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We present first-order post-Newtonian (1PN) approximations of a general imperfect fluid and of an
axion as a coherently oscillating massive scalar field, both in the cosmological context. For the axion, using
the Klein transformation and Madelung transformation we derive the Schrödinger and Madelung
hydrodynamic formulations, respectively, in an exact covariant way and to 1PN order. Complete sets
of equations for the 1PN formulations are derived without fixing the temporal gauge condition. We study
the linear instability in cosmology and a static limit for both fluid and axion; these are presented
independently of the gauge condition to 1PN order, thus are naturally gauge invariant.
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I. INTRODUCTION

Post-Newtonian (PN) hydrodynamics is a consistent
approximation of Einstein’s gravity with Newtonian
hydrodynamics appearing as the zeroth-order PN (0PN)
in the c → ∞ limit in some dimensionless combinations
of the metric and energy-momentum variables [1,2].
Cosmological extension is possible with different temporal
gauge conditions readily available [3]. The background
Friedmann equations are subtracted in cosmology, and the
remaining deviations from the background can be consis-
tently expanded to the PN orders.
The scalar field with various forms of potential is

popularly used in physical cosmology as tools for variety
of essential cosmological roles. For example, the inflation,
dark matter, and dark energy are often modeled by using
the scalar field. However, with general forms of potential
the scalar field does not allow the PN approximation. This
is understandable as the general scalar field does not
necessarily have the Newtonian (0PN) limit. The situation
changes as we consider an axion.
As an axion, we consider a coherently oscillating

stage of a massive scalar field; we may include a self-
interaction term assuming that due to small coupling it
does not interfere with the coherent oscillation of the field.
The cosmological axion is known to behave as a zero-
pressure fluid, thus nonrelativistic in both background and

perturbations [4–7], in fact, even to fully nonlinear and
exact perturbations [8]. The axion, being an oscillating
scalar field, actually has a characteristic stress (both
isotropic and anisotropic) reflecting the wave nature and
uncertainty principle [9,10]. For an extremely small axion
mass with macroscopic Compton wavelength its effect
becomes cosmologically important [11,12].
Here we study the first-order PN (1PN) approximation of

the cosmological axion. The PN expansion differs from the
relativistic perturbation theory. In the latter, all deviations
from the Friedmann background in the metric and energy-
momentum tensor are regarded as perturbation, and a
consistent expansion is made for the perturbations order
by order assuming that the perturbations are small. In the
former, the remaining deviations after subtracting the
Friedmann background are expanded in PN expansion
by identifying dimensionless PN variables with c−1

involved. The lowest expansion gives the Newtonian limit,
and the next order involving c−2, like GM=Rc2, Φ=c2,
v2=c2, p=ϱc2, etc., gives the 1PN expansion;M, R,Φ, v, p,
and ϱ are characteristic mass, length, gravitational poten-
tial, velocity, pressure, and density, respectively. The
perturbation theory is fully relativistic but applicable for
small deviations (i.e., weakly nonlinear) from the back-
ground, whereas, the PN expansion is weakly relativistic
but fully nonlinear. Thus, the two approximations (if
available) are complementary to each other.
The weak gravity limit is yet another complementary

approximation where the gravity is assumed to be weak
(near 0PN) while considering fully relativistic and non-
linear energy-momentum (thus, ∞PN) [13]. This appro-
ximation is relevant in many astrophysical situations
including cosmology; in the observable Universe, except

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 107, 083508 (2023)

2470-0010=2023=107(8)=083508(21) 083508-1 Published by the American Physical Society

https://orcid.org/0000-0002-1855-9094
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.083508&domain=pdf&date_stamp=2023-04-12
https://doi.org/10.1103/PhysRevD.107.083508
https://doi.org/10.1103/PhysRevD.107.083508
https://doi.org/10.1103/PhysRevD.107.083508
https://doi.org/10.1103/PhysRevD.107.083508
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


for nearby compact objects like neutron stars and black
holes, the gravity represented by a dimensionless metric
parameter Φ=c2 is extremely small with a typical value
less than 10−5 [14]. The weak gravity limit of a general
scalar field (including an axion) in cosmology is pre-
sented in [15] in the context of electrodynamics and
magnetohydrodynamics.
The PN approximation is available for an axion only

after a transformation which was introduced by Klein in
his way to derive the Schrödinger equation as the non-
relativistic limit of the Klein-Gordon equation [16–18].
By further applying a transformation by Madelung the
Schrödinger equation leads to Madelung’s hydrodynamic
formulation of the system [9]. Although the Klein trans-
formation is suitable to derive the nonrelativistic limit
and the Madelung transformation originally applied to
the Schrödinger equation, here we apply these to the
relativistic Klein-Gordon equation in our way to derive
the PN corrections.
As our 1PN fluid formulation is valid for a general

imperfect fluid, we can also derive the axion hydrodynamic
equations from the fluid equations using the PN order fluid
quantities for the axion. In this work, the 1PN fluid and
axion formulations are applied to the gravitational insta-
bility and to a static limit. Both are available without
imposing the temporal gauge condition. Thus, we derive
the Jeans scale and the equilibrium scale for an axion fluid
in a naturally gauge-invariant manner.
In Sec. II we summarize the complete set of 1PN

equations for the three (hydrodynamic, Schrödinger, and
Madelung) formulations without imposing temporal gauge
condition, thus in gauge-ready forms. The equations are
derived in the appendixes. In Secs. III and IV we apply the
formulations to the gravitational instability and the static
limit. Section V is a discussion. Appendix A presents
covariant forms of fluid quantities under the Klein and
Madelung transformations. The complete PN corrections
for these three (fluid, Schrödinger, and Madelung) for-
mulations are derived in Appendix B.

II. COSMOLOGICAL 1PN EQUATIONS

Here we summarize the 1PN equations of the three
formulations. Derivations are presented in the appendixes.

The 1PN metric convention is [1,3]

ds2 ¼ −
�
1 −

1

c2
2U þ 1

c4
ð2U2 − 4ϒÞ

�
c2dt2

−
1

c3
2aPicdtdxi þ a2

�
1þ 1

c2
2V

�
δijdxidxj; ð1Þ

where aðtÞ is the cosmic scalar factor, the index of Pi is
raised and lowered using δij and its inverse, and to 1PN
order we have V ¼ U. The energy-momentum (thus fluid
quantities) convention can be found in Eqs. (B7)–(B11).
In the above metric convention we ignored the transverse-
trace-free tensor-type metric, and imposed the spatial gauge
conditions (without losing any generality and convenience)
to make the spatial part of the metric simple, but we have
not imposed the temporal gauge condition yet [3]. Together
with the temporal gauge condition to be introduced below,
all remaining 1PN variables are spatially and temporally
gauge invariant [3].
The 1PN order equations will be presented without

imposing the temporal gauge condition. The general
temporal gauge condition can be written as [3]

1

a
Pi

;i þ n _U þm
_a
a
U ¼ 0; ð2Þ

with arbitrary real numbers n and m. As the gauge condi-
tion we can choose any number for n and m; n ¼ 3
(Chandrasekhar, standard PN gauge, or maximal slicing),
n ¼ 3 ¼ m (uniform-expansion gauge), n ¼ 4 (harmonic
gauge), n ¼ 0 ¼ m (transverse-shear gauge), etc. As these
gauge conditions, together with the spatial gauge conditions
we already have imposed in the metric, completely remove
the gauge degrees of freedom, all remaining 1PN variables
after imposing the gauge condition can be equivalently
regarded as gauge invariant, see [3]. Later in Secs. III and
IV, we will show that for the gravitational instability and in
the static equilibrium limit, analyses are possible without
imposing the gauge condition. This implies that these two
analyses are naturally gauge invariant.

A. 1PN hydrodynamic equations

The hydrodynamic conservation equations and Einstein
equation to 1PN order give

_ϱþ 3Hϱþ 1

a
ðϱviÞ;i þ

1

c2

�
ðϱΠþ ϱv2Þ· þ 3HðϱΠþ pÞ

þ 1

a

�
ϱviðΠþ v2 − 3UÞ þ ϱPi þ pvi þQi þ Πi

jv
j

�
;i
þ ϱ

�
3 _U þ 2

a
U;ivi þ 4Hv2

��
¼ 0; ð3Þ
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1

a4
ða4ϱviÞ· þ

1

a
ðϱvjvi þ pδji þ Πj

iÞ;j −
1

a
ϱU;i þ

1

c2

�
1

a4
fa4½ϱviðΠþ v2 þ UÞ þ pvi þQi þ Πijvj�g·

þ 1

a
½ϱvjviðΠþ v2 − 2UÞ þ ϱPjvi þ pvjvi þQjvi þQivj − 2UΠj

i �;j

þ 2 _Uϱvi þ
2

a
U;jðϱvjvi þ Πj

iÞ −
2

a
ϱϒ;i −

1

a
U;i½ϱðΠþ 2v2Þ þ p� þ ϱvjPj;i

�
¼ 0; ð4Þ

Δ
a2

U þ 4πGðϱ − ϱbÞ þ
1

c2

�
2
Δ
a2

ϒþ 3

�
Ü þ 3H _U þ 2

ä
a
U

�
−

2

a2
UΔU

þ 1

a2
ðaPi

;iÞ· þ 8πG

�
1

2
ðϱΠ − ϱbΠbÞ þ ϱv2 þ 3

2
ðp − pbÞ

��
¼ 0; ð5Þ

ð _U þHUÞ;i þ
1

4a
ðPk

;ki − ΔPiÞ ¼ 4πGϱavi; ð6Þ

where H ≡ _a=a. To the background order, we have Eqs. (B16) and (B25).

