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We study the linear stability of nonrelativistic #Z-boson stars, describing static, spherically symmetric
configurations of the Schrodinger-Poisson system with multiple wave functions having the same value of
the angular momentum #. In this work we restrict our analysis to time-dependent perturbations of the radial
profiles of the 2¢ + 1 wave functions, keeping their angular dependency fixed. Based on a combination
of analytic and numerical methods, we find that for each #, the ground state is linearly stable, whereas the
nth excited states possess 2n unstable (exponentially in time growing) modes. Our results also indicate that
all excited states correspond to saddle points of the conserved energy functional of the theory.
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I. INTRODUCTION

£-boson stars [1] are exotic compact objects composed
of N=2¢+1 self-gravitating complex massive scalar
fields. They constitute a generalization of the standard
(Z = 0) boson stars [2-7] in which the internal symmetry
group is extended from U(1) to U(N). This allows one to
construct configurations in which each scalar field has
the same harmonic time dependency and carries angular
momentum £; yet as a whole, the configuration is static and
spherically symmetric [1,8]. A recent interpretation of
Z-boson stars and more general configurations in semi-
classical gravity, which only requires a single and real
(quantum) scalar field, was recently presented in Ref. [9].

Similar to other compact objects (see e.g., [10] for
a review and [11,12] for more recent work in Horndeski
theory), Z-boson stars present a rich phenomenology
[13-15]. In particular, it has been shown that—similar to
fluid stars—these objects possess a “stable branch,” that is,
configurations which are stable with respect to spherically
symmetric linear [16—-18] and nonlinear [19,20] perturba-
tions. Furthermore, full 3D numerical simulations [21] of
the Einstein-Klein-Gordon equations have found no indi-
cation of nonspherical growing perturbations for these
configurations. However, the limited timescale of the
simulations makes it difficult to reach a firm conclusion
regarding the stability of these objects with respect to
generic small perturbations.

In the Newtonian limit, £-boson stars are expected to
reduce to solutions of the Schrédinger-Poisson (SP) sys-
tem. For £ = 0 such solutions have been discussed in a
variety of different physical contexts, including the Hartree-
Fock theory of plasmas [22], the discussion of quantum
state reduction by gravity [23,24], and the modeling of dark
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matter galactic halos [25-28]. In particular, the following
results have been established for the # = 0 configurations.
Lieb [22] showed the existence of a unique stationary
(that is, with the wave function having a time-harmonic
dependency) ground state solution which is spherically
symmetric and positive. The global in-time well-posedness
of the Cauchy problem for the SP system has been shown
in [29,30]. Further development led to the orbital stability
of the ground state configurations [31]. The existence of
excited spherical states, in which the radial profile of
the wave function has any number n of zeros, has been
established in [32]. This leads to an infinite family of
stationary, spherically symmetric solutions with negative
energy eigenvalues which increase monotonically in n.
For a recent review on the mathematical properties of
solutions of the SP and related system, see [33]. We also
refer the reader to [34] for a recent existence result of the SP
system with infinitely many states on a bounded domain.
Regarding the generalization to #-boson stars with £ # 0,
in [35] the existence of an infinite family of stationary,
spherically symmetric solutions to the SP system with n
nodes in the wave functions radial profile has been proven
for each n,7 =0,1,2,3,.... For numerical examples of
these configurations, see [35-37].

Similar to their relativistic counterparts, the realization
of these objects in nature demands that they are stable with
respect to sufficiently small dynamical perturbations.l
In the # = O case, a stability analysis has been performed
in [38], based on a combination of analytic and numerical
methods. Their results indicate that the ground state
configuration is stable, whereas each excited state is
unstable, having n quadruples of modes characterized by

'Or, in case they are unstable, have a sufficiently large lifetime.
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a complex eigenvalue. For further numerical studies
regarding the nonlinear stability of the # = 0 ground base
configurations, see Refs. [39,40]. For a generalization to
multistate solutions (having #Z =0 but different n’s)
see [41]. 3D numerical evolutions of the multistate SP
system which analyze the stability of multi-# multistate
configurations (i.e., solutions containing wave functions
with multiple values of # and n) and other configurations
which are axially symmetric have recently been performed
in [42]. In particular, it is claimed in that work that the
nonrelativistic ground state Z-boson stars with Z = 1 are
stable.’ However, as far as we are aware, no linear stability
analysis for the Z # 0 configurations has been carried out
so far.

The goal of this article is to provide a systematic study of
the nonrelativistic £-boson stars’ main properties and to
analyze their mode stability with respect to spherically
symmetric linear perturbations. To this purpose, we start in
Sec. I with a description of the theoretical framework
underlying the construction of these objects and their linear
perturbations, starting with the N-particle SP system. Of
particular relevance for this work is the identification of a
time-conserved energy functional describing the total
energy of the system. This functional is an extension to
N particles of the well-known functional used in [22],
whose global minimum describes the £ = 0 ground state.
More generally, as we show, the nonrelativistic Z-boson
stars correspond to critical points of this functional. The
reduction to one-particle states is presented in Sec. I A,
whereas the spherically symmetric system, in which
the wave functions are assumed to have the same radial
profile with particular angular dependencies, is derived
in Sec. II B. The stationary and linearized equations are
presented in Secs. IIC and IID, respectively. Analytic
properties of the system, including its rescaling freedom, a
zero mode solution, and a fourfold symmetry between the
mode solutions of the linearized equations, are studied
in Sec. IIE. Also in this subsection, we show that the
linearized system can be reduced to a single equation
involving a linear operator O which is related to the second
variation of the energy functional.

Section III presents our numerical implementation and
the results for the nonrelativistic £-boson stars. In Sec. [II A
we rewrite the stationary system in a more suitable form
for the numerical calculations and analyze the regularity
conditions at the center and the asymptotic behavior of the
solutions at infinity. Further, we explain our shooting
method used for the computation of the wave function
and their energy eigenvalues. Next, in Sec. III B we exhibit
the numerical results forn = 0,1,2,3and # =0, 1, 2, 3, 4,
5. In particular, we show the radial profiles of the wave

’Note that the definition of the quantum number 7 in [42]
differs from our definition; it is such that the node number of the
radial wave function is equal to n — 1 — 7.

function and the gravitational potential and provide a table
for the energy eigenvalues. Also, we study the total energy
of the system, identifying energetically allowed transitions
between configurations with the same total number N of
fields. This analysis indicates that the ground state configu-
ration with zero angular momentum corresponds to the
global minimum of the conserved energy functional. In fact,
this property can be established from the results in [22].

Section IV is devoted to the numerical study of the
linearized system. Our method is a straightforward gener-
alization of the procedure used in [38] to arbitrary values
of Z, in which the linearized equations are reduced to an
eigenvalue problem which is solved by spectral methods. In
Sec. IVA these equations are rewritten in a more appro-
priate form, and the physically relevant boundary condi-
tions at the origin and the asymptotic region, which are
then used to provide boundary conditions at a finite outer
boundary, are derived. Further, we describe our procedure
for solving the eigenvalue problem via a pseudo-spectral
collocation method with Chebyshev points [43,44]. In
Sec. IV B we exhibit the numerical linear stability results,
first for configurations in the ground state and next for the
excited states. In both cases, we show the spectrum of
eigenvalues and the profiles of the associated eigenfunc-
tions for some representative examples, and we comment
on the lifetime of the unstable configurations. Our results
indicate that for all # > 0 the ground state solution is stable
and corresponds to a minimum of the (spherically sym-
metric reduced) energy functional, whereas all excited
states are unstable and correspond to saddle points.
Further, our results suggest that the ground states possess
only purely oscillatory modes.

Conclusions and open questions are provided in Sec. V.
Technical results, which include a Lagrangian formulation
of the SP system, the computation of the first and second
variations of the conserved energy functional, the numeri-
cal determination of the energy eigenvalues, and a vali-
dation of our numerical spectral code, are included in
appendixes.

II. THEORETICAL SETUP

Consider a nonrelativistic system consisting of N iden-
tical particles of mass ¢ whose only interaction is through
the gravitational potential U(#, X) generated by them. Such
a system is described by the N-particle Schrédinger-
Poisson (or gravitational Schrédinger) system [45—47]

LX) N/ n R
il S e E —— V2 4+ U )P, X 1
lh at i=1 < 2” Xi ﬂ (L‘Xl) (t’ )’ ( )

where # denotes the reduced Planck constant, and ¥(¢, X)
is the wave function with X = (X|,X,,...,Xy) the
3N-vector parametrizing the configuration space. Here,
V%i refers to the 3D Laplace operator with respect to the
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variable X;, and the gravitational potential U(z, X) generated
by the N particles is determined by the Poisson equation

V2U(t, X) —471'G,uz:/|‘1J £ X)[260) (X = X)d*MX, (2)

with the requirement that U(z, X) — 0 for |X| — co. Using
the Green’s function of the Laplace operator, one can
represent U as

|‘PtY|2

BNy,
F-5

G,uz

where the integral is performed over the 3N-vector
Y = (¥,...,yn) and G refers to Newton’s constant.

The evolution described by the nonlinear system (1), (3)
is unitary; i.e., the L?>-norm of the wave function ¥ is
preserved in time. Additionally, it is straightforward to
verify that the functional (cf. [22,31,45-47])

N_ 52
— . 2 3N
= Z 2ﬂ/|vxiu(X)| X

/ / l( Eovxavy @)
i,j=1 |x _yJ

is conserved in time; that is E[¥(z,-)] is independent of 7
for any solution ¥(#,X) of Egs. (1) and (3) for which
|E[P(0,-)]| < oo. As discussed in the next two sections, its
second variation will be very useful to understand the
stability properties of the Z-boson stars.

