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Topological classes of thermodynamics of rotating AdS black holes
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In this paper, we extend our previous work [D. Wu, Phys. Rev. D 107, 024024 (2023)] to the more
general cases with a negative cosmological constant, and investigate the topological numbers for the singly
rotating Kerr-AdS black holes in all dimensions and the four-dimensional Kerr-Newman-AdS black hole as
well as the three-dimensional Bafiados-Teitelboim-Zanelli black hole. We find that the topological numbers
of black holes are remarkably influenced by the cosmological constant. In addition, we also demonstrate
that the dimension of spacetimes has an important effect on the topological number for rotating anti—de
Sitter (AdS) black holes. Furthermore, it is interesting to observe that the difference between the
topological number of the AdS black hole and that of its corresponding asymptotically flat black hole is
always unity. This new observation leads us to conjure that it might be valid also for other black holes. Of
course, this novel conjecture needs to be further verified by examining the topological numbers of many
other black holes and their AdS counterparts in the future work.
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I. INTRODUCTION

Recently, topology, as an important mathematical tool
that applies to black hole physics, has received consid-
erable interest and enthusiasm. The current research on
topology is mainly embodied in two aspects. On the one
hand, there is the research on the light rings [1-4] of some
black holes, which may provide more footprints for the
observation of black holes and has been extended to
timelike circular orbits [5,6]; on the other hand, there is
the research on the thermodynamic topological classifi-
cation of various black holes [7-20].

In particular, a new method to investigate the thermo-
dynamic topological properties of black holes is proposed
in Ref. [7] by considering black hole solutions as
topological thermodynamic defects and constructing
topological numbers, and further, dividing all black holes
into three categories according to their different topologi-
cal numbers. Because these topological numbers are
universal constants that are independent of the black hole
solution parameters, hence they are very important for
understanding the nature of black holes and gravity. The
topological approach proposed in Ref. [7] quickly gained

“wdewnu@163.com
'sqwu@cwnu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2023/107(8)/084002(15)

084002-1

popularity due to its straightforwardness and adaptability,
and subsequently it was effectively used to explore the
topological numbers of several well-known black hole
solutions [14—-19], i.e., the Schwarzschild-AdS black hole
[14], the static black holes in Lovelock gravity [15], the
static Gauss-Bonnet-AdS black holes [16], the static black
hole in nonlinear electrodynamics [17], and the static
Born-Infeld AdS black hole [18], as well as some static
hairy black holes [19]. However, all of the preceding
researches [14—19] are limited to the static cases, leaving
the topological numbers of rotating black holes and AdS
scalar hairy black holes unexplored. Very recently, we
have extended the topological approach to rotating black
hole cases and investigated the topological numbers for
the cases of rotating Kerr and Kerr-Newman black
holes [20].

Since the study of the topological number of black
holes is still in its infancy and the topological number of
the rotating AdS black holes remains virgin territory, it
deserves to be explored deeply. On the other hand, the
study of rotating AdS black holes has already shed light
on the nature of gravity through gauge-gravity dualities
[21-23], so it is very important and remarkable to
investigate the topological number of rotating AdS black
holes. These two aspects motivate us to conduct the
present work. In this paper, we shall investigate the
topological number of the d-dimensional singly rotating
Kerr-AdS black holes and the four-dimensional Kerr-
Newman-AdS black hole, as well as the three-dimensional
Banados-Teitelboim-Zanelli (BTZ) black hole [24-26].
Compared with the previous paper [20], the aim of the
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present work is concentrated on investigating the
impact of the cosmological constant on the topological
number of black holes, which has not been studied in any
previous related literature. We will see that the cosmo-
logical constant is important in determining the topo-
logical number of rotating black holes, and observe that
the difference between the topological number of the
AdS black hole and that of its corresponding asymptoti-
cally flat black hole is always unity, which leads us to
conjure that it might also hold true for other black
holes.

The remaining part of this paper is organized as follows.
In Sec. II, we first give a brief review of the topological
approach and investigate the topological number of the
four-dimensional Schwarzschild-AdS black hole as a
warmup exercise. In Sec. III, we will focus on the
topological number of the four-dimensional rotating
Kerr-AdS black hole. In Sec. IV, we shall extend these
discussions to the cases of the d-dimensional singly
rotating Kerr-AdS black holes. In Sec. V, we will inves-
tigate the topological number of the three-dimensional
rotating BTZ black hole. In Sec. VI, we then turn to
discuss the topological number of the four-dimensional
Kerr-Newman-AdS black hole. Finally, we present our
conclusions in Sec. VIIL. In the Appendix, the topological
number of the three-dimensional charged BTZ black hole is
also investigated.

II. SCHWARZSCHILD-AdS; BLACK HOLE

In this section, we first present a brief review of the
topological approach proposed in Ref. [7], then inves-
tigate the topological number of the four-dimensional
Schwarzschild-AdS black hole as a warmup exercise.
There are two reasons for us to do so. On the one hand, it
can be used to show that the charge parameter has a
significant effect on the topological numbers of the static
AdS, black holes. On the other hand, it is also convenient
for us to make a comparison with the corresponding
results of the rotating Kerr-AdS, black hole, so as to
observe the influence of the rotation parameter on the
topological number of the Schwarzschild-AdS,
black hole.

As shown in Ref. [7], one can introduce the generalized
off-shell Helmholtz free energy

Fom-5, (1)

T

for a black hole thermodynamic system with mass M and
entropy S, where 7 is an extra variable that can be thought of
as the inverse temperature of the cavity enclosing the black
hole. Only when 7 = 1/T does the generalized Helmholtz
free energy become on-shell.

