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We present the general relativistic electrodynamics and magnetohydrodynamics with a helically coupled
scalar field. We consider a three-component system with the fluid, scalar field, and electromagnetic fields
with a helical coupling. We derive three exact formulations: the covariant formulation, the ADM
formulation, and the fully nonlinear and exact perturbation formulation. We also derive the weak-gravity
limit with fully relativistic fluid and fields. The latter two formulations are presented in cosmological
context.
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I. INTRODUCTION

Magnetic fields are ubiquitous in celestial environments.
The relativistic processes involving a magnetic field are
also widespread in astronomical objects. A scalar field
appearing in high-energy physics is now the main ingre-
dient in cosmological processes, playing an essential role in
driving inflation, dark matter, and dark energy. For the
scalar field, relativistic treatment is necessary. The combi-
nation of the magnetic field and the scalar field naturally
leads to helical electromagnetism [1] which disappears
without the scalar field coupling.
The electromagnetic field helically coupled with the

scalar field (the axion as an example) naturally leads to an
α-dynamo term [2] causing exponential growth of the
magnetic field in the linear stage and to the magnetic
helicity generation which has important implications in
enhancing the large-scale magnetic field through the
inverse cascade, propagating the magnetic field to larger
scales [3,4]. Although the origin and evolution of the
cosmic magnetic field are largely unknown in astrophysics
and cosmology, the helically coupled scalar field may have
important roles in understanding the subject, see [5–10] for
reviews.
Relativistic electrodynamics (ED) and magnetohydro-

dynamics (MHD) are important in many aspects of rela-
tivistic astrophysics and cosmology. Here, we present three
exact relativistic formulations and the weak-gravity
approximation of ED and MHD of the three-component
system including the helical coupling: the fluid (FL), the
scalar field (SF), and the electromagnetic (EM) field. We
consider a Lagrangian density

L ¼ c4

16πG
ðR − 2ΛÞ − 1

2
ϕ;cϕ;c − VðϕÞ þ Lm

−
1

16π
FabFab−

gϕγ
4

fðϕÞFabF�ab þ 1

c
JaemAa; ð1Þ

where Lm is the fluid part, R the scalar curvature, Λ the
cosmological constant, ϕ the SF, Fab the EM tensor, and
the other symbols will be explained later. The gϕγ term is
the helical coupling.
In ED, the presence of a helical coupling causes extra

charge and current densities and provides windows for
direct detection of the axion particles by EM means [1,11].
In MHD, the helical coupling causes the α-dynamo term in
MHD treatment: for expressions in the four formulations,
see Sec. VI D.
The covariant (1þ 3) and the Arnowitt-Deser-Misner

(ADM) (3þ 1) formulations are reformulations of Einstein’s
gravity without any restriction on the geometry and the
energy-momentum contents. The fully nonlinear and exact
(FNLE) perturbation formulation is based on nonlinear and
exact perturbations in the Friedmann background. Here, for
simplicity, we ignore the tensor-type perturbation and
impose the spatial gauge conditions. The formulation is
generalwithout imposing the temporal gauge (hypersurface,
slicing) condition.
The weak-gravity approximation is a limiting case of the

FNLE formulation in the limit of weak gravity but with a
fully relativistic fluid and fields. The formulation is possible
in the uniform-expansion gauge (maximal slicing in the flat
spacetime background). By taking the nondynamic back-
ground, the equations of FNLE and weak-gravity formula-
tions are valid for general energy-momentum configuration.
Previously, in [12] we presented the weak-gravity and

slow-motion limit of the system and studied gravitational
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and magnetic instability in the case of the massive scalar
field with f ∝ ϕ2 coupling. Here, we present the fully
relativistic and nonlinear ED and MHD of the system
without the restrictions used in [12]. As we consider
general potential V and coupling f, here we do not handle
the axion case with a massive scalar field. For the axion,
together with f ∝ ϕ2, the Klein and the Madelung trans-
formations are available with proper nonrelativistic limit. In
the absence of the gϕγ coupling, the covariant formulation
and the post-Newtonian approximation of the axion were
studied in [13]. For a general potential VðϕÞ, the SF does
not have Newtonian limit, thus the post-Newtonian
approximation is not available.
The complete sets of equations in the three exact

formulations of ED are derived in Secs. II–IV. The
weak-gravity approximation of the FNLE formulation of
ED is derived in Sec. V. MHDs in the four formulations are
derived in Sec. VI. In three appendices we derive the
covariant, ADM, and FNLE formulations for a general
single-component fluid. Being a general fluid, the formu-
lation is valid in the multicomponent fluids and fields with
the fluid quantities interpreted as collective ones. As the
main purpose of this work is deriving the formulations, we
will present some details needed for the derivation.

II. COVARIANT (1 + 3) FORMULATION

The covariant (1þ 3) formulation [14–18] is derived in
Appendix A for a most general imperfect fluid. The
fundamental set of equations are Eqs. (A15)–(A32). The
formulation in Appendix A, although ua is used as the four-
vector, is based on a generic timelike four-vector Ua. From
nowon,wewill useUa for the generic four-vector, reserving
ua for the fluid four-vector andna for the normal four-vector.
The Ua can be the FL comoving (ua), the collective-matter
comoving, the SF comoving, the normal (na), etc.
In the presence of multiple component fluids and fields,

we may regard the fluid quantities in Appendix A as the
ones for the collective fluids and fields. Thus, our task in
this section is to derive the conservation equations for the
FL, the Maxwell equations for the EM field, the equation of
motion for the SF, and the collective fluid quantities.
Einstein’s equations in (A21)–(A32) together with the
collective fluid quantities provide the gravity part.

A. Maxwell equations

The EM tensor is decomposed as [16]

Fab ≡UaEb −UbEa − ηabcdUcBd; ð2Þ

withEaUa ≡ 0≡ BaUa;Ua is a generic timelike four-vector
normalized with UcUc ≡ −1; Ea and Ba are based on the
four-vector. In terms of the EM four-potential Aa, we have

Fab ≡∇aAb −∇bAa; ð3Þ

where ∇a is the covariant derivative. The dual tensor is

F�ab ≡ 1

2
ηabcdFcd ¼ UaBb − UbBa þ ηabcdUcEd;

Fab ¼ −
1

2
ηabcdF�cd; ð4Þ

thus

Ea ≡ FabUb; Ba ≡ F�
abU

b: ð5Þ

We have two invariants

FabFab ¼ −2ðE2 − B2Þ ¼ −F�abF�
ab;

FabF�
ab ¼ −4EaBa; ð6Þ

where E2 ≡ EaEa; FabF�ab is parity odd and leads to
asymmetry between the two circular polarization states, thus
helical.
For fluid quantities and the electric and magnetic

field strengths based on the generic four-vector Ua, we
can take either the normal frame (which is closer to the
laboratory frame) with Ua ¼ na or the comoving frame. In
the presence of the FL, the SF, and the EM field, the
comoving can be fluid comoving (comoving with the
fluid), the scalar field comoving, etc. The fluid quantities
of the FL are often expressed in the fluid-comoving frame,
and the EM fields are often expressed in the normal frame.
Expression of the SF is simplified in the SF-comoving
frame. We reserve Ua ¼ ua for the fluid-comoving frame
(thus, ua is the fluid four-vector).
Variation with respect to Aa gives the Maxwell equations

Fab
;b ¼

4π

c
ðJaem−cgϕγf;bF�abÞ;

F�ab
;b ¼ 0 ðor F½ab;c� ¼ 0Þ; ð7Þ

with

Jaem ≡ ϱemcUa þ ja; jaUa ≡ 0; Jaem;a ¼ 0; ð8Þ

where the semicolon indicates a four-dimensional covariant
derivative. Thus

ϱemc ¼ −JaemUa; ja ¼ habJ
b
em; ð9Þ

where ϱem and ja are the charge and current densities,
respectively, based on Ua; hab ≡ gab þ UaUb is the pro-
jection tensor. From these we can derive the four Maxwell
equations [16]

Ea
;bhba ¼ 4πðϱem−gϕγf;aBaÞ − 2ωaBa; ð10Þ
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hab _̃E
b ¼

�
ηabcdUdωc þ σab −

2

3
δabθ

�
Eb

þ ηabcdUdðabBc − Bb;cÞ

−
4π

c
½jaþcgϕγf;bðUbBa − ηabcdUcEdÞ�; ð11Þ

Ba
;bhba ¼ 2ωaEa; ð12Þ

hab _̃B
b ¼

�
ηabcdUdωc þ σab −

2

3
δabθ

�
Bb

− ηabcdUdðabEc − Eb;cÞ; ð13Þ

where _̃E
a ≡ Ea

;bUb. Equations (10)–(13) follow, respec-
tively, from

UaFab
;b ¼ …; hacFcb

;b ¼ � � � ;
Uaη

abcdFbc;d ¼ 0; haeηebcdFbc;d ¼ 0: ð14Þ

Apparently, the gϕγ coupling can be interpreted as intro-
ducing extra charge and current densities [1,19]. We have

Jaax ¼ −cgϕγf;bF�ab; ϱax ¼ −gϕγf;aBa;

jaax ¼ cgϕγf;bðUbBa − ηabcdUcEdÞ: ð15Þ

These are axion (SF) induced electric charge and current
densities.
We can derive

ðB2Þe· ¼ 2σabBaBb −
4

3
θB2

− 2ηabcdUdBaðabEc þ Eb;cÞ: ð16Þ

The current conservation Jaem;a ¼ 0 gives

c
�
_̃ϱem þ θϱem

�
¼ −ja;a ¼ −hbaja;b − jaaa; ð17Þ

which is also valid for Jaax.

B. Equation of motion

Variation with respect to ϕ gives the equation of motion

□ϕ ¼ V;ϕþ
gϕγ
4

f;ϕFabF�ab: ð18Þ

Using FabF�ab ¼ −4EaBa which is frame invariant, we
have

−□ϕþ V;ϕ ¼ ˜ϕ̈þ θ _̃ϕþ V;ϕ − hbaðhacϕ;cÞ;b − hbaϕ;baa

¼ gϕγf;ϕEaBa; ð19Þ

based on the generic four-vector Ua.