B. 1PN Schrödinger equations

The Klein transformation is [16]

ϕ≡ ℏffiffiffiffiffiffiffi
2m

p ðψe−iωct þ ψ�eiωctÞ; ð7Þ

where ϕ is a real scalar field and ψ is a complex wave function; ωc ≡mc2=ℏ is the Compton frequency. The Schrödinger-
Einstein equations to 1PN order give

�
Δ
a2

− 8πlsjψ j2
�
ψ þ 2im

ℏ

�
_ψ þ 3

2
Hψ

�
þ 2m2

ℏ2
Uψ þ 1

c2

�
−ψ̈ − 3H _ψ − 2U

Δ
a2

ψ

þ 2im
ℏ

�
2U _ψ þ 1

a
Piψ ;i

�
þ im

ℏ

�
1

a
Pi

;i þ 4 _U þ 6HU

�
ψ þ 2m2

ℏ2
ð2ϒþ U2Þψ

�
¼ 0; ð8Þ

Δ
a2

U þ 4πGmðjψ j2 − jψbj2Þ þ
1

c2

�
2
Δ
a2

ϒþ 3

�
Ü þ 3H _U þ 2

ä
a
U

�
−

2

a2
UΔU þ 1

a2
ðaPi

;iÞ·

þ 8πG
ℏ2

m

�
−

1

2a2
ðψΔψ� þ ψ�ΔψÞ þ 6πlsðjψ j4 − jψbj4Þ

��
¼ 0; ð9Þ

ð _U þHUÞ;i þ
1

4a
ðPk

;ki − ΔPiÞ ¼ 2πGiℏðψψ�
;i − ψ�ψ ;iÞ: ð10Þ

To the background order, we have Eq. (B16) with

ϱb ¼ mjψbj2; ϱbΠb ¼ 3pb ¼
6πlsℏ2

m
jψbj4; _ψbψ

�
b þ ψb _ψ

�
b þ 3

_a
a
jψbj2

�
1 −

4πlsℏ2

m2c2
jψbj2

�
¼ 0: ð11Þ

C. 1PN Madelung equations

The Madelung transformation is [9]

ψ ≡
ffiffiffiffi
ϱ

m

r
eimu=ℏ: ð12Þ

The Madelung-Einstein equations to 1PN order give
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_ϱþ 3Hϱþ 1

a
∇ · ðϱuÞ þ 1

c2

�
−ðϱ _uÞ· − 3Hϱ _u − 4U

1

a
∇ · ðϱuÞ þ 4ϱ _U þ 1

a
∇ · ðϱPÞ

�
¼ 0; ð13Þ

_uþHuþ 1

a
u ·∇u −

1

a
∇U −

ℏ2

2m2

1

a
∇
�
1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p −
8πls

m
ϱ

�

þ 1

c2
1

a
∇
�
−
1

2
_u2 − 2ϒþU2 − 2Uu2 þ P · uþ ℏ2

2m2

� ̈ ffiffiffiϱp
ffiffiffi
ϱ

p þ 3H
_ffiffiffiϱp
ffiffiffi
ϱ

p þ 4U
1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p − 2U
8πls

m
ϱ

��
¼ 0; ð14Þ

Δ
a2

U þ 4πGðϱ − ϱbÞ þ
1

c2

�
2
Δ
a2

ϒþ 3

�
Ü þ 3H _U þ 2

ä
a
U

�
−

2

a2
UΔU þ 1

a2
ða∇ · PÞ·

þ 8πGϱu2 þ 8πG
ℏ2

m2

�
−

1

a2
ffiffiffi
ϱ

p
Δ

ffiffiffi
ϱ

p þ 6πls

m
ðϱ2 − ϱ2bÞ

��
¼ 0; ð15Þ

∇ð _U þHUÞ þ 1

4a
ð∇∇ · P − ΔPÞ ¼ 4πGϱau; ð16Þ

where we defined u≡ 1
a∇u. The original equation of Eq. (14) is

_u −U þ 1

2
u2 −

ℏ2

2m2

�
1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p −
8πls

m
ϱ

�

þ 1

c2

�
−
1

2
_u2 − 2ϒþU2 − 2Uu2 þ P · uþ ℏ2

2m2

� ̈ ffiffiffiϱp
ffiffiffi
ϱ

p þ 3H
_ffiffiffiϱp
ffiffiffi
ϱ

p þ 4U
1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p − 2U
8πls

m
ϱ

��
¼ 0: ð17Þ

The relation between u and fluid velocity vi, introduced in the four-vector in Eq. (B7), is given in Eq. (B43). To the
background order, we have Eq. (B16) with

ϱbΠb ¼ 3pb ¼
6πlsℏ2

m3
ϱ2b; _ϱb þ 3

_a
a
ϱb

�
1 −

4πlsℏ2

m3c2
ϱb

�
¼ 0: ð18Þ

D. 0PN equations

To 0PN order, we take the c → ∞ limit. For a hydro-
dynamic fluid, the mass and momentum conservation
equations and Poisson’s equation are

_ϱþ 3Hϱþ 1

a
∇ · ðϱvÞ ¼ 0; ð19Þ

1

a4
ða4ϱvÞ· þ 1

a

�
ϱvjvi þ pδji þ Πj

i

�
;j
−
1

a
ϱ∇U ¼ 0; ð20Þ

Δ
a2

U ¼ −4πGðϱ − ϱbÞ: ð21Þ

For the axion, the Schrödinger-Poisson’s equations are

iℏ

�
_ψ þ 3

2
Hψ

�
¼ −

ℏ2

2m

�
Δ
a2

− 8πlsjψ j2
�
ψ −mUψ ;

ð22Þ

Δ
a2

U ¼ −4πGmðjψ j2 − jψbj2Þ: ð23Þ

For the axion, the Madelung conservation equations with
Poisson’s equation are

_ϱþ 3Hϱþ 1

a
∇ · ðϱuÞ ¼ 0; ð24Þ

_uþHuþ 1

a
u · ∇u −

1

a
∇U

−
ℏ2

2m2

1

a
∇
�
1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p −
8πls

m
ϱ

�
¼ 0; ð25Þ

Δ
a2

U ¼ −4πGðϱ − ϱbÞ: ð26Þ

These equations are valid to fully nonlinear order.
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III. GRAVITATIONAL INSTABILITY

We consider linear perturbations in the cosmological
context. We set

ϱ → ϱþ δϱ ¼ ϱð1þ δÞ; Π → Πþ δΠ;

p → pþ δp; ψ → ψ þ δψ : ð27Þ

The other variables are already perturbed order; we ignore
the self-interaction term. Here we keep only to linear order
in perturbation variables, and in case clarification is needed
we indicate the background order variables with a subindex
b, like ϱb, etc.

A. Hydrodynamics

To the linear order perturbation, Eqs. (3)–(5) give
�
ϱ

�
1þ Π

c2

��
·
þ 3

_a
a

�
ϱ

�
1þ Π

c2

�
þ p
c2

�

þ 1

a
∇ ·

��
ϱ

�
1þ Π

c2

�
þ p
c2

�
v þ 1

c2
ϱP

�
þ 3

c2
ϱ _U

¼ 0; ð28Þ

1

a4

�
a4
��

ϱ

�
1þ Π

c2

�
þ p
c2

�
v þ 1

c2
Q

��
·
þ 1

a
∇p

þ 1

a
Πj

i;j −
1

a
∇
��

ϱ

�
1þ Π

c2

�
þ p
c2

�
U þ 2

c2
ϱϒ

�

¼ 0; ð29Þ

Δ
a2

�
U þ 2

c2
ϒ

�

þ 4πG

�
ϱ

�
1þ Π

c2

�
þ 3p

c2
− ϱb

�
1þ Πb

c2

�
−
3pb

c2

�

þ 1

c2

�
3Ü þ 9

_a
a
_U þ 6

ä
a
U þ 1

a2
ða∇ · PÞ·

�
¼ 0: ð30Þ

Subtracting the background equation, we can derive density
perturbation equation to 1PN order

δ̈μ þ 2
_a
a
_δμ −

4πGμ
c2

δμ −
c2

a2μ
ðΔδpþ Πij

;ijÞ

þ 1

c2

�
3

a2

�
a2H

�
δp
ϱ

−
p
ϱ
δ

��
·
− 3

_a
a
p
ϱ
_δ

− 4πGϱ

�
3
δp
ϱ

−
p
ϱ
δ

�

þ 12πGϱa2

Δ

�
_a
a
_δþ

�
2
ä
a
−

_a2

a2

�
δ

�

−
1

a5ϱ
ða4∇ ·QÞ·

�
¼ 0; ð31Þ

where we used δ≡ δϱ=ϱ and δμ ≡ δμ=μ ¼ δþ δΠ=c2

which follows from μ≡ ϱðc2 þ ΠÞ; in this way, Πb and
δΠ are absorbed to μ and δμ. In deriving this equation, as Pi

cancels we do not need to impose the gauge condition and
Eq. (6) is not used. Thus, Eq. (31) is naturally gauge
invariant. This is a density perturbation equation valid to
1PN order; p, Πij, and Qi are provided by specifying the
nature of the fluid; see below for the axion case.
The Jeans scale dividing the gravity and pressure domi-

nating scales can be derived by setting p ¼ δΠ ¼ Πij ¼
Qi ¼ 0. In Fourier space with Δ ¼ −k2 and introducing the
sound velocity as δp=ϱ≡ v2sδ, by setting the coefficients of δ
terms equal to zero, assuming constant vs, we can show

kJ
a
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4πGϱ

p
vs

�
1 −

1

Ω
v2s
c2

�
; ð32Þ

whereΩ≡ 8πGϱ=ð3H2Þ. Aswe consider a general fluid, the
axion can be regarded as a fluid. In order to derive the axion-
Jeans scale to be derived later, we need to properly include
the nonvanishing δΠ and _vs, see below Eq. (41).
For a zero-pressure ideal fluid (Qi ¼ 0 ¼ Πij), we have

δ̈μ þ 2
_a
a
_δμ −

4πGμ
c2

δμ

þ 12πGϱa2

Δc2

�
_a
a
_δþ

�
2
ä
a
−

_a2

a2

�
δ

�
¼ 0: ð33Þ

In the absence of internal energy we replace δμ → δ and
μ=c2 → ϱ. This was derived in Eq. (25) of [19]; comparison
with relativistic linear perturbation was made in that paper.
Equation (33) coincides with the 1PN limit of relativistic
density perturbation equation in zero-shear gauge and
uniform-expansion gauge both of which show proper
Newtonian limit in the subhorizon limit for density and
velocity perturbations and gravitational potential [20]. The
PN correction terms become important near the horizon
scale while the PN expansion is reliable in the subhorizon
scale. In the comoving gauge and the synchronous gauge,
Eq. (33) without the PN correction is exactly valid in all
scales [21,22]. However, in these two gauge conditions we
cannot properly identify the gravitational potential.

