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We investigate the bound orbits of massive/massless, neutral particles and photons moving around
regular black holes of Fan and Wang. For massive particles, we show the existence of stable/unstable
circular orbits and the charge dependence of the radius of the innermost stable circular orbit. Remarkably,
we find an unstable circular orbit of photons inside the event horizon. For massless particles and photons,
we show that both stable and unstable circular orbits can exist in a regular and horizonless spacetime with a
slight overcharge. Then, we also discuss the periapsis shift of massive neutral particles orbiting around the
black hole, and show that the charge gives a negative correction to the shift for black holes with small

nonlinearity of electrodynamics.
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I. INTRODUCTION

The singularity theorems of Penrose and Hawking [1,2]
state that under the assumption of the presence of matter
satisfying physically reasonable energy conditions, the
existence of singularities is unavoidable in General
Relativity (GR). However, it is widely believed that such
singularities are simply nonphysical objects which are
created by classical theories of gravity, and hence they
will be resolved if we can obtain complete quantum gravity
in our future. Bardeen [3] proposed the first model of
asymptotically flat, static, and spherically symmetric black
holes (BHs) with a regular center. Such a kind of BH is
called a regular black hole (RBH) or a nonsingular BH. At
first, this BH model was not obtained as an exact solution
of the Einstein equation, but thereafter, Ayén-Beato and
Garcia [4] showed that the Bardeen model can be seen as a
solution of the Einstein equation coupled with a physical
source of a magnetic monopole in nonlinear electro-
dynamics (NED). They also found another type of RBH
solution which describes a Reissner-Nordstrom type space-
time to the Einstein-NED equation [5]. Subsequently, other
RBH models were proposed. For instance, Dymnikova [6]
proposed a different type of RBH, which coincides with the
Schwarzschild spacetime near infinity and behaves like
the de Sitter spacetime near a center. Hayward proposed a
static and spherically symmetric RBH model to resolve the
BH information-loss paradox [7]. Furthermore, Fan and
Wang [8] found a wide class of asymptotically flat, static,
and spherically symmetric RBH solution in NED, which
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generalize the Bardeen BH [3] and the Hayward BH [7].
Other than these RBHs, numerous types of models and
solutions have been proposed so far. The readers can find
useful reviews in Refs. [9-11].

The observation of particle motion around BHs is useful
to test GR and alternative theories of gravity since it enables
one to give the constraints on the parameters of the spin and
charge of BH. So far, many researchers have also studied
particle motion around RBHs. Refs. [12—14] investigated
circular geodesics in the Bardeen BH and Aydn-Beato-
Garcia BH. The gravitational lens of the Bardeen BH
was discussed in [15]. Moreover, Ref. [16] studied the
photon orbits around the Bardeen BH, and determined the
BH shadow. Reference [17] studied the periapsis shifts of
bound orbits of massive particles moving around Bardeen
BHs. Ref. [18] investigated the particle motion around a
special class of the Fan-Wang BH (FWBH) with Maxwell
weak-field limit. Reference [19] studied the particle
motion around the Hayward BH. A remarkable aspect in
nonlinear electrodynamics is that photons do not propagate
along the null geodesics of the spacetime geometry but
rather of an effective geometry [16,18,20,21]. The propa-
gation of photons has been studied for the Aydén-Beato-
Garcia spacetime in Ref. [21], for the Bardeen spacetime
in Ref. [16] and for the Hayward spacetime in Ref. [22].
The photon orbits are also studied in rotating versions of
several RBHs of NED [23]. In this article, we aim to study
the motion of massive/massless neutral particles and
photons in the FWBH spacetime and derive the general
properties of RBHs spacetime because the RBH covers
the Bardeen BH and Hayward BH spacetimes as spe-
cial cases.

