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The method of time-delay interferometry (TDI) is proposed to cancel the laser noise in space-borne
gravitational-wave detectors. Among all different TDI combinations, the most commonly used ones are the
orthogonal channels A, E, and T, where A and E are signal-sensitive and T is signal-insensitive. Meanwhile,
for the detection of stochastic gravitational-wave background, one needs to introduce the overlap reduction
function to characterize the correlation between channels. For the calculation of overlap reduction function,
it is often convenient to work in the low-frequency approximation, and assuming the equal-arm Michelson
channels. However, if one wishes to work on the overlap reduction function of A/E channels, then the low-
frequency approximation fails. We derive the exact form of overlap reduction function for A/E channels.
Based on the overlap reduction function, we calculate the sensitivity curves of TianQin, TianQin I + II, and
TianQin + LISA. We conclude that the detection sensitivity calculated with A/E channels is mostly
consistent with that obtained from the equal-arm Michelson channels.
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I. INTRODUCTION

A stochastic gravitational-wave (GW) background
(SGWB) is formed by the incoherent superposition of plenty
of unresolved GWs [1-3]. Especially, SGWB will become
foreground when exceeding the detector noise level [4,5].
The origin of SGWB can be generally divided into astro-
physics and cosmology [6,7]. The astrophysical-origin
contains nearby objects, among which the Galactic double
white dwarf (DWD) is predicted to produce an anisotropic
foreground [8,9]. The cosmological-origin is related to the
physical processes of the early Universe, and the cosmo-
logical SGWB is generally considered to be highly isotropic
unless there is a specific physical mechanism [10].

Currently, the laser interferometry is applied to detect
GWs. The typical laser interferometer is equal-arm Michelson
consisting of four laser links. The equal-arm Michelson has
been employed for ground-based GW detectors [11,12],
where the laser noise experiences the same delays in the
links and hence cancels. Unlike ground-based GW detectors,
space-borne GW detectors have unequal armlengths due to
the movement of satellites [13,14]. Thus, it is hardly to
construct an equal-arm Michelson for space-borne GW
detectors, and the laser noise will dominate the detector
noise [15]. To cancel the laser noise in the unequal-arm
detectors, Tinto et al. [16,17] proposed the time delay
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interferometry (TDI) technique adopting specific combina-
tions of laser links. Among all possible TDI combinations, the
TDI channel A, E, and T are the most commonly used, and
they form the orthogonal channel group AET. In the GW
detection, A/E channels are sensitive to GWs, while T
channel works effectively for monitoring the detector noise.

Depending on whether more than one detector works at
the same time, two different detection strategies are raised.
One is cross-correlation method [18-21], which is applied
to the scenario that multiple detectors are employed to
detect a common SGWB. Under the assumption that the
noise of two detectors is uncorrelated, one can distinguish
the SGWB signal from the detector noise by correlating the
outputs from two detectors. The other one is null-channel
method [22,23], which is proposed for a single detector.
In this method, detector noise is monitored by the null
channel, so that the SGWB signal can be extracted by
autocorrelating the output from the detector.

When employing the above two methods to detect
SGWB, the key is the auto- or cross-correlation of the
detector channel. To indicate the correlation, one needs to
introduce the frequency-dependent correlation coefficient
of SGWB signals, i.e., overlap reduction function (ORF)
[20,21]. ORF is determined by: (i) detector orientation;
(i1) detector separation, which denotes the distance between
the GW measurement locations of the detector channel. For
the equal-arm Michelson consisting of one laser interfer-
ence site, the detector separation can be directly defined as
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the distance between the interference site of both equal-arm
Michelsons. However, A/E channels contain multiple
laser interference sites due to their construction [24], it
is nontrivial to define the detector separation. Then by
simplifying A/E channels to two orthogonal equal-arm
Michelsons under the low-frequency approximation,
Seto et al. calculated the ORF for multiple triangular
detectors [25]. Splitting the TDI channel into component
links, Hu et al. derived the ORF for any TDI channel without
low-frequency approximation, based on which they calcu-
lated the ORF of A/E channels for TianQin + LISA [26].

OREF only involves the correlation between the detector
channel, for which if one wants to demonstrate the
detection capability, the detector noise level also needs
to be considered. In general, detector noise level is
characterized by noise power spectral density (PSD).
Then based on the ORF and noise PSD, the sky-average
sensitivity curve is introduced [27]. Furthermore, the
improvement in sensitivity that comes from the accumu-
lation of correlation time and integrating over frequency
also should be illustrated for SGWB detection [28].
Therefore, two more appropriate sensitivity curves, namely
power-law integrated sensitivity (PLIS) curve [29] and
peak-integrated sensitivity (PIS) curve [30] are proposed.

This paper aims to investigate the impacts of A/E
channels on SGWB detection. First, we select a reference
interference site for the detector channel, then the distance
between the reference interference sites can be defined as the
detector separation. Following this rule, one can calculate
the ORF for any channel. Next, for TianQin, TianQin I + II
and TianQin + LISA, we calculate the ORFs of the equal-
arm Michelson and A/E channels without low-frequency
approximation, respectively. Based on the ORFs, we further
draw the corresponding PLIS and PIS curves. We find that
the sensitivity curve of A/E channels is basically consistent
with that of the equal-arm Michelson.

The outline of this paper is as follows. In Sec. II, we
introduce the strength of SGWB. The channel response
to SGWB is discussed in Sec. III. The ORF is derived
in Sec. IV. Sec. V and VI are applied to assess SGWB
detection. Our conclusions are discussed in Sec. VIL
In addition, we show the response to GW for equal-arm
Michelson in Appendix A. The discussion on the ORF
and noise level for channels are in Appendix B and
Appendix C, respectively. The derivation for cross-
correlation and null-channel methods is shown in
Appendix D.

II. STRENGTH OF STOCHASTIC
GRAVITATIONAL-WAVE BACKGROUND

In our work, we focus on stationary, unpolarized and
Gaussian SGWB. Then the statistical properties of the
SGWB can be characterized by the dimensionless energy
spectral density Q,,,(f), which is normalized by the critical
energy density p. [31]:

_ 1 dpyy
el) = )

where p. =3H3c?/(82G) with the light speed ¢, the
gravitational constant G, and the Hubble constant H,,.
In general, we can adopt h%ng rather than €, to
remove the measurement uncertainty of H,, where H, =
hy x 100 kms™' Mpc™'. dp,, denotes the GW energy
density p,,, stored in the frequency segment df, and in
terms of the transverse-traceless metric perturbation
hay(t,X), GW energy density can be defined as [32,33]

(1)

C2

::§§;E§<huh(z,z)hab(r,z)>, (2)

ng

where () indicates averaging over several wavelengths or
periods of the GW.