B. Axion hydrodynamics

To the background order, Eqs. (13) and (17) give

_ϱþ 3Hϱ ¼ 0; ð34Þ

_u ¼ −
ℏ2

2m2c2

� ̈ ffiffiffiϱp
ffiffiffi
ϱ

p þ 3H
_ffiffiffiϱp
ffiffiffi
ϱ

p
�

¼ 3ℏ2

4m2c2

�
_H þ 3

2
H2

�
¼ 3ℏ2

8m2
Λ: ð35Þ

Thus, ϱ ∝ a−3.
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To the linear order perturbation, Eqs. (13)–(15) using
Eq. (17) give

_δþ 1

a
∇ · uþ 1

c2

�
3 _U þ 1

a
∇ · P−

ℏ2Δ
4m2a2

�
_δ− 2

_a
a
δ

��
¼ 0;

ð36Þ

_uþ _a
a
u −

1

a
∇U −

ℏ2Δ
4m2a3

∇δþ 1

c2
1

a
∇
�
−2ϒþ ℏ2

4m2
δ̈

�

¼ 0; ð37Þ

Δ
a2

U þ 4πGϱδþ 1

c2

�
2
Δ
a2

ϒþ 3Ü þ 9
_a
a
_U þ 6

ä
a
U

þ 1

a2
ða∇ · PÞ· − 4πGϱ

ℏ2Δ
m2a2

δ

�
¼ 0: ð38Þ

Equation (16) is not needed. Without imposing temporal
gauge condition we can derive

δ̈þ 2
_a
a
_δ − 4πGϱδþ ℏ2Δ2

4m2a4
δ

þ 1

c2

�
12πGϱa2

Δ

�
_a
a
_δþ

�
2
ä
a
−

_a2

a2

�
δ

�

þ ℏ2Δ
2m2a2

�
3
_a
a
_δþ ℏ2Δ2

4m2a4
δ

��
¼ 0: ð39Þ

These equations can also be derived from Eqs. (28)–(31) by
using the axion fluid quantities; to the linear order, ignoring
the self-interaction terms, Eq. (B44) gives

Πb ¼ 0;
pb

ϱb
¼ −

3ℏ2

4m2c2
_H;

δp
ϱ

¼ −
ℏ2Δ
4m2a2

δ −
ℏ2

4m2c2
ðδ̈þ 3H _δþ 3 _HδÞ;

δΠ ¼ −
ℏ2Δ
4m2a2

δ; Qi ¼ 0 ¼ Πij: ð40Þ

The background pressure pb appearing with the c−2 factor
does not have any role to the 1PN order. Compared with the
zero-pressure ideal fluid in Eq. (33), the axion equation in
Eq. (39) differs only in the quantum stress (with ℏ2) terms
appearing in both 0PN and 1PN orders.
From the coefficients of δ terms in Eq. (39), setting

Δ → −k2, we have the Jeans wave number

kJ
a
¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πGϱ

p
m

ℏ

r �
1 −

�
1 −

1

2Ω

� ffiffiffiffiffiffiffiffiffi
πGϱ

p
ℏ

mc2

�
: ð41Þ

Thus, the 1PN correction is of
ffiffiffiffiffiffiffi
Gϱ

p
=ωc ∼H=ωc ¼

ℏH=ðmc2Þ order. To 1PN order this differs from the fluid
case in Eq. (32). As mentioned below Eq. (32), we can
derive this result directly from Eq. (31) using Eq. (40) and

v2s ¼
ℏ2

4m2

�
k2

a2
þ 12πGϱ

c2

�
: ð42Þ

The evolution of axion density perturbation in the non-
relativistic limit was studied in [23].

C. Schrödinger formulation

From the Madelung transformation, we have

ϱ ¼ mjψ j2; u ¼ ℏ
2im

lnðψ=ψ�Þ; ð43Þ

to the background, and

δ ¼ δψ

ψ
þ δψ�

ψ� ;
2im
ℏ

δu ¼ δψ

ψ
−
δψ�

ψ� ; ð44Þ

to perturbations. To the background order, Eq. (8) gives

_ψ þ 3

2

_a
a
ψ −

ℏ
2imc2

�
ψ̈ þ 3

_a
a
_ψ

�
¼ 0: ð45Þ

Using

δψ

ψ
¼ 1

2
δþ im

ℏ
δu; ð46Þ

the imaginary and real parts of Eq. (8) give

_δþ Δ
a2

δuþ 1

c2

�
3 _U þ 1

a
Pi

;i −
ℏ2Δ
4m2a2

�
_δ − 2

_a
a
δ

��
¼ 0;

ð47Þ

δ _u −U −
ℏ2Δ
4m2a2

δþ 1

c2

�
ℏ2

4m2
δ̈ − 2ϒ

�
¼ 0: ð48Þ

Using u≡ 1
a∇u, we have Eqs. (36) and (37), and Eq. (9)

gives Eq. (38).

IV. STATIC LIMIT

We consider the static limit with v ¼ _ϱ ¼ 0, etc., in
Minkowski background, thus a≡ 1, Λ ¼ ϱb ¼ 0, etc. We
ignore the self-interaction.

A. Hydrodynamics

For the fluid, without imposing the gauge condition,
Eqs. (4) and (5) give

∇
�
U þ 1

c2
2ϒ

�

¼ 1

ϱð1þ 1
c2 ΠÞ þ p

c2

�
∇pþ

�
1 −

1

c2
2U

�
Πj

i;j

�
; ð49Þ
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Δ
�
U þ 1

c2
2ϒ

�
¼ −4πG

�
ϱ

�
1þ 1

c2
Πþ 1

c2
2U

�
þ 3

p
c2

�
:

ð50Þ

Combining the above equations, we have

∇ ·

�∇pþ ð1 − 1
c2 2UÞΠj

i;j

μþ p

�
¼ −

4πG
c4

μþ 3p
1 − 1

c2 2U
; ð51Þ

which is consistent with the Oppenheimer-Volkoff equation
in the spherically symmetric case to the 1PN order [24]. As
Pi disappears in the above equations, all variables are
naturally gauge invariant, and we do not need Eqs. (3) and
(6) which give ðϱPiÞ;i ¼ 0 and Pk

;ki ¼ ΔPi to 1PN order.

B. Axion hydrodynamics

For an axion, combining Eqs. (14) and (15), we have

ℏ2Δ
2m2

��
1þ 3ℏ2

2m2c2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p
�
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p
�
¼ 4πGϱ

�
1−

3ℏ2

m2c2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p
�
:

ð52Þ

This is valid independently of the gauge condition, and
also follows from Eq. (51) using the fluid quantities
in Eq. (B44).
By settingΔ ffiffiffi

ϱ
p

=
ffiffiffi
ϱ

p
→ −k2=2 (1=2-factor to match with

the Jeans scale) we have the equilibrium wave number

kEQ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πGϱ

p
m

ℏ

r �
1þ 9

4

ffiffiffiffiffiffiffiffiffi
πGϱ

p
ℏ

mc2

�
: ð53Þ

This can be compared with Jeans wave number in Eq. (41).

C. Schrödinger formulation

For an axion, combining the real part of Eq. (8) and
Eq. (9), we have

ℏ2Δ
2m2

��
1þ 3ℏ2

2m2c2
Δψ
ψ

�
Δψ
ψ

�
¼ 4πGϱ

�
1 −

3ℏ2

m2c2
Δψ
ψ

�
;

ð54Þ

which is valid independently of the gauge condition. The
imaginary part gives ðPiψ2Þ;i ¼ 0. For u;i ¼ 0, we have
Δψ=ψ ¼ Δ ffiffiffi

ϱ
p

=
ffiffiffi
ϱ

p
, and Eq. (54) leads to Eq. (52).

V. DISCUSSION

The PN approximation, being weakly relativistic but
fully nonlinear, provides a complementary method to the
relativistic perturbation theory which is fully relativistic but
weakly nonlinear. Here we presented complete sets of 1PN
approximation equations for a general imperfect fluid and

an axion in the cosmological context. In the axion case we
present the Schrödinger and Madelung hydrodynamic
formulations where PN expansions are possible. All PN
formulations are derived without fixing the temporal gauge
condition.
The complete sets of equations for the three formulations

are summarized in Sec. II. Detailed derivations are pre-
sented in two appendixes; these include the covariant
formulations and the 1PN approximations for the axion.
As applications we studied the gravitational instability and
a static limit of the 1PN formulations. We analyzed these
two cases without imposing the gauge condition, thus
results are naturally gauge invariant, see Secs. III and IV.
In [8] we derived a relativistic axion density perturbation

equation valid to fully nonlinear order by using the fully
nonlinear and exact perturbation formulation made for a
fluid [25]. We took the axion-comoving gauge setting time
average of the longitudinal part of T0

i equal to zero; we note
that although we have not imposed the temporal gauge
condition in our study of the PN order gravitational
instability in Sec. III, the PN approximation does not allow
the comoving gauge condition which implies vanishing
perturbed lapse function, α (the Newtonian gravitational
potential) in Eq. (B1), for a zero-pressure medium. In that
study, by assuming H=ωc ≪ 1 we arrived at the same
equation known in a nonrelativistic limit except for
relativistic contributions from the metric. By strictly ignor-
ing the H=ωc higher order term, which is ℏH=ðmc2Þ thus
1PN order, [8] has derived the nonrelativistic limit of the
axion part.
In this work we presented a consistent 1PN extension for

both gravity and axion parts. The nonrelativistic (0PN) and
1PN approximations of hydrodynamics as limits of the
relativistic fully nonlinear perturbation formulation were
presented in [26]. Thus, we derived 1PN approximation as
the leading relativistic correction to the classical axion
field. A complementary approach using an effective field
theory for the nonrelativistic regime of scalar field models
was studied in [27].
Here we treated the axion as a classical scalar field.