(3)

A. Reduction to one-particle states

From now on, we focus on the particular case in
which the particles are indistinguishable and spinless.
Furthermore, we assume that these are uncorrelated,3 such
that the N-particle wave function is a (symmetrized)
product of single-particle states. Specifically, we consider
an orthonormal set of wave functions y; in the one-particle
Hilbert space L*(R?), such that (y;, ;) = &;;. Assuming
that there are N; particles in the state y;, the N-particle
wave function can be written as

N!

Ve e e eyl). )

This ansatz is valid because our model assumes that the
particles do not interact directly between themselves; they only
interact through the common “mean field” Newtonian potential U
they generate. For more details on this separability property, see
Refs. [45,48]. For the stationary case, the ansatz (5) is equivalent
to the Hartree approximation [49].

where 37 | N; = N. Here, S= > reo(n) Px/N! denotes
the symmetrlzatlon operator [with o(N) refern'ng to the
permutation group of N elements and P, to the permutation
operator]. Introducing the ansatz (5) into Egs. (1) and (2),
one finds that the one-particle wave functions y/; satisfy
the system

iha‘l/j(fj)

n_, - -
> _<_ﬂv —|—/4U([,X)>l//j(t,x)a (6a)

J
V2U(1. %) = 42Gu Y Njly; (.32,
j=1

(6b)

It is not difficult to prove that the evolution preserves each
scalar product (y;,yy), such that it is sufficient to impose
the orthonormality condition (y;,yy) = 6 at the initial
time ¢ = 0. Furthermore, the functional £[u] reduces to

J hz .
£lu] :ZN@/ IV, (7) P

G/" |u ||uk )| 3.3
25 | [ EOOT

(7)

where the relation between u and u; is the same as the one
between ¥ and y; in Eq. (5).

B. Spherically symmetric system

The standard solutions of the SP system correspond to
the particular case N = J = 1 in which there is only one
wave function. However, allowing the presence of an
arbitrary number N of particles yields a much richer
model, even when restricted to spherically symmetric
configurations.

Like their relativistic counterparts, Newtonian £-boson
stars are obtained by considering N = J = 2¢ + 1 particles
in a spherically symmetric static potential with associated
wave functions of the form

wj(t,%) = (8)

Here, Y“™ denote the standard spherical harmonics, and f,
a function describing the radial profile which has n nodes
in the interval 0 < r < oo and is identical for all states. In
other words, Z-boson stars are characterized by the quan-
tum numbers (n,¢,m), where n and ¢ are fixed and m
varies over —¢,—¢ + 1,...,¢. Accordingly, the relation
between the index j and (n,#,m) in Eq. (8) is given by
j=m+7¢+ 1. A simple generalization of Z-boson stars
consists in occupying each state y; with K particles instead
of just one, such that N = KJ = K(2¢ + 1).

fe(t.r)Y™ (9. 9).
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Introducing the ansatz (8) into the system (6) and taking
into account the identities V2Y*" = —£(£ + 1)Y*™/r? and
c__,YOm? = (2¢+1)/(4x), one obtains

r 2
e 2 (< L) | e
(9a)
V2U(t,r) = (26 + D)uGK|f (1, r)|*, (9b)

where here and in the following, V3 := L2 (2 2) denotes

the radial part of the Laplacian. Note that the effect of
including the occupation number K is formally equivalent
to rescaling Newton’s constant G.

For the following, it is convenient to rewrite this system
in terms of dimensionless quantities. To this purpose, first
note that G, h, u give rise to a characteristic distance and
time defined by

h? my,\3
d, =~ = 1.78048 x 10?2 (—”) m, (10a)
26w H
3 m 5
t, = —>—~ = 1.0056 x 10> <—") s, (10b)
2G7u H

where, as reference, we have specified the numerical values
resulting from the proton mass m, = 1.67262 x 10777 kg.
Next, we introduce the transformation

t =1t.1/(KA\)?, r=d.r/(KA),

fe=KPNF )\ (26 + 1)d,

U = 202(KA)?T,
(11)

with v, :=d_./t. a characteristic velocity. Here, the bar
refers to dimensionless quantities and A is an arbitrary
positive dimensionless scale factor. In order to simplify
the notation, in what follows we shall omit the bars and
denote dimensionful quantities with the superscript phys
whenever necessary.

Performing the transformation described in Eq. (11),
the system (9) reduces to

iaff(t’ r) — |:_v% +

(¢ +1)
ot r?

+ U(t, r)}ff(t, r), (12a)

VIU(t.r) = |fo(t. 7). (12b)

The normalization condition (y;,y;) = 1 is satisfied pro-
vided that

1_/|wj(z,55)|2d3x_ /O°° f ot 1) 2Rdr. (13)

20 +1

Equivalently, the system (12) can be written as the single
nonlinear equation

af o(t,71)

) Ftfoler), (14

i
with the integro-differential operator

A

F, = [—V% +@+ As_l(ff(t")|2):|' (15)

Here, A;! denotes the inverse of V2, defined by

© A(F)

rs

AZ(A)(r) = — /0 2dr. (16)

when acting on an arbitrary function A depending only on
the radius r, where we have set r. := max {r, 7}.

For the particular subset of solutions of the form (8), the
conserved energy functional (7) reduces to

EPMYS = 2uv2(AK)3E,[f ], (17)

where the dimensionless functional £, is given by

e = [~ [|a, fp+ CCHDOP] )

r

1 [ [ |f(r)|f(7)]? 252 drdF
_EA /) e 2drdr. (18)

r

Note that the scale factor A offers the possibility to solve
the system (12) or Eq. (14) without taking into account the
normalization condition (13) in a first step. Equation (13)
can be enforced in a second step by adjusting the value
of A.

C. The stationary equations

The nonrelativistic Z-boson stars are obtained as sol-
utions of Eq. (14) with the time-harmonic ansatz

Fo(t.r) = e Ei6\V (), (19)

where a(fo) is a real-valued radial function and E, is

determined by the nonlinear eigenvalue problem

7‘25(0)5({(» _ Efg(f(])y (20)
with
" 2+1) 0
R = [~V = 7 (0 P) | (1)
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The eigenvalue E, represents the energy of each state
(n,Z, m). In physical units, this energy value reads

ED™S = 2u12(KA)2E,. (22)

The existence of a normalizable solution of Eq. (20) for
each value of n and £ has been established in [35]. In the
next section, we implement a numerical method to solve
Eq. (20) that generalizes the procedure presented in [24] to
arbitrary 7. As shown in Appendix A the conserved energy
functional for any stationary solutions of the form (19)
takes the value

gphys — K@

EDYS, (23)

For =0 and K =1 this reduces to the well-known

relation P = EP™S/3 presented in [50] for the standard
boson star solutions (note that the functional I in [50]
satisfies 2/ = £P"YS). Equation (23) will turn out to be
useful when comparing the ground state energies of differ-
ent families of Z-boson stars with each other.

D. The linearized equations

Next, we proceed to linearize the integro-differential
equation (14) about a stationary solution. To this purpose,
we assume an expansion of f, in terms of a small parameter
0 < e x'1 of the form

Foltor) = e E (6 (1) + o (t,r) + O(e?)],  (24)

where (E,, 6;0)) is a solution of the nonlinear eigenvalue

problem (20) and o, is a complex-valued function depend-
ing on (#,r) which describes the linear perturbation.
Following [38] we separate the temporal and radial parts
of this function by means of the following ansatz (see also
Sec. V.2 in [51] for details):

op(t.r) = [A(r) + B(r)]e* + [A(r) = B(r)]"e"".  (25)

where A and B are complex-valued functions depending
only on 7, A is a complex constant, and the superscript *
denotes complex conjugation. A linear instability is sig-
naled by the presence of a solution with a positive real part
of A. Introducing Egs. (24) and (25) into Eq. (14) one
obtains, to linear order in € and after setting the coefficients
in front of ¢*" and e* to zero,

ilA = (H," - E,)B, (26a)

iAB = (H,% —E,)A + 26V A;16VA].  (26b)

This system constitutes a linear eigenvalue problem for the
eigenvalue 4. In the next subsection, we derive some basic
properties satisfied by the solutions of Eqgs. (14) and (26).

E. Basic properties of the solutions
As follows from Eq. (11) the system (12) has the

following rescaling freedom: Given a solution (f,, U), then

FR(tr) = N fo (N1, Ar), (27a)

UMt r) = N2U(A%t, Ar) (27b)
is also a solution of the system (12). As pointed out
previously, this freedom offers the possibility to look
for a solution (k,, ®) of Eq. (12) whose normalization
is arbitrary but finite. The correct normalization condition
(13) can be enforced a posteriori by means of the trans-
formation (f,, U) = (k2,®*) with

20 +1

A= .
52 ke (2, 7)Pr2dr

(28)

In the stationary case, the rescaling induces the trans-
formation E? = A’E, for the energy eigenvalues in
Eq. (19).

Next, we discuss a few properties of the system of
linearized equations (26). First, note the existence of the

zero mode solution (A, B) = (0, ﬂa;())) with eigenvalue
A =0 and an arbitrary complex constant . For f =i this
solution corresponds to an infinitesimal rotation in the
phase of the unperturbed wave function, whereas 6,(z, r) is
identically zero if f is real. Second, it is simple to prove that
any solution (4, A, B) of the linearized system (26) gives
rise to the three other solutions:
(-4, A, —B), (2*,A*,—B*), (=A*,A*,B*). (29)
Therefore, the eigenvalues come in pairs (4, —4) if A is real
or purely imaginary and in quadruples {1,—1,1%, —2*}
otherwise, and their corresponding eigenfunctions (A, B)
are related to each other (up to a global factor) according to
Eq. (29). Therefore, linear stability requires that the real
part of each eigenvalue 4 is zero.