C. Fluid quantities

In the presence of all three components, Tab can be
separated into three components as Tab ¼ TFL

ab þ TSF
ab þ

TEM
ab with each component in Eqs. (21)–(23). The fluid

quantities in Appendix A can be regarded as the collective
ones with μ ¼ μFL þ μSF þ μEM, etc.; for individual fluid
quantities, see Eq. (24) for FL in the fluid frame, and
Eqs. (29) and (32) for the SF and the EM field, respectively,
in the generic frame. Thus, the fluid quantities used in
Einstein’s equations in (A15)–(A32) are collective ones
based on the generic frame. The energy-momentum con-
servation in Eqs. (A17) and (A18) also apply for the
collective fluid quantities. In the following, unless men-
tioned otherwise, the fluid quantities μ etc. are in the fluid-
comoving frame.
In the multicomponent case, it is convenient to introduce

the individual conservation equations. The conservation
equations of individual components are constrained by

Tab
;b ¼ ðTab

FL þ Tab
SF þ Tab

EMÞ;b ¼ 0: ð20Þ

For the FL, we additionally have a mass conservation
equation in (A19). For the EM field, we additionally have
the Maxwell equations in Eq. (7); in the covariant form
decomposed using Ua, see Eqs. (10)–(13). For the SF, we
have the equation of motion in Eq. (18); in the covariant
form decomposed using Ua, see (19).
Variation with respect to gab gives Einstein’s equation

and the energy-momentum tensor, with δð ffiffiffiffiffiffi−gp
LÞ ¼

1
2
Tab ffiffiffiffiffiffi−gp

δgab. We have Tab ¼ TFL
ab þ TSF

ab þ TEM
ab with

TFL
ab ¼ μuaub þ phab þ qaub þ qbua þ πab; ð21Þ

TSF
ab ¼ ϕ;aϕ;b −

�
1

2
ϕ;cϕ;c þ V

�
gab; ð22Þ

TEM
ab ¼ 1

4π

�
FacFc

b −
1

4
gabFcdFcd

�
; ð23Þ

where μ ¼ μFL, etc. In Tab, the fluid and the two fields are
clearly separated. The gϕγ-coupling term does not contrib-
ute to the energy-momentum tensor, thus to the fluid
quantities. The gϕγ coupling occurs only in the Maxwell
equations and the equation of motion. The EM coupling
with the fluid appears in the energy and momentum
conservation equations.
Fluid quantities of the FL in Eq. (21) are defined based

on the fluid four-vector Ua ¼ ua, with

μ ¼ TFL
abu

aub; p ¼ 1

3
TFL
abh

ab; qa ¼ −TFL
cd u

chda;

πab ¼ TFL
cdh

c
ahdb − phab; ð24Þ
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where we often do not distinguish the fluid quantities of the
fluid by index FL. For a single component fluid, the fluid-
frame condition implies vanishing flux qa ≡ 0.
The fluid quantities based on the generic Ua frame are

similarly introduced as

Tab ¼ μUaUb þ pðgab þUaUbÞ þ qaUb þ qbUa þ πab;

ð25Þ
thus,

μ ¼ TabUaUb; p ¼ 1

3
Tabhab; qa ¼ −TcdUchda;

πab ¼ Tcdhcahdb − phab; ð26Þ
with the conditions in Eq. (A13); here, μ ¼ μðUÞ etc. and
hab ≡ gab þUaUb; we do not distinguish h

ðUÞ
ab , hðuÞab , etc. by

superscript, which can be understood in the context. In the
above relations, Tab can be TEM

ab , T
SF
ab, or the collective

one T tot
ab.

The energy-momentum tensors of the SF and the EM
field in Eqs. (22) and (23) are introduced without reference
to the four-vector; Tab is frame invariant. Using the generic
four-vector Ua, we can expand

TSF
ab ¼

�
1

2
_̃ϕ
2 þ V þ 1

2
habϕ;aϕ;b

�
UaUb

þ
�
1

2
_̃ϕ
2 − V −

1

2
habϕ;aϕ;b

�
hab þ hcahdbϕ;cϕ;d

− _̃ϕðUahcbϕ;c þ Ubhcaϕ;cÞ; ð27Þ

TEM
ab ¼ 1

4π

�
1

2
ðE2 þ B2ÞðUaUb þ habÞ − EaEb

− BaBb þ ðUaηbcde þ UbηacdeÞEcBdUe

�
; ð28Þ

where we used ϕ;a ¼ hbaϕ;b − _̃ϕUa with _̃ϕ≡ ϕ;cUc for the
SF, and Eq. (2) for the EM field.
For the scalar field, from Eqs. (22) and (26), we have

μSF ¼ 1

2
_̃ϕ
2 þ V þ 1

2
habϕ;aϕ;b;

pSF ¼ 1

2
_̃ϕ
2 − V −

1

6
habϕ;aϕ;b; qSFa ¼ − _̃ϕhbaϕ;b;

πSFab ¼ hcaϕ;chdbϕ;d −
1

3
habhcdϕ;cϕ;d; ð29Þ

using the generic four-vectorUa; thus, here μSF ¼ μSFðUÞ, etc.
The SF-comoving frame is defined as qSFa ≡ 0. In this
frame we have hbaϕ;b ¼ 0, thus

μSF ¼ 1

2
_̃ϕ
2þV; pSF¼ 1

2
_̃ϕ
2−V; πSFab ¼ 0; ð30Þ

and Eq. (19) simplifies to

−□ϕþ V;ϕ ¼ ˜ϕ̈þ θ _̃ϕþ V;ϕ ¼ gϕγf;ϕEaBa; ð31Þ

where the four-vector is defined as Ua
_̃ϕ≡ −ϕ;a or

_̃ϕhbaϕ;b ¼ 0 where Ua is the SF-comoving frame; for the
axion with time average involved, the latter case applies
and we have to use Eqs. (19) and (29) [13].
For the EM field, from Eqs. (23) and (26), we have

μEM ¼ 1

8π
ðE2 þ B2Þ ¼ 3pEM;

qEMa ¼ 1

4π
ηabcdEbBcUd;

πEMab ¼ −
1

4π

�
EaEb þ BaBb −

1

3
habðE2 þ B2Þ

�
; ð32Þ

using the general four-vectorUa; thus, here μSF ¼ μSFðUÞ, etc.
The EM field is often evaluated in the fluid-comoving frame
ua and the normal frame na. Later we will introduce
notations distinguishing the EM field in the two frames,
see Eq. (42).

D. Fluid conservation equations

For the fluid, the energy-momentum tensor and fluid
quantities are given in Eqs. (21) and (24). From Eq. (21) we
have

Tab
FL;bua ¼ −½ _̃μþ ðμþ pÞθ þ πabσab þ qa;a þ qaaa�; ð33Þ
Tcb
FL;bh

a
c ¼ ðμþ pÞaa þ hbaðp;b þ πcb;c þ _̃qbÞ

þ
�
ωab þ σab þ

4

3
θhab

�
qb: ð34Þ

As the contraction with ua indicates, here we are using the
fluid four-vector, and all the kinematic quantities θ, etc. and
the projection tensor is associated with ua. We can instead
contract Eq. (21) using the arbitrary frame four-vector Ua

and hðUÞ
ac ≡ gac þUaUc, and the results are a mixture of the

above two conservation equations; whenUa ¼ na, we have
the ADM energy and momentum conservation equations.
For the EM field, from Eq. (23), using Eq. (7), we have

Tab
EM;b ¼ −

1

c
FabJemb þgϕγFabF�

bcf
;c: ð35Þ

Thus, using Eqs. (2) and (8), we have

Tab
EM;bUa ¼

1

c
EajaþgϕγEaBa

_̃f;

Tcb
EM;bh

a
c ¼ −ϱemEa −

1

c
ηabcdjbBcUd

þgϕγEcBchabf;b: ð36Þ
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For the scalar field, from Eq. (22), using Eq. (18), we
have

Tab
SF;b ¼ ϕ;að□ϕ − V;ϕÞ ¼ −gϕγf;aEbBb: ð37Þ

Thus,

Tab
SF;bUa ¼ −gϕγEaBa

_̃f;

Tcb
SF;bh

a
c ¼ −gϕγEbBbhacf;c: ð38Þ

Combining the two field contributions, we have

ðTab
SF þ Tab

EMÞ;bUa ¼
1

c
Eaja; ð39Þ

ðTcb
SF þ Tcb

EMÞ;bhac ¼ −ϱemEa −
1

c
ηabcdjbBcUd; ð40Þ

where the gϕγ interaction terms have canceled. The col-
lective energy and momentum conservation equations are

ðTab
FL þ Tab

SF þ Tab
EMÞ;bUa ¼ 0;

ðTcb
FL þ Tab

SF þ Tcb
EMÞ;bhac ¼ 0: ð41Þ

In the following we indicate the electric and magnetic
fields in the fluid-comoving and normal frames, respec-
tively, as

ea ≡EðuÞ
a ; ba ≡BðuÞ

a ; Ea ≡EðnÞ
a ; Ba ≡BðnÞ

a ;

ϱem ≡ ϱðnÞem ; ja ≡ jðnÞa : ð42Þ

In the fluid-comoving (ua) frame, the fluid conservation
equations give

_̃μþ ðμþ pÞθ þ πabσab þ qa;a þ qaaa ¼
1

c
eajðuÞa

¼ 1

c
γEaja − ϱemEaua −

1

c
ηabcdjaubncBd; ð43Þ

ðμþpÞaaþhbaðp;bþπcb;cþ _̃qbÞþ
�
ωabþσabþ

4

3
θhab

�
qb

¼ ϱðuÞemeaþ
1

c
ηabcdjbðuÞb

cud

¼ ϱemðEaþuaEbubÞþ
1

c
ðna− γuaÞjbEb

þ1

c
ηabcd½jbðγBcþncBeueÞudþubncBdjeue�: ð44Þ

The gϕγ interaction term does not affect the fluid con-
servation equations. In the second steps we expressed the
EM contributions using the normal-frame quantities. The
relations follow from Eqs. (5) and (8) as

ea ¼ γEa þ naEbub − ηabcdubncBd;

ba ¼ γBa þ naBbub þ ηabcdubncEd;

ϱðuÞem ¼ γϱem −
1

c
jaua;

jðuÞa ¼ ja þ uajbub þ ϱemcðna − γuaÞ; ð45Þ

where we set ϱem ≡ ϱðnÞem and ja ≡ jðnÞa .
Mass conservation follows from Ja;a ¼ 0 with Ja ≡ ϱ̄ua,

thus

_̄̃ϱþ θϱ̄ ¼ 0: ð46Þ

We have

μ≡ ϱc2; ϱ≡ ϱ̄ð1þ Π=c2Þ; ð47Þ

where ϱ̄ is the mass density, and ϱ̄Π is the internal energy
density; Π ¼ ε in the Appendix.