Regarding the axion as a quantum scalar field, however,
in [6,28] it was suggested that the axion fluid thermalizes
by gravitational self-interactions and forms a Bose-Einstein
condensate with cosmologically long-range correlation and
galactic scale observational consequences. There are some
conflicting ideas in the literature concerning the issue [29].
The PN approximation can be applied to situations

where all relativistic effects are small but not negligible.
The 1PN equations are fully nonlinear, and the equations
are designed so that the relativistic effects appear as the PN
correction terms in the more familiar Newtonian hydro-
dynamic equations. Thus, the PN formulation is easier for
numerical simulations compared with the full-blown
numerical relativity. By setting a≡ 1, ignoring the back-
ground fluid quantities and Λ, the formulations are valid in
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the Minkowski background. The 1PN equations are gen-
erally valid and can be applied to any astrophysical system
where a single component fluid or axion is dominating.
Extension to multicomponent fluid in combination with
axion is trivial; see [30] for multicomponent fluids and
scalar fields.
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APPENDIX A: COVARIANT FORMULATION

We present covariant equations of the axion under the
Klein and Madelung transformations. Although both trans-
formations are applicable in the nonrelativistic limit, here
we apply these in the relativistic and covariant level. The
covariant (1þ 3) equations for a general fluid can be found
in [31]. In the case of an axion, what we need are fluid
quantities of the axion and the equation of motion replacing
(or complementing) the energy and momentum conserva-
tion equations. We will present these for the Schrödinger
and Madelung formulations of the axion.

1. Scalar field

The fluid quantities are introduced based on a timelike
four-vector ua, normalized with uaua ≡ −1, as [31]

Tab ¼ μuaub þ pðgab þ uaubÞ þ qaub þ qbua þ πab;

ðA1Þ

where μ, p, qa. and πab are the energy density, pressure,
energy flux, and anisotropic stress, respectively, with
qaua ≡ 0≡ πabub, πab ¼ πba, and πaa ≡ 0. Thus, we have

μ ¼ Tabuaub; p ¼ 1

3
Tabhab; qa ¼ −Tcduchda;

πab ¼ Tcdhcahdb − phab; ðA2Þ

where hab ≡ gab þ uaub is the spatial-projection tensor.
The fluid quantities have 13 independent components (μ, p,
three ua, three qa, and five πab), whereas Tab needs only 10
independent components. Thus, we can freely impose three
frame conditions without any physical constraint. Often
used ones are the normal-frame setting ui ≡ 0, thus
ua ¼ na, and the energy-frame setting qi ≡ 0, thus qa ¼ 0.
The energy and the momentum conservation equations

follow from uaTab
;b ¼ 0 and hcaTab

;b ¼ 0, respectively,

_̃μþ ðμþ pÞθ þ πabσab þ qa;a þ qaaa ¼ 0; ðA3Þ

ðμþ pÞaa þ hbaðp;b þ πcb;c þ _̃qbÞ

þ
�
ωab þ σab þ

4

3
θhab

�
qb ¼ 0; ðA4Þ

where _̃μ≡ μ;cuc; the expansion scalar (θ), the acceleration
vector (aa), the rotation tensor (ωab), and the shear tensor
(σab) are introduced as

θ≡ ua;a; aa ≡ _̃ua ≡ ua;bub; σab ≡ θab −
1

3
θhab;

hcahdbuc;d ¼ hc½ah
d
b�uc;d þ hcðah

d
bÞuc;d ≡ ωab þ θab; ðA5Þ

with A½ab� ≡ 1
2
ðAab − AbaÞ and AðabÞ ≡ 1

2
ðAab þ AbaÞ.

We consider a minimally coupled scalar field in
Einstein’s gravity. We choose our convention in the
Lagrangian density as

L ¼ ffiffiffiffiffiffi
−g

p �
c4

16πG
ðR − 2ΛÞ − 1

2
ϕ;cϕ;c − VðϕÞ þ Lm

�
;

ðA6Þ

where Lm is the matter part Lagrangian and Λ is the
cosmological constant. For the scalar field, the equation of
motion and the energy-momentum tensor are

□ϕ ¼ V;ϕ; ðA7Þ

Tab ¼ ϕ;aϕ;b −
�
1

2
ϕ;cϕ;c þ V

�
gab: ðA8Þ

The fluid quantities in Eq. (A2) give

μ ¼ 1

2
_̃ϕ
2 þ V þ 1

2
habϕ;aϕ;b;

p ¼ 1

2
_̃ϕ
2 − V −

1

6
habϕ;aϕ;b; qa ¼ − _̃ϕhbaϕ;b;

πab ¼ hcaϕ;chdbϕ;d −
1

3
habhcdϕ;cϕ;d: ðA9Þ

The equation of motion in Eq. (A7) gives

˜ϕ̈þ θ _̃ϕþ V;ϕ − hbaðhacϕ;cÞ;b − hbaϕ;baa ¼ 0: ðA10Þ

By taking the energy-frame condition, qa ≡ 0, we have

hbaϕ;b ¼ 0, thus ua ¼ −ϕ;a= _̃ϕ, and the fluid quantities and
the equation of motion are simplified as

μ ¼ 1

2
_̃ϕ
2 þ V; p ¼ 1

2
_̃ϕ
2 − V; πab ¼ 0; ðA11Þ

˜ϕ̈þ θ _̃ϕþ V;ϕ ¼ 0: ðA12Þ
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Using the fluid quantities in Eq. (A11), we can show that
Eq. (A3) gives Eq. (A12) and Eq. (A4) is naturally valid.
The energy-frame condition hbaϕ;b ¼ 0 imposed in

the field, however, is not suitable for the axion in a
coherent oscillation stage. In the axion case, as we take
time-average, hbi ϕ;b ¼ 0 is not necessarily the same as
_̃ϕhbi ϕ;b ¼ 0; for example, πab ≠ 0 in the axion case [8]. The
difference did not appear in the linear order perturbation
studied in [7,32]. In general, we can use Eqs. (A7) and
(A9), instead.

2. Relativistic Schrödinger formulation

The Klein transformation is in Eq. (7). We consider a
scalar field potential [33]

V ¼
X
n¼1

λ2n
2n

ϕ2n ¼
X
n¼1

λ2n
2n

ð2nÞ!
ðn!Þ2

�
ℏ2jψ j2
2m

�
n

; ðA13Þ

where in the second step we used the Klein transformation
and ignored (by time-averaging) oscillating terms. In the
following we consider up to n ¼ 2, thus

V ¼ 1

2

m2c2

ℏ2
ϕ2 þ 1

3

m2

ℏ4
gϕ4 ¼ 1

2
mc2jψ j2 þ 1

2
gjψ j4; ðA14Þ

where we set λ2 ≡ m2c2

ℏ2 , λ4 ≡ 4m2

3ℏ4 g, and g≡ 4πlsℏ2

m .
The Klein-Gordon equation and the energy-momentum

tensor become [34]

0 ¼ □ϕ − V;ϕ ¼ ℏffiffiffiffiffiffiffi
2m

p
�
e−imc2t=ℏ

�
□ψ −

2imc
ℏ

g0cψ ;c þ
imc
ℏ

gabΓ0
abψ −

m2c2

ℏ2
ðg00 þ 1Þψ −

2m
ℏ2

gjψ j2ψ
�
þ c:c:

�
; ðA15Þ

Tab ¼ mc2jψ j2δ0aδ0b þ icℏðψ ;ðaδ0bÞψ
� − ψ�

;ðaδ
0
bÞψÞ þ

ℏ2

m
ψ ;ðaψ�

;bÞ

−
1

2
gab

�
ð1þ g00Þmc2jψ j2 þ icℏðψ ;0ψ� − ψ�;0ψÞ þ ℏ2

m
ψ ;cψ�

;c þ gjψ j4
�
; ðA16Þ

where we ignored oscillating terms in Tab, and used

V;ϕ ¼ ∂ψ

∂ϕ
V;ψ þ ∂ψ�

∂ϕ
V;ψ� : ðA17Þ

These can be derived in action formulation. The field part of Lagrangian is

L ¼ −
ffiffiffiffiffiffi
−g

p �
1

2
ϕ;cϕ;c þ VðϕÞ

�
¼ −

ffiffiffiffiffiffi
−g

p �
1

2
mc2g00jψ j2 þ 1

2
icℏðψ ;0ψ� − ψ�;0ψÞ þ ℏ2

2m
ψ ;cψ�

;c þ Vðψ ;ψ�Þ
�
: ðA18Þ

Variations with respect to ϕ, ψ , ψ�, and gab, with δL ¼ 1
2

ffiffiffiffiffiffi−gp
Tabδgab, lead to Eqs. (A7), (A8), (A15), and (A16).