Third, we note the following properties. Multiplying
Eq. (26a) with 72A* and Eq. (26b) with 7>B* and integrating
yields

iA(B,A);» = (B,[H,”) — E,]B),2. (30a)
M(A’B)LZ = (A, [7'2/(0) - Ef]A)LZ
+2(c"A, Ao} A])2, (30b)
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where from now on, (-,-),> refers to the standard scalar
product in the Hilbert space L? = L*(R., r’dr), that is,

(A]’AZ)LZ = AmAl(r)*Az(r)rzdr, Ai (S Lz. (31)

Since the operator 'Hf(o) — E, is self-adjoint in L2, it
follows that the right-hand side of Eq. (30a) is real.
Likewise, the right-hand side of Eq. (30b) is real.®
Therefore, it follows that

22|(A.B),:* € R, (32)

which implies that either A% is real or (A, B);> = 0. This
generalizes the corresponding result in Ref. [38] to arbitrary
values of 7.

Fourth, we note that the right-hand side of Eq. (30b)
can also be written in terms of the second variation of the
energy functional £, (see Appendix B for a derivation):

1 1
iA(AB): = S8 AR + 5 PENA) (33)

where here and in the following, the subindices R and /
refer to the real and imaginary parts of the field.
Equation (33) will play an important role since it provides
a direct relation between the eigenvalue and eigenfunctions
of the linearized equations and the second variation of
the energy functional.

Fifth, we note that the system (26) can be reduced to the
single equation

QA = —12A, (34)
with the fourth-order operator Q defined as

0= (H, )~ E;)? +2(H, Y = Ep)ol AT16Y) . (35)
Note that the image of Q is orthogonal to oiﬂo). Indeed, using
once again the self-adjointness of ﬁf(o) — E, and the fact
that a(fo) lies in its kernel one finds (a(fo), QA),» =0 for
all A. Therefore, we may restrict the domain of Q to the
subspace Z consisting of the orthogonal complement of the
background field a}o) in L2 and consider 0 as an operator in

the Hilbert space Z. Since H, ") — E, is invertible on this
subspace, we may equip Z with the new inner product

*“This follows again from the self-adjointness of 7-25»(0) -E,
and the identity

_ _ 2
(0 A A7 6V A]) 2 = =1V, (A7 [0 A)) 7.

which shows that the second term on the right-hand side of
Eq. (30b) is real and negative.

(A1|Ag) = (A1 [H,Y = E/ 7' 4y) 2, A, €z, (36)
which is such that
(A1|0A;) = (0A,|A,), (37)

for all A;, A, lying in the domain of Q. Therefore, Q is
symmetric with respect to this new product. However, note
that although this product is bounded and (anti) linear and
its (first) second argument, it is not always positive definite.
If o-iao) is the ground state solution, such that E, is the
minimum eigenvalue of H,(%, then (|-} is positive definite
on Z and it follows from Eq. (37) that Q is (formally) self-
adjoint, implying, in particular, that its eigenvalues —A> are
real. On the other hand, if ) is an excited state with n
nodes, it follows from the nodal theorem (see e.g., [52]) that
ﬂf(o) possesses precisely n eigenvalues smaller than E,.
Hence, the inner product (-|-) has n independent directions
with negative norm, and in this case, there is no reason to
expect that the eigenvalues of QO are real. It follows from
Egs. (26a), (33), and (34) that

P2 (AIA) = (AIQA) =386, 4] + 3FEAAL ()

Based on these observations, we arrive at the following
conclusions. For the ground state solutions with n = 0, A% is
real (which implies that A itself is either real or purely
imaginary) and the inner product (-|-) is positive definite.
Furthermore, since the operator Q isreal, one can assume that
any eigenfunction A = Ay isreal as well. In this case, Eq. (38)
implies that the signs of —1? and 6°£,[A] coincide with each
other. Consequently, a purely imaginary point spectrum
implies that the background solution is linearly stable and
represents a local minimum of £, (at least with respect to the
space spanned by the eigenfunctions). However, the presence

of a nonzero pure real eigenvalue would imply that the

solution 6;0) is linearly unstable and correspondingly, there

would exist a direction for which 6*£,[A] is negative,
meaning that a(fo) could not be a minimum of &,.

For the excited states (i.e., those with n > 0 nodes), 22
does not need to be real, as commented above. To make
further progress, we note that Eqgs. (26) and (B7) in
Appendix B imply

1
5525f[AR] = —Ag(Ag, B;) 2 — A/ (Ag, Bg)2s (39a)

1
—525f[A]] - AR(AI, BR)LZ - AI(A],BI)LZ.

5 (39b)

Taking into account the symmetries (29) we have the
following possibilities for the eigenvalue A:
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(i) Ag =0,4; = 0: This is the zero mode solution we
have already discussed above.

(i1) Ag >0,4;=0: In this case, 4 is real and from Eq. (26)
we can assume that A = A, and B = iB;. It follows
from Eq. (39a) that 8°E,[Ag] = —24(Ag, B;),2, such
that the sign of the second variation of &, is opposite
to the sign of the product (Ag, B;), 2.

(iii) Ag = 0,4; > 0: In this case, 4 is purely imaginary
and we can assume that both A and B are real. It
follows from Eq. (39a) that the sign of $*E,[Ag] is
opposite to the sign of (Ag, Bg);>.

(iv) Ag > 0,4, > 0: In this case, 4> # R, and from the
previous points it follows that (A, B),> = 0. In this
case, it follows from Eq. (33) that

82E,[Ag] + €A =0, (40)

such that the condition 5°E4[Ag] # 0 [which can be
verified using Eq. (39a)] implies that the background

solution a;o) corresponds to a critical saddle point of

the energy functional.
The first three possibilities also apply to the ground state
solutions; however (iv) is excluded in this case since A2
is real.

As we will see in Sec. IV, our numerical results indicate
the nonexistence of case (ii); that is, we do not find real
eigenvalues. In the case of purely imaginary eigenvalues
[case (iii)], we find that 5°E,[Ag] > 0 is always positive.
In particular, this implies that the ground states have no
unstable modes and that such modes locally increase the
energy functional £,. For £ = 0 this result is in concord-
ance with [22] where it was proven that the £ = 0 ground
state is a global minimum of &,. For all excited states, we
find that case (iv) occurs, implying that they are linearly
unstable and correspond to saddle points of &,.

III. NONRELATIVISTIC #Z-BOSON STARS

As stated in the Introduction, numerical solutions of
the nonlinear eigenvalue problem (20) have been given
in [36,37] for a few values of n and Z. In this section, we
extend the numerical construction to a wider range of n and
¢ and discuss some qualitative features of the solutions.

A. Implementation
To perform the numerical integration, it is convenient
to replace the gravitational background potential U®) :=
A7V (16Y?)  with the shifted potential () (r) =
E, — U9 (r), which allows us to rewrite the problem (20)
in the equivalent form

£+ 1
V%agﬂo) = [7( rj )_ u(o)] 0';0), (41a)
V2,00 — _(6;0) ]2. (41b)

In a next step, we identify the correct boundary con-
ditions at »r =0 and at r = co that guarantee that the
solution is normalizable and regular at the origin. Near
r =0, Egs. (41) reduce to

J 7 ds®

o (r2 %) — (£ +1)6 ~0, (42a)
d ( ,du®
- <r2 o ) ~0, (42b)

whose regular solutions have the form u()(r) ~ const, and
ag))(r) ~ r’. For this reason, we rescale the wave function

as follows: 05,0)(r) = r’o(r) with a new radial function

o(r) which has a finite nonzero limit as r — 0. By
performing a Taylor expansion near r = 0 one finds the
following boundary conditions at the center’:

d
o(r=0) = oy, d—a (r=0)=0, (43a)
r
du©®
1w (r = 0) = up, Z (r=0)=0, (43b)
r

with constants o, and u,. Note that u, must be positive for a
global solution to exist [35]. Furthermore, by means of the
rescaling (27), one can assume without loss of generality
that uy = 1. In turn, the value of the constant ¢ is fine-
tuned using a numerical shooting method which aims at
the condition lim,_,, o(r) = 0, which is required for the
solution to be normalizable.

The numerical integration of the system (41) with the
boundary conditions (43) is performed using an adaptive
explicit 5(4)-order Runge-Kutta routine® [53-55], where
we rewrite the system as a first-order system for the fields
(o, u)). For the fine-tuning, we use a methodology similar
to the one described in [24], based on bisection.
Additionally, we find it necessary to match the numerical
solution obtained in this way to the asymptotic form of the

fields (o, u®)), given by

ST
U(r) Nme s (443)

M

uO(r)~ E; +—, (44b)
r

3See [35] fora rigorous treatment of the local regular solutions
near the origin.

The integration is performed using the fifth-order accurate
steps; the fourth-order steps are only performed in order to
estimate the error.
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Wave function profiles for different values of #. Left panel: configurations in the ground state (n = 0). Right panel:

configurations in the first excited state (n = 1). The thick dots indicate the location of the node in each configuration. Here, ¢ refers to

the constant 1/+/(2Z + 1)d> appearing in Eq. (11).

withk == \/|E,| and constants C;, E,, and M. Here, E, and
M represent, respectively, the (unrescaled) energy eigen-
value and total mass of the configuration. The form (44b) is
obtained by recalling the fact that lim,_ ., U®(r) = 0 and
the definition u(*)(r) = E, — U (r). Here, the constants
E, and M are determined using the methodology described
in Appendix C, whereas the constant C; is computed by
fitting the profile of the right-hand side of Eq. (44a) to the
last ten points of the function ¢ obtained from the shooting
algorithm. This extension of the solution turns out to be
necessary for the numerical analysis of the first-order
equations discussed in the next section, which requires
the knowledge of the background solution for values of r
lying beyond the maximal radius obtained from the
shooting algorithm. Our code is publicly available in [56].