In Ref. [7], a core vector ¢ is defined as’

¢ = <g’7:,—cot®csc®), (2)

T'n

in which the two parameters r;, and ® obey 0 < r;, < 400
and 0 < © < 7, respectively. The component ¢® is diver-
gent at ® = 0, 7, thus the direction of the vector points
outward there.

Using Duan’s ¢-mapping topological current theory
[28-30], a topological current can be described as follows:

= Zs‘“’peabaynaapnb, u,v,p=0,1,2, (3)

where d, = d/0x* and x* = (z,r;,,®). The unit vector n
reads as n=(n",n®), where n"=¢"/||¢|| and
n® = ¢°/||#||. It is simple to demonstrate that the topo-
logical current (3) given above is conserved, allowing one
to easily deduce d,j* = 0. It is then established that the

topological current j# is a o-function of the field configu-
ration [29,30]:

r=er(?). (4)

X

where the 3-dimensional Jacobian J#(¢/x) is defined as:
e? JH(p/x) = &70,¢"0,¢". It is simple to indicate that j*
equals to zero only when ¢“(x;) = 0, hence the topological
number W can be determined as follows:

N N
WZ/jOsz:Z/}il’]i:ZW,-, (5)
z i=1 i=1

where f3; is the positive Hopf index that counts the number
of the loops of the vector ¢¢ in the ¢)-space when x* are
around the zero point z;, while ; = sign(]o(qb/x)zi) ==+l
is the Brouwer degree, and w; is the winding number for the
ith zero point of ¢ that is contained in X. It is important to
keep in mind that two loops X£; and %, have the same
winding number if they both enclose the same zero point of
¢. On the other hand, if there is no zero point in the

1 .
One can also construct the vector ¢ in a more general form as

¢ = (g,—Ccot(acsc@),

arh

where C is an arbitrary positive constant. Changing C to a
different value will slightly change the direction of the unit vector
n, but will not change the position of the zero point of the vector
field or its corresponding winding number. Therefore, one can
justset C = 1 for the sake of simplicity. However, the authors of a
new preprint [27] criticize that this definition of the vector field ¢
in Ref. [7] is not intrinsic.
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surrounding region, then one can arrive at the topological
number: W = 0.

In the following, we shall investigate the topological
number of the four-dimensional Schwarzschild-AdS black
hole via the above topological approach. For the
Schwarzschild-AdS, black hole, its metric has the
form [31]

ds? = ~f(r)dr* + f<—r2> 72 (d6? + sin® 0dg?), ()

where

2m 2

f(r) :1—74-1—2,

in which m is the mass parameter, and [ is the cosmological
scale associated with the pressure P = 3/(8z/?) of the
four-dimensional AdS black holes [32-34]. The mass and
entropy associated with the above solution (6) can be
computed via the standard method and have the following
exquisite forms:

M = m, S = m‘%l, (7)

where r;, are the locations of the event and Cauchy horizons
that satisfy the equation: f(r,) = 0.

For the Schwarzschild-AdS, black hole, one can define
the generalized Helmholtz free energy as

r, 4nm , Ty
= T T 8
F 2 + 3 rh T ( )

The components of the vector ¢ can be easily calculated as:

1 27rrh
ro— 4P2_ ,
¢ 2+ 5T T

¢® = —cot®csc®.  (9)

By solving the equation ¢+ = 0, one can obtain a curve on
the r;, — 7 plane. For the four-dimensional Schwarzschild-
AdS black hole, one can get

4zr),

TN (10)

Taking the pressure Pr = 0.0022, where r, is an
arbitrary length scale set by the size of a cavity enclosing
the black hole, we show zero points of ¢p"* in the r;, — 7 plane
in Fig. 1. For small 7z, such as 7 = 7y, there are two
intersection points for the Schwarzschild-AdS, black hole.
The intersection points exactly satisfy the condition
7= 1/T, and thus represent the on-shell Schwarzschild-
AdS, black holes with the characteristic temperature
T = 1/z. The two intersection points for the Schwarzschild-
AdS, black hole can coincide with each other when 7 = 7,
and then vanish when 7 > 7., therefore z,. is an annihilation

20 I I
I [
15} : : — Schwarzschild-AdS, |
o |
0 N\
I |
5 |
rlry : | Zlrg
0 i L.

0 10 20 30 40 50 60
T/ro

FIG. 1. Zero points of the vector ¢ shown on the r, — 7 plane
with Pr§ = 0.0022 for the Schwarzschild-AdS, black hole. The
annihilation point for this black hole is represented by the red dot
with 7. There are two Schwarzschild-AdS, black holes when
7 = 1;. Obviously, the topological number is: W =1—-1 = 0.

point and can be found at 7. = 26.72r, which can be seen
straightforwardly from Fig. 1. Furthermore, the annihilation
point 7. divides the Schwarzschild-AdS, black hole into
the upper and lower branches with the winding numbers
w =1 and w = —1, respectively. One can see that, for the
Schwarzschild-AdS, solutions at any given temperature,
there can exist one thermodynamically stable black hole and
one thermodynamically unstable black hole. It has been
shown that the winding number can be used to characterize
the local thermodynamic stability, with positive and negative
values corresponding to thermodynamically stable and
unstable black holes [7], respectively.

Alternatively, the unit vector field n can also be plotted
for any arbitrarily selected typical values (keep in mind that
7 must be less than 7., for instance, 7/ry = 26 and Pr3 =
0.0022 in Fig. 2, where we find two zero points: ZP; at
r, = 3.36ry and ZP, at r, = 5.38rq, with the winding
numbers w; = 1 and w, = —1, respectively, to determine
the topological number for the four-dimensional
Schwarzschild-AdS black hole. Based upon the local
property of the zero point, one can easily find that the
topological number is: W=-1+1=0 for the
Schwarzschild-AdS, black hole, which is consistent with
the result given in Ref. [14].