The rest of the paper is devoted to analyze the particle
motion around the FWBHSs. In the next section, we review

© 2023 American Physical Society
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the FWBHSs as solutions in NED, then present the metric
and the gauge potential with a magnetic monopole or an
electric charge, and further give the conditions for the
existence of horizon. In Sec. III, we discuss the stability of
circular orbits for massive particles around the FWBHs,
where the particle motion can be reduced to a one-
dimensional potential problem. In Sec. IV, we similarly
consider the motion for massless particles, whose potential
can be obtained as the divergence limit of an angular
momentum. However, the massless orbits do not corre-
spond to photon orbits in the Einstein gravity coupled with
NED. Hence, in Sec. V, we separately analyze photon orbits
around the FWBHSs. In Sec. VI, we compute the periapsis
shift of the orbits for massive particles in the weak-field
limit. In Sec. VII, we summarize our results and discuss
possible generalization.

II. REVIEW OF REGULAR BLACK HOLES

Here we review the RBHs of general Fan-Wang class [8],
which are given as the solution with NED whose action is
given by

1

= ——- 4 — — = {lﬂ
S=1oz | VEIR=LF). Fi=FyFP. (1)

The field equations derived from the Lagrangian density
L(F) of NED admit electrically charged solutions or
magnetically charged solutions, where in particular,
L(F) for the latter case can be written as

cFy = _@F)T ki
a (14 (aF)5)+

where u, v, and a are free parameters of the theory. This
theory reproduces the usual Maxwell theory at the weak
field limit 7 — 0 only if v = 1, which is the main subject
of Ref. [18]. The asymptotically flat, static, and spherically
symmetric BH solution with a magnetic monopole is given
by [8]

d 2
ds> = —f(r)di* + Wr) + P2 (d6? + sin0dg?),
r
2M_2q3a—1 za—lq3ry—l
flr)=1- T v e 3)
r (' +q"):
and
2 4
A=-T cos Odgp, F = q_’ (4)

V2o ar

where M is the ADM mass of the spacetime.1 The magnetic
charge is given by

'See also a comment [24] on the definition of the mass.

R PR
R e (s)

On the other hand, the gauge potential for an electrically-
charged BH solution with the same metric (3) can be
written as

S 6
2a utv ( )

g (r'GBr'=(u-3)¢")
< (r"+q")v 3) ar

where ¢ is now related to the electric charge defined by

Q::i/ﬁ R (7)
e 4r F _\/Z

The scalar F is given by

Fo G 4 ) (1 =3)g = (v 4 3
2a° '
(8)

Unlike the magnetic solution, one cannot obtain the explicit
form of the NED Lagrangian, but only its on-shell value for
the solution as

241 (u = 1)g = (v + D

C(‘F) = a (qz/ + I”U)2+%

©)

In order to eliminate the singularity at the center r = 0, one
must set

M=a'qg, (10)
in which the metric function f(r) can be written as

2M !

==y

(11)

This metric admits known RBH spacetimes for specific
parameter choices:

(i) (u,v) = (3,2): Bardeen BHs [3].

(i) (u,v) = (3,3): Hayward BHs [7].
Although the mass and charge are constrained by Eq. (10),
we can treat them as independent parameters by adjusting
the parameter a.

In the following, we use the gravitational radius r
instead of the mass M,

g

r,=2M. (12)

g
The equation f(r) = Ohastworoots r_and r (r_ <r,)
for r > 0, which corresponds to an inner horizon and an outer
horizon. Let us consider the extreme condition (r, = r_)
given by f(r) = 0 and f'(r) = 0, which can be solved as
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p=07T
q:rg%::q . (14)

Therefore, we have four distinct cases depending on the
charge:

(1) a black hole with a single horizon (Schwarzschild

BH): ¢ = 0;

(2) a black hole with two horizons: 0 < g < ¢%;

(3) a degenerate horizon: g = ¢%*;

(4) an overcharged but regular horizonless space-

time: g > ¢*.