The physical energy eigenvalue is obtained as follows.
First, E2 is computed using a generalization of the
methodology present in [24] (see Appendix C for more
details), according to the formula

(26 + 1)
E/f} = e E,, (45)
where
E, = ug — /oo r?“e(r)|?dr, (46a)
0
M= /oo |6 (r)2dr. (46b)
0

Next, the dimensional eigenvalue corresponding to K
particles in each state (n, ¢, m) is obtained from

EDYS = 2u02K2ED, (47)
and the corresponding total mass is
MPYYs = (2¢ 4+ 1)Ku = Ny, (48)

as expected. Alternatively, one can use the asymptotic form
described in Eq. (44b) to obtain E,, assuming that the
solution has been properly normalized (as described at the
beginning of Sec. Il E) such that E, = E2. This alternative
form to compute the energy eigenvalue was used to check
the validity of the results obtained from Eq. (45).

B. Results

We have solved the system (41) for values of # up to 10
and values of n up to 30. Typical examples for the radial
profile of the wave function for different values of £ are
shown in Fig. 1. The left panel represents configurations
in the ground state (n = 0). Notice that an increase in
the value of ¢ leads to more flatness near the origin,

in accordance with the r“-behavior of 6;0), whereas the
radius of the maximum increases. This property is in
concordance with the corresponding results reported for
the relativistic case [1,13]. In the right panel, we show
configurations in the first excited state (n = 1). Again,
higher values of ¢ lead to more flatness near the origin
and a maximum which lies further away from the origin.
The positions of the node and the minimum also move to
the right as ¢ increases starting from # = 1 (whereas the
case Z = 0 is special since the field 6;0:)0 does not vanish
at the origin).

Figure 2 shows the Newtonian potential and its
first derivative corresponding to the configurations with
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FIG. 2. Profiles for the gravitational potential (upper panels) and its first derivative (lower panels) for the configurations shown in

Fig. 1 corresponding to # =0, 1, 2, 3.

n=0,land? =0, 1,2, 3 shown in Fig. 1. As can be seen,
the potential profiles are monotonically increasing,
which can be understood from the identity dU%)/dr =
—du®)/dr which is positive according to Eq. (C4) in
Appendix C. We also observe that as ¢ increases (and K
and n remain fixed), the potential well becomes more
profound. This seems to be related to the fact that the
number of fields increases with £ which enhances the
gravitational source, although one should be careful with
this interpretation since configurations with higher 7
are also more extended as shown in Fig. 1. However,
comparing configurations with the same number of fields
N and nodes n, one finds that the minimum of the potential
increases with increasing ¢, the deepest well occurring for

TABLE L.

Energy eigenvalues for the ground and first three excited states computed from Eq. (45) forZ =0, 1,

¢ = 0. This is the expected behavior one has for a fixed
background potential, which is due to the repulsive con-
tribution originating from the centrifugal term in the effective
potential [see Eq. (41a)]. Furthermore, as £ or n increase,
the configurations become more extended, which is also
visible in the profile of the potential. Note also the existence
of an additional local maximum in the derivative of the
potential for the first excited state. A parameter exploration
seems to indicate that in general, dU®)/dr has a total of
n + 1 maxima, corresponding to the n 4+ 1 maxima of the
density |a(fo)|2.

Table I shows the results for the energy levels corre-
sponding to the ground and first three excited states for
¢ =0,1,2,3,4,5 computed using Eq. (45). The left panel

..., 5. The eigenvalues

obtained for # = 0 and K = 1 are in agreement with those reported in [23,38].

ED [K2uv?]

Z-values:
0 1 2 3 4 5
n-nodes 0 —-0.16276921 —0.48696445 —-0.67701587 —0.79912216 —0.88467671 —0.9483675
1 —0.03079654 —0.15836933 —0.28505087 —0.39233267 —0.48134634 —0.55563343
2 —-0.0125261 —0.07767856 —0.15754598 —0.23552556 —0.30705008 —-0.37133678
3 —0.00674732 —0.04597782 —0.09987558 —0.15725454 —0.21347763 —0.2666964 1
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FIG. 3. Left panel: numerical results for the first 30 energy levels (shown in the thick dots) corresponding to configurations with

angular momenta £ = 0, 1, 2, 3. The solid lines show the graph of the trial function in Eq. (49) with the best fit for the parameters «, f3, y
reported in Table II. Right panel: energy differences AEPY*[uv2] computed from the relation Eq. (50) between ground state
configurations (n = 0) with the same numbers of field N but different values of 7, e.g., £ =0,K = 3, and # = 1, K = 1. The solid

arrows indicate the possible loss of energy due to a loss of angular momentum, e.g., Z = 1 — ¢ = 0.

of Fig. 3 shows the energy levels as a function of n for
£ =0,1,2, 3. As commented in the Introduction, for each
fixed value of Z, the eigenvalues are negative and increase
monotonically in n. Similar to what has been found in the
case £ = 0 [23], this increase can be fitted to an inverse
power law of the form
(04

B =~ gy~ ol (49)
with suitable parameter values for a, f, and y. Table II
shows the best fit for these parameters using a least-squares
method, for the cases £ =0, 1, 2, 3, 4, 5. The resulting
curve is also shown in the left panel of Fig. 3. Remarkably,
the value for the exponent y seems to lie quite close to 2.
In fact, by performing the fit using only the excited states
n =10,11,...,30 one finds values of y which are con-
sistent with 2 up to a relative error of 0.4%, at least for the
values of £ =0, 1,...,5 reported in the table. Therefore,
for large values of n and fixed 7, E‘;hys seems to behave as
—a/n?, similar to the Balmer spectrum arising from the
Coulomb potential U = —GM /r. However, note that in the
Coulomb case, the parameter # would be equal to £ + 1,
which is clearly not the case here. This is probably related

to the fact that although in our configurations U behaves as
the Coulomb potential in the asymptotic region r — oo, it is
regular at the center.

Next, we compare the total energy E2™° of different
configurations having the same number of fields. For this,
recall that the nonrelativistic Z-boson stars are composed of
N = K(2¢ + 1) self-gravitating bosons. Unlike the stan-
dard nonrelativistic boson stars which have N = 1, con-
sidering configurations with N > 3 offers the interesting
possibility of constructing configurations with the same N
but different values for K and Z, like for instance in the
pairs (K,#) = (3,0) and (K,¢) = (1, 1). A relevant ques-
tion is which of these configurations has the least total
energy E2° since this is expected to be the most stable
state (at least within the spherically symmetric configura-
tions). Using Egs. (23) and (47), the difference between
two configurations (K;,#;) and (K,,¢,) with N =
K1(2f1 + 1) = K2(2£2 + 1) fields is

hys hys hys
pe = g - e
_ K3N [(2¢) + 1)
3 [(2¢,+1)2

E2_El s (50)

TABLE II. Best fit parameters for the trial function in Eq. (49), taking into account the first 30 energy levels. These parameters are
determined using a least-squares method. Results are shown for angular momenta £ =0, 1, ..., 5.
¢-values:
0 1 3 4 5
Parameters « 0.0978 +0.0001 0.8497 £0.0016 2.1737 £0.0184 3.8769 + 0.0637 5.8308 £0.1441 7.9516 4+ 0.2607

p 0.7763 £ 0.0005
y 2.0115+0.0007

1.3222 £0.0011
1.9935 £0.0011

1.8116 £0.0057 2.2639 £+ 0.0128
1.9632 £ 0.0040

2.6907 £0.0217 3.0987 £ 0.0320

1.9332 £0.0070  1.9058 4+ 0.0098 1.8812 +0.0123
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where the energies E; refer to the physical energy levels
Eghys for K =1 in both configurations (i.e., the values
reported in Table I in units of xv?). For excited states, one
may also use Eq. (49) with the associated parameters from
Table II to provide approximate values for E; and E, and
compute the energy difference.

The right panel of Fig. 3 shows the energy difference
between ground state Z-boson stars with £ = #; > 0 and
ground state Z-boson stars with £ = ¢, = 0 and the same
number of particles for the cases (K,¢;) = (1,1), (2,1),
(1,2), (1,3). As can be appreciated from this plot,

this energy difference is always negative, Ag‘]’}z; <0
and becomes larger as the value of ;| increases. A more
general exploration based in the fitting formula (49) reveals
the following properties: When n; > n, and £| > ¢,, one

has AEP™S < 0, as expected. This is consistent with the fact
that for any given number of wave functions, the configu-
ration corresponding to K = N, n = ¢ = 0 represents the
global minimum of the conserved energy functional
Eq. (18), as pointed out in the Introduction. Regarding
the energy difference between configurations with n; > n,
and 7| < ¢, it turns out it can also be negative, provided
ny is sufficiently large. An example is provided by the cases
of N=09 fields and n; 22,71 =1, n, =0, and ¢, =4
(whereas in this example AEPYS > 0 if n, =2 but n; = 1
or n; =2).

IV. LINEAR STABILITY OF NONRELATIVISTIC
?-BOSON STARS

In the previous section we constructed nonrelativistic
Z-boson stars and discussed their main properties. In this
section we present our numerical implementation and main
results corresponding to their linear stability.

A. Linear system, boundaries conditions,
and discretization

Similar to the background equations, for the numerical
implementation of the linearized system (26), it is conven-
ient to rewrite it in a more appropriate form. For this, we
rewrite A(r) == a(r)/r, B(r) := b(r)/r with rescaled func-
tions a and b, and use the identity V2 = %;—:zr to rewrite
this system as

b — Ueffb = —i/la, (518.)
d2

-1
" = Ugga — 26, <—> (6Va) = —iab,  (51b)

dr?
where for convenience we have introduced the effective
potential Ueg(r) := —u'®(r) + £(£ + 1)/r* and the oper-
ator (%)_1 = rA;'r7! denoting the inverse of the second

derivative with homogeneous Dirichlet conditions at r = 0
and r = oo.

To solve the system (51), four boundary conditions are
needed. Similar to the analysis applied to the background
configurations, one can study (heuristically) the dominant
terms of the perturbed system near the origin and infinity.