III. ADM (3 + 1) FORMULATION

The ADM equations are derived in Appendix B. From
this section, we indicate the spacetime covariant quantities
by overtildes like ũa, Ẽa, etc.
The ADM metric and its inverse are [20,21]

g̃00 ≡ −N2 þ NiNi; g̃0i ≡ Ni; g̃ij ≡ hij;

g̃00 ¼ −N−2; g̃0i ¼ N−2Ni;

g̃ij ¼ hij − N−2NiNj; ð48Þ

where hij is an inverse of the three-space intrinsic metric hij

hikhjk ≡ δij; ð49Þ

and the index of Ni is raised and lowered by hij and its
inverse metric hij. Thus,

hij ¼ g̃ij; Ni ¼ g̃0i; N ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
−g̃00

q
: ð50Þ

We have

ffiffiffiffiffiffi
−g̃

p
¼ N

ffiffiffi
h

p
; g̃≡ detðg̃abÞ; h≡ detðhijÞ: ð51Þ

The connection and curvature in terms of the ADM metric
are presented in Appendix B. The ADM fluid quantities are

E≡ ñañbT̃ab; Ji ≡ −ñbT̃b
i ; Sij ≡ T̃ij;

S≡ hijSij; S̄ij ≡ Sij −
1

3
hijS; ð52Þ

where indices of Ji and Sij are raised and lowered by hij as
the metric and its inverse. The fundamental set of ADM
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equations for a general imperfect fluid are Eqs. (B15)–(B20).
In the multiple component fluids and fields, the fluid
quantities in these equations and above can be regarded
as the collective ones. In our three-component system we
have E ¼ EFL þ ESF þ EEM, etc., and all we additionally
need are conservation equations for the FL, the Maxwell
equations for the EM field, equation of motion for the SF,
and the collective fluid quantities all in the ADM notation.
We will derive these in this section.
For the normal four-vector ña, we have

ñi≡0; ñ0¼−N; ñi¼−
Ni

N
; ñ0¼ 1

N
: ð53Þ

For the fluid velocity vector we have a couple of alternative
expressions of often used in the literature. These are

Vi ≡ h̃ðnÞibũ
b

−ñcũc
¼ 1

N

�
ũi

ũ0
þ Ni

�
¼ 1

N
ðV̄i þ NiÞ;

V̄i ≡ ũi

ũ0
¼ dxi

dx0
¼ NVi − Ni; ð54Þ

where indices of Vi and V̄i are raised and lowered by hij
and its inverse; Vi is the fluid three-velocity measured by
the Eulerian observer with ña [22], and V̄i is the fluid
coordinate three-velocity [23,24]. We use Vi in this work,
and the relation to V̄i is simple as given above. Thus, our
fluid four-vector is

ũi ¼ γVi; ũ0 ¼ γðNiVi − NÞ;

ũi ≡ γ

�
Vi −

1

N
Ni

�
≡ γ

N
V̄i; ũ0 ¼ 1

N
γ; ð55Þ

with the Lorentz factor

γ ≡ −ñcũc ¼ Nũ0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − VkVk

p : ð56Þ

A. Maxwell equations

We introduce the EM field in the ADM notation. From
b̃aũa ≡ 0, using Eq. (55), we have

b̃i ≡ bi; b̃0 ¼ biðNi − NViÞ;

b̃i ¼ bi −
Ni

N
bjVj; b̃0 ¼ 1

N
biVi; ð57Þ

and similarly for ẽa and j̃ðuÞa with ẽi ≡ ei and j̃ðuÞi ≡ jðuÞi ;

indices of ei, bi, and jðuÞi are raised and lowered by hij and
its inverse. Similarly, from B̃aña ≡ 0, using Eq. (53), we
have

B̃i ≡Bi; B̃0 ¼ BiNi; B̃i ¼ Bi; B̃0 ¼ 0; ð58Þ

and similarly for Ẽa and j̃a with Ẽi ≡ Ei and j̃i ≡ ji;
indices of Ei, Bi, and ji are raised and lowered by hij and its
inverse. In the two frames we have

J̃a ¼ ϱemðuÞcũa þ j̃ðuÞa ¼ ϱemðnÞcña þ j̃ðnÞa ; ð59Þ

thus

ϱem ¼ γϱðuÞem þ 1

c
VijðuÞi ; ϱðuÞem ¼ γϱem − γ

1

c
Viji;

ji ¼ jðuÞi þ cϱðuÞemγVi;

jðuÞi ¼ ji þ γ2ViVjjj − cϱemγ2Vi; ð60Þ

where we set ϱem ≡ ϱðnÞem and ji ≡ jðnÞi .
Now, we derive relations of the EM field between the

normal and comoving frames. From b̃a ≡ F̃�
abũ

b and
ẽa ≡ F̃abũb, evaluating the EM tensor in the normal frame,
and using Eqs. (2), (4), (55), and (B6), we have

bi ¼ γðBi − η̄ijkVjEkÞ; ei ¼ γðEi þ η̄ijkVjBkÞ: ð61Þ

Similarly, from B̃a ≡ F̃�
abñ

b and Ẽa ≡ F̃abñb, evaluating
the EM tensor in the fluid frame, and using Eqs. (2), (4),
(53), and (B6), we have

Bi ¼ γðbi − ViVjbj þ η̄ijkVjekÞ;
Ei ¼ γðei − ViVjej − η̄ijkVjbkÞ: ð62Þ

The EM tensor becomes

F̃ij ¼ η̄ijkBk; F̃0i ¼ −NEi − ðN × BÞi; F̃ij ¼ −
Ni

N
Ej þ Nj

N
Ei þ η̄ijkBk; F̃0i ¼ 1

N
Ei;

F̃i
j ¼ −

Ni

N
Ej þ η̄ijkB

k; F̃i
0 ¼ −

Ni

N
EjNj þ NEi þ η̄ijkNjBk; F̃0

i ¼
1

N
Ei; F̃0

0 ¼
1

N
EiNi; ð63Þ

where the vector product is associated with η̄ijk and hij; bold face letters indicate the three-space vectors, N ¼ Ni and
B ¼ Bi, etc., with the location of the index depending on the context. In a matrix form, we have
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F̃ab ¼

0
BBBBB@

0 −NEx − ðN ×BÞx −NEy − ðN ×BÞy −NEz − ðN ×BÞz
NEx þ ðN ×BÞx 0 η̄xyzBz −η̄xyzBy

NEy þ ðN ×BÞy −η̄xyzBz 0 η̄xyzBx

NEz þ ðN ×BÞz η̄xyzBy −η̄xyzBx 0

1
CCCCCA: ð64Þ

In the normal frame, the Maxwell equations in
Eqs. (10)–(13), using Eqs. (53) and (B8), become

Ei
∶i ¼ 4πðϱem−gϕγBif;iÞ; ð65Þ

Ei
;0 ¼ NKEi þ Ei

∶jNj − EjNi
∶j þ η̄ijkðNBkÞ∶j

−
4π

c
N

�
jiþcgϕγðBi _̂f − η̄ijkEjf;kÞ

�
; ð66Þ

Bi
∶i ¼ 0; ð67Þ

Bi
;0 ¼ NKBi þ Bi

∶jNj − BjNi
∶j − η̄ijkðNEkÞ∶j; ð68Þ

where

_̂ϕ≡ ϕ;aña ¼
1

N
ð∂0 − Ni∇iÞϕ: ð69Þ

The colon and ∇i indicate the covariant derivative asso-
ciated with the intrinsic metric hij.
In the vector notation, using Eq. (B3), we have

∇ ·E ¼ 4πðϱem−gϕγB ·∇fÞ; ð70Þ
1ffiffiffi
h

p ð
ffiffiffi
h

p
EÞ;0 ¼ −∇ × ðN ×EÞ þ N∇ ·Eþ∇ × ðNBÞ

−
4π

c
N

�
jþcgϕγ

�
B _̂f −E ×∇f

��
; ð71Þ

∇ · B ¼ 0; ð72Þ

1ffiffiffi
h

p ð
ffiffiffi
h

p
BÞ;0 ¼ −∇ × ðN ×BÞ −∇ × ðNEÞ; ð73Þ

where the curl and divergence operators are associated with
η̄ijk and hij.