It is straightforward to show r;* monotonically increases
with respect to both parameters x and v, while ¢**
monotonically decreases with respect to y and increases
with respect to v. At large values of 4 and v, r{*, and ¢**
approaches to the following limits,

o/ e (- )
5/ {1 o o)’ (15)
e [T (> )
q=/ry {1 (o o)’ (16)

In particular, ¢°* tends to be zero for large p. For the later
use, we also show

o(u' g™ (u.v))
N PR <0 (17)

for fixed v. Together with Eq. (16), this determines the
range of ¢** for a given v as

e < gy < (230 (u=3).  (18)
|

III. CIRCULAR ORBITS OF MASSIVE PARTICLES

The particle motion in the FW spacetimes (11) is
determined by the Lagrangian

|
L,= Eglwx”x”, (19)

where the dot denotes the derivative with respect to an
affine parameter. The motion should satisfy the constraint
GuX'X" = —k, in which k = 1 is for massive and x = 0 for
massless particles. The spherical symmetry of the space-
time allows us to assume the movement takes place in the
equatorial surface @ = z/2 without loss of generality. Since
the metric is independent of ¢ and ¢, their conjugates give
two constants of motion, the energy and angular momen-
tum of the particle

oL . oL .
E=——L=ft, L:=—"=7r%. 20
ey =T 0
Then, the equation of motion can be written as a one-
dimensional motion in the effective potential

P+U(r)=¢&,  Ur) ‘=f(r)(K+L—2>- (21)

r2

Without loss of generality, we may assume L > 0. In this
section, we consider the motion of massive particles by
setting k = 1. In particular, we focus on the circular orbit
which corresponds to stationary points of U,

U=¢&, U,=0. (22)
By fixing the charge parameter ¢, the angular momentum L
and energy & are given by functions of the orbit radius r.. as

200 1\
Lz(rc) — rgr/; (rC (,Lt l)q ) , (23)
qy(zrc(qy + rzcz)y/z/ + (/’4 - 3)]”51”’:-) + rZ(zrc(qV + rlé)ﬂ/y - 3rgrg)
and
v 1-£ v v\u/v _ 12
E(r,) = 20" 4 1) Zrelg” +re)" = ryre) . (24)
e Rr P (= 3y ) el + 7P =)

Note that physical circular orbits should also satisfy L? > 0
and £ > 0. The signature of dL/dr, coincides with that of
U, (re L(r,)) as

dL ALF

Urr:_ rL 7 _Ur = T 5 793\
: L dr, TR+ L)

>0, (25)

|
and hence the stable circular orbits are given equivalently
by U,, > 0 or dL/dr, > 0. Similarly, one can show

d€* dL2Lf
dro dro 1?7

(26)

which means dE€?/dr. also has the same signature
as U ,,.
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FIG. 1.

Existence and stability of circular orbits in the Fan-Wang spacetime, plotted in (g, r)-space for (u,v) = (3, 1). The regions

colored by light blue have stable circular orbits, and light red only has unstable ones. Circular orbits do not exist in the white region.
The right figure is a closeup around ¢ = ¢*. As we mention later, the blue curve corresponds to massless orbits which splits to two

+

branches r,

00

As in the Schwarzschild case, circular orbits cannot exist
sufficiently close to the horizon. The inner edge of the
orbital area is characterized by the innermost stable circular
orbit (ISCO), which is given by

U=¢&, U, =0,

U, =0. (27)

With the discussion above, the condition U, =0 is
equivalent to dL/dr, = 0.

However, we find that this only gives the ISCO as far as
the horizon exists, i.e., ¢ < g**. For the horizonless case
(g > g), the ISCO is given by the orbit with zero angular
momentum

U=&, U,=0, L=0. (28)
0<q=¢™ (q=0.8 ¢)
' d&® d? . d&? dL?
r’ dr <0 Tdr P dr 0 L2
: : — 5x&?
Ty + Unstable : Stable *
—
— 5x8&2

FIG. 2.

This “orbit” corresponds to a particle in the static equilib-
rium between the repulsive force by the inner de Sitter-like
core and outer attraction. The radius for L = 0 is explicitly
given by
r=ro(q) = (u—-1)"q. (29)
In Fig. 1, we plot the positions of stable and unstable
circular orbits for a given charge. Although we only show
the result for (u,v) = (3, 1), other cases are qualitatively
the same. One can see that the ISCO is given by Eq. (27) for
0<¢qg <qg%, and by Eq. (29) for g > ¢**. For g > ¢,
although the curve by Eq. (27) is not the ISCO, it still gives
two branches of solution r = rf(g) for a slightly over-
charged case, where we have an unstable orbits between the