Using the fact that O'(fo)<l‘) ~r?, one finds
RZ" — £(6 + 1)Z ~0,

near r =0, with the column vector Z:= (a,b)’. The
solution which is regular at the center behaves as
Z(r) ~ r“*!, which leads to the following boundary con-
ditions for all # > 0 at the origin:

(52a)

In the asymptotic region one finds, taking into account the

fact that u)(r) - E, and that a(fo) decays exponentially,
7'+ E,Z~0,

and the solution that is bounded at infinity is the one that
decays exponentially. Hence, as r — oo, we require that

lima(r) =0, limb(r) = 0.

F—o0 F—0o0

(52b)

In order to numerically solve the linearized system (51)

we used the background solutions (a}o), u®) found in the
previous section, and we represent these, as well as the
perturbed fields (a, b), in terms of Chebyshev polynomials.
The derivative operators are discretized using a standard
spectral method (see, e.g., [43,44]), which leads to a matrix
eigenvalue problem. The next paragraph briefly describes
the details of this implementation.

First, we map the domain D¢ := [—1, 1], on which the
Chebyshev polynomials are defined, onto the physical
domain D := [0, r,] which is truncated at a large radius
r, [in Appendix D we also consider the case r, — oo in
which the whole physical domain [0, 00) is covered].
Specifically, we define this map Dg — D through the
transformation, r=r,(x+1)/2 with x € Dc [38].
Second, on D¢ we introduce the set of Chebyshev points
x; = cos(jz/N), j=0,1,...,N, and we discretize d/dx
using the Chebyshev differentiation matrix Dy. Since
dr/dx =r,/2, the corresponding discretization of the
second-derivative operator d”/dr* yields (2/r,)?Dy,.
The explicit form of the (N+ 1) x (N+ 1) matrix Dy
can be found in Chap. 6 of [43]. Third, in order to impose
the homogeneous boundary conditions (52) we use the
procedure described in [43] which amounts in striking the
first and last rows and columns in the second-derivative
differentiation operator D%, giving rise to an (N—1) x
(N —1) matrix. This reduced matrix is then inverted in
order to discretize the operator (d?/dr*)~' appearing
in Eq. (51b).
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Using everything previously mentioned, the problem (51)
is reduced to the finite-dimensional eigenvalue problem

0 D% — Uee <a>
DY — Uerr — 2Z0(DY) ™' 2o 0 b

_ -m(i), (53)

where here 0 represents the (N — 1) x (N — 1) zero matrix,

Uesr »= diag(Uegr (x1), Uer(X2), ..., Uer(Xn-1)),
. 0 0 0
%, = diag(o) (x,).0) (x2). ... 0\ (xn_1))

are the discrete representation of the background quantities

U and 0;0), and the vector

a _ b b T
(b>— (a(xl),...,a(xN_l), (xl),-uv (XN_1)>

represents the eigenfields r(A, B)T. We solve the discrete
eigenvalue problem (53) using the Scipy library [53]. After
some experimentation, we have found that using the number
N :=3r,/4 of Chebyshev points’ with outer boundary
located at r, :=200(n + 1) for the nth excited state of
the background solution gave accurate results (see
Appendix D for details). Since r, is much larger than the
typical maximal radius obtained from the shooting algo-
rithm, we extend the background solution on [0, r,] using the
asymptotic expressions (44), as described in Sec. IIlT A. A
validation of our results which is based on a convergence
study of the numerical solution as N and r, vary, as well as
on an independent residual evaluation check using an
explicit Runge-Kutta method are provided in Appendix D.

B. Mode stability of the linear system

After having described our numerical implementation,
we turn our attention to the main results of this section,
which reveals the behavior of the mode solutions of the
linear perturbations of the nonrelativistic Z-boson stars. To
this purpose, we recall the general form of these modes in
Eq. (25). Separating the fields (A, B) and the eigenvalue
in their real and imaginary parts, this equation can be
rewritten as

ot r) = 2e* ! cos (A1) [Ag(r) + iB;(r)]
—2e*"sin (A;1)[A;(r) — iBg(r)],  (54)
where we recall that the subindices R and I refer to the real

and imaginary parts, respectively. As is evident from this

"Recall that these points are not uniformly distributed; the
density of points is largest near the boundaries of Dg.

equation, a positive value of 1z implies that the mode is
exponentially growing, whereas 1; describes its oscillation
frequency.

Similar to Sec. I E we divide the stability study into
two parts. First, we study the modes corresponding to the
ground configurations and next the ones associated with
the excited states.

1. Ground state configurations

As we proved in Sec. IIE, for the ground state
configurations, 4> must be real, which implies that 1 itself
is either real or purely imaginary. As a first result of our
numerical study, we have found that only purely imagi-
nary values of 1 occur for the ground states.® The first
eigenvalues (ordered according to their magnitude) are
shown in the first three rows of Table III for £ = 0, 1, 2, 3.
The left panel of Fig. 4 shows the spectrum in the complex
plane corresponding to the ground state configurations
with £ = 0, 2, 4, 6. These results are compatible with the
relation (29), which implies that the purely imaginary
eigenvalues come in pairs {1, —1}.

Since the ground state configurations only have purely
imaginary eigenvalues, we conclude from Eq. (54) that the
configurations with n = 0 and the values of # analyzed
only possess purely oscillatory modes (whose frequency is
equal to 4;). This leads us to conjecture that all ground state
background configurations are stable with respect to time-
dependent linear perturbations of the form (24) and (25).
Furthermore, since —1% > 0, we conclude that all these
modes give rise to a positive second variation of the
conserved energy functional: §*E,4[Ag] > 0; see Sec. I1E.
(Table IV shows an example in which the second variation
is computed numerically and its sign is found to agree with
the one of —12, as expected.) This implies that the ground
states represent local minima of £, with respect to such
perturbations. However, recall from the results in the
previous section that ground state configurations with
¢ > 0 have values of £, lying above the corresponding
value of £,_q with N = (2¢ 4 1)K fields, implying that
these states cannot represent a global minimum of the
energy functional. Therefore, we conclude that ground state
configurations with £ > 0 are either local minima or saddle
points of the conserved energy functional £, under arbi-
trary perturbations (with or without symmetries).

2. Excited states

Next, we turn our attention to the mode stability of the
background configurations for which n > 0. Recall the four
possibilities (i)—(iv) discussed in Sec. IIE. First, let us
explain the significance of these four cases for the behavior

*More precisely, we have found that the eigenvalues computed
from the 2(N — 1) x 2(N — 1) matrix in Eq. (53) have real parts
which are smaller than 107® in magnitude.
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TABLE III.  First three purely imaginary eigenvalue pairs for the background configurations with n =0, 1, 2, 3
and 7 =0, 1, 2, 3.
AK? /1]
¢-values:
0 1 2 3

n-nodes 0 0 £ 0.03412558i 0 £ 0.06385090i 0 £ 0.06408695i 0 £ 0.05903587i

0 £ 0.06030198i 0 £ 0.14328038i 0 £ 0.16575905i 0 £ 0.16827469i

0 £ 0.06882477i 0+ 0.17565513i 0 £ 0.21233555i 0 £ 0.22189706i

1 0 £ 0.00300045§ 0+0.01185117i 0£0.01736224i 0 £ 0.02017560i

0 £ 0.00812230i 0 £ 0.04155775i 0£0.06711048i 0 £ 0.08323611i

0 £ 0.01073335i 0 £ 0.05025166i 0 £ 0.08170887i 0 £ 0.10244472

2 0 £ 0.00078452i 0 £ 0.00406666i 0 £ 0.00709575i 0 4+ 0.00931852i

0 £ 0.00297490i 0+0.01667870i 0 £ 0.03118429i 0 £ 0.05061671i

0 £ 0.00366760i 0 £ 0.02154496i 0 £ 0.04306049i 0 £ 0.05994153i

3 0 £ 0.00031089i 0 £ 0.00185072i 0 £ 0.00357142i 0 £ 0.00506232

0 £ 0.00134987i 0+ 0.00870332i 0+0.01961872i 04 0.02916710i

0 £ 0.00182670i 0+ 0.01175539i 0 £ 0.02394986i 0+ 0.03932200i

of the corresponding mode described by Eq. (54). Clearly,
case (i) corresponds to a time-independent perturbation
since 4 = 0. As discussed above, it describes an infinitesi-
mal phase change of the background solution. Next, case
(ii) corresponds to a pair of modes, one growing exponen-
tially in time and the other one decaying exponentially.
Thus, its occurrence would imply that the underlying
background solution is linearly unstable. Next, case
(iii) describes a pair of purely oscillatory modes with
frequency 4; # 0. Finally, case (iv) gives rise to a quadruple
of oscillating modes, two of which have an exponentially
growing amplitude, whereas the other two have a decaying
amplitude. The occurrence of this case implies that
the background solution is linearly unstable and that it

represents a saddle critical point of the conserved
energy functional, provided the nondegeneracy condition
8?E,[Ag] # 0 holds.

Figure 5 shows an illustrative example for the eigen-
function profiles of the fields (A, B) for the two eigenvalues
A =0.00619398 + 0.03340186/ and —A* reported in
Table V corresponding to the first excited state n = 1 with
¢ = 1. Note the linear behavior near the center [which is
compatible with the asymptotic behavior a(r), b(r) ~ r‘*!
at the origin] and the decay of the amplitude for large
radii, which is compatible with the exponential decay of the
fields at infinity. Note also the relation between the
eigenfields corresponding to A and —A*, which is in
agreement with Eq. (29).
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v v v
0.04
° \ * v v v
0.02 1 . N v ole v
— v . . v
= : s
Q v
S 0.00 . .
= v ‘e o’ v
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~0.02 =0 . . Y olle Y
= ° v v v v
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(=4 v v v
—006{ Y (=6 _ v v
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Ar K2/t Ar K2/t Ar K%/t

FIG. 4. Eigenvalue spectra for the ground state configurations n = 0 (left panel) and the excited states with n = 2 (center panel) and
n = 4 (right panel) for £ = 0, 2, 4, 6. The points 4 = 0 correspond to the zero modes describing a phase change of the background
solution (see Sec. II E for more details). Notice that the eigenvalues come in quadruples {4, —4, 1*, —1*}, as discussed in Sec. Il E. The
only background configurations for which the spectrum is purely imaginary (and therefore leads to linear stability) are the ground states
with zero nodes; the remaining states with n > 1 nodes have precisely n-quadruple eigenvalues with nonzero real parts which imply that

they are linearly unstable.
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TABLE IV. Numerical values of the second variation 8>E,[A;], i = R, I of the conserved energy functional
computed using Eqs. (39). The results shown correspond to the first few eigenvalues and eigenfunctions associated
with the background solutions with # =0, 1 and n =0, 1.