B. Equation of motion

From Eq. (18), we have

−□ϕþ V;ϕ ¼ ˆϕ̈ − K _̂ϕ −
1

N
ðNϕ∶iÞ∶i þ V;ϕ ¼ gϕγf;ϕEiBi:

ð74Þ

C. Fluid quantities

The FL parts of ADM fluid quantities can be derived
from Eqs. (52), using the following ADM notation for the
fluid part. The fluid quantities based on the fluid four-
vector ũa are introduced as

μ̃ ¼ μ; p̃ ¼ p; q̃i ≡Qi; π̃ij ≡ Πij; ð75Þ

where indices of Qi and Πij are raised and lowered using
hij and its inverse. The ADM fluid quantities can be
expressed in terms of the fluid quantities in the comoving
frame, using Eq. (55), as

EFL ¼ μþ ðμþ pÞðγ2 − 1Þ þ 2γViQi þ ViVjΠij;

SFL ¼ 3pþ ðμþ pÞðγ2 − 1Þ þ 2γViQi þ ViVjΠij;

JFLi ¼ ðμþ pÞγ2Vi þ γðQi þ ViVjQjÞ þ VjΠij;

SFLij ¼ ðμþ pÞγ2ViVj þ phij þ Πij þ γðQiVj þQjViÞ;

S̄FLij ¼ Πij −
1

3
hijΠk

k þ ðμþ pÞ
�
γ2ViVj −

1

3
hijðγ2 − 1Þ

�
þ γ

�
QiVj þQjVi −

2

3
hijQkVk

�
; ð76Þ

where Πi
i ¼ ViVjΠij. The ADM fluid quantities, being defined as in Eq. (52), are frame independent. For a single

component fluid, by following the fluid, we may set Qi ≡ 0.
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The SF parts of ADM fluid quantities can be derived from Eqs. (52) and (22)

ESF ¼ 1

2
_̂ϕ
2 þ V þ 1

2
ϕ∶kϕ;k; JSFi ¼ −ϕ;i

_̂ϕ; SSFij ¼ ϕ;iϕ;j þ
�
1

2
_̂ϕ
2
− V −

1

2
ϕ∶kϕ;k

�
hij;

SSF ¼ 3

�
1

2
_̂ϕ
2
− V −

1

6
ϕ∶kϕ;k

�
; S̄SFij ¼ ϕ;iϕ;j −

1

3
ϕ∶kϕ;khij: ð77Þ

The EM parts of ADM fluid quantities can be derived from Eqs. (52) and (28) in the normal frame

EEM ¼ 1

8π
ðE2 þ B2Þ; JEMi ¼ 1

4π
ðE × BÞi; SEMij ¼ −

1

4π

�
EiEj þ BiBj −

1

2
hijðE2 þ B2Þ

�
;

SEM ¼ 1

8π
ðE2 þ B2Þ; S̄EMij ¼ −

1

4π

�
EiEj þ BiBj −

1

3
hijðE2 þ B2Þ

�
: ð78Þ

For the EM parts of the fluid quantities in the fluid frame, thus evaluating Eq. (32) in the ua frame, and using Eq. (61),
we have

μEM ¼ 3pEM ¼ γ2

8π

��
2 −

1

γ2

�
ðE2 þ B2Þ þ 4η̄ijkEiVjBk − 2ðEiViÞ2 − 2ðBiViÞ2

�
;

QEM
i ¼ 1

4π
fη̄ijkEjBk þ EiEjVj þ BiBjVj − γ2ðE2 þ B2ÞVi − 2γ2Viη̄jklEjVkBl þ γ2Vi½ðEjVjÞ2 þ ðBjVjÞ2�g;

ΠEM
ij ¼ −

1

4π

	
EiEj þ BiBj þ ðEiη̄jkl þ Ejη̄iklÞVkBl − ðBiη̄jkl þ Bjη̄iklÞVkEl þ η̄iklη̄jmnVkVmðElEn þ BlBnÞ

−
1

3
γ2ðhij þ γ2ViVjÞ

��
2 −

1

γ2

�
ðE2 þ B2Þ þ 4η̄klmEkVlBm − 2ðEkVkÞ2 − 2ðBkVkÞ2

�

: ð79Þ

Evaluating these in the normal frame, we have

μEMðnÞ ¼ EEM ¼ SEM ¼ 3pEMðnÞ;

QEMðnÞ
i ¼ JEMi ; ΠEMðnÞ

ij ¼ S̄EMij : ð80Þ

D. Fluid conservation equations

In the presence of three components, the conservation
equations in Eqs. (B19) and (B20) are valid for collective
fluid quantities, like E ¼ EFL þ EEM þ ESF, etc. These are
also consistent with the Maxwell equation and equation of
motion for the EM field and the SF. Using the ADM fluid
quantities for the two fields in Eqs. (78) and (77), we can
show, for the EM part

EEM
;0 N−1 þ… ¼ −

1

c
Eiji−gϕγEiBi

_̂f;

JEMi;0 N
−1 þ… ¼ −ϱemEi −

1

c
η̄ijkjjBkþgϕγEjBjf;i; ð81Þ

where we used the Maxwell equations in Eqs. (65)–(68);
ellipses (…) indicate that the left-hand side is the same as
the original ADM conservation equations in Eqs. (B19) and
(B20) with the fluid quantities replaced for the individual
component, here the EM part. For the SF part, we have

ESF
;0 N

−1þ…¼ gϕγEiBi
_̂f; JSFi;0N

−1þ…¼−gϕγEjBjf;i;

ð82Þ

where we used the equation of motion in Eq. (74) in the first
relation. Thus, we have

ðEEM þ ESFÞ;0N−1 þ… ¼ −
1

c
Eiji;

ðJEMi þ JSFi Þ;0N−1 þ… ¼ −ϱemEi −
1

c
η̄ijkjjBk; ð83Þ

where the gϕγ interaction terms have canceled. Therefore,
the fluid parts of the ADM conservation equations, with
E ¼ EFL, etc., give

E;0N−1 −E;iNiN−1 −K

�
Eþ 1

3
S

�
− S̄ijK̄ij þN−2ðN2JiÞ∶i

¼ 1

c
Eiji; ð84Þ

Ji;0N−1 − Ji∶jNjN−1 − JjN
j
∶iN

−1 − KJi þ EN;iN−1

þ Sji∶j þ SjiN;jN−1 ¼ ϱemEi þ
1

c
η̄ijkjjBk; ð85Þ
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with no gϕγ interaction terms appearing in the conservation
equations for the fluid; in these two equations E ¼ EFL, etc.
These can be written in conservative forms as

ð
ffiffiffi
h

p
EÞ;0 þ ½

ffiffiffi
h

p
ðNJi − NiEÞ�;i

¼
ffiffiffi
h

p
ðNSijKij − N;iJiÞþ

1

c

ffiffiffi
h

p
NEiji; ð86Þ

ð
ffiffiffi
h

p
JiÞ;0 þ ½

ffiffiffi
h

p
ðNSji − NjJiÞ�;j

¼
ffiffiffi
h

p �
1

2
NSjkhjk;i þ JjN

j
;i − EN;i

�

þ
ffiffiffi
h

p
N

�
ϱemEi þ

1

c
η̄ijkjjBk

�
: ð87Þ

The continuity equation, ðϱ̄ũcÞ;c ≡ 0, gives

ð
ffiffiffi
h

p
DÞ;0 þ

� ffiffiffi
h

p
DðNVi − NiÞ

�
;i
¼ 0; ð88Þ

where we define

D≡ γϱ̄; μ≡ ϱc2; ϱ≡ ϱ̄

�
1þ Π

c2

�
: ð89Þ

Using

E ≡ E −Dc2; ð90Þ

the energy conservation equation can be written as

ð
ffiffiffi
h

p
EÞ;0 þ

h ffiffiffi
h

p
ðNJi −Dc2NVi − NiEÞ

i
;i

¼
ffiffiffi
h

p
ðNSijKij − N;iJiÞþ

1

c

ffiffiffi
h

p
NEiji; ð91Þ

where E ¼ EFL, etc.; the same equations without the EM
parts are valid for E ¼ Etot, etc.

IV. FNLE FORMULATION

The FNLE equations are derived in Appendix C. From
this section, we indicate the ADM fluid quantities of the FL
and EM field by overlines like Q̄i, Π̄ij, Ēi, B̄i, j̄i, etc., and
indicate the covariant quantities by overtildes like ũa, Ẽa,
etc. Different notations are inevitable as, for example, even
for the magnetic field Bi, we have B̃i, B̄i, and a plain Bi.
The first one indicates the i component of a spacetime
covariant four-vector B̃a, the index of the second one is
associated with the intrinsic metric, hij, and the index of
the final one is raised and lowered by δij and its inverse; the
latter two do not have the temporal index. To minimize the
notational complication, we omitted the overtildes in Sec. II
and Appendix A and overlines in Sec. III and Appendix B.

The FNLE metric is [25]

g̃00 ¼ −a2ð1þ 2αÞ; g̃0i ¼ −aχi;

g̃ij ¼ a2ð1þ 2φÞδij: ð92Þ

The index 0 indicates the conformal time η with adη≡ cdt
and the spatial index of χi is raised and lowered by δij and
its inverse δij. In the FNLE formulation, we introduced the
metric (of vector- and tensor-type perturbations) and fluid
variables (like velocity and stress) with spatial indices
associated with the comoving part of three-space metric of
the Friedmann background [26,27]; for a flat Friedmann
background, the three-space metric becomes δij. This is a
basic assumption used for the formulation. The FNLE
equations are exact but not covariant. Here we consider a
flat Friedmann background.
In our metric convention we have only five degrees of

freedom; we ignored the transverse-tracefree tensor-type
perturbation (losing two physical degrees of freedom), and
imposed a spatial gauge condition (three gauge degrees of
freedom) without losing any generality or convenience;
these make the spatial part of the metric tensor simple as
above. We still have not imposed the temporal gauge
condition. After imposing the temporal gauge condition,
we have four physical degrees of freedom, two for scalar-
type perturbation and two for vector-type perturbation; we
may decompose the vector variables into the longitudinal
and transverse parts as χi ≡ χ;i þ χðvÞi and vi ≡ −v;i þ vðvÞi

with χðvÞi;i ≡ 0 and vðvÞi;i ≡ 0 where vi is defined in
Eq. (94); such a decomposition is possible even to fully
nonlinear order while couplings occur in equations from
the nonlinear order. Extension of the formulation including
the tensor mode and without imposing the spatial gauge
condition is presented in [28].
As the temporal gauge condition we can impose α≡ 0

(synchronous gauge), φ≡ 0 (uniform-curvature gauge),
χ ≡ 0 (zero-shear gauge), κ ≡ 0 (uniform-expansion
gauge) with κ defined in Eq. (C6), v≡ 0 (comoving
gauge). Except for synchronous gauge, where we have
remnant gauge mode even after imposing the condition, the
other fundamental gauge conditions, together with the
spatial gauge condition we already imposed, completely
fix (temporal and spatial) gauge degrees of freedom. The
remaining variables after imposing such gauge conditions
are free from the gauge degrees of freedom and have unique
gauge invariant combination. Thus, the variables can be
regarded as equivalently gauge invariant [29]. These com-
ments on the gauge issue apply to fully nonlinear orders in
perturbation [25,30].
The fundamental set of FNLE equations for a general

imperfect fluid are Eqs. (C8)–(C17). In the multiple
component fluids and fields, the fluid quantities in these
equations can be regarded as the collective ones, like
E ¼ EFL þ EEM þ ESF, etc., and all we additionally need
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are conservation equations for the FL, the Maxwell
equations for the EM field, equation of motion for the
SF, and the collective fluid quantities all in the FNLE
notation. We will derive these in this section.
The normal four-vector is