47*<q<q. (q=1.06¢")

12

— 5x&°

: r

rory TS ry
q:+=q (qzl_zle)
—
— 5x &2
ro

Stability of circular orbits are compared with gradients of L?> and £ for each g. Orbits only exist if £ > 0 and L? > 0.
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0.5qex qex 1.5qex O.5qex qex 1_5qex 0_5qex qex —I.Sqex O.Sqex qex 1.5qex
FIG. 3. Circular orbits for y = 3, 4, and v = 1, 2, 3, and 6. Curves in the plots correspond to those in Fig. 1.

two ry <r < rf. This unstable region disappears for
q > q,,, where the threshold value is given by r,, =
75 (Gax) = 75 (Gu)-

Since both £ and L must be real, circular orbits do not
exists if the solution of Eq. (22) gives either of L?> < 0 or
&? < 0. The border of the existence region is given by both
L =0 and L = 0. The L = o curve corresponds to the

circular orbits for massless particles which is discussed
later. This massless curve also has two branches r = rZ (q)
bifurcating at (q,,r,) for a slightly overcharged case,
which is already observed in the previous study of
v = 1 cases [25]. One should note that all these character-
istics, in fact, also appear in the Reissner-Nordstrom
spacetime [26].

(u)=(3,1) (u,v)=(10,1) (u,1)=(50,1)
3ryg q 3rg q 3ryg q
| | |
I I I
I I I
I I I
I I I
l l l
151, : 151, \ 15r, ‘
I I
I I I
Iy : rg : rq !
I I
I |
1 |

1 1 1 1 1

059% g% 15 0.5q g% 159 0.5q g 159

(1)=(3,2) (u,v)=(10,2) (u,v)=(50,2)
3rg 7 3rg 7 3ry 7
| | |
I I |
} I I
I I I
l l l
15r, 1 15r, 1 15r, 1
I I I
rg : rg : I'g :

|

l l l

1 i 1 1 i 1 1 i 1

Ov5qex qex 1.5qex 0.5qex qex 1'5qex O.sqex qex 1V5qex

FIG. 4. Circular orbits for v = 1, 2 with 4 = 3, 10, 50. Curves in the plots correspond to those in Fig. 1.
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o pu=3 o p=15 o p=30
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] ] ] L] n n °
A A A A A A e
2rgr 2 rgt
N ° ° ° ° ° :
rg» rg,
3 4 5 6 7 g/ 0 2 4 6 g "
FIG. 5. p and v dependence of 7{{-q. v is fixed in the left panel and p is fixed in the right panel.

As shown in Fig. 2, the branching points for rZ(qg) and
ri(q), which we denote ¢, and q,, respectively, gives
threshold values of ¢ that causes qualitative changes on the
circular orbits.

We also study the effect of parameters y and v on circular
orbits. For v =1, the p dependence was studied in the
previous work [18]. In Fig. 3, the v dependence of circular
orbits are shown for u = 3, 4. In each cases, as v grows, the
appearance of circular orbits approach to a certain shape.
Especially, the ISCO curve and massless curve approaches
to almost straight lines for g < ¢®*. In Fig. 4, the u
dependence is studied as well. Unlike the v dependence,
we find that the appearance of circular orbits is quite
insensitive to the change in pu.

The parameter dependence of the ISCO radii around
the black hole can be roughly estimated by the value at
q =g, say ridco =ry(¢%), as it gives the minimum
value of rigco for g < ¢®*. Figure 5 shows rii- is a
monotonically increasing function of y and v.

IV. CIRCULAR ORBITS OF MASSLESS
PARTICLES

The effective potential for the massless particle is given

by setting « = 0 in Eq. (21),

Vi= (30)

‘m|\

The radius of the circular orbit for massless particles is
determined by

V., (re.q) =0. (31)
which is explicitly written as
3= (u=3)g" =2 (4 )T, (32)

This is equivalent to the condition (22) with L = oo, and
hence the position of circular orbits are given as rs(q)

in Fig. 1.