In addition, the fact that the topological number
of the Schwarzschild-AdS, black hole is zero while that
of the Schwarzschild black hole is —1 [7] suggests that the
cosmological constant significantly changes the topo-
logical number of the static black holes. Furthermore,
since the topological number of the RN-AdS, black
hole is W =1, it is easy to see that the Schwarzschild-
AdS, black hole and the RN-AdS, black hole belong to
two different topological classes according to the topo-
logical classification method proposed in Ref. [7],
which indicates that the electric charge has an important
influence on the topological number of static AdS,
black holes.
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FIG. 2. The red arrows represent the unit vector field n on a
portion of the r;, — © plane with Pr% = 0.0022 and /1, = 26 for
the Schwarzschild-AdS, black hole. The zero points (ZPs)
marked with black dots are at (r,/rg,®) = (3.36,7/2),
(5.38,7/2) for ZP, and ZP,, respectively. The blue contours
C; are closed loops surrounding the zero points.

III. Kerr-AdS; BLACK HOLE

From now on, we come to the main subject of this paper,
i.e., exploring the topological number of rotating AdS black
holes. In this section, we will focus on the topological
number of the four-dimensional Kerr-AdS black hole,
whose metric in the asymptotically nonrotating frame
has the form [31]

A, (A LD z
dSzI—Er<Egdt—%Sin29d(ﬂ> +A_rdr2+A_9d62
Asi 29 2 12 2 2 2
+ "S;n {a(rl; Jar—- "+ dgo} (11)

in terms of the Boyer-Lindquist coordinates, where

[1]

2 2
A,:(r2+a2)<1+;—2>—2mr, =1—Cll—2,

2

Ap=1- (ll—zcos2 6, Y = r? + a’cos’ b,

in which a is the rotation parameter, m is the mass
parameter, and / is the AdS radius.

The mass M and entropy S associated with the above
solution (11) are [35]

n(r2 4 a?)

m
M=—. S= (12)

Using the definition of the generalized off-shell Helmholtz
free energy (1) and /> = 3/(8zP), one can easily get

3(r2 + a*)[2nr,(82Pa* + 4Pr,t — 3) + 37]
F= 3 (13)
2r,(87Pa* —3)*z

for the Kerr-AdS, black hole. Then the components of the
vector ¢ can be computed as

 127(8zPa* - 3)r; 4 3a*(8zPr;, — 3)t
B 2r2(8xPa® — 3)z

9(1 + 8zPr?)

2(87Pa® - 3)2

¢rh

(14)

¢® = —cotO®csc O. (15)
By solving the equation ¢"* = 0, one can obtain

B 4zr (3 — 8nPa?) !
T= 2 2 3 (16)
a*(8zPr; —3) 4+ 3(8zPr; + 1)r;

as the zero point of the vector field ¢.

Taking the pressure Pr =0.0022 and the rotation
parameter a = r for the Kerr-AdS, black hole, we show
zero points of ¢™ in the r;, — 7 plane in Fig. 3, and the unit
vector field n in Fig. 4 with 7 = 24r,, 26r,, and 28r,
respectively. From Figs. 3 and 4, one can observe that for
these values of Pr} and a/ry, one generation point and one
annihilation point can be found at z/ry = 7,/ry = 24.90
and 7/ry = 7,/rp = 26.82, respectively. One can see that
there are one large black hole branch for z < z,, three black
hole branches for 7, < 7 < 7;,, and one small black hole
branch for 7 > 7,. Calculating the winding number w for
these three black hole branches, we find that both the small
and large black hole branches have w = 1, while the
intermediate black hole branch has w = —1. The Kerr-
AdS, black hole always has the topological number W = 1,
unlike the Kerr black hole, which has a topological number

7 .
LBH
6.
SBH
5t Ny, - IBH
O 4f
= 1
N 3F |
|
2r I
1t ' !
Llrg : I z/ro
0 L L L | L L
23 24 25 26 27 28 29

tlrg

FIG. 3. Zero points of ¢+ shown in the r;, — 7 plane with Prj =
0.0022 and a = ry for the Kerr-AdS, black hole. The red solid,
blue dashed, and black solid lines are for the large black hole
(LBH), intermediate black hole (IBH), and small black hole
(SBH), respectively. The annihilation and generation points are
represented by red and black dots, respectively.
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(a) The unit vector field for the Kerr-AdS,4 black hole

with T/rg =24, a/rg = 1, and Prj = 0.022.

of zero [20]. Therefore, from the thermodynamic topologi-
cal standpoint, the Kerr-AdS, black hole and the Kerr black
hole are different kinds of black hole solutions, and this
indicates that the cosmological constant is important in
determining the topological number for the rotating black
hole. What is more, since the topological number of the
Schwarzschild-AdS, black hole is zero, while that of the
Kerr-AdS, black hole is 1, so it can be inferred that
the rotation parameter has a remarkable effect on the
topological number for the uncharged AdS, black hole.

