji = (6,01 + 6 + 80k
= 5[8;(f0 )i (1), + 0ix (o) (f1o),
+ 8u(fto) ;(fo), + 0 (o) (o),
+ 8 (o )i + S1a(itg) (o) ]
+ 35(itg)(f10) ;(it0) (201 (33)

with it being an arbitrary unit vector. It is usually chosen to
be (0, 0, 1). Again, we examine the component 3333 of the
noise kernel in the coincident limit. Note that the tensor in
the squeezed state noise kernel Bj333 = 8. Then,

64
M8 (1) = (o 20) (S e

— (sinh 20) (%85”4) CASFQAL).  (34)

Note that here the coincident limit of the noise kernel is no
longer independent of the time ¢ since the squeezed vacuum
state is not time-translation invariant. Suppose we take the
typical length and timescale both to be I, ~1/A~1 m.
The function

FAN ~ —% Scos(2) — 14sin(2) + 15],

~ —0.0236. (35)

We can see that the squeezed state noise kernel is basically
enhanced by the exponential factor e* as compared to that
in the Minkowski vacuum. Hence, the magnitude of the
stochastic part of the tidal tensor component can be similarly

enhanced by e°. In many inflationary cosmological

scenarios, the primordial gravitons produced in the early
Universe are in a squeezed state with a large squeeze
parameter up to 10? [49,50]. For example, in the case of
grand unified theory inflation, the enhancement e¢ ~ 10'8
with the squeeze parameter &~40 [17]. Hence, this
enhancement due to squeezing might be enough to augment
the graviton quantum noise induced tidal force to a detect-
able level.

IV. GEODESIC CONGRUENCES

In the last section we have discussed the effect of
quantum noise due to gravitons on the motion of test
particles manifesting itself in the form of tidal forces. The
presence of these tidal forces would in turn influence the
evolution of the geodesic congruences. Hence, in this
section we would consider further the so-called deforma-
tion tensor € j that characterizes the shape of the
congruence.

One can define the deformation tensor j by the
equation
d(Az)! . .
( df) — Q' (Az), (36)

Then the relationship between €;; and the tidal tensor K;;
can be established as follows [51]. Differentiate Eq. (36)
with respect to ¢ and we have

d*(Az)!
dr?

- (df;lf + QO >(Az)j- (37)

Comparing this with the tidal equation in Eq. (18), the
evolution of the deformation tensor can be expressed as

Q) ‘ ‘
—dl‘] = —Qlkgkj + Klj (38)

Usually, €;; is decomposed into its trace, symmetric
traceless, and antisymmetric parts.
9 - Qil‘,
1 1
ij —5(91'; + Q) — 59 1Sijs
1
ij 5(91']' - Q). (39)

with 6 being the expansion scalar, ¢;; the shear tensor, and
w;; the rotation tensor [52]. That is,

1
Q” = §06U + Oij + ;. (40)

The evolution equations for various parts listed above
can be obtained from Eq. (38). For the expansion scalar,
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which measures the rate of change in the volume of the
congruence,

é - —QZJQJZ + Kii,
1 - . )
:—592—6ij0lj+wijwl‘]+Kli. (41)

This is just the Raychaudhuri equation with an exter-
nal force.
For the shear tensor,

1 1
== 2Qka +5Ki
1 1 2 kl kl k ; :
65 —§9 — OO0 +60le0 +Kk +(l(—)]),

1
= —596“ - Gikdkj - Cl)ika)kj + g‘sij(o-klo-kl - wkla)kl)
1 1 -

For the rotation tensor,

w;; == (QuQ*; + K;j) — (i < j),

| =

:—gea)ij—aika)kj—a)ikaijr(KijJrKji). (43)

This set of equations shows how the evolution of the
deformation tensor is affected by the tidal forces. Suppose
that there is no Newtonian potential or that the Newtonian
gravitational force is uniform, then we have —d;0;¢p = 0. In
this case, the tidal tensor is given solely by the stochastic

force
2
K;j= (E) Sij» (44)

induced by the graviton noise. In the following subsections
we shall concentrate on this case to investigate what kind of
impact the graviton noise would have on the deformation
tensor components in both the Minkowski and the squeezed
vacuum states.