£-values n-nodes AK?/t,] 1682E[Ag] 1828 ,[A)]
0 0 04 0.03412558i 0.00637265 0
1 0 £+ 0.00300045: 0.00039739 0
40.00148347 4 0.00979587i 0.00011228 —0.00011228
1 0 0 £ 0.06385090i 0.00787292 0
1 0+0.01185117i 0.00098164 0
4+0.00619398 + 0.03340186i 0.00028039 —0.00028043

Our eigenvalue analysis reveals the following. First,
as for the ground state configurations, we found purely
imaginary eigenvalues, corresponding to case (iii). The first
few of them are exhibited in Table III for n = 1, 2, 3 and
¢ =0, 1, 2, 3. However, in contrast to the ground states,
we have also found quadruples of eigenvalues with 1z # 0
and A; # 0, corresponding to case (iv), implying that
the underlying configurations are linearly unstable.
Interestingly, our results indicate that in each case, there
are precisely n of such quadruples, with n the number of
nodes of the background solution (see the center and
right panels of Fig. 4 and Table V for some examples).
Furthermore, our results seem to indicate that for each
of these quadruples, the nondegeneracy condition
82E,|Ag] # 0 is satisfied (see Table IV for specific exam-
ples with n =1 and # = 0, 1). The presence of these n
quadruples implies that the excited states represent saddle
points of the energy functional &,. Finally, our results
indicate that case (ii) never occurs since we have not found

n=1/,(=1
) o

0.001 1,
g —\F

0.000 1

—0.001 4

—0.002 4

—0.003 4

AR {01K3/2]

—0.004 4

Ty

—0.005 4

—0.006 1

—0.007 4

0 20 40 60 80 100 120 140
0 60 80 100 120 140
rd./K]

FIG. 5.

any purely real eigenvalues aside from the zero mode.
These results lead us to the conjecture that all configura-
tions (n,7) with n>1 and £ > 0 are linearly unstable
and possess precisely 2n exponentially in time growing
modes of the form (24) and (25). Furthermore, these
configurations correspond to saddle critical points of the
energy functional.

Before concluding this section, we would like to make a
few remarks regarding the behavior of the eigenvalues A
that can be inferred from Tables III and V and further data
corresponding to higher values of n and # which are not
shown in these tables. First, let us analyze the period of the
first purely oscillatory modes (i.e., the slowest oscillating
one for each £ and n) in Table III. We observe that this
period increases with n for fixed £, the shortest period
belonging to the ground state. Second, let us compare the
real parts of 4 in a given column in Table V (i.e., fixing ¢)
for different values of n. Interestingly, the shortest living
unstable mode for each n (i.e., the one with the largest

L(CCCCq,
0.0000 1 .&“‘ ‘«"‘(«««( [€€CEEEEEeeqeeqeeeeeaeeee
&
&
—0.0025 4
—0.0050 4
&
2, —0.0075 A
% x10~2
=
= —0.0100
Q
—0.0125 1
—0.0150 A
—0.01754 © I - - - - T T T
0 20 40 60 80 100 120 140
0 20 40 60 80 100 120 140
rld/K]

Eigenfunction profiles for the fields A (left panel) and B (right panel) for the first excited background configuration with

¢ = 1. Shown is the eigenvalue-eigenfunction pair {(4,A, B), (—1*,A*, B*)} [see Eq. (29)] corresponding to 1 = 0.00619398 +
0.03340186i reported in Table V. The exterior plots show the real parts of A and B while the plots in the inset show their imaginary parts.
Notice that Ap and By agree with each other, while A; and B; differ from each other by a sign, as expected from the above-mentioned

symmetry (1,A, B) — (=A*,A*, B*). Here, c, refers to the constant 1/1/(2Z + 1)d>.
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TABLE V. Eigenvalue quadruples {4, —4, 4*, —=1*} which have real parts different from zero for the background configurations with
n=20,1,2,3and £ = 0, 1, 2, 3. Only the member with positive real and imaginary parts is reported. The corresponding spectrum in the
complex plane is illustrated in Fig. 4 for the configurations with n =0, 2, 4 and 7 =0, 2, 4, 6.

K1)
7-values:
0 1 2 3
n-nodes 0

1 0.00148347 4+ 0.00979587: 0.00619398 + 0.03340186i 0.00888859 + 0.04742445i 0.00923822 + 0.05471082i
2 0.00037420 + 0.00507753i 0.00135751 + 0.02218741i  0.00202943 + 0.03598465i 0.00282615 + 0.04277090i
0.00051995 + 0.00225911i 0.00271729 + 0.01142125i 0.00454164 + 0.01963532i 0.00559009 + 0.02557525i
3 0.00014893 + 0.00309572i 0.00057487 + 0.01547544i 0.00094498 + 0.02698601i 0.00107542 + 0.03559566i
0.00017445 + 0.00168940; 0.00086410 + 0.00955161:i 0.00177133 + 0.01701821i 0.00273695 + 0.02361055
0.00022483 + 0.00088225i 0.00132314 + 0.00519695; 0.00247179 + 0.00993824i 0.00335300 + 0.01399112i

real part) has a lifetime that increases with n. In this sense,
higher excited states are “less unstable” than lower excited
ones. Third, let us perform the same comparison for a fixed
row in Table V (i.e., a fixed number n of nodes) and
configurations with different values of #. This comparison
can be performed either for fixed K or for fixed number
N = K(2¢ + 1) of fields. In the first case, the shortest
living mode has a lifetime that decreases with increasing £.
In the second comparison, the opposite occurs, i.e.,
configurations with higher #’s are less unstable.

V. CONCLUSIONS

We started this article by considering a nonrelativistic
system of N identical particles with zero spin, interacting
only through the common gravitational potential they
generate. By writing the N-particle wave function as a
symmetrized product of one-particle states whose angular
dependency has the particular form (8), the system was
reduced to the effective one-dimensional SP system (9).
Stationary solutions of this system describe nonrelativistic
Z-boson stars which are compact objects generalizing the
standard Z = 0 configurations by extending the internal
symmetry group from U(1) to U(N). These objects are
characterized by the numbers (N, £, n) with ¢ representing
the angular momentum number of the fields, n the node
number of the radial wave function, and N being equal to
an integer multiple of 2¢ + 1. For fixed values of N and ¢
their energy levels grow monotonically with n, the ground
state n = 0 having minimum energy.

However, for the stability properties of the nonrelativistic
Z-boson star configurations, it is the total energy (which
includes the gravitational binding energy in addition to the
energy of the wave functions) that turns out to be more
relevant than their energy levels. As we showed in
Appendix A, a conserved energy functional can be natu-
rally derived from the Lagrangian formulation of the SP
system. The rescaling freedom [see Eq. (27)], through
Noether’s theorem, gives rise to the connection formula (23)

between the stationary configurations’ total energy and
their energy levels.

Although these results constitute a straightforward gen-
eralization of known results for the # =0 case, the
inclusion of the angular momentum # leads to interesting
new effects. For instance, configurations with £ >0
have zero density at their center and thus—Iike their
relativistic counterparts [1,13]—their morphology is
shell-like, where the shell’s radius increases with £ (see
Fig. 1). Regarding the stability property, recall that for each
fixed value of N the configuration (N, 0,0) represents the
global minimum of the conserved energy functional and
thus is expected to be stable with respect to small enough
perturbations. Therefore, the question arises whether or not
configurations (N, Z, n) with £ > 0 or n > 0 are stable as
well. This is related to the question of what type of critical
point (local minimum, local maximum, or saddle point) of
the energy functional they represent. The results of this
article reveal the following properties. First, they indicate
that all ground state configurations are stable under
linearized perturbation modes of the spherically symmetric
reduced system (9) and that these configurations represent
local minima of the total energy with respect to such
perturbations. Second, they suggest that for £ > 0 these
minima are only local, i.e., they have a total energy which is
larger than the corresponding energy of the ground state
configurations with # = 0 and the same value of N. Third,
our results suggest that each excited configuration (i.e.,
each state with n > 0) is linearly unstable, possessing
precisely 2n spherical linearized modes that grow expo-
nentially in time. Fourth, they also indicate that each
excited configuration represents a saddle critical point of
the conserved energy functional.

Our stability results are consistent with previous studies
on the linear stability of #-boson stars with respect to
spherical perturbations [16-18] in the relativistic case. In
these works, it was shown that the relativistic ground state
configurations admit a stable branch which connects the
Newtonian configurations with those of maximal mass.
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In particular, the linearized equations for mode solutions
with time dependency of the form e~ are reduced to an
eigenvalue problem of the form Hv = ¢?v, where H is a
two-channel Schrodinger operator. Since this operator is
self-adjoint, ¢ must be either real or purely imaginary,
which is compatible with our findings for the ground state
configurations. Interestingly, however, the method used
in [16-18] only works for the ground state solution since it
requires the radial profile of the background scalar field to
have a fixed sign. The results in our article indicate that
excited states lead to the existence of imaginary eigenval-
ues; hence the underlying linear operator cannot be self-
adjoint. Therefore, the results in the present article suggest
that a liner stability analysis of the relativistic excited states
requires a more general ansatz for the perturbed scalar field,
which probably includes both factors e~*" and e’ .