IV. SINGLY ROTATING Kerr-AdS BLACK HOLES
IN ARBITRARY DIMENSIONS

In this section, we will extend the above discussions to
the cases of higher-dimensional rotating black holes by
considering the singly rotating Kerr-AdS solutions in

. arbitrary dimensions. For d-dimensional singly rotating
Prrrrrrr ettt Kerr-AdS black holes, the metric in the asymptotically
L S O O N A A O nonrotating frame has the form [36,37]
AR A
2.0 '
i A, (A 2z =
! Pttt r ds? = =22 (Z2dr - Zsin? 0dg | +—dr? +— do?
®..f - - - - Z\E B A, Ay
WE\zed \zesl 1 \zea) ]
[ Aysin? 0 [a(r* + 2 rr4a )2
rof | PN +9Z {(lzz)dt—,_d(p}
T C
2 3 4 + r’cos? 0dQ?_,, 17
o5t L - {17
+ + + + iL+ + +Ji + + + i‘ where dQ,_, denotes the line element of the (d —4)-
1 2 3 4 5 6 dimensional unit sphere, and
rplry
(b) The unit vector field for the Kerr-AdS, black hole r? _ a’
with T/ro =26, a/ro = 1, and Pr2 Zo0.02. A, = (r*+a?) (1 + 1—2) —2mr?, E=1- R
3.0} ' ' ' ' ' ] a2
NSRRI Ap=1——cos?6, T = r? +a’cos? 0.
i L S R T N I T B )
S N O N T T T T T N
-~ x I I N The thermodynamic quantities are [38]
20F ~ — & % U A A B
il ottt Wy_om [(d—4)E Wy_oma
e = 1T = = = 7 M - l 5 J - 5
©asf — - o 4;:32[ > 4nE?
L~ e ) SRR a(r? + 12) A w.
1.0F ] _ h _ v %d-2, 2\ ,.d—4
AR P v Cs1 b = o S=g=—o(rta)r™
AN Bry +a) 4 48
AR EEEEREE Trhlr%‘ 1 d-73 1
o:)f :)'5f f1'(: t1fs*‘ llof fzsf t3o o +l_2 rf,+a2+ 2”%, _27”’/1’
’ ' | : ’ ' ' rpA a*(r; + 1) (d=1)(d-2)
rplrg V= 1+ =12 2| = 2 ’
(c) The unit vector field for the Kerr-AdS4 black hole d—1 (d - 2) Elr h 16zl

with ©/ro =28, a/ro = 1, and Pr = 0.022.

FIG. 4. The red arrows represent the unit vector field » on a
portion of the r, — ® plane. The zero points (ZPs) marked with
black dots are at (r;,/rg,0) = (6.55,7/2), (1.55,z/2), (2.75,7/2),
(511,77.'/2), (140,77,'/2), for ZPI, ZP2, ZP3, ZP4, and ZP5,
respectively. The blue contours C; are closed loops surrounding
the zero points.

(18)

where w,_, = 2724"V/2/T[(d—1)/2], and r, is deter-
mined by the horizon equation: A, = 0.

In our previous paper [20], we have uniformly consid-
ered the topological numbers of d-dimensional singly
rotating Kerr black holes. Here, we will extend that work
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to the cases of d-dimensional singly rotating Kerr-AdS
black holes. Since there is one more additional thermody-
namic quantity associated with the cosmological constant
to be included, it will be more convenient to separately
consider the topological numbers of different dimensions.

A. d=5 case

We first consider the d = 5 case. From Eq. (18), one can
obtain the expression of the generalized Helmholtz free
energy as

a(ry +a*) 2
Feo BT ) 00y, (3 - dzP
Se(@nPa® — 37 123 —dnPa’)
+ 7(4zPr3 + 3)(4zPa® - 9)), (19)

so the components of the vector ¢» can be computed as

T
n—=— = _Iex(4xPa® — 3)(3r? 2
Fe(@npat —3) (OrldnPa” =3)(3r, + @)

— ryr(4nPa® — 9)[4nP(2r; + a*) + 3]}, (20)
#° = —cot®cscO. (21)
It is simple to obtain

6r(4xPa® —3)(3r2 + a?)

e rp(4nPa® — 9)[4nP(2r; + a*) + 3] (22)

as the zero point of the vector field ¢.

For the singly rotating Kerr-AdSs black hole, we plot the
zero points of the component ¢’» with Pr(z) = 0.02 and
a/ry = 1 in Fig. 5, and the unit vector field n in Fig. 6 with
7 = 5ry, Trg, and 9r,, respectively. Note that for these
values of Pr(z) and a/ry, one generation point and one

5
' LBH
4t : : SBH
I | == IBH
3r I |
£ |
=
Py [
[ d
| P
i +"\: /1o
0 L L : .
5 6 7 8 9 10
T/ro
FIG. 5. The zero points of ¢"# shown in the r, — 7 plane with

Prj =0.02and a/ry = 1 for the singly rotating Kerr-AdSs black
hole. The red solid, blue dashed, and black solid lines are for the
large black hole (LBH), intermediate black hole (IBH), and small
black hole (SBH), respectively. The annihilation and generation
points are represented by red and black dots, respectively.
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(a) The unit vector field for the five-dimensional
singly rotating Kerr-AdS black hole with 7/rg = 5,
a/ro=1,and Pr3 = 0.02.
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(b) The unit vector field for the five-dimensional
singly rotating Kerr-AdsS black hole with 7/ry =7,
a/rg=1,and Prj =0.02.
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(c) The unit vector field for the five-dimensional
singly rotating Kerr-AdS black hole with 7/rg =9,
a/rp =1, and Pr% =0.02.

FIG. 6. The red arrows represent the unit vector field n on a por-
tion of the r;, — ® plane. The zero points (ZPs) marked with black
dots are at (r,/ry,®) = (6.07,7/2), (0.35,x/2), (1.52,x/2),
(318,7[/2), (023,]1'/2), for ZPl, ZP2, ZP3, ZP4, and ZP5,
respectively. The blue contours C; are closed loops surrounding
the zero points.
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annihilation point can be found in Fig. 5 att/ry = 7,/ry =
5.96 and t/ry = 7,/ ry = 7.35, respectively. From Figs. 5
and 6, one can easily obtain the topological number W = 1
for the singly rotating Kerr-AdS5 black hole using the local
property of the zero points, which is the same as that of the
four-dimensional Kerr-AdS black hole in the previous
section but different from that of the five-dimensional
singly rotating Kerr black hole, which is W =0 [20].
Therefore, the topological number of the five-dimensional
rotating black hole is significantly changed when the
cosmological constant is turned on.