Since the SGWB is a collection of a large number of
GWs, the transverse-traceless metric perturbation of the
SGWB can be expanded as a superposition of the GW with

wave vector ]%:
hap(1.5) = / T / ATy (f. Ry lk50/e (3
—0 S2

where hy, (1, %) = hyy(t — k- %/c.0). In terms of polariza-
tion modes P = +,x and polarization tensors e’ (k),
the Fourier amplitude /h,,(f, k) can be expressed
as: fa(f. k) =Y p_,  hp(f.k)el, (k). The amplitude
fzp( f. IAc) is a random value with zero-mean, and the
conjugate symmetry of Fourier transform holds:
hp(f. k) = Hp(=f. k).

Assuming SGWB is stationary, the PSD of SGWB in
propagation direction k can be defined by

ol R (1K) = 16U = P)onp 0k = R) 241 ).
(4)

where the factor of 1/4 agrees with the one-sided PSD and
the contribution of each polarization. The PSD 22, (f. k)
is factorized by angular distribution P, (k) and spectral
density H(f): 2,(f.k) = Py(k)H(f). The spectral den-
sity can be further normalized by the reference frequency:
H(f) = H(fret)(f/frt)¢, where the power-law index e
depends on the origin of SGWB [34]. For an anisotropic

SGWB, angular distribution P, (k) is usually decomposed
into spherical harmonics [35]:
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Furthermore, the sum of &7, in all directions is the one-
sided strain PSD S;,(f) of SGWB:

$i1) = [ 4y (r.b. (©)
and for an unpolarized SGWB:

SE() = S5 =347, )

Then in terms of Eq. (3), Eq. (4) and Eq. (6), the energy
density of SGWB can be calculated by

f/ df%_dg A/dek,

Pegw =

32 G
><4ﬂ22 ho(f )y (f.K))eb, (ke ()
PP
o o2allF= =R (1) /]
L I
=G ), df f*Su(f). (8)

Combined with Eq. (1) and Eq. (8), the energy spectral
density Q,,,(f) can be converted to Sy,(f) through

27’

Note that in some studies, Sy,(f) only contains the con-
tribution of one polarization, so the factor of 2 on the
molecule of Eq. (9) turns to 4 [36].

III. CHANNEL RESPONSE TO STOCHASTIC
GRAVITATIONAL-WAVE BACKGROUND

In this section, we further discuss the response of
channels to SGWB on the detector. Generally speaking,
the channel response to SGWB always changes due to
detector motion. Howeyver, it is reasonable to assume that
the response is nearly unchanged within a sufficiently
short period [ty — T/2,ty + T/2]. Then with the help of
short-term Fourier transform, the SGWB signal that is a
convolution of the metric perturbation h,;,(z,X) and the
impulse response D“?(¢,X) can be expressed as [37]:

h(t, ty) = D1, X(ty)] * hyp[t, X(20)]
- p;,X /: af /S A FP (£ k. 1) hp(f. k)

x i2nfli=k3(10)/ o, (10)

where X labels the location where GW measurement
occurs. The response function can be decomposed as

FP(f. k. ty) = e, (R)F (f k. 1) with

to+7/2

Fab(f k. o) = /

0=T/2

dr [ O30z, 50)

« e—inzf[f—ff-f(fo)/C]’ (1 1)

and the frequency domain signal is expressed as

h(f. 1) / A0 N FP(f k1) hp(f k)em2ekito)/e,
P=+x
(12)

For ground-based GW detectors [11,12], the equal-arm
Michelson can be employed to detect GWs because the
armlength keeps unchanged. When it comes to space-borne
detectors [13,14], the armlength is difficult to be main-
tained and the TDI channel is introduced to cancel the laser
noise [22,23,38]. However, to facilitate the discussion for
the impacts of the TDI channel A/E on SGWB detection,
we will construct both the equal-arm Michelson and A/E
channels in the same regular triangle detector.

As shown in Fig. 1, we can construct an equal-arm
Michelson by a vertex and two adjacent edges. Following
this rule, the equal-arm Michelson channel group M; M, M;
can be constructed based on the corner satellite A,, B,
and C, respectively. In addition, by defining the round trip
of the laser in one arm as two-way tracking, the equal-arm
Michelson consists of two different two-way trackings.
Then the response functions of channel group M;M,M;
can be written as

Filf, k. iy (ty)],
Il[fk =it (1)),
_FII[f’ks_a?)(tO)]’ (13)

(f k.to)=FR[f k.ity (1)) -
(to

F{, (f.k.tg) = FR[f k. —itn (1))

Co

a4 . B,

Schematic diagram of a regular triangle detector.
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where FI is the response function of the two-way tracking,
— —_— —_— .
and A()BO = Lﬁl, A()CO = Lilz, B()CO = Lit3 with the
armlength L. More details are shown in Appendix A.
In terms of the two responses of the same equal-arm
Michelson with a time delay of 2L /¢, the response function
of TDI Michelson X can be obtained by

FR(f k. to) = Fly (f.k.to) = Fly (f. k.tg—2L/c)
_ —i2 N P 7
= (1= e 2T )FY (f k. tg). (14)

Following the cyclic substitution, the response functions of
Y and Z are

FY(f.koto) = (1= e FY (f. ko 1g).
F(f kto) = (1= e ) FG (f ko). (15)

Furthermore, the orthogonal channel group AET can be
formed by channel group XYZ [24,39,40]:
|

ha(f.10) = \/Li(ilz(f, t0) = hx(f. 1))

~ 1 o o ~ o -
_ Z Az d.Q/; \/z |:F1ZJ<f’ k. t0>e—12ﬂfk'0C0(t0)/C _ F)P;(f, k. tO)e_ﬁ”fk.OAO(tO)/C} hP(fv k)
P=+x

1
1
1
T:ﬁ(X+Y+Z). (16)

Note that, the correlation between channel X, Y and Z is not
taken into account in Eq. (16). Considering this correlation,
Adams et al. [41,42] provide a new construction for
channel group AET. In this work, we still adopt Eq. (16)
which is more widely used.