We end this article with a few comments regarding
the physical implications of our results and a list of open
questions. First, let us analyze the allowed range of
numerical values for the total mass MP"* and radius (which

we define as the radius R%.*® of the centered ball containing
99% of the mass) of the configurations (N,¢,n). These
quantities scale with N and 1/(u>N), respectively, as can
be seen from the definition of the dimensionless variables
in Eq. (11). Hence, for given £ and n the object’s mass and
radius are determined by the two parameters N and u.
However, note that these parameters are not independent
from each other. In order to be consistent with the non-
relativistic limit, R’ needs to be much larger than the

Schwarzschild radius RP™® := 2GMPhys /c?, which leads to
the restriction’

RO 2N)? 4
= (2N) <L> <1, (55)
Rg9ys (2/ + 1)R99 mPl

where my = \/hc/G = 2.17643 x 1078 kg is the Planck
mass and Ry is the dimensionless radius containing 0.99M
of the dimensionless total mass for the correctly normalized
radial profile. For example, for heavy masses of the order
of the Higgs boson, such that u~1.25x 10! eV/c? »
2.22 x 107> kg, the restriction (55) yields N < 103? for
values of £ < 10 and assuming Rqg < 100. This would give
rise to objects with a maximal mass much lower than
107 kg (and configurations with such maximal masses
would have a radius smaller than the Bohr one).
However, particles with light masses are capable of ful-
filling the Newtonian restriction (55) and have masses and
radii compatible with typical astrophysical objects at the
same time. For instance, objects formed of N ~ 10> bosons

"When REhys becomes comparable to Rgg one needs to consider
the relativistic #Z-boson stars [1] instead which have a maximum
compactness corresponding to about half the Buchdahl limit for
stable configurations [13].

of mass u = 1073 eV/c? ~ 1.78 x 107 kg have masses
and radii similar to a typical dwarf planet, for which
MPYs 1016 kg and RP™S ~ 200 km. On the other hand,
an ultralight mass u = 10722 eV/c?> ~ 1.78 x 1078 kg
with N =~ 10%® yields values compatible with dark matter
galactic halos for which MP"$ ~10'°M , and RP"Y* ~ 1 Kpc.
In both examples, the chosen number of fields N fulfills
the Newtonian restriction, which is N < 10°!,10% for
u=1073,10"22 eV/c? respectively.

Second, let us comment on the timescales associated
with the unstable modes of the unstable configurations
(N,¢,n) with n > 0. Such configurations could still be
considered to be stable for practical purposes if their
lifetime is sufficiently large (e.g., of the order of the age
of the Universe). For this reason, it is important to quantify
these timescales. A referential value for them is defined
by tife = 1/Ag, where A; refers to the real part of the
eigenvalue associated with the fastest growing mode.
According to Eq. (11) the physical lifetime scales like
1/(N*w). For the configurations (N, 1, 1), for which the
fastest growing mode has Az = 0.00619398 and whose
masses and radii correspond to the typical astrophysical
objects discussed in the previous paragraph, one obtains
the following values. For dwarf planets, one obtains short
lifetimes of the order fy, ~ 10*s ~ 2.8h. For dark matter
galactic halos the resulting lifetime is of the order
tite = 10835~ 3.17 x 10° yr, which is much shorter than
the lifetime of a typical galaxy.

Of course, the numerical method used in this article has
only been able to explore a finite parameter space; hence
it would be interesting to put our stability results on a
rigorous mathematical basis, and to prove that they are
indeed true for arbitrary configurations (N, ¢, n). However,
a more pressing question is whether the ground state
configurations (N, #,0) with £ > 0 are (linearly and non-
linearly) stable with respect to small time-dependent
perturbations which are not necessarily spherical. This is
related to the question of whether these configurations
represent local minima or saddle critical points of the
conserved energy functional with respect to arbitrary (i.e.,
not just spherical) variations. A further interesting prob-
lem consists in analyzing the stability properties of the
nonrelativistic analogs of the multi-Z multistate configu-
rations found in [9], which include fields with different
values of £ and n. We hope to address these questions in
future work.
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APPENDIX A: LAGRANGIAN FORMULATION
AND TOTAL ENERGY

In this appendix, we provide a compact derivation of the
relation between the total energy and the energy eigenval-
ues presented in Eq. (23) which is based on a Lagrangian
formulation for the SP system (6). To this purpose, we first
introduce the column vector y, the row vector y*, and the
diagonal matrix A as follows:

w = (o, wy), (Ala)
l//* = (1/7171/727 ""l/_jl)’ (Alb)
A=diag(N1,N2,...,NJ), (AIC)

where we recall that N; (j = 1,2, ..., J) refer to the number
of particles in the state y;. Here, the superscript 7' denotes
the transposed and * the conjugate transposed. With this
notation, the action corresponding to the SP system (6) can
be written as [57]

Sy, y*, U] = AL(y/,w*,()ﬂy/, U, U)d*x, (A2)

with an open subset Q C R*. Here and in the following,
(x*) = (t,x", x*,x*) = (1,X), greek and latin indices run
over 0,1,2,3 and 1,2,3, respectively, and greek indices are
raised and lowered by means of the Euclidean metric 6, .
The Lagrangian is given by

[ ih —
L=—>= "(du")Ady + — (y*Ajr —jrAy)
21 = 2
3

1
—uUyp* Ay — —— 0, U)2.
nUy* Ay 8ﬂG;(k)

(A3)
It is simple to check that the corresponding Euler-Lagrange
equations give rise to the SP system (6) and its complex
conjugate.

According to Noether’s theorem [58], a continuous
symmetry of the action gives rise to the conserved current

oL oL oL

S = oy + oy at
9w) 9uy”) ~ 0(9,U)

oU + Lox*,

(A4)

where Sy, oy, SU, ox* refer to the first variations of the
fields y, w*, U and the coordinates x* with respect to the
action of the symmetry. For example, a translation gives
rise to the conserved current

3

JH==> T,

v=0

(AS)

with the stress energy-momentum tensor

L TV T L R 73
9(0uy) o) 9(9,U) '

(A6)

In particular, assuming that the fields decay sufficiently fast
at infinity, it follows that the total energy

T x
RS

is conserved in time. Using Egs. (A3) and (A6), one can
check that this energy coincides precisely with the con-
served energy functional £ in Eq. (7).

For the following, we consider the scale transformation
[cf. Eq. (11)]

(A7)

t—1= A2t X xl = ATy,
wie =Ny, oyt eyt = Ay
Ur U =AU, (A8)

with an arbitrary positive factor A > 0. This transformation
implies that the Lagrangian rescales according to L:=
L(l/?7lz/*’aﬂq7’aﬂ¢,*’U’aiU):A6L<W’W*’aﬂw7aﬂw*’U’ai U)’
hence it leaves the equations of motion invariant. The
action, however, is not invariant but satisfies the relation

[Zd4~ —A/Ld4x,
) Q

which, upon variation (i.e., derivation with respect to A
evaluated at A = 1), yields the following relation for
solutions of the Euler-Lagrange equations:

3
> o0 =L.
u=0

Although the current J# is not conserved in this case, one
still obtains a useful relation by integrating this equation
over R3. Assuming sufficiently rapid decay of the fields at
infinity, one obtains

d
—/J0d3x—/Ld3x,
dt Q Q

where, using Eq. (A4), one finds the following expression
for JO:

(A9)

(A10)

(Al1)
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3
JO =207 4+ " 7%y (A12)
k=1

For the particular case of time-harmonic solutions of
the form

w(t.X) = e Bty (), j=1,2,...N;,  (Al3)
with functions u; which are independent of 7 and satisfy the
normalization condition (u;, u;) = 6;, one obtains from

Egs. (A3), (A11), and (A12) the relation

3E[u] = zJ:N.,-Ej. (A14)
j=1

In particular, for the £-boson stars considered in this article
this yields'

N 2 K
S[M]:—Ef:&Ef,

. (A15)

which proves the relation (23).

APPENDIX B: FIRST AND SECOND
VARIATIONS OF THE ENERGY FUNCTIONAL

In this appendix, we compute the first and second
variations of the reduced energy functional £, defined in
Eq. (18), which reads

e = [ + AEEO g,

Lo [TUORYODE s
ZA A rs drdr, (B1)

where we recall the notation r. = max {r,7}. We also
prove the relation (38) between the second variation
of £, and the expectation value of the operator Q defined
in Eq. (35).

To perform the variation, we expand the wave function f
in the following form:

2
Fle.r) = FO2.7) + €8f(1.7) + 5 8 (1.7) + O(€).
(B2)
where () (¢, r) denotes the (real-valued) background field
and 8f(t,r),8%f(t,r) denote their first- and second-order

(complex-valued) perturbations, respectively. The nth
variation of £, is defined as

'"Note that in this appendix we work in physical units such that
£ = &M and E, = ED™.

dn
8"Ep = ——Ef]

. B3

i (B3)

After some manipulations a straightforward calculation

yields

56, = 2Re / = drsr RO o), (B4a)
0

8’E, =2Re /oo drr2(52f*73{;0)f(0) + 5f*72((f0>6f)
0

w0 foo OFYS 7(0) 57
_4/0 A drd;rzizRe(fO@C )Re(f5f)

rs

’

(B4b)

where we have used the definition of the operator ﬂ;o)
defined in Eq. (21) and where, for notational simplicity, we
have omitted the argument r of the functions, using the tilde
to indicate that the function is evaluated at 7 instead of r.