B. d=6 case

Next, we consider d =6 case whose generalized
Helmholtz free energy is

B 2rry(r3 + a?)
3t(4nPa® - 5)?
+ 7(4zPr? + 5)(2zPa* - 5)). (23)

F = [57r,(5 — 4nPa?)

Thus, the components of the vector ¢ are

2n
= {10zr,(4nPa® - 5)(2r2 + a*
¢ 3T(47[Pa2—5){ ﬂrh( wla )( rh+a )
—1(2nPa* - 5)[20zPr} + 3(4xPa’® + 5)r; + 5a°},
(24)
¢® = —cot®csc ®. (25)
So the zero point of the vector field ¢ is
- 1077, (4zPa® — 5)(2r3 + a?)
~ (2zPa® - 5)[20zPr} + 3(4xPa® + 5)r; + 547
(26)

Taking Prj = 0.1 and a/ry = 1 for the singly rotating
Kerr-AdSg black hole, we plot zero points of ¢’ in the
r, — = plane in Fig. 7, and the unit vector field n with 7 =
2.5ry in Fig. 8, respectively. For small 7, such as 7 = 7y,
there are two intersection points for the singly rotating
Kerr-AdSg black hole. These two intersection points can
coincide with each other when 7 = 7., and then vanish
when 7z > 7., therefore 7, is an annihilation point that can
be found at 7, = 2.81r,. Based upon the local property of
the zero point, one can easily obtain the topological number
W = 0 for the singly rotating Kerr-AdSg black hole, which
is different from that of the six-dimensional singly rotating
Kerr black hole (W = —1) [20]. This indicates that the
cosmological constant is important in determining the
topological number for the six-dimensional rotating black
hole.

5 T —
I I
4+ | : — 6d Kerr-AdS 1
I I
3 L
o I I
= | |
<, I I
I |
I
1r I I
rlro | Zlho
0 | | .
0 1 2 3 4 5
Tlrg

FIG. 7. Zero points of ¢ shown in the r, — 7 plane with
Pr3=0.1 and a/ry = 1 for the singly rotating Kerr-AdS4 black
hole. The red dot with .. represents the annihilation point for the black
hole. There are two singly rotating Kerr-AdSg black holes when
7 = 7. Itis easy to obtain the topological number: W =1 -1 = 0.

3.0¢ N S S S S S R
A A XN X NN N\
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1.0 NN N J o - = = ]
NN\ J/C_z««««/sCZf

05 \ \ \ | # ¥ & o & & § N =]
UTNE T T T S S A S T
| 1o ol | ! 1 | 1y ol | L

0.0 0.5 1.0 1.5 2.0 2.5 3.0

r,,/ro

FIG. 8. The red arrows represent the unit vector field n on a
portion of the r;, — © plane with Prj = 0.1,a/r, = 1,and t/ry =
2.5 for the singly rotating Kerr-AdSg black hole. The zero points
(ZPs) marked with black dots are at (r,,/rq,®) = (0.80,7/2),
(2.43, z/2) for ZP; and ZP», respectively. The blue contours C; are
closed loops surrounding the zero points.

C. d=7 case
Then, we consider d =7 case with its generalized
Helmholtz free energy being
3n2ri(r2 + a?)
167(15 — 8zPa?)?
+ 7(8zPr? + 15)(8zPa* — 25)]. (27)

F=- [207r),(15 — 8xPa?)

Therefore, one can straightforwardly obtain

107r,(8xPa? — 15)(5r + 3a?)
(82Pa’ — 25)[6r2 (P72 + 5) + a*(162P72 + 15)]
(28)

by solving the equation ¢ = 0.
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— 7d Kerr-AdS 1

I'1/f0 Z'c/f'o

0.0 0.5 1.0 1.5 2.0 2.5
Tlro

FIG.9. Zero points of ¢ shown in the r, — 7 plane with Pr3 =
0.3 and a/ry =1 for the singly rotating Kerr-AdS; black hole.
The red dot with 7. denotes the annihilation point for the black
hole. There are two singly rotating Kerr-AdS; black holes for
7 = 7;. Obviously, the topological number is W = 0.

Taking Pr3 = 0.3 and a/ry = 1 for the singly rotating
Kerr-AdS- black hole, we plot the zero points of ¢ in the
r, — 7 plane in Fig. 9, and the unit vector field n with 7 =
ro in Fig. 10, respectively. Note that for the values of Prj =
0.3 and a/ry = 1, one annihilation point can be found at
t/ry = 7./ro = 1.30. Based on the local property of the
zero points, we get the topological number W =0 for
the singly rotating Kerr-AdS; black hole, while that of the
seven-dimensional singly rotating Kerr black hole is:
W = —1 [20]. This demonstrates that the cosmological
constant is crucial to determine the topological number of
the rotating black hole in seven dimensions.

FIG. 10. The red arrows represent the unit vector field n on a
portion of the r;, — © plane with Pr} = 0.3,a/ro = 1,and 7 = r
for the singly rotating Kerr-AdS; black hole. The zero points
(ZPs) marked with black dots are at (r,/ry,®) = (0.48,7/2),
(2.40, /2) for ZP, and ZP,, respectively. The blue contours C;
are closed loops surrounding the zero points.

D. d =8 case

Let us turn to the d = 8 case. Similar to the procedure
done in the previous three subsections, one can get the
generalized Helmholtz free energy as follows:

_ 2a°r(r, +a)
15¢7(82Pa* — 21)
+7(82Pr3 + 21)(16xPa* — 63)]. (29)

F=

5 [427r,, (21 — 87Pa?)

As aresult, by solving the equation ¢"* = 0, one can easily
arrive at
84nr,(8zPa* — 21)(3r3 + 2a?)
(16zPa® — 63)[56xPr} + 5(8zPa* + 21)r7 + 63a?]
(30)

as the zero point of the vector field.