Through the above construction, there will be multiple
laser interference sites in channel A, E, and T. In order to
derive the response functions of channel group AET, one
needs to calculate the corresponding SGWB signals based
on Eq. (12):

= 3 [ R tp (. B Ob

P=F.x /S

Fe(f 1) = %(Mf, to) = 2y (. 10) + ha(Fo 1))

=> / A FE(f k., to)hp(f, zz)e—ihfl?-rﬂou())/c,
SZ

P=+,X
) o ~ ~
in(f.10) = 5 (- t0) - IF0) - eF0)
> /S A FR(f. k. 10)hp (f, ke 2rrOM /e, (17)
P=+,x

where the vertex A is selected to the reference interference site. Then the response functions are

F/I;(f’i(»to)z

F{;(f,fc,to):

FIT)(fa/ACvto)Z

Sl &l Sl

F5(. kgt — FE(f. k1)
>F§ (f. k. 1o) = 2FE(f. k. 1g)e 22 kABow)/e o B2 (£ k, to)e—iZ”f’%'Ao_éo(to)/C} ,

FE(F Rtg) + FY(f ki to)em 2 RAbtNe 4 Y (£, k, rg)em2efbAnCuture]. (18)
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Similarly, one can also construct channel group A’E'T’ for another regular triangle detector with the response functions:

FE(f kto) = — [P (7. k. tg) e n/aiGy e

Fg’(f’],%’tO) =

F%(f, ]}, to) -

ol = 5l- 5=

- F2.(f, k, to)}
FQ (f, ]’%’ tO) _ 2F€, (f’ ]’%’ tO) —i2zfk- A/ Bj(ty)/c + Fé’/ (f, ]’%’ l‘o)e_iZ”f]}'Aé)Cé)(l”)/C} ,

FR.(f k., to) + FL.(f . k, to)e-ﬂﬂf"?'f‘ﬁ?&(’o)/c + FL(f. k, zo)e-iQHf'@-A676<fo>/C} , (19)

where Aj,, Bj,, C{, are the vertexes, and A is the reference interference site.

For the same detector, there is no correlation between the
responses of A, E, and T to SGWB, and T is the null
channel where the response to SGWB is highly suppressed.
More details are shown in Appendix B.

IV. OVERLAP REDUCTION FUNCTION

In order to characterize the statistical properties of
SGWB signal, one can introduce the correlation PSD":

(. )7 10)) = 360F = )P, (Fo10). (20)

where

Py, (f.10) = Ty (f. 10)Su(f). (21)

Then we can connect the PSDs of SGWB and SGWB
signal through the universal ORF Y;, which is independent
of SGWB spectral density H(f):

Jo A V1 (f . k. 1) Py (k)
[ Py (k) '

Yy (fto) = (22)

The geometric factor specifies the correlation between the
responses of channel / and J to SGWB:

Vis(f -k 19) Z FP(f. k. 10)F* (f k. 1)
P +,X
x e=2mf k[ (10) =%, (1) /¢ (23)

where X; ; denotes the laser interference sites of channel 7
and J.

For an isotropic SGWB, the universal ORF turns to the
classical ORF:

1 A n
Lpy(f.t) = ELZ A< Y, (f, k. 1) (24)

'"The autocorrelation PSD Py, is a real function.

For the case of the channel A and A’ mentioned above,
the ORF

Can(f. 10) ﬁ ) dOFR(f &, 10) FRE(f K, 1)
P +,X

« e—ian'lz-AéAo(f0>/C’ (25)

where AjA( denotes the detector separation. Especially, the
OREF of one channel reduces to the transfer function R(f).
In the situation that ORF changes over time, we need to
further define the time-averaged ORF for the total corre-
lation time T, [43]:

Ly (f \// e[ (f. 10) 2. (26)

For TianQin I + II and TianQin + LISA, one can con-
struct four pairs of channels for cross-correlation detection,
then the total ORF of TianQin I + II and TianQin + LISA
is defined as [25]

Ly (f / Z|FU (27)

where I/ and J label a pair of orthogonal equal-arm
Michelsons or A/E channels, i.e., [y, or [ag, . Next,
we will demonstrate the calculation of the ORF for TianQin
I+ 1II and TianQin + LISA, respectively. And as a short-
hand label, we might employ TQ for TianQin, TT for
TianQin I + II, TL for TianQin + LISA in the figures and
equations.

For TianQin I + II, since the orbital planes of TianQin
and TianQin II will be perpendicular to each other all
the time, the total ORF will not change over time under
the low-frequency approximation [25]. However, if low-
frequency approximation fails, the total ORF will be
affected by the launch times of two detectors, i.e., the
initial angles of TianQin and TianQin II [43]. We denote the
initial angular difference between TianQin and TianQin II
with y(, and show the total ORF of A/E channels within
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FIG. 2. Total ORF of TianQin I + II for different initial angle
difference y,.

one orbital period of TianQin in Fig. 2. We find that the
optimal ORF will be obtained when y, = (2n + 1)z with
n=20,1,2..., 1.e., the launch time difference between
TianQin and TianQin IT should be set to the semi-integer
multiple of the orbital period. However, our previous work
concluded that for the equal-arm Michelson, the launch
time difference should be an integer multiple of the orbital
period.” Note that, there must be an overlap in the operation
periods of TianQin and TianQin II, or the correlation time
will drop to 0. Because the nominal working mode of
TianQin is set to “three months on + three months off”, one
needs to extend the operating time so that TianQin and
TianQin I will run simultaneously for sufficient time.

As for TianQin + LISA, the angle between the orbital
planes of TianQin and LISA will change periodically in a
cycle of about one year [43]. Besides, under the premise of
LISA operating throughout the year, the TianQin + LISA
configuration can perform cross-correlation detection only
when TianQin is running. In terms of the nominal working
mode of TianQin, we show the ORF of TianQin + LISA
throughout one year with low-frequency approximation in
Fig. 3. The top and bottom panels are the results of the
equal-arm Michelson and A/E channels, respectively,
where the dashed part indicates that TianQin is off duty.
Meanwhile, we mark the perihelion with blue dot.?
The primary and secondary peaks of both ORFs occur at
t =0.176,0.676 yr, on which TianQin is off. Furthermore,
since the orbital period of LISA is about 100 times that of
TianQin, regardless of the initial angle of TianQin, the total
OREF of TianQin 4 LISA will not change after one year of
cross-correlation detection.