Thus, the equation of motion becomes

□ψ − cg0c
2im
ℏ

ψ ;c þ cgabΓ0
ab
im
ℏ
ψ − c2ðg00 þ 1Þm

2

ℏ2
ψ − 8πlsjψ j2ψ ¼ 0: ðA19Þ

This is a Schrödinger equation in the relativistic form. More properly, it is the Klein-Gordon equation written in terms of ψ ,
and in the absence of the self-interaction term, it leads to the Schrödinger equation in the nonrelativistic limit with c → ∞,
see below.
Using Eqs. (A2) and (A16), the fluid quantities become

μ ¼ mjψ j2c2
�
u0u0 þ 1

2
ðg00 þ 1Þ

�
þ iℏc

�
u0uc þ 1

2
g0c

�
ðψ ;cψ

� − ψ�
;cψÞ þ

ℏ2

m

�
jψ ;cucj2 þ

1

2
ψ ;cψ�

;c þ 2πlsjψ j4
�
;

p ¼ 1

3
mjψ j2c2

�
u0u0 −

1

2
ðg00 þ 3Þ

�
þ iℏ

1

3
c

�
u0uc −

1

2
g0c

�
ðψ ;cψ

� − ψ�
;cψÞ þ

1

3

ℏ2

m

�
jψ ;cucj2 −

1

2
ψ ;cψ�

;c − 6πlsjψ j4
�
;

qa ¼ −mjψ j2c2u0ðu0ua þ ct;aÞ − iℏc

�
1

2
ðψ ;aψ

� − ψ�
;aψÞu0 þ ðψ ;cψ

� − ψ�
;cψÞuc

�
u0ua þ

1

2
ct;a

��

−
ℏ2

m

�
jψ ;cucj2ua þ

1

2
ðψ ;aψ

�
;c þ ψ�

;aψ ;cÞuc
�
;
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πab ¼ mjψ j2c2
�
ðu0ua þ ct;aÞðu0ub þ ct;bÞ −

1

3
ðgab þ uaubÞðg00 þ u0u0Þ

�

þ iℏ

�
cðu0uða þ ct;ðaÞðψ ;bÞψ� − ψ�

;bÞψÞ þ cðu0uða þ ct;ðaÞubÞðψ ;cψ
� − ψ�

;cψÞuc

−
1

3
ðgab þ uaubÞcðg0c þ u0ucÞðψ ;cψ

� − ψ�
;cψÞ

�

þ ℏ2

m

�
ðψ ;ða þ ψ ;cucuðaÞðψ�

;bÞ þ ψ�
;du

dubÞÞ −
1

3
ðgab þ uaubÞðψ ;cψ�

;c þ jψ ;cucj2Þ
�
: ðA20Þ

The energy-frame condition, qa ≡ 0, gives

mjψ j2c2u0ðu0ua þ ct;aÞ ¼ −iℏc
�
1

2
ðψ ;aψ

� − ψ�
;aψÞu0 þ ðψ ;cψ

� − ψ�
;cψÞuc

�
u0ua þ

1

2
ct;a

��

−
ℏ2

m

�
jψ ;cucj2ua þ

1

2
ðψ ;aψ

�
;c þ ψ�

;aψ ;cÞuc
�
: ðA21Þ

Contracting with ct;a ¼ gabct;b ¼ g0a, we have

mjψ j2c2u0ðu0u0 þ g00Þ ¼ −iℏc
�
1

2
ðg0cu0 þ g00ucÞ þ u0u0uc

�
ðψ ;cψ

� − ψ�
;cψÞ

−
ℏ2

m

�
jψ ;cucj2u0 þ

1

2
g0cðψ ;cψ

�
;d þ ψ�

;cψ ;dÞud
�
: ðA22Þ

We have ct;a ¼ δ0a, thus u0ua þ ct;a ¼ h0a and u0u0 þ g00 ¼ h00 are components of the spatial projection tensor. The
Schrödinger equation (A19) gives

mjψ j2c2ðg00 þ 1Þ ¼ −iℏcg0cðψ ;cψ
� − ψ�

;cψÞ þ
ℏ2

2m
½ð□ψÞψ� þ ð□ψ�Þψ − 16πlsjψ j4�: ðA23Þ

Using these the fluid quantities become

μ ¼ mjψ j2c2 þ iℏ
1

2

c
u0

ðg0cu0 − g00ucÞðψ ;cψ
� − ψ�

;cψÞ

þ ℏ2

2m

�
ψ ;cψ�

;c − g0cðψ ;cψ
�
;d þ ψ�

;cψ ;dÞ
ud

u0
−
1

2
½ð□ψÞψ� þ ð□ψ�Þψ � þ 12πlsjψ j4

�
;

p ¼ iℏ
1

6

c
u0

ðg0cu0 − g00ucÞðψ ;cψ
� − ψ�

;cψÞ

−
ℏ2

6m

�
ψ ;cψ�

;c þ g0cðψ ;cψ
�
;d þ ψ�

;cψ ;dÞ
ud

u0
þ 3

2
½ð□ψÞψ� þ ð□ψ�Þψ � − 12πlsjψ j4

�
: ðA24Þ

As we have

g0cu0 − g00uc ¼ ðg0c þ u0ucÞu0 − ðg00 þ u0u0Þuc; etc:; ðA25Þ

using Equations (A21) and (A22), we finally have
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μ ¼ mjψ j2c2 þ ℏ2

4m

�
2ψ ;cψ�

;c − 2g0cðψ ;cψ
�
;d þ ψ�

;cψ ;dÞ
ud

u0
− ½ð□ψÞψ� þ ð□ψ�Þψ � þ 24πlsjψ j4

�

þ ℏ2

4m
1

jψ j2
�
ðψ ;cψ� − ψ�;cψÞðψ ;cψ

� − ψ�
;cψÞ − g00

�
ðψ ;cψ

� − ψ�
;cψÞ

uc

u0

�
2
�

þ iℏ3

4m2

1

cjψ j2
�
−ðψ ;cψ� − ψ�;cψÞðψ ;cψ

�
;d þ ψ�

;cψ ;dÞ
ud

u0
þ g0cðψ ;cψ

�
;d þ ψ�

;cψ ;dÞ
ud

u0
ðψ ;eψ

� − ψ�
;eψÞ

ue

u0

�
;

p ¼ −
ℏ2

6m

�
ψ ;cψ�

;c þ g0cðψ ;cψ
�
;d þ ψ�

;cψ ;dÞ
ud

u0
þ 3

2
½ð□ψÞψ� þ ð□ψ�Þψ � − 12πlsjψ j4

�

þ ℏ2

12m
1

jψ j2
�
ðψ ;cψ� − ψ�;cψÞðψ ;cψ

� − ψ�
;cψÞ − g00

�
ðψ ;cψ

� − ψ�
;cψÞ

uc

u0

�
2
�

þ iℏ3

12m2

1

cjψ j2
�
−ðψ ;cψ� − ψ�;cψÞðψ ;cψ

�
;d þ ψ�

;cψ ;dÞ
ud

u0
þ g0cðψ ;cψ

�
;d þ ψ�

;cψ ;dÞ
ud

u0
ðψ ;eψ

� − ψ�
;eψÞ

ue

u0

�
;

πab ¼
ℏ2

m

�
ðψ ;ða þ ψ ;cucuðaÞðψ�

;bÞ þ ψ�
;cucubÞÞ −

1

3
ðgab þ uaubÞðψ ;cψ�

;c þ jψ ;cucj2Þ
�

þ ℏ2

m
1

jψ j2
�
1

4
ðψ ;aψ

� − ψ�
;aψÞðψ ;bψ

� − ψ�
;bψÞ þ

1

2
ðψ ;ðaψ� − ψ�

;ðaψÞubÞðψ ;cψ
� − ψ�

;cψÞuc

−
1

2

�
u0uðaδ0bÞ þ

1

2
δ0aδ

0
b

��
ðψ ;cψ

� − ψ�
;cψÞ

uc

u0

�
2

−
1

3
ðgab þ uaubÞ

1

4

�
ðψ ;cψ� − ψ�;cψÞðψ ;cψ

� − ψ�
;cψÞ − g00

�
ðψ ;cψ

� − ψ�
;cψÞ

uc

u0

�
2
��

þ iℏ3

m2

1

cðu0Þ2jψ j2
�
ðu0uða þ δ0ðaÞubÞjψ ;cucj2 þ

1

2
ðu0uða þ δ0ðaÞðψ ;bÞψ�

;c þ ψ�
;bÞψ ;cÞuc

−
1

3
ðgab þ uaubÞ

�
1

2
g0cðψ ;cψ

�
;d þ ψ�

;cψ ;dÞud þ jψ ;cucj2u0
��

ðψ ;eψ
� − ψ�

;eψÞue

þ ℏ4

m3

1

c2ðu0Þ2jψ j2
��

jψ ;cucj2ua þ
1

2
ðψ ;aψ

�
;c þ ψ�

;aψ ;cÞuc
��

jψ ;cucj2ub þ
1

2
ðψ ;bψ

�
;c þ ψ�

;bψ ;cÞuc
�

−
1

3
ðgab þ uaubÞ

�
jψ ;euej4 þ

1

4
ðψ ;cψ

�
;d þ ψ�

;cψ ;dÞucðψ ;dψ�
;e þ ψ�;dψ ;eÞue

��
: ðA26Þ

For ℏ2

m2c2 → 0, we have

μ ¼ mjψ j2c2; p ¼ 0 ¼ πab; ðA27Þ

thus the axion behaves as a zero-pressure fluid. Only for ℏ2

m2c2 → 0, mjψ j2 can be properly identified as the fluid
density ϱð≡μ=c2Þ.