In Figs. 11 and 12, taking Prj = 0.5 and a/ry = 1 for
the singly rotating Kerr-AdSg black hole, we plot the zero
points of ¢ in the r;, — 7 plane and the unit vector field n
with 7/ry = 0.8, respectively. Note that for the values of
Prj =05 and a/ry =1, one annihilation point can be
found at 7/ry = 7,./ry = 0.92. Based on the local property
of the zero points, it is easy to find that the topological
number W =0 for the singly rotating Kerr-AdSg black
hole. Combined with the fact that the eight-dimensional
singly rotating Kerr black hole has a topological number:
W = —1[20], it is evident that the cosmological constant is
important in determining the topological number for the
rotating black hole in eight dimensions.

E. d=9 case

Finally, we investigate the topological number for the
nine-dimensional singly rotating Kerr-AdS black hole
whose generalized Helmholtz free energy is

5 ‘ ‘
I I
I I
4} | I — 8d Kerr-AdS 1
|
3 I I
£ ! !
=
<ot : I
|
|
1t |
zilro | | %lro
0 | L. .
0.0 0.5 1.0 1.5 2.0
T/ro
FIG. 11. Zero points of ¢"* shown in the r, — 7 plane with

Pr% = 0.5and a/ry = 1 for the singly rotating eight-dimensional
Kerr-AdS black hole. The red dot with 7, denotes the annihilation
point for the black hole. There are two singly rotating Kerr-AdSg
black holes for r = 7. It is easy to find that the topological
number is W = 0.
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3.0[

2.5¢

FIG. 12. The red arrows represent the unit vector field n on a
portion of the r, —® plane with Prj=0.5, a/ry =1, and
7/ry = 0.8 for the singly rotating Kerr-AdSg black hole. The
zero points (ZPs) marked with black dots are at
(rp/ro.©) = (0.59,7/2), (1.85,7/2) for ZP, and ZP,, respec-
tively. The blue contours C; are closed loops surrounding the zero
points.

_ mr(+a’)
487(2zPa* - 7)?
+ 7(10zPa® — 49)(2zPr2 + 7)]. (31)

F = [287r,(7 — 22Pa?)

Thus, the zero point of the vector constructed in the
topological approach can be written as

l4zr,(2nPa®> —7)(7r; + 5a%)
(10mPa* — 49)[8xPr} + 3(2xPa? + 7)r7 + 14a°]’
(32)

In Figs. 13 and 14, taking Prj = 1 and a/ry = 1 for the
nine-dimensional singly rotating Kerr-AdS black hole, we
plot the zero points of ¢ in the r;, — = plane and the unit
vector field n with 7/r, = 0.25, respectively. Note that for
the values of Pr3 = 1 and a/ry = 1, one annihilation point
can be found at z/ry = 7./ry = 0.27. Based on the local
property of the zero points, the topological number is easily
determined as W = 0, which is different from the topo-
logical number of the nine-dimensional singly rotating Kerr
black hole (W = —1) [20]. Therefore, this fact indicates
that the cosmological constant plays a significant role
in determining the topological number for the nine-
dimensional rotating black hole.

F. Summary: The impact of dimension of the spacetime

Summarizing our results from Secs. IVA-IV E, we can
find that the topological number of the five-dimensional
singly rotating Kerr-AdSs black hole is W = 0, while the
six- to nine-dimensional singly rotating Kerr-AdS black

5
4} — 9d Kerr-AdS 1
3 F

£

=

<ot
1 -

zIro
0 n . . .
0.0 0.1 0.2 0.3 0.4 0.5
T/ro
FIG. 13. Zero points of ¢ shown in the r, — 7 plane with

Prj =1 and a/ry = 1 for the singly rotating Kerr-AdSy black
hole. The red dot with 7, represents the annihilation point for the
black hole. There are two singly rotating Kerr-AdSy black holes
when 7 = 7;. Furthermore, the topological number is W = 0.

T
300 e ]
A ¥ > > > > > > =
25fF 75 - e e > > > > > > T
*************
2.0} A A i ]
$$$$$$
(o T R S . S el e I
N Al
— N+ ) > > > > > > ]
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N Cp~-=Copm e e =~
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FIG. 14. The red arrows represent the unit vector field n on a
portion of the r;, — © plane with Pr3 = 1, a/ry = 1, and 7/ry =
0.25 for the singly rotating Kerr-AdSg black hole. The zero points
(ZPs) marked with black dots are at (r,/ry, ®) = (0.56,7/2),
(1.39, z/2) for ZP, and ZP,, respectively. The blue contours C;
are closed loops surrounding the zero points.

holes have both W = —1. Thus it indicates the dimension
of spacetime has an important effect on the topological
number for rotating AdS black holes.

V. THREE-DIMENSIONAL ROTATING BTZ
BLACK HOLE

Because the BTZ black hole [24,25] is a first nontrivial
exact solution to the three-dimensional gravity theory, it is
important to study the topological number of the rotating
BTZ black hole. Therefore, in this section, we turn our
attention to the three-dimensional BTZ black hole solution,
whose metric is given by [24-26,36]
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2
ds? = —f(r)d* + ]% +r <d(p - %dfy, (33)

where

r2 J2
— 2m
f(r) m—+ 2 + )
in which m is the mass parameter, / is the AdS radius, J is
the angular momentum that must satisfy |J| < ml.