A. The expansion scalar and the rotation tensor

We start with the evolution equation of the expansion
scalar in Eq. (41). Suppose that the optical tensor compo-
nents are small compared to the terms given by the tidal
force. Then, one can solve this evolution equation pertur-
batively as

. . l i
O~K';=0= / di'K'i(1') + 0y, (45)
0

where 6, is its initial value. Therefore, the influence of the
gravitons on the expansion scalar can be expressed as

2 [t .
o2 / ALE () + 0. (46)
m Jjo
Under the stochastic average, we have

(0) = 6,, (47)

ooy =ai+ (Z)" [[av [ areins o
_98+_2/ dt”/ di"N;' (", 1) (48)
m= Jo 0

The correlation function of the expansion scalar is thus
given by the integrations over the noise kernel

The explicit form of the noise kernel N;; 121 due to
gravitons in the Minkowski vacuum is given in Eq. (27).
From the symmetry structure of this noise kernel, we can
see that it is symmetric and traceless with respect to the
pairs of indices ij and k/. This is because the noise kernel is
related to the influence of the gravitons on the test particles,
while the graviton is represented by a symmetric-traceless
tensor field. Hence, these symmetries of the noise kernel is
true not only for the vacuum state but also for any other
quantum states of the corresponding graviton. From the
traceless property, we can see that the noise kernel will not
contribute to the correlator of the expansion scalar 6.
That is,

(o) = 6. (49)

We can also consider the squeezed state. From the
explicit expression for the squeezed state noise kernel in
Eqg. (32), it is apparent that the tensor B j; is also symmetric
and traceless with respect to the pairs ij and kl. Therefore,
the noise kernel in the squeezed state will not contribute to
the correlators of the expansion scalar and

(0(no(r)) = 65. (50)
The same consideration can be applied to the rotation

tensor. From the evolution equation in Eq. (43) and
concentrating on the effect of tidal force, we have

1
wjj ~ E(Kij +K;;)
1 [t
= oy = [ AWK+ Ka0) + @0)y (51)

where (@y);; is its initial value. Expressing the tidal force
induced by the graviton noise with the stochastic force ¢;;,

1 [t
W;j = EA dt/(éij - fﬁ) + (w0>ij’ (52)

with the stochastic averages
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<a’ij> =
(@j (D) (1) = (@0);;(@0)
_/ dt”/ dt///N lj t” t/”) (54)

(0)
ijk

(a)O)iﬂ (53)

As we have discussed earlier, the noise kernels N

E/‘IZZ’ from graviton noise for the Minkowksi vacuum and

the squeezed vacuum, respectively, are symmetric with
respect to the pairs of indices ij and kl. Hence, it will not
contribute to the stochastic average above, and we have

<a)ij<t)a)kl(t/)>(0) = <a)ij(t)a)kl(t/)>(§) = (@0);;(@0) - (55)

B. The shear tensor

; and

Finally, we come to the shear tensor which is traceless
and symmetric. Since the noise kernel due to graviton noise

from this noise. From the evolution equation in Eq. (42),
we have

.1 1 1.
GiszKij_'—EKji_gKk 5”
L[t / / 2 k(4

+ (00))» (56)
where (oy);; is its initial value. With the stochastic forces,
1 [t 2
oij = E/o dr' |:§ij(tl) +&u(l) - §5ij§kk(t/):|
+ (0))» (57)

and the stochastic averages are

is also traceless and symmetric, we would expect the (6;) = (60);;- (58)
stochastic average of the shear tensor to have contributions /
|
1 1
(6ij(t)on(t)) = (00);;(00)k + /d’”/ df”’{ i)k (17, 1") = gN(ij)nn(t”vtm)ékl_gNmm(kl)(tN,tW)éij
1
+ §Nmmnn(t”a t///)5[j5kl:| ,
4 d /! ! " 11 I
= (Go)zj(do)kz‘FW A dr A dr" Ny (2", 1"). (59)

First, we consider the correlator with gravitons in the Minkowski vacuum. Putting the expression for the noise kernel in