ñi ≡ 0; ñ0 ¼ −aN ;

ñi ¼ χi

a2N ð1þ 2φÞ ; ñ0 ¼ 1

aN
; ð93Þ

where N is defined in Eq. (C2). The fluid four-vector is

ũi ≡ aγ
vi
c
; ũ0 ¼ −γ

�
aN þ χi

1þ 2φ

vi
c

�
;

ũi ¼ γ

að1þ 2φÞ
�
vi

c
þ χi

aN

�
; ũ0 ¼ 1

aN
γ; ð94Þ

with the Lorentz factor

γ ≡ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1

1þ2φ
v2

c2

q ; ð95Þ

where v2 ≡ vkvk. Compared with the ADM fluid velocities
in Eqs. (54) we have

Vi ≡ a
vi
c
; V̄i ≡ a2N

v̄i
c
; v̄i ¼ vi þ cχi

aN
; ð96Þ

where indices of vi and v̄i are raised and lowered by δij and
its inverse; v̄i is used in the post-Newtonian study of [31].

A. Maxwell equations

We introduce the EM field in the FNLE notation. From
b̃aũa ¼ 0, we have

b̃i ≡ abi; b̃0 ¼ −
aN

1þ 2φ

�
vi

c
þ χi

aN

�
bi;

b̃i ¼ 1

að1þ 2φÞ
�
bi þ χi

aN ð1þ 2φÞ
vj

c
bj

�
;

b̃0 ¼ 1

aN ð1þ 2φÞ
vi

c
bi; ð97Þ

and similarly for ẽa and j̃
ðuÞ
a with ẽi ≡ aei and j̃

ðuÞ
i ≡ ajðuÞi .

Indices ofbi, ei, and j
ðuÞ
i are raised and lowered by themetric

δij and its inverse δij. Similarly, from B̃aña ¼ 0, we have

B̃i ≡ aBi; B̃0 ¼ −
χi

1þ 2φ
Bi;

B̃i ¼ 1

að1þ 2φÞB
i; B̃0 ¼ 0; ð98Þ

and similarly for Ẽa and j̃
ðnÞ
i with Ẽi ≡ aEi and j̃

ðnÞ
i ≡ ajðnÞi .

Indices of Bi, Ei, and jðnÞi are raised and lowered

by the metric δij and its inverse δij. In the two frames
we have

J̃a ¼ ϱemðuÞcũa þ j̃ðuÞa ¼ ϱemðnÞcña þ j̃ðnÞa ; ð99Þ

thus

ϱem ¼ γϱðuÞem þ 1

1þ 2φ

1

c
vi

c
jðuÞi ;

ϱðuÞem ¼ γϱem −
γ

1þ 2φ

1

c
vi

c
ji; ji ¼ jðuÞi þ ϱðuÞemγvi;

jðuÞi ¼ ji þ
γ2

1þ 2φ

vivj
c2

jj − γ2ϱemvi; ð100Þ

where we set ϱem ≡ ϱðnÞem and ji ≡ jðnÞi .
Compared with the ADM notation, we have

B̄i ≡ aBi; B̄i ¼ Bi

að1þ 2φÞ ; ð101Þ

and similarly for Ēi, j̄i, b̄i, etc. We have

B̃2 ¼ B̄2 ¼ B2

1þ 2φ
; ð102Þ

where B̃2 ≡ B̃cB̃c, B̄2 ≡ B̄iB̄i, and B2 ≡ BiBi.
We derive relations of EM field between the two frames.

From b̃a ≡ F̃�
abũ

b and ẽa ≡ F̃abũb, and evaluating the EM
tensor in the normal frame, we have

bi ¼ γ

�
Bi −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p ηijk
vj

c
Ek

�
;

ei ¼ γ

�
Ei þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p ηijk
vj

c
Bk

�
; ð103Þ

and from B̃a ≡ F̃�
abñ

b and Ẽa ≡ F̃abñb, and evaluating the
EM tensor in the fluid frame, we have

Bi ¼ γ

�
bi −

1

1þ 2φ

vivj
c2

bj þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p ηijk
vj

c
ek
�
;

Ei ¼ γ

�
ei −

1

1þ 2φ

vivj
c2

ej −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p ηijk

vj

c
bk
�
: ð104Þ

These also follow from Eqs. (61) and (62), using Eqs. (96),
(C7), and (101).
In the FNLE formulation the Maxwell equations in

Eqs. (65)–(68) become

1

að1þ 2φÞ3=2
� ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p

Ei
�
;i
¼ 4π

�
ϱem− gϕγ

Bi∇if
að1þ 2φÞ

�
;

ð105Þ
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a
c
∂

∂t

�
Ei

að1þ 2φÞ
�
¼ −

N
1þ 2φ

3H − κ

c
Ei þ

1

a2ð1þ 2φÞ
�
−
�

Ei

1þ 2φ

�
;j
χj þ

�
χi

1þ 2φ

�
;j
Ej

�
þ 1

að1þ 2φÞ3=2 ηijk∇
jðNBkÞ

−
4π

c
N

1þ 2φ

	
ji þ gϕγ

�
1

N
Bi

�
_fþ cχj∇jf

a2ð1þ 2φÞ
�
−
cηijkEj∇kf

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�


; ð106Þ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p

Bi
�
;i
¼ 0; ð107Þ

a
c
∂

∂t

�
Bi

að1þ 2φÞ
�
¼ −

N
1þ 2φ

3H − κ

c
Bi þ

1

a2ð1þ 2φÞ
�
−
�

Bi

1þ 2φ

�
;j
χj þ

�
χi

1þ 2φ

�
;j
Bj

�
−

1

að1þ 2φÞ3=2 ηijk∇
jðNEkÞ:

ð108Þ

Using Eq. (C8), Eqs. (106) and (108) simplify, and in the vector notation we have

∇ · ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
EÞ

að1þ 2φÞ3=2 ¼ 4π

�
ϱem − gϕγ

B ·∇f
að1þ 2φÞ

�
; ð109Þ

1

c
∂

∂t

�
a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
E
�
¼ ∇ ×

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p χ⃗ × E

�
þ a∇ × ðNBÞ − χ⃗

∇ · ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
EÞ

1þ 2φ

−
4π

c
a2N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p 	
jþ gϕγ

�
1

N
B

�
_f þ cχ⃗ ·∇f

a2ð1þ 2φÞ
�
−

cE ×∇f
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�


; ð110Þ

∇ ·
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p

B
�
¼ 0; ð111Þ

1

c
∂

∂t
ða2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
BÞ ¼ ∇ ×

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p χ⃗ ×B

�
− a∇ × ðNEÞ: ð112Þ

The gϕγ coupling causes extra charge density and current densities [19].
Equation (111) shows divergence of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
B vanishes instead of ∇ · B. This is partly because of our somewhat

arbitrary definition of Bi in Eq. (98) which leads to relations in Eq. (102). The other factor is caused because we are using
the divergence operator of flat space while we are in a curved space.

B. Equation of motion

From Eq. (74) we have

−□ϕþ V;ϕ ¼ ˆϕ̈þ 1

c
ð3H − κÞ _̂ϕ −

ðN ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
ϕ;iÞ;i

a2N ð1þ 2φÞ3=2 þ V;ϕ ¼ gϕγf;ϕ
EiBi

1þ 2φ
; ð113Þ

where

_̂ϕ≡ ϕ;aña ¼
1

N

�
1

c
∂

∂t
þ χi

að1þ 2φÞ∇i

�
ϕ: ð114Þ

Thus

ϕ̈þ
�
3HN −N κ −

_N
N

−
cχiN ;i

a2N ð1þ 2φÞ
�
_ϕþ 2cχi

a2ð1þ 2φÞ
_ϕ;i −

c2

a2ð1þ 2φÞ
�
N 2δij −

χiχj

a2ð1þ 2φÞ
�
ϕ;ij

þ
�
−

N 2c2

a2ð1þ 2φÞ
�
N ;i

N
þ φ;i

1þ 2φ

�
þ
�
3HN −N κ −

_N
N

−
cχkN ;k

a2N c2ð1þ 2φÞ
�

cχi

a2ð1þ 2φÞ

þ
�

cχi

a2ð1þ 2φÞ
�

·

þ cχk

a4ð1þ 2φÞ
�

cχi

1þ 2φ

�
;k

�
ϕ;i þ c2N 2V;ϕ ¼ N 2c2gϕγf;ϕ

EiBi

1þ 2φ
: ð115Þ
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Ignoring the metric perturbations, thus in the Friedmann background, we have

ϕ̈þ 3H _ϕ − c2
Δ
a2

ϕþ c2V;ϕ ¼ c2gϕγf;ϕE ·B; ð116Þ

where FabF̃ab ¼ −4E ·B is related to the time derivative of the magnetic helicity,
R
V A · Bd3x with B≡∇ ×A [32].