The mass and entropy associated with the above solution
(33) are given by [39]
m o J? 1

M=—=14_"—  S=c_zr, 34
782 327 7w (34
where r;, is the location of the event horizon. Utilizing the
definition of the generalized Helmholtz free energy (1) and
substituting [ = 1/(8zP), one can obtain

2
J ry

F=aPr+——— 20
G-

(35)

Thus, the components of the vector ¢ are

J? T

= 2Py — s —
O =2 e Ty

¢® = —cot®csc®. (36)

By solving the equation ¢ = 0, one can obtain

3
8y,

T 3P -

(37)

as the zero point of the vector field ¢.

For the three-dimensional rotating BTZ black hole, we
take Pr3 =0.02 and J/ry, = 0.5, and then plot the zero
points of the component ¢’ in Fig. 15, and the unit vector

10

8t — rotating BTZ

l’h/ro

0 10 20 30 40 50 60
T/l’o

FIG. 15. Zero point of the vector ¢"# shown on the r;, — 7 plane
with Pr} = 0.02 and J/ry = 0.5 for the rotating BTZ black hole.
There is only one thermodynamically stable rotating BTZ black
hole for any value of 7.
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FIG. 16. The red arrows represent the unit vector field n on a
portion of the r;, — ® plane with Prj = 0.02, J/ry = 0.5, and
7/ry = 10 for the rotating BTZ black hole. The zero point (ZP)
marked with black dot is at (r,/ry, ®) = (1.31,z/2). The blue
contour C is closed loop surrounding the zero point.

field n with z/ry = 10 in Fig. 16, respectively. Obviously,
there is only one thermodynamically stable rotating BTZ
black hole for any value of z, which is also consistent with
the conclusion given in Ref. [40] via the Joule-Thomson
expansion. Based on the local property of the zero points,
the topological number W = 1 can be found for the three-
dimensional rotating BTZ black hole. In the Appendix,
we will also investigate the topological number of the
three dimensional charged BTZ black hole, and find that its
value is W = 0.

VI. Kerr-NEWMAN-AdS; BLACK HOLE
Finally, we would like to investigate the topological
number of the four-dimensional Kerr-Newman-AdS black
hole [31], whose metric and Abelian gauge potential
are [35,36]

A, (A 2 X z
ds* = —— <Tedt—2sin29d(p) —|—A—dr2 +-—d6?

> r Ay
Agsin? @ [a(r? + 12 2+ a? 2
+ 92 [ ( S ) ar - = d(p} . (38)
A in% 0
A= % <?" di -2 d(p), (39)
where
2 &2
A,—(r2+a2)<l+l—2> 2mr + ¢2, 2=1 7
&2
Ay=1- l—zcos2 0, Y =12 + a?cos? 6,
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in which a, m, and ¢ are the rotation, the mass and
electric charge parameters, respectively, and / is the AdS
radius. The horizon radius r, is determined by equa-
tion: A, = 0.

The mass and entropy associated with the above metric
(38) can be calculated via the standard method and their
results are

77.'(1"}21: a?) ‘ (40)

m
M:H—Q’ S:
=

Then, one can straightforwardly obtain the generalized
Helmholtz free energy of this black hole as

_ 24xPri(ry + a®) + a*[16zPQ*(4nPa* - 3) + 9]
B 2r,(87Pa®> — 3)?
9(r; + Q%) 67(rs + a*)
2r,(8xPa* —3)*  2z(8xPa* - 3)

f

(41)

with Q = ¢/E being the electric charge of the black hole.
Therefore, the zero point of the vector can be easily given as

12773 (8xPa* — 3)
T = )
X —24zP(3r; + a*)r3

(42)

where X = a?[162PQ?(4nPa* —3) + 9] +9(Q* — r}).
For the four-dimensional Kerr-Newman-AdS black hole,
we take Prj=0.02, a/ry=1, Q/ro =1, and plot the
zero points of the component ¢ in Fig. 17, and the unit
vector field n with 7/ry = 10 in Fig. 18, respectively.
Obviously, there is only one thermodynamically stable
Kerr-Newman-AdS, black hole for any value of 7. Based
upon the local property of the zero points, one can get
the topological number W =1 for the four-dimensional
Kerr-Newman-AdS black hole, which is identical to that of

— 4d Kerr-Newman-AdS

I'h/ro
N W A OO N

0 10 20 30 40
'l'/l’o

FIG. 17. Zero point of the vector ¢"# shown on the r;, — 7 plane
with Prj = 0.02,a/ry = 1,and Q/ry = 1 for the Kerr-Newman-
AdS, black hole. There is only one stable Kerr-Newman-AdS,
black hole for any value of z. The topological number of this
black hole is W = 1.
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FIG. 18. The red arrows represent the unit vector field n on a
portion of the r,—® plane with Prj=0.02, a/ry=1,
Q/ro=1, and 7/ry = 10 for the Kerr-Newman-AdS, black
hole. The zero point (ZP) marked with black dot is at
(rn/r9,®) = (1.52,7/2). The blue contour C is closed loop
surrounding the zero point.

the four-dimensional Kerr-AdS black hole. This fact
indicates that the electric charge parameter has no effect
on the topological number of rotating AdS black holes.
Compared with the four-dimensional Kerr-Newman black
hole which has a topological number of zero, it can be
inferred that the cosmological constant plays an crucial role
in determining the topological number for the rotating
charged black hole.

VII. CONCLUSIONS

In this paper, we have extended our previous work [20]
to the more general rotating AdS black hole cases and
investigated the topological numbers of the singly rotating
Kerr-AdS black holes in arbitrary dimensions and the four-
dimensional Kerr-Newman-AdS black hole as well as the
three-dimensional rotating or charged BTZ black hole.
Table I summarizes some interesting results found in the
present work. We find that the d > 6 singly rotating Kerr-
AdS black holes, the Schwarzschild-AdS black hole, and
the charged BTZ black hole belong to the same kind of
topological classes because of their topological numbers
being W =0, while the Kerr-Newman-AdS black hole,
the d =4, 5 singly rotating Kerr-AdS black holes, and
the rotating BTZ black hole belong to another kind
of topological class due to their topological number
being W = 1.