Based on the above analysis, the total ORFs of
TianQin I+ II and TianQin 4 LISA are shown in

It is shown in Fig. 4 of Ref. [43].

For the equal-arm Michelson, one can set f = 0 Hz to get
the ORF under the low-frequency approximation; but for
A/E channels, the ORF drops to 0 when f = 0 Hz, so we set
f =107 Hz

0.20

f=0Hz — flla
0187 @ Perihelion
0.16
0.14
w
4
O 0.12
0.10
0.08
0.06
0.0 0.2 04 0.6 0.8 1.0
2488
R
2.2 _ AEiot
f=10">Hz @ Perihelion
2.0
1.8
w 16
['4
O 1.4
1.2
1.0
0.8
0.6 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Operation time [yr]
FIG. 3. ORFs of the equal-arm Michelson (top panel) and A/E

channels (bottom panel) for TianQin + LISA.

Fig. 4, where the transfer function of TianQin is also
involved for comparison. Similar to the transfer function,
the ORF of equal-arm Michelson remains constant with
low-frequency approximation, while for A/E channels it
is proportional to f.

V. DETECTION METHOD

The output s(z) of detector channel mainly contains
SGWB signal A(¢) and channel noise n(r). Unless the
SGWB signal is much larger in magnitude than the channel

10°

E======c

10—2 -

<
= 1074}
=
10—6 L
-= RIR(A — RN
— () = TRL ()
- () =T (N
10_3 n n n
1074 1073 1072 1071 10°

Frequency [Hz]

FIG. 4. Transfer function and ORF for different detector
configurations. Red, green and blue lines match TianQin,
TianQin I+ II and TianQin + LISA, while dashed and solid
lines denote the results of the equal-arm Michelson and A/E
channels, respectively. Due to the limitation of calculation
accuracy, the ORF for TianQin + LISA is truncated to 0.1 Hz.
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noise, it is almost impossible to separate the signal from
the noise through a single-channel measurement [28]. The
general strategies are cross-correlating the outputs from
different noise-independent channels [18,20,21] and auto-
correlating the output from one channel under the noise
monitoring of the null channel [37,44].

In cross-correlation method, one can define the product
of two outputs as the correlator, then the measurement can
be obtained by integrating the correlator over time:

10+T/2 10+T/2
&mw=/° m/” ar's, (1)
1 1

s;(1)Q(t—1.1)
0=T/2 0=T/2

to+T/2 o o P
z/ dt/ df/ df's;(f, 10)35(f'. to)
to—T/2 - -

Py (f 1)
n_,( HIW(f.to)

e 22/~ (28)
P, (f)

where P, is the noise PSD, and the correction function

Py, (f. t0) Py, (f) + Py, (f. 10) Py, (f)

Wil =1 Po(1)P5, 1)
Py, (f,10) Py, (f10) + | Pn,, (f 1) *
Py, (f)Py,(f)

(29)

Under the assumption that SGWB signal and channel noise
are stationary in the time interval [ty — T /2,1, + T/2], the
filter function Qy;(t, 1) = Q;(t —1).

In terms of the expectation value and variance of the
measurement

(S1s(t0))>
(815(10)S15(no)) =

QN =
— —
- =
SIS
I

(S1(20))(Sps(mo)),  (30)

the signal-to-noise ratio (SNR) can be obtained by
fnmx
o o [
f min ['l,

For a single TianQin-like detector, the correlation
between the SGWB signal of noise-independent channels
cancels [41,45]. Thus the cross-correlation method will fall,
and the null-channel method need to be introduced.

For the channel group AET, one can construct the
correlator for null-channel method by

E:[wmnwv—%[:w@MWJWmuﬂ,

I=AE

|Ph,,(f fo)[?
Py, (W (S, fo)

(31)

p(to)

so(t.1) =

(32)

where the noise PSD of A/E channels can be monitored by
the null channel T. Similar to Eq. (28), we can obtain the
measurement by

1o+T/2 10+T/2
mm—/ m/ A'so(1, 1) Qu(t = . 1)
1 1

0=T/2 0=T/2

to+T1/2 o0 0
zZ/ﬁ m/¢ﬁpwhmm
I=A.E tO—T/Z —00 —00

o 1 Py, (f. tg)e™7 /=100
<010 = 2 ()] ,
2 Py (F)Wi(f. 10)
(33)
where the correction function
Py, (f.10)\?
Wi(f. tg)=1+—""12) . 34
(0 = (14722 (34)
For a symmetric scenario, one can further assume
Py, (f.10) = Pu,(f. 10),
Py (f) = Po.(f). (35)
Then the SNR of null-channel method is given by
(K (1))

plty) = \/<K(t VK (n9)) — (K(29)){K(n9))

fmdx Plz-l )
2T ’— 36
\/ /fmm WI (f t()) ( )

By setting I = J, the SNR of cross-correlation method
[i.e., Eq. (31)] returns to that of null-channel method [i.e.,
Eq. (36)]. More details are shown in Appendix D.

As the SNR is proportional to /7, we can accumulate
a sufficiently high SNR by correlating plenty of datasets.
For the total correlation time 7', = n7, the SNR

(n=1)T

(n—=1)T

fmax |Ph (f, t0)|2
— 2 d 1] .
\Tﬁmféawmﬂmwm

(37)

When SGWB signal is much stronger than channel noise,
the total SNR

flndx 1
P = 2T/ dePh,ftOPhJ

S =0 B Gl
fmin)v (38)

Yt (1-6y)

< \/ + 51] tot fmax
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where [Py, (f.10)[* < Py, (f. o) Py, (f. to). We can find that
the SNR is limited to a certain value, which is determined
by three factors: (i) the type of detection method; (ii) the
correlation time T,; (iii) detection frequency band
[f min> fmax)- On the contrary, when SGWB is much weaker
than channel noise, the correction function W, (f,1,) — 1.
In this case, the SNR for an isotropic SGWB can be
simplified to the following form:

T 2
pP= \/2Tt0t /::ax df% (39)

When SNR exceeds the preset threshold, the SGWB
detection will be announced.