C. Fluid quantities

The fluid quantities in the FNLE formulation, E, S, mi and mij, are defined using the ADM fluid quantities in Eq. (C1).
For the fluid part, from Eq. (76), we have

EFL ¼ μþ ðμþ pÞðγ2 − 1Þ þ 2γ

1þ 2φ

vi

c
Qi

c
þ 1

ð1þ 2φÞ2Πij
vivj

c2
;

SFL ¼ 3pþ ðμþ pÞðγ2 − 1Þ þ 2γ

1þ 2φ

vi

c
Qi

c
þ 1

ð1þ 2φÞ2Πij
vivj

c2
;

JFLi ¼ a

�
ðμþ pÞγ2 vi

c
þ γ

�
δji þ

1

1þ 2φ

vjvi
c2

�
Qj

c
þ 1

1þ 2φ
Πj

i

vj
c

�
≡ acmFL

i ;

SFLij ¼ a2
�
ð1þ 2φÞpδij þ ðμþ pÞγ2 vivj

c2
þ γ

c2
ðQivj þQjviÞ þ Πij

�
≡ a2ð1þ 2φÞmFL

ij ; ð117Þ

where we introduced

Q̄i ≡ a
Qi

c
; Q̄i ¼ Qi

acð1þ 2φÞ ; Π̄ij ≡ a2Πij; Π̄i
j ¼

Πi
j

1þ 2φ
; Π̄ij ¼ Πij

a2ð1þ 2φÞ2 ; ð118Þ

with the indices of Qi and Πij raised and lowered by δij and its inverse; μ, p, Qi, and Πij are fluid quantities in the fluid-
frame ũa. We have

Πk
k ¼

1

1þ 2φ
Πij

vivj

c2
; ð119Þ

and m̄FL
ij ≡mFL

ij − 1
3
δijmFLk

k with mFLk
k ¼ SFL.

For the SF part, from Eq. (77), we have

ESF ¼ 1

2

�
1

N c
_ϕþ χiϕ;i

a2N ð1þ 2φÞ
�

2

þ V þ 1

2

ϕ;iϕ;i

a2ð1þ 2φÞ ;

SSF ¼ 3

2

�
1

N c
_ϕþ χiϕ;i

a2N ð1þ 2φÞ
�

2

− 3V −
1

2

ϕ;iϕ;i

a2ð1þ 2φÞ ;

JSFi ¼ −ϕ;i

�
1

N c
_ϕþ χjϕ;j

a2N ð1þ 2φÞ
�
≡ acmSF

i ;

SSFij ¼ ϕ;iϕ;j þ
�
1

2

�
1

N c
_ϕþ χkϕ;k

a2N ð1þ 2φÞ
�

2

− V −
1

2

ϕ;kϕ;k

a2ð1þ 2φÞ
�
a2ð1þ 2φÞδij ≡ a2ð1þ 2φÞmSF

ij ;

S̄EMij ¼ ϕ;iϕ;j −
1

3
ϕ;kϕ;kδij ≡ a2ð1þ 2φÞm̄SF

ij : ð120Þ
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For the EM part, from Eq. (78), we have

EEM ¼ SEM ¼ 1

8π

1

1þ 2φ
ðE2 þ B2Þ; JEMi ¼ 1

4π

affiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p ηijkEjBk ≡ acmEM
i ;

SEMij ¼ −
1

4π
a2
�
EiEj þ BiBj −

1

2
δijðE2 þ B2Þ

�
≡ a2ð1þ 2φÞmEM

ij ;

S̄EMij ¼ −
1

4π
a2
�
EiEj þ BiBj −

1

3
δijðE2 þ B2Þ

�
≡ a2ð1þ 2φÞm̄EM

ij : ð121Þ

We can derive covariant fluid quantities of the EM field. From Eq. (32) evaluated in the fluid frame, and transforming to the
fields variables to the normal-frame ones using Eq. (103), we have

μEM ¼ 3pEM

¼ 1

8π

γ2

1þ 2φ

	�
2 −

1

γ2

�
ðE2 þ B2Þ þ 4ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p ηijkEi v

j

c
Bk −

2

1þ 2φ

��
vi

c
Ei

�
2

þ
�
vi

c
Bi

�
2
�


;

1

c
QEM

i ¼ 1

4π

γffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
	
ηijkEjBk þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p

�
Ei

vj

c
Ej þ Bi

vj

c
Bj − γ2

vi
c
ðE2 þ B2Þ

�

−
2γ2

1þ 2φ

vi
c
ηjklEj v

k

c
Bl þ γ2

ð1þ 2φÞ3=2
vi
c

��
vj

c
Ej

�
2

þ
�
vj

c
Bj

�
2
�


;

ΠEM
ij ¼ −

γ2

4π

	
EiEj þ BiBj þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p ðEiηjkl þ EjηiklÞ
vk

c
Bl −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p ðBiηjkl þ BjηiklÞ
vk

c
El

þ 1

1þ 2φ
ηiklηjmn

vkvm

c2
ðElEn þ BlBnÞ − 1

3

�
δij þ

γ2

1þ 2φ

vivj
c2

�

×

	�
2 −

1

γ2

�
ðE2 þ B2Þ þ 4ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p ηklmEk v

l

c
Bm −

2

1þ 2φ

��
vk

c
Ek

�
2

þ
�
vk

c
Bk

�
2
�



: ð122Þ

Einstein equation parts of the FNLE equations are presented in Eqs. (C8)–(C12) where we have E ¼ EFL þ ESF þ EEM

and similarly for S, mi, mij, and m̄ij.

D. Fluid conservation equations

The fluid parts of the ADM conservation equations in conservative forms, Eqs. (86) and (87), give

1

a3
½a3ð1þ 2φÞ3=2E�· þ 1

a

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p �
N c2mi þ c

a
χiE

��
;i
¼ −

1

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
N ;ic2mi

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
mij

��
_a
a
þ _φþ 2

_a
a
φ

�
δij þ

c
a2

χi;j −
c

a2ð1þ 2φÞ ð2χiφ;j − δijχ
kφ;kÞ

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
NE · j; ð123Þ

1

a4
½a4ð1þ 2φÞ3=2mi�· þ

1

a

�
ð1þ 2φÞ3=2

�
Nmj

i þ
cχjmi

að1þ 2φÞ
��

;j

¼ 1

a
ð1þ 2φÞ3=2

�
Nφ;i

1þ 2φ
S −N ;iE −

c
a

�
χj

1þ 2φ

�
;i
mj

�
þð1þ 2φÞ3=2N

�
ϱemEi þ

ðj ×BÞi
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
: ð124Þ

The mass conservation in Eq. (88) gives

1

a3

�
a3ð1þ 2φÞ3=2D

�
·
þ 1

a

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p �
N vi þ c

a
χi
�
D

�
;i
¼ 0; ð125Þ

where D≡ ϱ̄γ. In another conservative form, using E ≡ E −Dc2, we have
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1

a3
½a3ð1þ 2φÞ3=2E�· þ 1

a

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p �
N c2ðmi −DviÞ þ c

a
χiE

�

;i
¼ −

c2

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
N ;imi

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p �
ðH þ _φþ 2HφÞS −

c
a2

χiφ;i

1þ 2φ
Sþ c

a2
mij

�
χi;j −

2χiφ;j

1þ 2φ

��
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
NEiji: ð126Þ

In Eqs. (123)–(126) we have E ¼ EFL, etc.; the same equations without the EM parts are valid for E ¼ Etot, etc.
The covariant equations (43) and (44) lead to another form of conservation equations. Ignoring qa and πab, for simplicity,

we have

_μþ 1

að1þ 2φÞ
�
N vi þ c

a
χi
�
μ;i

þ ðμþ pÞ
�
N
γ
ð3H − κÞ þ _γ

γ
þN
γa

�
γvi

1þ 2φ

�
;i
þ cχiγ;i
a2ð1þ 2φÞγ þ

N
að1þ 2φÞ

�
N ;i

N
þ 3φ;i

1þ 2φ

�
vi
�

¼ N
γ
ẽaj̃ðuÞa ¼ N

ð1þ 2φÞγ e
i

�
jðuÞi −

vivj

c2ð1þ 2φÞ j
ðuÞ
j

�
¼ N

1þ 2φ

�
Ei þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p ηijk

vj
c
Bk

�
ðji − ϱemviÞ; ð127Þ

μþ p
c2

�
1

aγ
ðaγviÞ· þ

c2

a
N ;i þ

c
a2

�
χj

1þ 2φ

�
;i
vj þ

ðγviÞ;j
að1þ 2φÞγ

�
N vj þ c

a
χj
�
þ N
aγ2

p;i

þ 1

c2
_pvi þ

vip;j

að1þ 2φÞc2
�
N vj þ c

a
χj
��

¼ N
aγ2

�
ϱðuÞem ẽi þ

1

c
η̃ibcdj̃bðuÞb̃

cũd
�

¼ N
γ2

�
ϱðuÞemei þ

1

cγ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
ηijk þ

γ2

1þ 2φ

vivl

c2
ηjkl

�
jjðuÞb

k

�

¼ N
γ2

�
ϱemEi −

γ2vi
ð1þ 2φÞc2 Ejðjj − ϱemvjÞ þ

1

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
ηijk þ

γ2

1þ 2φ

vivl

c2
ηjkl

�
jjBk

�
: ð128Þ

In the Friedmann background, thus ignoring metric
perturbations, we have

1

a3
ða3EÞ· þ _a

a
Sþ c2

a
mi

;i ¼ E · j; ð129Þ

1

a4
ða4miÞ· þ

1

a
mj

i;j ¼
�
ϱemEi þ

1

ac
ðj × BÞi

�
; ð130Þ

1

a3
ða3DÞ· þ 1

a
ðDviÞ;i ¼ 0; ð131Þ

1

a3
ða3EÞ· þ _a

a
Sþ c2

a
ðmi −DviÞ;i ¼ E · j; ð132Þ

where E ¼ EFL, etc.; the same equations without the EM
parts are valid for E ¼ Etot, etc. The above equations are
valid for general fluid with Qi and Πij.
We have not imposed temporal gauge condition, and the

available gauge conditions are summarized below Eq. (92).