As a new consequence, we have discovered that the
topological number of the rotating black holes is signifi-
cantly influenced by the cosmological constant.
Furthermore, combining our results with those in
Refs. [7,14,20], we have tabulated Table II, from which
we have also observed a new interesting phenomenon: the
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TABLE I. The topological number W, numbers of generation and annihilation points for various AdS black holes.
BH solution w Generation point Annihilation point
Schwarzschild-AdS, BH [14] 0 0 1

d > 6 singly rotating Kerr-AdS BH 0 0 1
Charged BTZ BH 0 0 1

d =5 singly rotating Kerr-AdS BH 1 1or0O lor0
RN-AdS, BH [7] 1 lor0 1or0
Kerr-AdS, BH 1 lor0 lor0
Kerr-Newman-AdS, BH 1 0 0
Rotating BTZ BH 1 0 0

TABLE II.
their AdS extensions.

The topological number W, numbers of generation and annihilation points for various black holes and

BH solution w

Generation point Annihilation point

|
—_

Schwarzschild BH [7]

Schwarzschild-AdS, BH [14] 0
RN BH [7] 0
RN-AdS, BH [7] 1
Kerr BH [20] 0
Kerr-AdS, BH 1
Kerr-Newman BH [20] 0
Kerr-Newman-AdS, BH 1
d =5 singly rotating Kerr BH [20] 0
d =5 singly rotating Kerr-AdS BH 1
d > 6 singly rotating Kerr BH [20] -1
d > 6 singly rotating Kerr-AdS BH 0

0 0
0 1
1 0
1or0 1 or0
1 0
lor0 1or0
1 0
0 0
1 0
1or0 1or0
0 0
0 1

difference between the topological number of the AdS
black hole and that of its corresponding asymptotically flat
black hole is always unity. We conjecture that this might
also be true for other kinds of black holes. However, this
needs to be tested by further investigating the topological
numbers of many other black holes and their AdS
counterparts.

As far as the impact of the electric charge parameter on
the topological number of the four-dimensional black holes
is concerned, one can infer from Table I that the electric
charge parameter can change the topological number of the
static AdS, black holes, while from Tables I and II that it
has no impact on the topological number of the four-
dimensional rotating AdS black holes because the four-
dimensional Kerr-AdS and Kerr-Newman-AdS black holes
have the same topological number.

Finally, it should be mentioned that all rotating AdS
black holes studied in the present paper are underrotating,
namely, their rotation angular velocities are less than the
speed of light (i.e., a < [). Therefore, a most related issue is
to investigate their ultraspinning and overrotating cases,
and to test our guess by checking the topological numbers

of the ultraspinning AdS black holes (i.e., a = [) [41-48]
and the over-rotating Kerr-AdS black holes (i.e.,
a > 1) [49,50].
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APPENDIX: THREE-DIMENSIONAL CHARGED
BTZ BLACK HOLE

In this appendix, we will investigate the topological
number of the three-dimensional charged BTZ black hole,
whose metric reads [51]
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2
ds* = —f(r)dt* + % + r2dy?, (A1)
A=—gh (;) d, (A2)
where
2 2
ﬂﬁ:%m—%h(9+%, (A3)

in which m and ¢ are the mass parameter and electric
charge, respectively, and [ is the AdS radius. The event
horizon is determined by: f(r,) = 0.

For the three-dimensional charged BTZ black hole, the
mass and the entropy are [39]

m g rp 1
M=—=-1_2In(-), S =—nr,.
4782716 n(z) 2"

Substituting > = 1/(8zP) into the definition of the
generalized Helmholtz free energy (1), one can arrive at

(A4)

2
F = ﬂPr% + 4 In <2rh\/ 27TP> - —ﬂzrh ,
T

16 (A5)

Thus, the components of the vector ¢ are

T

2
¢ =27Pr, — 1Z_rz ~ 5 ¢$°® = —cot@csc®. (A6)

By solving the equation ¢"* = 0, one can obtain

r— % (A7)
32zPr; +q
as the zero point of the vector field ¢.

In Figs. 19 and 20, we take P = 0.002 and ¢/ry, = 1 for
the three-dimensional charged BTZ black hole, and plot the
zero points of ¢ in the r;, — 7 plane and the unit vector
field n with z/ry = 25, respectively. Note that for the
values of P = 0.002 and ¢/ry = 1, one annihilation point
can be found at 7/ry = 7./ry = 28.03. Based on the local
property of the zero points, one can get its topological
number W = 0.

Note that by simply eliminating the charge ¢ in Eq. (A7),
the zero point of the vector field ¢ of the static neutral BTZ

10

— charged BTZ

rhlro

Z:1ro
|

0 f | 1l L L
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T/l'o

I'1/f0

FIG. 19. Zero points of ¢™ shown in the r, — 7 plane with
P =0.002 and ¢/ rqy = 1 for the charged BTZ black hole. The red
dot with 7z, represents the annihilation point for the black hole.
There are two charged BTZ black holes when 7 = ;. Further-
more, its topological number is: W = 0.
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FIG. 20. The red arrows represent the unit vector field n on a
portion of the r, —@® plane with P =0.002, ¢/ro =1, and
7/ry = 25 for the charged BTZ black hole. The zero points (ZPs)
marked with black dots are at (r,/ry,®) = (1.37,7/2),
(3.63,7/2) for ZP, and ZP,, respectively. The blue contours
C; are closed loops surrounding the zero points.

black hole can be directly expressed as 7 = 1/(4Pry,), and
its topological number can be easily obtained as W =1,
which implies that the electric charge has a remarkable
impact on the topological number of static AdS;
black holes.
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