As for the SNR threshold, the preliminary result is
provided by Ref. [28]:

pur = V2lerfc™ (2a) —erfc™! (27)]. (40)

where the false alarm rate o and the detection rate y are set
in advance. For example, when choosing @ = 0.1 and
y = 0.9, the SNR threshold py, = 2.56; or py, = 3.30
with @ = 0.05 and y = 0.95. Because the lower false alarm
rate and the higher detection rate imply that the detector
is more sensitive to GWs, the higher SNR threshold is
required.

VI. SENSITIVITY CURVE

We can further demonstrate the detection capability
of the detector through the sensitivity curve. The sky-
averaged sensitivity curve can be directly obtained based
on the response to SGWB and noise lever of the channel [36]:

Py, (f)
Ri(f)

Sn (f) = (41)

which is applied to an isotropic SGWB.
As for two channels, the effective sensitivity curve is
defined as [29]

Py, (f) Py, (f)
Tyl

which reduces to Eq. (41) when I = J. Then, Eq. (39) can
be further simplified:

ooy [l e

Meanwhile, the corresponding energy spectral density €2, |
can be convert to S, = through

Sy, (f) = (42)

2
%m=%f%m- (44)

As mentioned above, the correlation time and frequency
band of the detector have a significant impact on SGWB
detection. Therefore, Thrane et al. [29] proposed the PLIS
curve, which is applied to the power-law SGWB with the
following form:

ng(f) = QO(G)(f/fref)€|€=so’ (45)

where € is related to the index e, and the reference
frequency f is arbitrary.
By combining Eq. (43)-Eq. (45),

hax 27 —1/2
u(e) = pur 27 [ ar L0

where the SNR is set to threshold py,.. For each frequency,
we can obtain the maximum €2,,, with a specific index € to
generate the PLIS curve:

Qpris(f) = max [Qo(€)(f/ frer)]- (47)

The PLIS curve (on the log-log plot) specifies the envelope
of power-law SGWBs, of which the SNR is equal to the
preset SNR threshold. Once a power-law SGWB spectrum
is somewhere above the PLIS curve, the SGWB is expected
to be detected, and vice versa. It is explicit to determine
whether the SGWB can be detected by the detector
configuration.

We show the PLIS curves of TianQin, TianQin I + I,
TianQin + LISA in Fig. 5. The solid and dashed lines are
the results for the equal-arm Michelson and A/E channels,
and both of them basically coincide. The result implies that
when A/E channels are employed instead of the equal-arm
Michelson, the detection capability of the detector con-
figuration is nearly unchanged.

The spectrum of astrophysical SGWB is usually in
power-law form, which is not true for the cosmological
SGWB, such as the first-order phase transition (PT).
Therefore, Schmitz et al. [30] proposed the PIS curve.

The energy spectral density of the first-order PT is
expressed as

Qo (f) = B (L DS( Fear): (48)

where Q2 ({p;}) is the peak amplitude at the peak

frequency f .. the spectral function S(f, fpe) depends
on the cosmological model. Then through the definition of
PIS curve

Fmax S(f, fpea 271-1/2
QPIS(fpeak) = |:2Ttot/. df <g4&)k)) :| ’ (49)
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FIG. 5. PL sensitivity curves for different detector configura-

tions. We set the SNR threshold to 3.30 and consider that during
the one-year operating time, the correlation time of TianQin and
TianQin + LISA is half a year, compared to four months for
TianQin I+ II.

the SNR can be obtained by

_ o {pid)
B QPIS(fpeak) . (50)

Once selecting a specific parameter group {p,}, the peak
frequency fpeq and peak amplitude QB4" are fixed. If the
peak amplitude is above py,. times of the PIS curve, the
detection of cosmological PT will be claimed.

In Fig. 6, we show the PIS curves for a certain spectral
function:

. 3-8(f/fpeak)2‘9
S<f7 fPeak) - 1+ 2'9(f/fpeak)3~8 : (51)

Similar to the PLIS curve, the PIS curves of equal-arm and
A/E channels are mostly the same.

solid line: AE ,/ /
dashed line: Michelson / I,
//
1010} //
/7 /
/ /
/7

.ﬁ
S)
L

thPIS(fpeak)

10712 L

TQ (Null channel)
TT (Cross-correlation)
= TL (Cross-correlation)

S ——

10-13 . .
107 103 1072 107! 100

Frequency [Hz]

FIG. 6. PIS curves of TianQin (red), TianQin I + II (green), and
TianQin + LISA (blue) for A/E channels (solid line) and equal-
arm Michelson (dashed line). The setting of the correlation time
for the configuration is the same as when plotting the PLIS curve.

So far, this paper has discussed three types of sensitivity
curves. Sky-averaged sensitivity curve is independent of
correlation time and detection frequency band, and by
considering the impact of the two factors on SGWB
detection, PLIS curve and PIS curve are proposed. It is
straightforward to determine whether SGWB can be
detected by the last two sensitivity curves. Besides, the
PLIS curve works for the pow-law SGWB, and the PLIS
curve is applied to the SGWB with pre-known spectrum.

VII. CONCLUSION

In this work, we have analyzed the impacts of A/E
channels on SGWB detection for space-borne detectors.
We first selected the reference interference site for A/E
channels consisting multiple interference sites. In this way,
it is clear to define the detector separation through the
distance between reference interference sites, which works
well for any channel. By means of the reference interfer-
ence site, we derived the ORF that is valid across all
frequency bands. For TianQin, TianQin I+ 1I, and
TianQin + LISA, we calculated the ORFs for the equal-
arm Michelson and A/E channels, respectively. In addition
to ORF, the noise level, correlation time and frequency
band of the detector also need to be folded into detection
sensitivity, according to which we plotted the correspond-
ing sensitivity curves to assess the detection capabilities.

In a certain detector configuration, the ORF and noise
PSD of A/E channels differ from those of the equal-arm
Michelson, but their differences share the same coefficient
6sin’(f/f.) under the low-frequency approximation.
Since the detection sensitivity is determined by the ratio
of ORF and noise PSD, the detection sensitivity of the A/E
channels and the equal-arm Michelson are basically the
same. We have shown that the difference between A/E
channels and the equal-arm Michelson stems from the extra
phase related to the position difference. For the low-
frequency approximation to be valid, the wavelength of
the GW should be longer than the armlength, which makes
the extra phase negligible.