For the particular case that f() is a solution of the
system (12) with a harmonic temporal dependence as in

Eq. (19) we have 7:{;0) f© = E,f and obtain

6, = 2E,Re(8f, f9)) 2, (B5a)

525,f = 2(5]‘, H;O)éf)Lz +2E, Re(ézf, f(()))L2
o [ (0) 5 £ 7(0) 57
o [ [t R RGOT)
0 0

rs

(B5b)

where we recall that (-,-);» refers to the standard scalar
product defined in Eq. (31). Taking into account
the normalization condition Eq. (13), which implies that
(f, f),> is constant, such that

Re(8f. f),2 = =(8f.6f) 2,
(B6)

Re(8f, f1),2 =0,

we conclude that 6, = 0 and

5&, = 2(5f. [[ - E/Jof),
o [oo 0) § £* 7(0) s 7

rs

(B7)

Comparing this expression with the definitions (35) and
(36) of the operator O and the inner product (-|-) we arrive
at the fundamental relation between the second variation of
&, and the expectation value of Q:

2(A|QA) = E4[Ag] + 8*E[A)]. (B8)
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where we have set A = Ay + iA; and the notation 5°E/[A;]
refers to the second variation evaluated at of = A;.
This relation allows one to connect the sign of the second
variation of £, with the one of the expectation values of 0
and plays a crucial role in our stability analysis.

APPENDIX C: DETERMINATION OF THE
ENERGY EIGENVALUES

In this appendix we present the methodology to compute
the energy eigenvalue E, corresponding to a solution
(6;0), u ) of the background system (41). Our procedure
is a straightforward generalization to # > 0 of the pre-
scription given in [24].

Recall the expression for the gravitational potential

UO(1.r) = 57 (o) = E, = uO(r). (CD)
which is defined in terms of the shifted potential ()
defined in Sec. IIT A. Since U'®) vanishes at infinity, we can
in principle calculate the energy eigenvalues E, by taking
the asymptotic limit

E; = limu©(r).

r—0o0

(€2)

However, the problem is that with the shooting method
used in this article, the asymptotic value of u(®) is out of
reach. To deal with this problem we use the following
approximation.

Recalling the relation af,;o)(r) = r’o(r), integrating the
system (41) twice with respect to r, using integration by
parts, and taking into account the boundary conditions (43),
we arrive to the equivalent integral system,

a(r)_Go—f—Ar%[()—:)MH—l]xdx, (C3a)

uO(r) = ug + /r o (x) 2 (x - 1>x2f“dx. (C3b)
0 r
Differentiating Eq. (C3b) with respect to r yields
du©(r) 1 [r
— = —;A lo(x)|2x2+ D dx, (C4)

which implies that «(® is monotonically decreasing.
Consequently, the gravitational potential U(®) is monoton-
ically increasing to zero (which is consistent with the
behavior shown in Fig. 2). Further, since ¢(x) is exponen-
tially decaying as x — oo, one can expand u(®) in powers
of r 1,

u®(r) = E, + g +0(r7), (C5)

where the constants £, and M are given by

E, = uy - / ® 20+ |o(x) Pdx, (C6a)
0

M= / 2 |6(x) dx. (C6b)
0

Note that M is the integral over the mass density |o;0) (r)]?
times r2; hence it represents the dimensionless total mass of
the configuration.

The relation (C6) provides an alternative method for
computing E,, provided u, and the radial profile of o(r)
are known. However, recall that the numerical solution
obtained from the shooting method does not directly satisfy
the normalization condition Eq. (13), which means that
Eq. (C6a) yields the unrescaled energy eigenvalue. There
are two options to compute the correctly scaled eigenvalue.

The first one consists in rescaling the solution (a(fo), u®)
using the relations in Eqgs. (27) with A = (2 + 1)/M [see
Eq. (28)] and then compute E, according to Eq. (C6a).
The second option is to first compute the unrescaled value
of E, using Eq. (C6a) and then use the transformation
E} = A’E,, which yields

(26 +1)?
ED =g Ee

(C7)

The results reported in this article are based on the
second option which determines E, from Eq. (C6a) from
the unrescaled profiles. The (correctly rescaled) dimen-
sional eigenvalue corresponding to N = K(2£ + 1) par-
ticles is obtained from the formula

EPS = 22 K2ER, (C8)

with E2 given by Eq. (C7). However, we have also checked
the results using the first option.

To close this appendix, we notice that the physical mass
is given by

MPYS = KuAM. (C9)

For configurations with radial profiles " satisfying

the normalization conditions Eq. (13) one has M =
(2¢ 4 1)/A, such that the physical mass is

"In practice, the integrals in Eq. (C6) cannot be computed over
the whole range 0 < x < oo since the profile ¢ obtained from
the shooting algorithm is only known up to some maximum
radius r,,. However, due to the exponential decay of &, one can
truncate the integral at r,,; the contributions from the interval
Fmax < X < oo do not affect the results at the level of the
significant figures reported in this work.
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MPYS = (2¢ 4+ 1)Ku = Ny, (C10)

as expected.

APPENDIX D: CONVERGENCE AND
INDEPENDENT RESIDUAL ANALYSIS

In this appendix we check the convergence of our
pseudo-spectral collocation method used to compute the
eigenvalues of the linearized system (51). Furthermore, we
present an independent residual analysis based on a Runge-
Kutta integration of the linearized equation.

As discussed in Sec. IV A our method involves mapping
the truncated physical domain [0, r,] on the computation
domain x € [—1, 1] by means of the transformation

x+1
=r, . D1
r=r < 5 ) (D1)
Alternatively, we consider the transformation
1 1
=25——-=. D2
' (1 -y 2> (02

with § > 0 a characteristic distance, which maps the whole
physical domain [0, co] onto y € [—1, 1] and is independent
of r,. Recall that we discretize the computational domain
using a Chebyshev distribution with N 4 1 points, which
yields the best accuracy for homogeneous Dirichlet boun-
dary conditions (see Chap. V in [43]). Therefore, the
numerical error depends on the two parameters r, and N
(in the case of the compactified y-domain the parameters
are S and N), and it is necessary to analyze the convergence
of the numerical results with respect to these parameters.

The results shown in this paper are computed using the
map (D1), whereas the alternative map (D2) is used to
validate them. The ideal choice for N and r, depends on
the background solution; for instance, as can be seen from
Fig. 1, a large node number leads to more extended
configurations which require higher values of N and r,
than the ground states to achieve the same accuracy (see
e.g., Program 15 in [43] for an illustrative example). We
found that the empirical choices r, :=200(n + 1), with n
the background solution’s node number, and N := 3r, /4
lead to acceptable results (in particular, it guarantees
an accuracy of seven significant digits for the first
eigenvalues).

Figure 6 shows a convergence study for the eigenvalue
with nonzero real part, 4 = 0.00619398 + 0.033401861,
corresponding to the configuration with (¢,n) = (1,1)
(cf. Table V and Fig. 5 for the associated eigenfunction),
in which both parameter values N and r, are varied. This
study indicates that our choice yields relative errors
comparable or smaller than 10~ also for this configuration.
As is also visible from these plots, it is possible to choose N
much less than 3r, /4 keeping a comparable accuracy for

the eigenvalue A. However, in this case, we have found
that the zero eigenvalue (corresponding to the zero mode
discussed in the Sec. I E) may not be zero to machine
precision anymore and may be confused with a nonzero
eigenvalue.

After this convergence study, we turn our attention to
the independent residual analysis. To this purpose, we
implemented an explicit 5(4)-order Runge-Kutta routine
and integrate the system (51) from the origin r =10
outward, fixing the eigenvalue found from the spectral
analysis. Similar to the treatment of the background
equations, we rescale the perturbed fields (a, b) according
to (a, b) = r’*1(X,, X3), such that the new fields (X,, X5)
are regular at r = 0 (see Sec. IV A). Further, we introduce

the new field
2( &N\ o)
Xy (r) = p (a’r2> o, al,

with (;’—:2)_1 denoting the inverse of the second-derivative
operator with homogeneous Dirichlet conditions at r = 0
and r = co. With this notation, the system (51) can be
written as the following first-order system of ordinary
differential equations

(D3)

X, =Y, (Dda)
X, =Y, (D4b)
X, = Y3, (D4c)
2Y
Y, =2/ X0\ — —, (D4d)
X]U(O) 2(f+ 1)Y2
Y, = —idX; — Xou® 4 / - . ., (Dde)
2(+1)Y
Yy = —idX, — X5ul®) — @7 (D4f)

with (6(;)’ u'®) the background fields and 1 an eigenvalue
corresponding to an associated linear mode. The system is
numerically solved subject to the boundary conditions

X5(0) = xa,

X3 = X3, (DSa)

Y;(0) =0, (D5b)
where here the conditions Y;(0) =0 follow from a
standard regularity requirement on the fields and the
values x; are computed from the respective fields (a, b)
obtained from the spectral method. In practice, we specify
the data at the first grid point after the origin in order
to avoid the singular 1/r terms, and we use Eq. (D3) to
determine x;.
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FIG. 6. Convergence study for the eigenvalue 4 = 0.00619398 + 0.03340186i corresponding to the background configuration
with (n,Z) = (1,1). The plots in the left column show the numerical values for A for fixed r, = 400 and varying number of
Chebyshev points N. The plots in the right column show the same quantity, now for fixed value of N = 300 and varying r, . Here, the
top and bottom plots show the real (1;) and imaginary (4;) parts of A. The points corresponding to the dark circle and star correspond
to the values reported in this article, and as can be seen, they lie in the region in which the relative error is comparable or smaller
than 1077,
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FIG. 7. Comparison between the linearized mode (A, B) obtained from the spectral and Runge-Kutta methods for the background
configuration corresponding to (n,£) = (1, 1) and the eigenvalue 4 = 0.00619398 + 0.03340186i. As can be appreciated from this
plot, the Runge-Kutta results are consistent with the spectral ones up to a radius of the order r ~ 70.
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Figure 7 shows the corresponding results for the same
background configuration (n,¢) = (1,1) and eigenvalue
A =0.00619398 + 0.03340186; as in the convergence
study. Shown are the fields (A, B) = r*(X,, X3) computed
from the Runge-Kutta method described here and the same

fields obtained from the spectral calculation described in
Sec. IV A. Despite the sensitive dependency of the Runge-
Kutta solution on the data at » = O [i.e., the values of 4 and
x; in Eq. (D5)], we see from this figure that both results are
consistent at least up to radii r ~ 70.
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