Differentiating the orbit ¢ = ¢(r..), we obtain

dq

4 _y,
" dr,

V, +V (33)

This leads to

p2v

dq (r+q")~
d_: 2 v—1 +v—4 3/ 0 VD V.rrv
e pryq” (vryre +2r3(r+ ) V)

(34)

where we have used Eq. (32). From the positivity of the
factor before V., one can show that dg/dr, > 0 and
dq/dr. <0 correspond to stable and unstable circular
orbits, respectively. It is easy to see that the massless curve
intersects with the curve (27) at (q,,r,) where we have
dq/dr. = 0. The curve (32) also intersects with the horizon
curve f =0 at the point (g, r) = (¢**, r§*), since

_ @) =26 (g )
) ()’

Therefore, the massless curve has two branches, r;g(q)
for r, <r<3r,/2 and re(q) for r* <r<r,, which
correspond to unstable circular orbits and stable circular
orbits for massless particles, respectively.

V (g%, 1r5) =0.

(35)

A. p=3 case

In general, the condition (32) is difficult to solve
explicitly. However, we find that the 4 = 3 case reduces
to the problem finding intersections between the following
two graphs y = F(x) and y = G(x),

F(x) = (r+ 3
= Gx) = (3/2)2
(36)

3
(4 + g*)t! Erg/’trlé+2 < {y
y

where x = (r./r,)" and g :=(gq/r,)". In particular, the
critical value g, and r, is given by F(x) = G(x) and
F'(x) = G'(x), which are analytically solved as

v+2\%2
v+3)

(v+2)+

vt3

(v+3)7

3
2

3
r*/rg: Q*/rgzz (37)
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V. CIRCULAR PHOTON ORBITS
Under the NED Lagrangian L£(F), photons do not

propagate along null geodesics of the spacetime geometry,
but rather of the so-called effective geometry [20]. The
eikonal limit for photons leads to the condition

(=G,

15rg

05ryg

o

0

Guk'k” =0, (38)
and g, is the effective geometry given by
4L
g;w — g;u/ _ FF F”aFm/, (39)
Ly

rg
7 (e Q)
orgr
\ r:’o((?—"’,’
/— » ro(q)

Ac,y q

FIG. 6. Circular photon orbits and massless orbits for (u, v) = (3, 1). The right figure is a closeup around ¢ = ¢**. The L = 0 line for

massive particles is also drawn for reference.

qc,y<q<qex (q=0~995qex)

(unstable)

Y

g

9.y<q (q=1.02¢)

(unstable)
Y

4<qc;y (q=0.9¢"%) 7
I} .
0.06 i
0.05r y(unstablc) (unstable) |
f\ 0.04r
0.00 : r [
| A rg 0.02 [
y(unslablu)
-0.05¢ 0.00 =7
t / r_ Ty
¢°<q<q.., (q=1.005¢%) ’
v 14
0.061 0.061
y(unslablc)
0.04 0.04
0.02r 0.02+
,y(unstablc y(stable)
0.00 ! . : 't 0.00
0.574 g I'g 2ry
—0.02L ~0.02!

.
0.57, Tg g 2rg

FIG. 7. The effective potential for photon orbits with (u,v) = (3, 1) and different charges.
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(=3, (1)=32) (1)=(3.3)
15rg 15rg 15rg|
] Iy Fg
05rg | 05rgt 0.5rg
O.5qex le 1.5qex O.Sqex le 1.5qex O.Sqex qex 1.5qex
(1y)=4.1) (1)=(4.2) (1)=(4.3)
15rg 15rg 15rg|
] ] Fg
05rgt 05rgt 05rg+
0.5qex le 1.5qex O.Sqex qex 1.5qex O.Sqex qex 1.5qex
FIG. 8. Comparison between photon orbits and massless orbits. The convention is the same as in Fig. 6.

where L7 :=dL/dF and Lrp = d*L/dF?. In the mag-
netic case, with £(F) and F,, in Egs. (2) and (4), the
effective metric is written as

1 rzsinze)’ (40)

@ﬁt:dmg(fﬂ;7gaﬁ“iazr‘
where @) := 1 + 2L 77 F | L 5| nagnesic- On the other hand,
the electric solution admits the effective metric of