3. Relativistic Madelung formulation

The Madelung transformation is in Eq. (12). Applying the Madelung transformation to Eq. (A19), we have

□
ffiffiffi
ϱ

p
ffiffiffi
ϱ

p −
8πls

m
ϱ −

m2

ℏ2
ðu;cu;c þ c2 þ c2g00 − 2cg0cu;cÞ þ

im
ℏ

1

ϱ
½ðϱu;cÞ;c − cg0cϱ;c þ cgabΓ0

abϱ� ¼ 0: ðA28Þ

The imaginary and real parts, respectively, give

ðϱu;cÞ;c ¼ cϱ;0 − cgabΓ0
abϱ; ðA29Þ

AXION COSMOLOGY WITH POST-NEWTONIAN CORRECTIONS PHYS. REV. D 107, 083508 (2023)

083508-11



u;cu;c þ c2 −
ℏ2

m2

�
□

ffiffiffi
ϱ

p
ffiffiffi
ϱ

p −
8πls

m
ϱ

�
¼ −c2g00 þ 2cu;0: ðA30Þ

Using the Madelung transformation in Eq. (12) on Eq. (A20), we have

μ ¼ ϱðcu0 − u;cucÞ2 þ
ℏ2

m2

�
1

2

ffiffiffi
ϱ

p ;c ffiffiffi
ϱ

p
;c þ ð ffiffiffi

ϱ
p

;cu
cÞ2 þ 1

2

ffiffiffi
ϱ

p
□

ffiffiffi
ϱ

p
−
2πls

m
ϱ2
�
;

p ¼ 1

3
ϱ

�
ðcu0 − u;cucÞ2 − c2

�
þ ℏ2

3m2

�
−
1

2

ffiffiffi
ϱ

p ;c ffiffiffi
ϱ

p
;c þ ð ffiffiffi

ϱ
p

;cu
cÞ2 − 1

2

ffiffiffi
ϱ

p
□

ffiffiffi
ϱ

p
−
2πls

m
ϱ2
�
;

qa ¼ ϱðcu0 − u;cucÞ
�
ðu − c2tÞ;a − ðcu0 − u;cucÞua

�
−
ℏ2

m2
ð ffiffiffi

ϱ
p

;cu
cÞ½ ffiffiffi

ϱ
p

;a þ ð ffiffiffi
ϱ

p
;du

dÞua�;

πab ¼ ϱ

��
ðu − c2tÞ;a − ðcu0 − u;cucÞua

��
ðu − c2tÞ;b − ðcu0 − u;cucÞub

�

−
1

3
ðgab þ uaubÞ

�
u;cu;c − 2cg0cu;c þ c2g00 þ ðcu0 − u;cucÞ2

��

þ ℏ2

m2

�� ffiffiffi
ϱ

p
;a þ ð ffiffiffi

ϱ
p

;cu
cÞua�½

ffiffiffi
ϱ

p
;b þ ð ffiffiffi

ϱ
p

;du
dÞub

�
−
1

3
ðgab þ uaubÞ

� ffiffiffi
ϱ

p ;c ffiffiffi
ϱ

p
;c þ ð ffiffiffi

ϱ
p

;cu
cÞ2

��
; ðA31Þ

where we used Eq. (A30).
The energy-frame condition, qa ≡ 0, gives

u;a ¼ c2t;a þ ðcu0 − u;cucÞua þ
ℏ2

m2

ffiffiffi
ϱ

p
;cu

c

ϱðcu0 − u;cucÞ
� ffiffiffi

ϱ
p

;a þ ð ffiffiffi
ϱ

p
;du

dÞua
�
: ðA32Þ

Using this, Eq. (A30) becomes

ðcu0 − u;cucÞ2 ¼ c2 −
ℏ2

m2

�
□

ffiffiffi
ϱ

p
ffiffiffi
ϱ

p −
8πls

m
ϱ

�
þ ℏ4

m4

ð ffiffiffi
ϱ

p
;cu

cÞ2
ϱ2ðcu0 − u;cucÞ2

gab
� ffiffiffi

ϱ
p

;a þ ð ffiffiffi
ϱ

p
;du

dÞua
�� ffiffiffi

ϱ
p

;b þ ð ffiffiffi
ϱ

p
;du

dÞub
�
:

ðA33Þ

Thus, Eq. (A31) gives

μ ¼ ϱc2 þ ℏ2

m2

�
1

2

ffiffiffi
ϱ

p ;c ffiffiffi
ϱ

p
;c þ ð ffiffiffi

ϱ
p

;cu
cÞ2 − 1

2

ffiffiffi
ϱ

p
□

ffiffiffi
ϱ

p þ 6πls

m
ϱ2
�

þ ℏ4

m4

ð ffiffiffi
ϱ

p
;cu

cÞ2
ϱðcu0 − u;cucÞ2

gab
� ffiffiffi

ϱ
p

;a þ ð ffiffiffi
ϱ

p
;du

dÞua
�� ffiffiffi

ϱ
p

;b þ ð ffiffiffi
ϱ

p
;du

dÞub
�
;

p ¼ ℏ2

3m2

�
−
1

2

ffiffiffi
ϱ

p ;c ffiffiffi
ϱ

p
;c þ ð ffiffiffi

ϱ
p

;cu
cÞ2 − 3

2

ffiffiffi
ϱ

p
□

ffiffiffi
ϱ

p þ 6πls

m
ϱ2
�

þ ℏ4

3m4

ð ffiffiffi
ϱ

p
;cu

cÞ2
ϱðcu0 − u;cucÞ2

gab
� ffiffiffi

ϱ
p

;a þ ð ffiffiffi
ϱ

p
;du

dÞua
�� ffiffiffi

ϱ
p

;b þ ð ffiffiffi
ϱ

p
;du

dÞub
�
;

πab ¼
ℏ2

m2

�� ffiffiffi
ϱ

p
;a þ ð ffiffiffi

ϱ
p

;cu
cÞua

�� ffiffiffi
ϱ

p
;b þ ð ffiffiffi

ϱ
p

;du
dÞub

�
−
1

3
ðgab þ uaubÞ

� ffiffiffi
ϱ

p ;c ffiffiffi
ϱ

p
;c þ ð ffiffiffi

ϱ
p

;cu
cÞ2

��

þ ℏ4

m4

ð ffiffiffi
ϱ

p
;cu

cÞ2
ϱðcu0 − u;cucÞ2

�� ffiffiffi
ϱ

p
;a þ ð ffiffiffi

ϱ
p

;du
dÞua

�� ffiffiffi
ϱ

p
;b þ ð ffiffiffi

ϱ
p

;du
dÞub

�

−
1

3
ðgab þ uaubÞgcd

� ffiffiffi
ϱ

p
;c þ ð ffiffiffi

ϱ
p

;eu
eÞuc

�� ffiffiffi
ϱ

p
;d þ ð ffiffiffi

ϱ
p

;eu
eÞud

��
: ðA34Þ
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For ℏ2

m2c2 → 0, we have

μ ¼ ϱc2; p ¼ 0 ¼ πab; ðA35Þ
thus the axion behaves as a zero-pressure fluid; only for ℏ2

m2c2 → 0, ϱ can be properly identified as the fluid density.

APPENDIX B: COSMOLOGICAL 1PN APPROXIMATION

1. Curvature and fluid quantities

Our metric convention is

g00 ¼ −ð1þ 2αÞ; g0i ¼ −χi; gij ¼ a2ð1þ 2φÞδij; ðB1Þ

with

α≡ Φ
c2

; φ≡ −
Ψ
c2

; χi ≡ a
Pi

c3
: ðB2Þ

We consider the flat cosmological background, and index 0 ¼ ct. The spatial indices of χi and Pi are raised and lowered
using δij and its inverse. In order to properly include the 1PN expansion, we have to consider c−4 order in g00, see Eq. (B19);
thus, Φ includes c−2 order, and we expand the inverse metric g00 to Φ2 order. Here are the metric tensor, connection, and
curvatures to the 1PN order in PN expansion

g00 ¼ −
�
1þ 2

Φ
c2

�
; g0i ¼ −a

Pi

c3
; gij ¼ a2

�
1 − 2

Ψ
c2

�
δij;

g00 ¼ −
�
1 − 2

Φ
c2

þ 4
Φ2

c4

�
; g0i ¼ −

1

a
Pi

c3
; gij ¼ 1

a2

�
1þ 2

Ψ
c2

�
δij; ðB3Þ

Γ0
00 ¼

_Φ
c3

−
1

c5

�
2Φ _Φþ 1

a
PiΦ;i

�
; Γ0

0i ¼
Φ;i

c2
−

1

c4
ð2ΦΦ;i þ aHPiÞ;

Γ0
ij ¼

1

c
a2Hδij −

1

c3
a2
�
_Ψþ 2HðΦþΨÞ

�
δij þ

1

c3
aPði;jÞ; Γi

00 ¼
1

c2
1

a2
Φ;i þ 1

c4
1

a2

�
2ΨΦ;i − ðaPiÞ·

�
;

Γi
0j ¼

1

c
Hδij −

_Ψ
c3

δij þ
1

c3
1

2a
ðPj

;i − Pi
;jÞ; Γi

jk ¼ −
1

c2
ðΨ;kδ

i
j þΨ;jδ

i
k −Ψ;iδjkÞ: ðB4Þ

The Riemann curvature is

R0
00i ¼ −

1

c5

�
äPi −

1

a
Φ;ijPj

�
; R0

0ij ¼ L−2Oðc−6Þ;

R0
i0j ¼

1

c2
ðaäδij −Φ;ijÞ þ

1

c4

�
−a2

�
_Ψþ 2HðΦþ ΨÞ

�
·
δij − a2H

�
− _Φþ 2HðΦþΨÞ

�
δij

þΦ;iΦ;j þ 2ΦΦ;ij −Ψ;iΦ;j −Ψ;jΦ;i þ Ψ;kΦ;kδij þ ðaPði;jÞÞ·
�
;

R0
ijk ¼ −

1

c3

�
2a2ð _ΨþHΦÞ;½jδk�i þ aP½j;k�i

�
;

Ri
00j ¼

1

c2

�
ä
a
δij −

1

a2
Φ;i

j

�
þ 1

c4

�
−
�
Ψ̈þHð _Φþ 2 _ΨÞ�

�
δij

þ 1

a2
ð−2ΨΦ;i

jΦ;iΦ;j −Ψ;iΦ;j −Ψ;jΦ;i þΨ;kΦ;kδ
i
jÞ þ

1

2a2

�
aðPi

;j þ Pj
;iÞ
�
·
�
;
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Ri
0jk ¼ −