V. WEAK-GRAVITY APPROXIMATION

We can formulate the weak-gravity approximation by
taking the weak gravity limit in the FNLE formulation. For
this purpose it is important to take a suitable temporal

gauge condition. The weak-gravity formulation was
derived in [33,34] for a single fluid and ordinary MHD
in a nonexpanding medium. Here we extend to the
expanding background with the SF and EM field.
We set

α≡ Φ
c2

; φ≡ −
Ψ
c2

; χi ≡ a
Pi

c3
: ð133Þ

The weak gravity approximation is a limit with four
conditions,

Φ
c2

≪ 1; −
Ψ
c2

≪ 1;

γ2
t2l
t2g

≪ 1;
Gϱa2

c2Δ
∼
a2H2

c2Δ
∼

l2

l2
H
≪ 1; ð134Þ

where the third one is the action-at-a-distance condition;
tl ≡ l=c with l a characteristic scale, and tg ≡ 1=

ffiffiffiffiffiffiffi
Gϱ

p
the

gravitational timescale. The fourth condition is the sub-
horizon limit with lH ≡ ctH, tH ≡ 1=H and H ≡ _a=a the
Hubble-Lemaître paramater.
A consistent weak gravity formulation, with the matter

and field parts kept fully relativistic and nonlinear, is
possible in uniform-expansion gauge condition setting
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κ ≡ 0; κ is defined in Eq. (C8), and in nonexpanding
background it is the same as the maximal slicing setting the
trace of extrinsic curvature equal to zero as the hypersurface
condition. An alternative temporal gauge condition avail-
able is zero-shear gauge setting the longitudinal part of χi
equal to zero, but this leads to an inconsistency with the
exact result known in spherical geometry [35,36], by
missing a pressure term in Poisson’s equation [33]. For
a consistent weak-gravity formulation with fully relativistic
matter and field, it is essential to keep the χi term properly.
Using the weak gravity condition and imposing uniform-

expansion gauge, Eq. (C10) gives

1

a2

�
1

2
Δχi þ

1

6
χk;ki

�
¼ −

8πG
c3

ami; ð135Þ

where mi can be read from Eqs. (117), (120), and (121).
Decomposing χi into the longitudinal and transverse parts,
we have

1

a
χ ¼ −

12πG
c3

a2Δ−2mi
;i; ð136Þ

1

a
χðvÞi ¼ −

16πG
c3

a2Δ−1ðmi −∇iΔ−1mj
;jÞ: ð137Þ

Assumingmi ∼ ϱγ2vi, i.e., assuming the other contributions
from FL, SF, and EM fields are smaller than or comparable

to this term, considering the action-at-a-distance condition,
we have

1

a
χ;i;

1

a
χðvÞi ≪

vi
c
: ð138Þ

Fluid conservation equations in Eqs. (123)–(126) become

_Eþ _a
a
ð3Eþ SÞ þ c2

a
mi

;i ¼ −
1

a
ð2Φ −ΨÞ;imi þ E · j;

ð139Þ

1

a4
ða4miÞ_þ

1

a
mj

i;j ¼ −
1

ac2
ðΦ;iEþ Ψ;iSÞ

þϱemEi þ
1

c
ðj ×BÞi; ð140Þ

1

a3
ða3DÞ_þ 1

a
ðDviÞ;i ¼ 0; ð141Þ

_E þ _a
a
ð3E þ SÞ þ c2

a
ðmi −DviÞ;i ¼ −

1

a
ð2Φ −ΨÞ;imi

þE · j; ð142Þ

where

E ¼ ϱc2 þ ðϱc2 þ pÞðγ2 − 1Þ þ 2γ
viQi

c2
þ Πij

vivj

c2
;

S ¼ 3pþ ðϱc2 þ pÞðγ2 − 1Þ þ 2γ
viQi

c2
þ Πij

vivj

c2
;

mi ¼
�
ϱþ p

c2

�
γ2vi þ γ

�
δji þ

1

1þ 2φ

vjvi
c2

�
Qj

c2
þ Πj

i

vj
c2

;

mij ¼ pδij þ
�
ϱþ p

c2

�
γ2vivj þ

γ

c2
ðQivj þQjviÞ þ Πij;

D≡ γϱ̄; E ≡ E −Dc2; ϱ≡ ϱ̄

�
1þ Π

c2

�
: ð143Þ

In Eqs. (139)–(143) the fluid quantities are only for the
fluid with E ¼ EFL, etc. We note that the potential terms in
Eqs. (139) and (142) are negligible compared with the mi

;i

term by the weak-gravity condition. Similarly, the Ψ;iS
term in Eq. (140) is also negligible compared with the mj

i;j

term by the same condition.
Maxwell’s equations in Eqs. (109)–(112) become

∇ · E ¼ 4πa

�
ϱem−gϕγ

1

a
B ·∇f

�
; ð144Þ

1

c
∂

∂t
ða2EÞ ¼ a∇×B−

4πa2

c

�
jþ gϕγ

�
B _f −

c
a
E×∇f

��
;

ð145Þ

∇ · B ¼ 0; ð146Þ

1

c
∂

∂t
ða2BÞ ¼ −a∇ ×E: ð147Þ
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Thus, all metric perturbations disappear, and these are the
sameas theMaxwell equations in the Friedmannbackground.
The equation of motion in Eq. (115) gives

ϕ̈þ 3H _ϕ − c2
Δ
a2

ϕþ ðc2 þ 2ΦÞV;ϕ ¼ c2gϕγf;ϕE ·B;

ð148Þ

where we kept the Φ term as the mass term of the SF has c2

order in the potential, V ¼ m2c2

2ℏ2 ϕ
2.

The remaining ones are Einstein’s equations determining
gravity in Eqs. (C8)–(C12). Equation (C10) is already used
above and the other ones give

Δ
a2

Ψ ¼ 4πG
c2

ðE − EbÞ; ð149Þ

Δ
a2

Φ ¼ 4πG
c2

ðEþ S − Eb − SbÞ; ð150Þ

c
a3

	
a

�
2ðmi

;j þmj
;iÞ − ð∇i∇j þ δijΔÞΔ−1mk

;k

�

·

¼ 1

a2

�
∇i∇j −

1

3
δijΔ

�
ðΦ −ΨÞ þ 8πG

c2
m̄i

j; ð151Þ

3 _Ψþ 3
_a
a
Φ ¼ −12πGaΔ−1mi

;i; ð152Þ

where the subindex b indicates the background order,
and we used Eqs. (136) and (137). The fluid quantities
in these equations are the collective ones with E ¼
EFL þ ESF þ EEM, etc., thus,

E ¼ EFL þ 1

2c2
_ϕ2 þ V þ 1

2a2
ϕ;iϕ;iþ

1

8π
ðE2 þ B2Þ;

S ¼ SFL þ 3

2c2
_ϕ2 − 3V −

1

2a2
ϕ;iϕ;iþ

1

8π
ðE2 þ B2Þ;

mi ¼ mFL
i −

1

ac2
_ϕϕ;iþ

1

4πc
ðE ×BÞi; ð153Þ

where EFL, SFL, and mFL
i are given in Eq. (143).

To prove the consistency of the weak-gravity formu-
lation we can show the validity of the remaining two
equations in Eqs. (151) and (152). By taking ∇i∇j in
Eq. (151) and using Eqs. (149), (150) and the momentum
conservation equation for collective fluid [the same as
Eq. (140) without the EM terms], we can show its validity;
Φ;iE and Ψ;iS terms are negligible by the subhorizon
and the weak-gravity conditions, respectively. Finally,
Eq. (152) is naturally valid by using Eqs. (136), (149),
(150) and the energy conservation equation for collective
fluid [the same as Eq. (139) without the EM term]; the
ð2Φ −ΨÞ;imi term is negligible by the weak-gravity con-
dition. This proves the consistency of the weak-gravity

approximation with fully relativistic consideration of the
fluid and fields.
Equations (139)–(150) are the complete set in the weak-

gravity limit.

VI. MHD

In this section, we consider MHD approximations of the
four formulations. MHD treats the evolution of magnetic
fieldB coupled with hydrodynamic variables ϱ and v. Here,
we additionally have the helically coupled scalar field. The
Maxwell equations are replaced to the induction equation
which is Faraday’s equation with the electric field deter-
mined in terms of the electric current by using certain forms
of Ohm’s law, and the electric current determined using
Ampère’s law. Thus, only the Maxwell equations and the
EM contribution to the fluid quantities are modified. As
modifications in the fluid quantity are simple (replacing the
electric field using Ohm’s law and Ampère’s law), here we
consider the Maxwell equations only.
Although the conducting fluid is often composed of the

mixture of charged fluids with electrons and ions, MHD
handles the case as a single fluid approximation with
Ohm’s law. MHD usually takes as Ohm’s law a simple
relation between the current and the electric field in the
comoving frame of the fluid [37–39]

j̃ðuÞa ¼ σẽa; ð154Þ

where σ is the isotropic electrical conductivity. Whether
this simple prescription is valid in relativistic regime, in
particular, for relativistic velocity, is an open issue; here, we
take this relation as one of the MHD assumption. MHD
approximation further assumes large conductivity with [40]

4πσ ≫ 1=T; ð155Þ

where T is the characteristic timescale involved in the
system with ∂=ð∂tÞ ∼ 1=T. The ideal MHD considers σ →
∞ limit with finite current, thus ẽa ¼ 0. Keeping finite σ
gives the resistiveMHD. For ideal MHD, the Joule heating
term disappears in the covariant energy conservation in
Eq. (127), whereas the term survives in the conservative
forms in Eqs. (123) and (126).

A. Covariant formulation

Using Eq. (45), Ohm’s law in Eq. (154) gives

ja þ uajbub þ ϱemcðna − γuaÞ
¼ σðγEa þ naEbub − ηabcdubncBdÞ: ð156Þ

In this subsection we omitted the overtilde indicating the
spacetime covariant quantities. In the ideal MHD limit, we
have
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ðγδba þ naubÞEb ¼ ηabcdubncBd: ð157Þ

Using the MHD condition in Eq. (155) in Gauss’s law in
Eq. (10), the convective current term, ϱemcðna − γuaÞ, is
negligible; we use Ea

;bhba ∼ Ea=L and cðna − γuaÞ ∼ L=T,
and assume the axion contribution is of the similar order as
ϱem; L is the characteristic length scale. Thus, Ohm’s law in
MHD approximation is

ja þ uajbub ¼ σðγEa þ naEbub − ηabcdubncBdÞ: ð158Þ

Now, we can set up the covariant MHD formulation.
Ohm’s law in Eq. (158) determines Ea

γEa ¼ ηabcdubncBd þ 1

σ
½ja þ ðua − γnaÞjbub�: ð159Þ

Gauss’s law in Eq. (10) determines ϱem

ϱem ¼ 1

4π
Ea

;bhbaþgϕγf;aBa; ð160Þ

where hab is associated with na and ωab ¼ 0 for the normal
frame. Ampère’s law in Eq. (11) determines ja

ja ¼ c
4π

��
σab −

2

3
δabθ

�
Eb þ ηabcdndðabBc − Bb;cÞ

− hab _̃E
b
�
−cgϕγf;bðnbBa − ηabcdncEdÞ; ð161Þ

where we kept the displacement current term ( _̃E
b
term).