~(e) 4. _i 1
G = d1ag< @) fol©

, %, r? sin? 0), (41)
where @) == 1 + 2L+ F /L r|secuic 1S NOW given by the
electric counterparts in Egs. (6) and (8). It is known that
these two cases cannot be distinguished by the photon
propagation [27]. This fact can be seen from a certain kind
of duality in NED with the same metric,

’C%-'fleleclric - _*7:|magnelic’ ’Cf|magnetic = (’Cf)_l |electric7

(42)

which leads to

1

(m) — 1
® ok

(43)

Therefore, the effective geometries for the electric and
magnetic solutions are related through the conformal
transformation’

) = g, (44)
and hence have the same causal structure. Thus, the
effective metrics for both the electrically and magneti-
cally charged spacetimes are different, but the effective
potentials for photons can be shown to be the same,
1.e.,

V:ﬁa;:ﬁ¢w. (45)

For this reason, the photon trajectories coincide in both
effective geometries.
With Egs. (2) and (4), the effective potential becomes

2We do not consider the point ®(m) = 0, where the effective
geometry is singular [21]. The eikonal limit will not be appro-
priate there.
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‘7:

In Fig. 6, we compare the circular photon orbits with that
of massless particles for (u,v) = (3,1). We find an
unstable photon orbit always exists for any ¢ outside the
massless orbit as seen in the v = 1 case [16]. For ¢ > ¢,
this unstable orbit still appears outside the ISCO radius
ro(gq). Below a certain critical charge ¢ < ¢, ,, we also
find another two orbits inside the ISCO radius ry(q). The
upper stable branch only exists in the overcharged case
4 < q < q. ,, while the lower unstable branch exists with
and without the horizon. The lower branch crosses the
horizon at (q.,.r.,). Remarkably, for 0 < g < ¢q,,, the
lower branch gives a circular orbit between the inner and
outer horizon, where no stationary motion is allowed in the
spacetime geometry. For g, , < g < g%, the orbit appears
inside the inner horizon. In Fig. 7, the typical shapes of the
effective potential are shown corresponding to the range of
q. We also obtain qualitatively the same results for other
parameters (Fig. 8).

VI. PERIAPSIS SHIFTS

Next, we consider the perihelion shift in the massive
particle orbits. In Ref. [17], the shift was numerically
studied for the orbits close to the horizon. In this article,
instead, we focus on the distant orbits where the weak field
limit is available to find the analytic formula for the shift.

First, we expand the effective potential (21) at the large
distance from the horizon by assuming r > r, ~r, and
q/r<l1,

r, L*+r r —Dg*\ 1
Uzl__uigw_(,gLuM)
r

r? 2 P
1

+o<r—4> =1, 47)

r, L2 roug®\ 1 1
U:1—7q+7—<qu2 92 )—3+O<F> (IJZZ),
(48)

e L2 onl? 1 >
U=1 r+r2 3 + O - (v>3), (49)

where the dominant terms depends on the parameter v.
Since the leading-order correction coincides with that of the
Schwarzschild, we will not consider v > 3 cases. In the
following, we study v = 1 and v = 2 cases. Note that, for
the valid expansion, ¢ should not be much large

—>—. (50)

W =4u+3)g* = (uBr+4) +° =4 —-6)g"r + (V + 4 + 3)r2”}
r 2(¢" + ) (v +3)r = (u=3)g") '

(40)

I
A.v=1

Inthe v = 1 case, the effective potential already differs in
the Newtonian order,

ot

o +O(r—13), (51)

where we introduced dimensionless parameters

-
U=1--"2+
r

B HFeq _ L
a = 1+ L2, f—r— (52)

Therefore, the orbit at the Newtonian order can be solved as

20%%r \/
=—— 9 = /4a??(E* - 1)+ 1. (53
: 1 + ecos(ag) ¢ @t )+ (53)
For a > 1, this orbit causes the precession in the Kepler
motion already at the Newtonian order, which apparently
seems to result in a retrograde shift that is opposite to the
known Schwarzschild result