1

c3

�
2ð _ΨþHΦÞ;½jδik� þ

1

a
P½j;k�i

�
;

Ri
j0k ¼

1

c3

�
ð _ΨþHΦÞ;iδjk − ð _ΨþHΦÞ;jδik þ

1

2a
ðPi

;j − Pj
;iÞ;k

�
;

Ri
jkl ¼ 2

c2

�
a2H2δi½kδl�j þΨ;i½kδl�j −Ψ;j½kδil�

�
: ðB5Þ

The Ricci and the scalar curvature are

R0
0 ¼

1

c2

�
3
ä
a
−

Δ
a2

Φ
�
−

1

c4

�
3

�
Ψ̈þHð _Φþ 2 _ΨÞ þ 2

ä
a
Φ
�
−

1

a2

�
2ðΦ − ΨÞΔΦþ ðΦþ ΨÞ;iΦ;i

�
−

1

a2
ðaPi

;iÞ·
�
;

R0
i ¼

1

c3

�
−2ð _ΨþHΦÞ;i þ

1

2a
ðPk

;ki − ΔPiÞ
�
; Ri

j ¼
1

c2

��
ä
a
þ 2H2

�
δij þ

Δ
a2

Ψδij þ
1

a2
ðΨ −ΦÞ;ij

�
;

R ¼ 1

c2

�
6

�
ä
a
þH2

�
þ 2

Δ
a2

ð2Ψ −ΦÞ
�
: ðB6Þ

Using Chandrasekhar’s 1PN notation in Eq. (B19) we recover Eqs. (1)–(8) in [3].
The normalized fluid four-vector is introduced as

ui ≡ aγ
vi
c
¼ a

�
1þ v2

2c2

�
vi
c
; u0 ¼ −1 −

1

c2

�
1

2
v2 þΦ

�
−

1

c4

��
3

8
v2 þ 1

2
Φþ Ψ

�
v2 −

1

2
Φ2 þ Pivi

�
;

ui ¼ 1

ac

��
1þ v2

2c2
þ 2

Ψ
c2

�
vi þ Pi

c2

�
; u0 ¼ 1þ 1

c2

�
1

2
v2 −Φ

�
þ 1

c4

��
3

8
v2 −

1

2
ΦþΨ

�
v2 þ 3

2
Φ2

�
; ðB7Þ

where v2 ≡ vivi.
We introduce

μ≡ ϱðc2 þ ΠÞ; qi ≡ a
c
Qi; πij ≡ a2Πij; ðB8Þ

where ϱ and ϱΠ are mass density and internal energy density, respectively. The indices ofQi andΠij are raised and lowered
using δij and its inverse; we have

qi ≡ a
c
Qi; q0 ¼ −

1

c2
Qivi; qi ¼ 1

ac
Qi; q0 ¼ 1

c2
Qivi;

πij ≡ a2Πij; π0i ¼ −
a
c
Πijvj; π00 ¼

1

c2
Πijvivj;

πij ¼
�
1þ 2

Ψ
c2

�
Πi

j; πi0 ¼ −
1

ca
Πi

jv
j; π0i ¼

a
c
Πijvj; π00 ¼ −

1

c2
Πijvivj; ðB9Þ

thus, πcc ¼ 0 implies

Πi
i ¼

1

c2
Πijvivj: ðB10Þ

The energy-momentum tensor gives
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T0
0 ¼ −ϱc2 − ϱðΠþ v2Þ − 1

c2
½ϱðΠþ v2 þ 2ΨÞv2 þ ϱPivi þ pv2 þ 2Qivi þ Πijvivj�;

T0
i ¼ ϱcavi þ

a
c
½ϱviðΠþ v2 −ΦÞ þ pvi þQi þ Πijvj�;

Ti
j ¼ ϱvivj þ pδij þ Πi

j þ
1

c2
½ϱvivjðΠþ v2 þ 2ΨÞ þ ϱPivj þ pvivj þQivj þQjvi þ 2ΨΠi

j�; ðB11Þ

thus T ¼ −ϱc2 − ϱΠþ 3p.

2. 1PN hydrodynamic formulation

We consider Einstein’s equation in a form

Ra
b ¼

8πG
c4

�
Ta
b −

1

2
Tδab

�
þ Λδab: ðB12Þ

The R0
0, R

0
i , and Ri

j components, respectively, give

1

c2

�
Δ
a2

Φ − 4πGϱ − 3
ä
a
þ Λc2

�
þ 1

c4

�
3

�
Ψ̈þHð _Φþ 2 _ΨÞ þ 2

ä
a
Φ
�
−

1

a2
½2ðΦ −ΨÞΔΦþ ðΦþ ΨÞ;iΦ;i�

−
1

a2
ðaPi

;iÞ· − 8πG

�
ϱ

�
1

2
Πþ v2

�
þ 3

2
p

��
¼ 0; ðB13Þ

1

c3

�
−ð _ΨþHΦÞ;i þ

1

4a
ðPk

;ki − ΔPiÞ − 4πGϱavi

�
¼ 0; ðB14Þ

1

c2

��
ä
a
þ 2H2

�
δij þ

Δ
a2

Ψδij þ
1

a2
ðΨ −ΦÞ;ij

�
¼ 8πG

c4

�
ϱvivj þ Πi

j þ
1

2
ðϱc2 þ ϱΠ − pÞδij

�
þ Λδij; ðB15Þ

where the left-hand sides are derived up to 1PN order; we kept c−4 order in Eq. (B15) only to have a proper cosmological
background equation. In the cosmological background, to the background order, from Eqs. (B13) and (B15), we have

ä
a
¼ −

4πG
3

�
ϱb

�
1þ Πb

c2

�
þ 3

pb

c2

�
þ Λc2

3
;

_a2

a2
¼ 8πG

3
ϱb

�
1þ Πb

c2

�
þ Λc2

3
: ðB16Þ

Subtracting the background equation, Eq. (B15) becomes

Δ
a2

Ψδij þ
1

a2
ðΨ −ΦÞ;ij ¼ 4πGδϱ: ðB17Þ

Thus, trace and trace-free parts, respectively, give

Δ
a2

Ψ ¼ 4πGδϱ; Ψ ¼ Φ: ðB18Þ

As mentioned, Φ still includes 1PN order contribution besides the 0PN (Newtonian) one. Compared with Chandrasekhar’s
notation

Φ ¼ −U −
1

c2
ð2ϒ −U2Þ; Ψ ¼ −V; vi ¼ v̄i −

1

c2
½ðΦþ 2ΨÞv̄i þ Pi�; ðB19Þ

where

1

ac
v̄i ≡ dxi

dx0
¼ ui

u0
; ui ≡ a

c
γvi: ðB20Þ
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Using U and V, we have V ¼ U to 0PN order; v̄i is used in [1,3]. Subtracting the background equation, Eqs. (B13) and
(B14) give

Δ
a2

U þ 4πGðϱ − ϱbÞ þ
1

c2

�
2
Δ
a2

ϒþ 3

�
Ü þ 3H _U þ 2

ä
a
U

�
−

2

a2
UΔU

þ 1

a2
ðaPi

;iÞ· þ 8πG

�
1

2
ðϱΠ − ϱbΠbÞ þ ϱv2 þ 3

2
ðp − pbÞ

��
¼ 0; ðB21Þ

ð _U þHUÞ;i þ
1

4a
ðPk

;ki − ΔPiÞ ¼ 4πGϱavi: ðB22Þ

The energy and momentum conservation equations are

−
1

c
Tb
0;b ¼ _ϱþ 3Hϱþ 1

a
ðϱviÞ;i þ

1

c2

�
½ϱðΠþ v2Þ�· þ 3HðϱΠþ pÞ

þ 1

a
½ϱviðΠþ v2 þΦþ 2ΨÞ þ ϱPi þ pvi þQi þ Πi

jv
j�
;i
þ ϱ

�
−3 _Ψþ 1

a
ðΦ − 3ΨÞ;ivi þ 4Hv2

��
; ðB23Þ

1

a
Tb
i;b ¼

1

a4
ða4ϱviÞ· þ

1

a
ðϱvjvi þ pδji þ Πj

iÞ;j þ
1

a
ϱΦ;i þ

1

c2

�
1

a4
fa4½ϱviðΠþ v2 −ΦÞ þ pvi þQi þ Πijvj�g·

þ 1

a
½ϱvjviðΠþ v2 þ 2ΨÞ þ ϱPjvi þ pvjvi þQjvi þQivj þ 2ΨΠj

i �;j

þ ð _Φ − 3 _ΨÞϱvi þ
1

a
ðΦ − 3ΨÞ;jðϱvjvi þ Πj

iÞ þ
1

a
Φ;i½ϱðΠþ v2Þ þ p − 2Φ� þ 1

a
Ψ;iϱv2 þ ϱvjPj;i

�
: ðB24Þ

To the background order, from Eq. (B23), we have

�
ϱb

�
1þ Πb

c2

��
·
þ 3H

�
ϱb

�
1þ Πb

c2

�
þ pb

c2

�
¼ 0: ðB25Þ

Subtracting the background equation, and using U and ϒ we have

ðϱ − ϱbÞ· þ 3Hðϱ − ϱbÞ þ
1

a
ðϱviÞ;i þ

1

c2

�
ðϱΠ − ϱbΠb þ ϱv2Þ· þ 3HðϱΠ − ϱbΠb þ p − pbÞ

þ 1

a
½ϱviðΠþ v2 − 3UÞ þ ϱPi þ pvi þQi þ Πi

jv
j�
;i
þ ϱ

�
3 _U þ 2

a
U;ivi þ 4Hv2

��
¼ 0; ðB26Þ

1

a4
ða4ϱviÞ· þ

1

a
ðϱvjvi þ pδji þ Πj

iÞ;j −
1

a
ϱU;i þ

1

c2

�
1

a4
fa4½ϱviðΠþ v2 þUÞ þ pvi þQi þ Πijvj�g·

þ 1

a

�
ϱvjviðΠþ v2 − 2UÞ þ ϱPjvi þ pvjvi þQjvi þQivj − 2UΠj

i

�
;j

þ 2 _Uϱvi þ
2

a
U;jðϱvjvi þ Πj

iÞ −
2

a
ϱϒ;i −

1

a
U;i½ϱðΠþ 2v2Þ þ p� þ ϱvjPj;i

�
¼ 0: ðB27Þ

For a general fluid to 1PN order, the energy and momentum conservation equations are in Eqs. (B26) and (B27), and
Einstein’s equation provides Eqs. (B21) and (B22). These provide a complete set of equations valid to 1PN order without
imposing the temporal gauge condition; see below Eq. (2) for gauge conditions. The background evolution is described by
Eqs. (B16) and (B25).
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3. 1PN Schrödinger formulation