Eq. (27) into the shear tensor correlator in Eq. (59),

1287% a2 A°

<0-ij(t)5kl(t/)>(0) = 15

(60>ij(60)kl -

126,60 — 3(6u8;1 + 6u83)] / "ar / CArEIAE = ). (60)
0

The integrations over ¢’ and 7"’ can be done in closed form. However, if we expand the result in powers of (¢ —¢'), then

we get
t v 1
/ dt” / di"FIA(" = 1")] = gz [T = 4AF sin(Ar) — 1242 cos(At) + 24Arsin(Ar) — 24(1 — cos(Ar))]
0 0
r—
+ ( 67 5) [A%t* cos(Ar) — 4A3F sin(Atr) — 12A%£ cos(At)
+ 24Atsin(Atr) — 24(1 — cos(Atr))] + ... (61)

From this we can see that the shear tensor correlator (c;;(f)oy,(#'))*) in the Minkowski vacuum is finite in the coincident

limit ¥ — ¢. Hence,

2
<0ij(t>0k1(f)><0) = (60);(00) 11 — [26:0k — 3(8ikb 1 + )] (m)

x [A*et

—4N38 sin(At) — 12A2 cos(At) + 24At sin(At)

—24(1 = cos(Ar))], (62)

where we have substituted @ = mx/2+/2(27z)* to arrive at this expression.
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First, to concentrate on the stochastic part, we shall assume that (6;),; = 0. Then, the 3333 component of the correlator is
given by

2
K—) [A*1* — 4A31 sin(Ar) — 12A%1% cos(Ar) + 24Atsin(Ar) — 24(1 — cos(Az))].  (63)

(os(0os(0) = (s

In fact, for the other components,

(011(1)o11 (1)) = (62 (1)02 (1)) = (633(1)033(1)) 0,

(011(1)02 ()0 = (622 (1)033(1)) V) = (633(1)011 (1)) = —%<U33(1)0'33(l)>(0>7
(012(1)o12(1)) 0 = (623(1)023(1)) ) = (031 (1)03, (1))(©) = %(@3(1)533(’))(0)- (64)

To estimate the magnitude of the shear, we take the momentum cutoff, as in our last section for the tidal force, to be
A ~1/1~1 m~!. Furthermore, suppose that the time of duration of measurement ¢ to be also of the order of I, then the
square root of the typical 3333 component

2
307%
~1.94 x 10727 571, (65)

(633(t)033(1))0) ~ <il) K

where a factor of 7/ ¢ has been added to have the right dimension. This estimation is consistent with that of the tidal force in
Eq. (31) as the momentum cutoff there is also taken to be ~1 m~'. Indeed, (2.39 x 10~1% s72)(I/c) ~ 10727 s71.

Lastly, we consider the shear tensor in the squeezed vacuum state. Concentrating on the stochastic part of the shear tensor
correlator, that is, taking (o) ;i =0,

12874 a2 A6
<0,-j(t)6kl(t’)>(5):—(cosh2§)(817,[57az> [26;0 — 3(8uSj; + 6401 /dt”/ dt"FIA(t" —1")]

4 4 2A6
_(sinhzc)BUk,(6 fsaz ) / dr" / A" FIA(?" + 1")]. (66)

The first integral has been evaluated in Eq. (61). Similarly, we expand the second integral in powers of # — 7/,

t 7 1
/ dt”/ di"FIN({" + 1")] = — A [2A%t* — 438 (4 sin(At) — sin(2At)) — 6A%£2(8 cos(At) — cos(2At))
0 0

+ 6A1(16sin(At) — sin(2At)) — (93 — 96 cos(At) + 3 cos(2A1))]

(iAG 5) [2A%*(2 cos(At) — cos(2At)) — 4A33 (4 sin(At) — sin(2A1))
— 6A%1*(8 cos(At) — cos(2A1)) + 6At(16 sin(Ar) — sin(2Ar))
+ (=93 4 96 cos(Ar) — 3cos(2A8))] + - -. (67)
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Therefore, in the coincident limit ¢ — ¢,

2
<5ij(t)6kl(t)>(o = —(cosh 20)[26;;6,; — 3661 + 616 k)] (m)

X [A*r* — 437 sin(Atr) — 12A%12 cos(Ar) + 24 At sin(Atr) — 24(1 — cos(Atr))]

2

K
+ <Sln C) ijkl (960ﬂ2l4

) [2A%* — 4A3F (4 sin(At) — sin(2At))

— 6A%1%(8 cos(At) — cos(2A1)) + 6At(16 sin(Ar) — sin(2A1))
— (93 — 96 cos(At) + 3 cos(2A1))]. (68)

To estimate the magnitude of the shear tensor fluctuation, we again take the 3333 component.