However, the configuration design can affect the corre-
lation between detectors. In order to obtain optimal ORF,
the configuration design is well worth a discussion.
Meanwhile, the constructions of equal-arm Michelson
and A/E channels are different. Therefore, the configura-
tion design corresponding to the optimal ORF for A/E
channels may differ from that for the equal-arm Michelson.
TianQin I 4 II is one such configuration, where the launch
time difference between TianQin and TianQin II is the key
factor of configuration design. If one expects the optimal
ORF of TianQin I + IT in SGWB detection, then the launch
time difference should be set to an integer and a semi-
integer multiple of the orbital period for the equal-arm
Michelson and A/E channels, respectively.

Recently, Bartolo er al. [46] reviewed the sensitivity
curve for the detection of the anisotropic SGWB by a single
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LISA. Unlike for the isotropic SGWB, where only the A/E
channels and the equal-arm Michelson contribute to the
detection sensitivity, for the anisotropic SGWB the null
channel T also has a non-negligible impact on the sensi-
tivity. Therefore, if only considering the A/E channels and
the equal-arm Michelson, the detection sensitivities for the
anisotropic SGWB are different. However, by incorporat-
ing the null channel, the detection sensitivities for A/E
and T, as well as the equal-arm Michelson and T for the
anisotropic SGWB will be equivalent.
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APPENDIX A: RESPONSE TO GRAVITATIONAL-
WAVE FOR EQUAL-ARM MICHELSON

In Fig. 7, 7, and 7, label the position vectors of test mass
my and myy, respectively. L is armlength and #i denotes the
unit vector of the one-way tracking. At the moment 7, the
GW signal of one-way tracking can be expressed as [37,47]

|

1 [ A ul bt
hl(f’fo):z/ df dg}{%

p(f. keIl

Z-axis

Y-axis

X-axis

FIG. 7. Schematic diagram of the one-way tracking.

hi(t, 1)

=) _ [ g ) ) 300,

L LJ
(A1)

where s is the actual path of photon, and under the
Oth-order approximation:

t(s) = (to—L/c) + s/c,
X(s) =7 + s (A2)

In terms of Eq. (3), the one-way tracking signal of SGWB is
a collection of GW signals from all directions:

M] c- oL (ka(to)-1)  |s=L
—i2zf (k- t(to) = 1)|5=0

— [Tar / A FE® (F. o 1)y (F. R)ei2e =2,

then the frequency domain signal

h(f. 1) = / A PP (f k. 10)hay (. K)e 27k (A3)
SZ
In Eq. (A3), the one-way tracking response function

u(to)u”

Fir(r ) = OO k) (ag)

[
and the strain transfer function

[1_/}.g(,0)]]e iz {1~k (1))

T1(f.k,t9) =sinc [ f (A5)

2f

with the characteristic frequency f, = c¢/(2zL).
For the two-way tracking where the photon returns to
after a one-way tracking, the SGWB signal

Ma(to)ub(t0> |:h b<t_2L +I} ;:1 + [l} i

h ! t d
H(h lo) 5L A s 2
- / AFF(F. k. 1)y (f )27 =2,

c
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Note that in the above formula, the length of links is
assumed to not change over time.
Then the corresponding frequency domain signal

hu(f. ty) = / AFF&(f k. 1) hay (f ) e~ * 711 (AT)

(s

where the response function

~ 1 ~
FiP(f k. 19) = ETII(fv k. to)u(to)ub (1) (A8)

with the strain transfer function

~ 1. ~ L —isL B+kea(ty
Tu(f. k. 1) zz[smc{z]; (1—k~u(to))}e 2 Brei(t)]

f
2f.

+ sinc{ (1 + k- ﬁ(to))} e—iﬁ[lﬂ%a(m)}} )

(A9)

For the record, the phase terms in Eq. (A3) and Eq. (A7) are
related to the GW measurement location.

Since the equal-arm Michelson consists of two different
two-way trackings, the response function can be written as
(. ko) = Fip(f. R t(to)) = FEPLF. R o(10)]. (AL0)
where & and 9 are the unit vectors of the arms. Under the
low-frequency approximation, the response function

F3(f ko tg) = 5 [u(t9)u’ (19) = v*(19)0" (1)) (AL1)

N —

APPENDIX B: ORF OF CHANNEL GROUP

As shown in Fig. 8, we can construct a set of orthogonal

bases:
|

Z-axis

Y-axis

X-axis
FIG. 8. Detector coordinate.
k = (—sin@cos ¢, —sinOsing, —cosd),  (Bl)
1 =(cos @ cos ¢, cos Osin b, — sin 0), (B2)
i =(sin ¢, — cos ¢, 0), (B3)

where & is the propagation direction of the GW, and 7 is
perpendicular to Z-axis.

In terms of / and m, we can further construct the
polarization tensor:

(B4)

;. (BS)

Then the analytical expression of the polarization tensor
can be obtained:

[cos’@cos’p —sin’p  Lsin2¢(1 + cos’d) —1sin20cos ¢
et (k) = | 1sin2p(1 + cos?0)  sin’¢pcos’d — cos’p —1sin20sing |,
—1sin2@cos ¢ —1sin2@sin ¢ sin’0
[ sin2¢cos® —cos2¢pcosd —singsind
e*(k) = | —cos2¢pcos@ —sin2¢pcosd cospsind (B6)
| —singsind cos ¢ sin 0

On the X-Y plane, we place two equal-arm Michelson channels with opening angle  between arms. The unit arm vectors

of the first one M,

il = [cos a, sin ay, 0],

ity = [cos(ay + ), sin(ay + ), 0],

(B7)
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and of the second one M,

1

| = [cos(ag + B +n),sin(ay + S+ 1), 0]
s(ag +2f +1n),sin(ag + 28 +1n).0].  (B8)

1

2= |[co

Without loss off generality, one can set oy =10 to
simplify the calculation, and under the low-frequency
approximate,

1
Fy, = 5(”1 ® up — Uy @ uy)
[ sinp —cosp O
:g —cosf —sinf O],
0 0 0
Fy, :%(711 ® vy =1, @ 1)
[ sin(38+2n) —cos(3+2n) O
= g —cos(3f+2y) —sin(34+2n) O
0 0 0