To 1PN order, Eq. (A19) gives

�
Δ
a2

− 8πlsjψ j2
�
ψ þ 2im

ℏ

�
_ψ þ 3

2
Hψ

�
−
2m2

ℏ2
Φψ þ 1

c2

�
−ψ̈ − 3H _ψ þ 2Ψ

Δ
a2

ψ þ 1

a2
ðΦ − ΨÞ;iψ ;i

þ 2im
ℏ

�
−2Φ _ψ þ 1

a
Piψ ;i

�
þ im

ℏ

�
1

a
Pi
;i − _Φ − 3 _Ψ − 6HΦ

�
ψ þ 4m2

ℏ2
Φ2ψ

�
¼ 0: ðB28Þ

Using the PN notation in Eq. (B19), we have

�
Δ
a2

− 8πlsjψ j2
�
ψ þ 2im

ℏ

�
_ψ þ 3

2
Hψ

�
þ 2m2

ℏ2
Uψ þ 1

c2

�
−ψ̈ − 3H _ψ − 2U

Δ
a2

ψ

þ 2im
ℏ

�
2U _ψ þ 1

a
Piψ ;i

�
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ℏ

�
1

a
Pi
;i þ 4 _U þ 6HU

�
ψ þ 2m2

ℏ2
ð2ϒþ U2Þψ

�
¼ 0: ðB29Þ

Using the four-vector in Eq. (B7), Eq. (A26) gives the energy-frame condition, qi ≡ 0,

mjψ j2avi ¼ −iℏ
1

2
ðψ ;iψ

� − ψ�
;iψÞ þ

1

c2

�
mjψ j2ðv2 þΦÞavi − iℏð _ψψ� − _ψ�ψÞavi

−
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2m

�
ψ ;i _ψ

� þ ψ�
;i _ψ þ 1

a
ðψ ;iψ

�
;j þ ψ�

;iψ ;jÞvj
��

; ðB30Þ

and the fluid quantities

μ ¼ mjψ j2c2 þ ℏ2

2m

�
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a2
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a
ðψ ;iψ

�
;j þ ψ�

;iψ ;jÞvj
�
; Qi ≡ 0;

Πij ¼
ℏ2

ma2

�
ψ ;ðiψ�

;jÞ þ
1

4jψ j2 ðψ ;iψ
� − ψ�

;iψÞðψ ;jψ
� − ψ�

;jψÞ−
1

3
δij

�
ψ ;kψ�

;k þ
1

4jψ j2 ðψ
;kψ� − ψ�;kψÞðψ ;kψ

� − ψ�
;kψÞ

��

þ ℏ2

mc2

�
1

a

�
_ψ þ 1

a
ψ ;kvk

�
vðiψ�

;jÞ þ
1

a

�
_ψ� þ 1

a
ψ�
;kv

k

�
vðiψ ;jÞ −

1

3a2
ψ ;kψ�

;kvivj

−
1

3
δij

�
1

a
ð _ψψ�

;k þ _ψ�ψ ;kÞvk þ
1

a2
jψ ;kvkj2

��
þ ℏ2

mc2jψ j2
�

1

2a
ðψ ;ðiψ� − ψ�

;ðiψÞvjÞ
�
_ψψ� − _ψ�ψ þ 1

a
ðψ ;kψ

� − ψ�
;kψÞvk

�

−
1

12a2
ðψ ;kψ� − ψ�;kψÞðψ ;kψ

� − ψ�
;kψÞvivj −

1

12
δij

�
2

a
ð _ψψ� − _ψ�ψÞðψ ;kψ

� − ψ�
;kψÞvk þ

1

a2
½ðψ ;kψ

� − ψ�
;kψÞvk�2

��
:

ðB31Þ
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Using the axion fluid quantities, Einstein’s equation in (B21) and (B22) give

Δ
a2

U þ 4πGmðjψ j2 − jψbj2Þ þ
1

c2

�
2
Δ
a2

ϒþ 3

�
Ü þ 3H _U þ 2

ä
a
U

�
−

2

a2
UΔU þ 1

a2
ðaPi

;iÞ·

þ 8πG
ℏ2

m

�
−

1

2a2
ðψΔψ� þ ψ�ΔψÞ þ 6πlsðjψ j4 − jψbj4Þ

��
¼ 0; ðB32Þ

ð _U þHUÞ;i þ
1

4a
ðPk

;ki − ΔPiÞ ¼ 2πGiℏðψψ�
;i − ψ�ψ ;iÞ: ðB33Þ

Equations (B29), (B32), and (B33) provide a complete set of axion fluid to 1PN order without imposing the temporal gauge
condition; see below Eq. (2) for gauge conditions. The background evolution is described by Eqs. (B16) and (B25), with

ϱb ¼ mjψbj2; ϱbΠb ¼ 3pb ¼
6πlsℏ2

m
jψbj4: ðB34Þ

4. 1PN Madelung formulation

Under the Madelung transformation the imaginary and real parts of Eq. (B28), or directly from Eqs. (A29) and (A30),
give

_ϱþ 3Hϱþ 1

a2
ðϱu;iÞ;i þ

1

c2

�
−ðϱ _uÞ· − 3Hϱ _uþ 2ðΦþΨÞ 1
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1
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a2
ϱðΦ −ΨÞ;iu;i

�
¼ 0;

ðB35Þ

_uþ 1
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u;iu;i þΦ −
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Δ ffiffiffi

ϱ
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_u2 þ ðΦþ ΨÞ 1

a2
u;iu;i þ

1

a
Piu;i

þ ℏ2

2m2

� ̈ ffiffiffiϱp
ffiffiffi
ϱ

p þ 3H
_ffiffiffiϱp
ffiffiffi
ϱ

p − 2ðΦþ ΨÞ 1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p þΦ
16πls

m
ϱ −

1

a2
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��

¼ 0: ðB36Þ

By identifying u≡ 1
a∇u, we have

_ϱþ 3Hϱþ 1

a
∇ · ðϱuÞ þ 1

c2

�
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�
¼ 0; ðB37Þ
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∇
�
1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p −
8πls

m
ϱ

�
þ 1

c2
1

a
∇
�
−
1

2
_u2 þ ðΦþ ΨÞu2 þ u · P

þ ℏ2

2m2

� ̈ ffiffiffiϱp
ffiffiffi
ϱ

p þ 3H
_ffiffiffiϱp
ffiffiffi
ϱ

p − 2ðΦþ ΨÞ 1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p þΦ
16πls

m
ϱ −

1

a2
1ffiffiffi
ϱ

p ð∇ ffiffiffi
ϱ

p Þ · ∇ðΦ −ΨÞ
��
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and, for remaining _u, we can use

_u ¼ −Φ −
1

2
u2 þ ℏ2

2m2

�
1

a2
Δ ffiffiffi

ϱ
p
ffiffiffi
ϱ

p −
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ϱ

�
: ðB39Þ

Using Chandrasekhar’s 1PN notation in Eq. (B19) we have

_ϱþ 3Hϱþ 1

a
∇ · ðϱuÞ þ 1

c2

�
−ðϱ _uÞ· − 3Hϱ _u − 4U

1

a
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a
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�
¼ 0; ðB40Þ
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_uþHuþ 1
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ϱ

p −
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ϱ

�
: ðB42Þ

To 1PN order, using the four-vector in Eq. (B7), Eq. (A34) gives the fluid quantities. The energy-frame condition, qa ≡ 0,
in Eq. (A32) gives

u;i ¼ avi

�
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1
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Thus, to 0PN order u;i ¼ avi. Using the notation in Eq. (B8), the fluid quantities follow from Eq. (A34). We can identify ϱ
as the mass density, and have
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This also follows from Eq. (B31). Notice that p andΠij are derived up to 2PN order as we need that order to derive the axion
conservation equations in (B40) and (B41) from the fluid conservation equations in (B26) and (B27); we also need to use
Eqs. (B42) and (B43).
Using the axion fluid quantities, Einstein’s equations in (B21) and (B22) give

Δ
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1

c2

�
2
Δ
a2

ϒþ 3

�
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ä
a
U
�
−

2

a2
UΔU þ 1

a2
ðaPi

;iÞ·

þ 8πGϱu2i þ 8πG
ℏ2

m2

�
−

1

a2
ffiffiffi
ϱ

p
Δ

ffiffiffi
ϱ

p þ 6πls

m
ðϱ2 − ϱ2bÞ

��
¼ 0; ðB45Þ

ð _U þHUÞ;i þ
1

4a
ðPk

;ki − ΔPiÞ ¼ 4πGϱaui: ðB46Þ

These also follow from Eqs. (B32) and (B33) using the Madelung transformation.
Equations (B40), (B41), (B45), and (B46) provide a complete set of axions in Schrödinger formulation to 1PN order

without fixing the temporal gauge condition; see below Eq. (2) for gauge conditions. The background evolution is described
by Eqs. (B16) and (B25), with

ϱbΠb ¼ 3pb ¼
6πlsℏ2

m3
ϱ2b: ðB47Þ
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