2

(633(1)033(1))E) = (cosh 2¢) <30§z:2t4> [A*#* — 4N3F sin(Ar) — 12A%2% cos(At) + 24Atsin(At) — 24(1 — cos(At))]

2

K
1207%¢*

+ (sinh 20) (

) [2A%t* — 4A3F (4 sin(At) — sin(2A1))

— 6A%1%(8 cos(At) — cos(2At1)) + 6At(16 sin(Ar) — sin(2A1))

— (93 — 96 cos(At) + 3 cos(2A1))].

(69)

The first term is just the Minkowski vacuum result times cosh 2£. If we take the length and timescales tobe [ ~ t ~ 1 m and

A~1/1~1m™', then

{033(1)633(1))(© ~ \/ cosh(2¢) <30’;2ﬂ> (0.3) + (sinh 2¢) <12(’);2t4) (=0.8)

~ et <U33<t)033(t)>(0

Therefore, we obtain the enhancement factor e¢ to the shear
effect of the graviton noise due to the squeezed vacuum
state as compare to that of the Minkowski vacuum state.

V. CONCLUSIONS AND DISCUSSIONS

To continue with our recent work [19], we have consid-
ered in this paper the effect of quantum noise of gravitons as
a stochastic tensorial force whose correlator is given by the
graviton noise kernel associated with the Hadamard function
of a quantized gravitational field. From the geodesic
deviation equation between two masses, we see that this
stochastic force has the stretching and compressing effects
like the tidal force acting on neighboring particles.
Therefore, one can view this as a stochastic tidal force.
We can also extend the consideration to more masses, and
calculate its influence on the evolution of a geodesic
congruence. Since this force is fluctuating, we estimate
its magnitude by the square root of the equal time auto-
correlator, which is proportional to the noise kernel. For the
Minkowski vacuum, it is about 12 orders of magnitude

(70)

smaller than the tidal force near the Earth’s surface as shown
in Eq. (31). We have also considered the case with the
squeezed vacuum state, and it is found that there is an
enhancement of e¢, where ( is the squeeze parameter, over
the Minkowski result. This enhancement factor may bring
this stochastic tidal force to a detectable level someday.
With this stochastic tidal force, we have further inves-
tigated its effect on geodesic congruences. The kinematics
of these congruences are characterized by the deformation
tensor, including the expansion scalar, the shear tensor, and
the rotation tensor. The evolution of the deformation tensor
is given by the Raychaudhuri equation in the presence of an
external force. The fluctuations of the deformation tensor
are then related to the graviton noise kernel. Due to the
transverse-traceless properties of this noise kernel, the
stochastic tidal force will not alter the fluctuations of
the expansion scalar and the rotation tensor. Only the shear
tensor that is symmetric and traceless will be affected by it.
Again, this effect is too small to be detectable in the
Minkowski vacuum case, but the enhancement factor of e¢
in the squeezed vacuum state may increase the possibility.
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In the present work, we have solved the Raychaudhuri
equations to the lowest order in the tidal force. In a more
complete analysis, it is possible to include higher order
effects in a perturbative manner. Although in the lowest
order, the expansion scalar and the rotation tensor are not
affected by the stochastic tidal force, we would expect them
to be influenced by higher order terms. Another natural
direction to build on our present analysis is to consider
gravitons and their corresponding noise kernels in a curved
spacetime, going beyond the Minkowski background. For
example, to examine the stochastic tidal force near a
black hole in a consistent way, it is necessary to consider
gravitons as quantized gravitational perturbations in a black
hole background. Then we need to evaluate the noise kernel
corresponding to these gravitons to study their influences
on point masses. Likewise, evaluating the noise kernel in
cosmological spacetimes is needed for the study of graviton

noise effects in the Universe. We know that any quantum
field in an expanding universe will be squeezed. To take
advantage of the large squeezing factor for the enhance-
ment of observable graviton noise effects one may need to
trace back to quantum gravitational effects in the early
Universe, such as quantum fluctuations in primordial
gravitons created and in matter structures formed.
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