Then through

Fio (0.k) = F e (k) = S ‘;OS 310820 G Bsin(f— 24),
F3,(0.k) = Fg e, (k) = sin fcos 0 cos(f — 24).
Fy (0.k) = Fip e, (k)
= w sin#sin(35 + 2n — 2¢),
F3,(0.k) = Fgp e, (k) = sin fcos 0 cos(3f + 21 — 24).
(B10)

we can calculate the transfer function and ORF:

1
R (0) =g > [ aturt, 0.0 (0.0
ﬂP:+.>< A
2
sin
=P = Ry, 0),
1 . . .
Iy, (0) = < Z / dQ; Fy; (0. k) Ff; (0, k)
ﬂ:P Tox SZ
_ Sinzﬂ COS?(ﬂ + 77)] . (Bl 1)

For the equal-arm Michelson channels built in TianQin,
p=m=/3 and f+n = 2x/3, then

R, (0) = =2y, (0). (B12)

In terms of Eq. (14) and Eq. (15),

L Rx(f)

L Ru ()
F~0Txy (f)

F=0T\,, (f)

= -2, (B13)

Besides, for an regular triangle detector,

Ra(f) = Ry(f)s
Fab(f) = ch(f)’
where a,b,c,d =X,Y,Z with a# b # ¢ # d.

Based on the above derivation, the transfer function and
ORF of AET channel group

(B14)

R (f) :RE(f) = ( ) FXY(f>7
Rr(f) = Rx(f) + 2Txy (f),
LCae(f) = Tar(f) = Ter(f) = 0. (B15)

The last line of Eq. (B15) shows that there is no correlation
between the responses of A, E, and T to SGWB, and

Ra(f) :_Zrab(f)7 f<<f*' (B16)
Thus, the first two lines of Eq. (B15) reduce to
3
RA(f) = Re(f) = ERX(f),
Rr(f) =o(Rx(f).  f<f., (B17)

which implies that T acts as a null channel.

Furthermore, take TianQin as example, the transfer
functions of channel group AET based on Eq. (18) are
shown in Fig. 9. And in order to illustrate the effect of
reference interference site on the transfer function, we show

101

10 f

107 b

10—10 L
10-13 L
=
= 1076t
10191
1022}

10—25 L

1028}

1 -31
10 103 102 101 1o° 10!
Frequency [Hz]

10 L " L L
10* 10° 102 107 10° 10!
Frequency [Hz]

FIG. 9. Transfer function of the channel group AET for
TianQin.
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the corresponding result within the dashed line, which ~ where L;; is the armlength between satellite i and j, y;;

employs the false response functions: specifies the GW signal. C;, nf, ; and nj; are the noises caused
1 by laser frequency, aggregate optical- path and single proof-

Fﬁ( 1, k, ty) = — [FIZ’ (f, k, ty) — FQ( 1, k, 1)) mass ac.celeration, respe;ctively [49]. Since the laser noise
V2 cancels in equal-arm Michelson and TDI channels [16,17],

- A 1 A A we will constrain our focus on other noises.

P P _ [P
Fi(f-k.1o) = NG [Fx(f- k. 10) = 2FY(f. k. 1o) Assuming that the PSD of the same type of noise is
equal [50]:

+ FL(f k. 10)) !

- N 1 A A 1

FR(f. k. tg) = %[F‘;}(f, k.to) + FY(f. k. 19) (A () (f)) = 5 Oap0ijud(f = 11)8a(f). (C2)
+ FJ(f, k. 1o)]. (BI8) " then the noise PSD of the equal-arm Michelson

Under the low-frequency approximation, the misuse of _ f
analytical form has little effect on A/E channels, but a Py, (f) =4S,(f) +38 <COS2 []T] + 1>Sa(f ), (C3)
significant impact on T channel. ’
and for the channel group XYZ [24]
APPENDIX C: CHANNEL NOISE LEVEL

For the one-way tracking built in the space-borne Py, (f)=4sin’ {i} P, (f)
detector, the output mainly consists of four parts [17,48]: *
L[ f } { 2|
= 16sin? {— Sy (f)+2( cos? +1)S.0H)].
8l;j(t) = wij(t) + Ci(t = L;j) — C;(2) /e fe ¢
+npi(1) +nd(t = L) = n¥(r),  (Cl) (C4)

Furthermore, for channel group AET [24]:

P, .(f) = 8sin? Lﬂ Kcos [f} +2>Sp(f) +2(cos Bf] +2cos[f] +3>Sa(f)],

pu - i L] [ £ (s s L ]san). =

However, the two sides of the above equation [Eq. (C3)-Eq. (C5)] cannot be directly equal. First, to make the component
noises dimensionally consistent, the acceleration noise S (f) = S,(f)/(2zf)* [51]. Second, to make the GW signals in
Eq. (A6) and Eq. (C1) consistent, one should divide the optical-path noise and the acceleration noise by 2L [52]. Following
this rule, the strain noise PSD

Sp(f)
(2L)*’

S?lL(f) _ Sa(f)
(2L)*  (2L)*(2zf)*

which are in units of Hz~!. Then we employ Sh and S2 instead of S, and S, to correct the strain noise PSD:

Pl =12 {S () + 2<Cos [f] + 1) Sa(f) ]

Sh(f) = Si(f) = (Co)

- . 2zf)*
Puf) = ¥ {Sp U)+2 ( H i 1) éﬁ))‘*] |
a3 (ol 2)sin ex(eol] c2eol] )]
rotr = E U (5 s ] 510,
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By setting S&,(f) =4S.(f) under the low-frequency
approximation [51,53], the noise PSD of equal-arm
Michelson is further expressed as

-2

Puy, (f) (€7)

where the total noise S%,(f) contains the noise at both ends
of the link.