2 1
sp="—2g=2m|
o 1+2%

- 1) <0. (54)

However, for the BH case g < ¢*, since the weak field
limit requires £ > 1, a must be close to 1,

Hq

~1 , 55
¢ * 2ryt 2 (55)
which leads to the expression
THg
o ~ ———. 56
¢ rgfz ( )

Note that the this approximation is independent on the
value of y from Eq. (18). This is in the order of #2 that is
the same order of the post-Newtonian correction from the
L?/r* term. Hence, we have to take L?/r* correction into
account as done in the Reissner-Nordstrom spacetime [28],

zmuq 3m 7w (3 uq
———t—=>z-—], 57
rgf2+2f2 £? <2 rg) (57)

O ~

where we ignored the second term in the coefficient of r~3
in Eq. (47) as it becomes of O(£~*). Using Eq. (18), we
obtain the upper bound for the charge term

uq/ry < ug®/ry < 4/9, (58)

which indicates the shift remains prograde, 6¢ > 197/
(18£?), even at the extremal limit.
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If we consider the overcharged case ¢ > ¢, we have
no upper bound for q. Therefore, the shift can become
retrograde for g > 3rg./(2,u).3

B.v=2

In the v = 2 case, the difference only appears in the post-
Newtonian correction order

r, 2 (2 =¢3)r 1
U=1-"+4—"- 3 g+0(_4>’ (59)

r r r

where we introduced a dimensionless parameter

Hq
£, ==L
o= (60)

This shows the charge ¢ slightly lowers the shift as in the

v =1 case,
3z 2
Sp=—(1-=]. 61
¢ 202 ( ﬂ) (61)

A caveat is that, Eq. (18) shows 7, is bounded above in the
BH case as #, < v/2/3, and then Eq. (50) requires £ > £,
even for the overcharged case. Although it does not change
the conclusion on the charge effect, this implies the charge
correction is of O(Z7*), and then one should add the
correction from next post-Newtonian order in Eq. (61) for
the correct estimate.

VII. SUMMARY

In this article, we have investigated the geodesic motion
of massive/massless particles and photons around general
Fan-Wang spacetimes. For massive and massless particles,
we have found that the characteristics of the motions
are classified into four cases depending on the strength
of the charge (i) 0<¢g<qe () g <qg<4q,,
(iil) ¢, £ g < ¢y, (V) ¢,, < q. Case (i) has the ISCO
outside the horizon, while the cases (ii)—(iv), which is

’If one considers ¢ is simply a cutoff scale of the quantum
gravity origin, it should be in the Planckian order and it is
unphysical to discuss the overcharged case. Here we consider ¢
simply as the charge in NED.

horizonless, have the ISCO with zero angular momentum
where the repulsion from the de Sitter core and the
gravitational attraction balance.

The circular photon orbits are also studied by examining
the null geodesics in the effective geometry. We found three
types of orbits, outer, middle, and inner orbits. The outer
orbit is unstable and always exists for any charge g.
The middle one is stable and only exist in the range
4 < q < q.,- The inner one is unstable joining with the
middle one at g, , and exists for 0 < g < ¢, , with and
without the horizon. Remarkably, the inner unstable orbit
appears between the inner and outer horizon for
0 < g <4q.,, where no stationary motion is allowed in
the spacetime geometry.

We have also studied the periapsis shift by the massive
particle. We have found the shift is characterized by the
parameter v as

(1) v = 1: the shift gets the negative correction, which

can change the sign of the shift for the over-
charged case,

(2) v =2: the shift gets the negative correction, which

remains small in the weak field limit,

(3) v > 3: the charge effect is ignorable compared to the

GR effect.

We found that the massless particles and photons can
move along stable circular orbits for slightly overcharged
spacetimes. Since the existence of stable null circular orbits
is known to cause an instability in the spacetime [29-31],
it would be interesting to pursue the final state of the
spacetime with such orbits.

The optics inside the horizon would be another interest-
ing subject, due to the existence of the circular orbits of
photons. Other than circular orbits, one can also study the
motion of particles and photons falling into the event
horizon, which may be an interesting issue as well.
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