On the other hand, the transfer functions of equal-arm
Michelson and X can be converted by Eq. (14):

IR

Combined with Eq. (41), Eq. (B17), Eq. (C7) and Eq. (C8),
it can be inferred that the detection sensitivity of equal-arm
Michelson, X and A are the same under the low-frequency
approximation:

*

SnM(f) = Snx(f> = SnA(f)v f<f. <C9)

In Fig. 10, we show the sensitivity curves of the above

channels for TianQin: 4,(f) = /S,(f). On one hand, the
sensitivity curves of equal-arm and TDI Michelson chan-
nels are the same below the characteristic frequency f,.
Although the sensitivity curve of T is much lower than that
of other channels at low frequencies, both of them are
proportional to f~2. On the other hand, the sensitivity of
|

u(to) = (S (1))
to+T/2
_ / dr
tg—=T/2
to+T/2
B /tO—T/Z
= T[)oo df Py, (f.10) Q1 (f 10),

o*(to) = (S1(20)S1s(10)) — (S1s(10))(S1s (10

to+T/2 no+T/2 ©
:/ dt/ dl’]/ df
to=T/2 no—T/2 —o0

T
= Michelson
102 [ XYZ

+ AE
10 F — T

~.

e
———— e i e )

10 103 1072 107 10° 10!
f[Hz]

FIG. 10. Sensitivity curve i, (f) of the channel for TianQin.

Michelson channels drops around 3f,, beyond which T
will be no longer treated as a noise monitor [54].

APPENDIX D: RELEVANT DERIVATION OF
DETECTION METHOD

For the output from noise-independent channel / and J:

(51(f.10)35(f 10)) = (hy(f . 10) 5 (f . 10))-

Note that, someone has discussed the subtraction of
correlated noise [55,56]. For simplicity, we prefer to
neglect the correlated noise at this stage of the analysis.
Then the expectation value and variance o%(f) of the
measurement can be calculated by

(D1)

[T [t w0 Qu 7 )=

dt/0°° de“’ df/5(f —f’)Ph,,(f, ’o)Qu(f', to)e—iZJr(f—f’)fo

X Q]] (f/, to) Q;J(—a)/, ]’]0)e_iz’[(f_fl)le—iZﬂ(a)—w’)r]

T

T

(D2)
)
oodf'/ooda)/ooda)’
x [(8;(f, 10)37 (=, 10)) (3, (=1, 10)37 (', o)) + (5;(f 10)37 (@', 10)) (3, (=f", 10)37 (=0, m0))]
=3 [t @0+ P )0 Py 4 1Py (0P 17 0P
(D3)

0

= E/°° df Py, (f) Py, (f)Wi, (f, 10)| 01 (f. 10)[2
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where the correction function is shown in Eq. (29) and the
channel noise is assumed to be stationary:

(D) = 36000 = FIPy () (DA)

Combined with Eq. (D2) and Eq. (D3), the square of
SNR is obtained by

pz(t) :qu(t) = 2T[f000 dfPhu (f’t())QIJ(fvtO)]z
o (1) fooodan, )Py, ()W (f. t0)|Q]j(f, SE

(Ds)

By the definition of positive-definite inner product for any
pair of complex function A(f) and B(f) [28]:

(A.B)= / " AFAU)B (f)Pa, (F) o, () Wis(Foto). (D6)

Eq. (D5) turns to

> P;, (1) 2
<QIJ (f+10) 3Py w,,<f,to>>

2(t) = 2T = = D7
o) (Qu(f.to), Q1s(f. 1)) (o7)
To maximize the SNR yields the solution:
- P (f.t
Qu(f.19) =2 b, 10 (D8)

Py (f)Py, (/)W (f. 1)

with a real constant A and the correction function

) )

to+7/2 to+71/2
K(ty) = Z /0 dt/0 dt'sy(t, )0 (t = 1)
I=AE 1o )

to+7/2 0 © - . ,
~ ) /H dt/ df/ df'[5:(f. 10)57(f' . 10) = (s (£ 10) 7 (f', 10))] Qui (f' tg) e~ 27U =1,
I=AE 0 - o

)

of which the expectation value u(t) and the variance o>

u(to) = (K(t))

are

Py, (f 10) Py, (f) + Pn, (f, 10) Py, (f)
Py, (f)Py,(f)

Py, (f. 1) Py, (f 10) + |Pn,, (f- 10)]?

Py, (f)Pn, (f)

Wi(fitg) =1+

(D9)

Then the optimal SNR of cross-correlation method is given
by Eq. (31). Note that, the correlation time 7" should be long
enough that the PSDs of channel noise P,(f) and SGWB
signal Py(f,ty) are nearly invariable in the frequency
region Af ~ 1/T.

For a single TianQin-like detector, it needs to construct a
specific correlator. We start with the autocorrelation of
channel group AET

(s1(fst0)s;(f's t0)) = (ny(F)ni(f)) + (b (f s 1)y (f's 10))

= 260 = )IPa () + Py (- 10))
(st(f)st(f) = (nr(f)nr(f))
= 26U = )P (F) (D10)

where I = A, E. At first glance, the auto-correlation PSD
Py, can be obtained by subtracting the second row from
the first row of Eq. (D10), which is under the assumption
that P, (f) = z;(f) Py, (f). Just follow that thought line,
the reconstructed correlator for null-channel method is
written as [57]

1o+T/2 [+3) 0 » N y . /
- Z/, - dt/_ df/_ df' (b (f, 1) (f, 1)) Oy (. 1) e 22U~

I=AE/10=T/2

= ZTAoo df Py, (f, 10) 01 (f . o),

so(t.7) = s;(0)s; (') = (ny(t)ny (7). (D11)

The next step is to obtain the measurement:
(D12)
(D13)
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0> (to) = (K (1)K (o)) — (K(20)) (K (1))

to+7/2 no+7T/2 0 IS 00 00
=Z/ dr/ dn/ df/ df’/ dw/ do
I=A.E/10=T/2 no=T/2 -0 —c0 — —0

X {<(51(f, 10)37(f" 10) = (s (f 20) 717 (f. 20))) (81 (@, 110)37 (', o) = (7 (0, m0) i} (@' 70))))

— (hy(f. to) B} (f. o)) (R (. o) If (', ’10)@ O ([ 10) Qi (@' o) e~ 27U~ g=i2nlw=al)n

_T / T Af2P,, (f) + Po, (: 10))21O(f 10) 2
0

=21 [T AP 0)| 010 (D14)
where the correction function
Ph (f’ tO) 2
Wf,t)z(l—l—’i . D15
I( 0 Pnl (f) ( )
Compared with Eq. (D9), the correction function W;(f,#,) does not involve the cross-term.
When the filter function
=~ Ph (f’ tO)
Oulfito) = Aoy rs (D16)
TP (AW (o to)

with a real constant A, the optimal SNR of null-channel method is obtained.
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