Combining Eqs. (158) and (161), the condition in Eq. (155)
does imply that the displacement current can be ignored
compared with the conductive current. Thus, the displace-
ment current disappears in the induction equation using
Ohm’s law and Ampère’s law. However, the current term
also appears in the fluid conservation equations without a
direct combination with Ohm’s law. Thus, we keep the
displacement current term in Ampère’s law in Eqs. (161),
(169), and (177).
Faraday’s law in Eq. (13) gives the induction equation

for Ba

hab _̃B
b ¼

�
σab −

2

3
δabθ

�
Bb − ηabcdndðabEc − Eb;cÞ; ð162Þ

and the no-monopole condition in Eq. (12) gives

Ba
;bhba ¼ 0: ð163Þ

Equations (159)–(163) provideMaxwell equations determin-
ing the magnetic field in MHD approximation. The EM
variablesEa, ϱem, and ja are determined byEqs. (159)–(161).
We note that Ea and ja are coupled in Eqs. (159) and (161).

The other equations determining the gravity, fluid, and the
scalar field are the same as in Sec. II.

B. ADM formulation

Ohm’s law in Eq. (154), using Eqs. (60) and (61), gives

j̄þ γ2VV · j̄ − ϱemγ
2cV ¼ σγðĒþ V × B̄Þ; ð164Þ

where the curl operation is associated with η̄ijk. Using the
MHD condition in Eq. (155) in Gauss’s law in Eq. (70), the
convective current term, cϱemγ2V, is negligible; we use
∇ · Ē ∼ Ē=L and cV ∼ L=T, and assume the axion con-
tribution is of the similar order as ϱem. Thus, Ohm’s law in
MHD approximation gives

j̄þ γ2VV · j̄ ¼ σγðĒþ V × B̄Þ: ð165Þ

For an ideal MHD we have

Ē ¼ −V × B̄: ð166Þ

Now, we can set up the ADM MHD formulation.
Ohm’s law determines Ē as

Ē ¼ −V × B̄þ 1

σγ
ðj̄þ γ2VV · j̄Þ: ð167Þ

Gauss’s law in Eq. (70) determines ϱem,

ϱem ¼ 1

4π
∇ · ĒþgϕγB̄ ·∇f: ð168Þ

Ampère’s law in Eq. (71) determines j̄,

j̄ ¼ c
4πN

�
−∇ × ðN × ĒÞ þ∇ × ðNB̄Þ

−
1ffiffiffi
h

p ð
ffiffiffi
h

p
EÞ;0

�
−cgϕγðB̄ _̂f−Ē ×∇fÞ; ð169Þ

where we used Eq. (B3). Faraday’s law in Eq. (73) and
Eq. (72) give

1ffiffiffi
h

p ð
ffiffiffi
h

p
B̄Þ;0 ¼ −∇ × ðN × B̄Þ −∇ × ðNĒÞ; ð170Þ

∇ · B̄ ¼ 0: ð171Þ

Equations (167)–(171) provide Maxwell equations deter-
mining the magnetic field in MHD approximation. The EM
variables Ē, ϱem and j̄ are determined by Eqs. (167)–(169).
We note that Ē and j̄ are coupled in Eqs. (167) and (169).
The other equations determining the gravity, fluid, and the
scalar field are the same as in Sec. III.
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C. FNLE formulation

Ohm’s law in Eq. (154), using Eqs. (100) and (103),
gives

jþ γ2

1þ 2φ

1

c2
vv · j − ϱemγ

2v ¼ σγ

�
Eþ v ×B

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
;

ð172Þ

where the curl operation is associated with ηijk. Using the
MHD condition in Eq. (155) in Gauss’s law in Eq. (109),
the convective current term, ϱemγ2v, is negligible; we use
∇ ·E ∼E=L and v ∼ L=T, and assume the axion contri-
bution is of the similar order as ϱem. Thus, Ohm’s law in
MHD approximation gives

jþ γ2

1þ 2φ

1

c2
vv · j ¼ σγ

�
Eþ v ×B

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
: ð173Þ

In the ideal MHD limit, we have

E ¼ −
v × B

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p : ð174Þ

Now, we can set up the FNLE MHD formulation.
Ohm’s law in Eq. (173) determines E

E ¼ −
v ×B

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p þ 1

σγ

�
jþ γ2

1þ 2φ

1

c2
vv · j

�
: ð175Þ

Gauss’s law in Eq. (109) determines ϱem

ϱem ¼ ∇ · ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
EÞ

4πað1þ 2φÞ3=2 þ gϕγ
B · ∇f

að1þ 2φÞ : ð176Þ

Ampère’s law in Eq. (110) determines j,

j ¼ c
4πaN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
∇ × ðNBÞ þ 1

a
∇ ×

�
χ⃗ × Effiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�

− χ⃗
1

a
∇ · ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p

EÞ
1þ 2φ

−
1

ac
∂

∂t
ða2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
EÞ

�

− gϕγ

�
1

N
B

�
_f þ cχ⃗ · ∇f

a2ð1þ 2φÞ
�
−

cE ×∇f
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
; ð177Þ

where we used Eq. (176). Faraday’s law in Eq. (112) and
Eq. (111) give

1

c
∂

∂t

�
a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
B
�
¼ −a∇× ðNEÞ þ∇×

�
χ⃗ ×Bffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
;

ð178Þ

∇ ·
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2φ
p

B
�
¼ 0: ð179Þ

Equations (175)–(179) provide the Maxwell equations
determining the magnetic field in MHD approximation.
The EM variables E, ϱem and j are determined by
Eqs. (175)–(177). We note that E and j are coupled in
Eqs. (175) and (177).
InMHD limit, fundamental variables are the fluid variables

(ϱ, v, etc.) with the magnetic field (B); in our case we also
have the equation of motion for the scalar field (ϕ) and
equations for the gravity (α, φ, κ and χ⃗). The fundamental
equations without imposing temporal gauge condition are the
following. The equation ofmotion for the scalar field remains
the same as in Eq. (115) with E determined by Eq. (175).
Notice that for an idealMHD, asE is orthogonal toB, theEM
contribution to the equation of motion disappears. Under our
MHD condition without assuming the slow motion, all the
fluid conservation equations in Eqs. (123)–(126) remain
the same. Similarly, for the gravity part, Eqs. (C8)–(C12)
remain the samewith the fluid quantities in Eqs. (117), (120),
and (121). Theweak-gravity limit and slow-motion limit will
further simplify some parts in the EM contributions as we
show below.

1. Weak-gravity limit

In the weak-gravity limit the complete equations are in
Eqs. (139)–(150). In MHD, the Maxwell equations in
Eqs. (144)–(147) should be replaced by Eqs. (175)–(179).
In the weak field limit, these become

E ¼ −
1

c
v ×Bþ 1

σγ

�
jþ γ2

1

c2
vv · j

�
; ð180Þ

ϱem ¼ 1

4πa
∇ · Eþgϕγ

1

a
B ·∇f; ð181Þ

j ¼ c
4πa

∇ ×B −
1

4πa2
∂

∂t
ða2EÞ

−gϕγ
�
B _f −

c
a
E ×∇f

�
; ð182Þ

1

c
∂

∂t
ða2BÞ ¼ −a∇ ×E; ð183Þ

∇ · B ¼ 0: ð184Þ

The other equations in Eqs. (139)–(143) and (148)–(150)
remain the same.

2. Slow-motion limit

In the slow-motion limit with v2=c2 ≪ 1, the only
change in Eqs. (175)–(179) occurs in Ohm’s law in
Eq. (175) which simplifies to

E ¼ −
v ×B

c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p þ 1

σ
j: ð185Þ
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Further simplifications occur in the fluid quantities of the
FL and EM field, and in the fluid momentum conservation
equation. First, we can set γ ¼ 1 and ignore vivj=c2 in
Eq. (117) and conservation equations. For an ideal MHD,
using Eq. (174), E2 and EiEj in Eq. (121) can be ignored
compared with B2 and BiBj. Finally, in Eq. (124), using
Eqs. (174) and (177), the first ϱemEi term can be ignored
compared with the second Lorentz force term. The remain-
ing equations are the same.
The weak-gravity and slow-motion limit was studied

in [12].

D. Induction equation

Replacing E and j using Ohm’s law and Ampère’s law,
Faraday’s law gives the induction equation. In the weak-
gravity approximation, using Eqs. (180) and (182), Eq. (183)
gives

1

a2
ða2BÞ· − 1

a
∇ × ðv ×BÞ − c2ΔB

4πσa2
¼ cgϕγ

σγa
∇

×

��
Iþ γ2

1

c2
vv

�
·

�
_fB −

c
a
E ×∇f

��
; ð186Þ

where I is δij and we assumed a constant σ. The displace-
ment current term in Ampère’s law can be ignored in
induction equation using the MHD condition in
Eq. (155). The second term in the left-hand side is the flux
conserving induction term (in the absence of the other terms
the magnetic field is frozen-in with the fluid), and the third
term is the diffusion. The right-hand side is a contribution
from the helical coupling and can work as the scalar field
source for the magnetic field; in the slow-motion limit,
the first term with _fB can work as the α dynamo [2] with
α ¼ cgϕγ _f=σ [41,42]. The α-dynamo term causes exponen-
tial growth of the magnetic field in the linear stage, see
below. For an ideal MHD (σ → ∞), the gϕγ coupling
disappears.
Corresponding induction equations can be derived in the

three exact formulations as well. In the covariant formu-
lation, we can use Eqs. (159) and (161) to remove Ea and ja
in Eq. (162). In the ADM formulation, we can use
Eqs. (167) and (169) to remove Ē and j̄ in Eq. (170). In
the FNLE formulation, we can use Eqs. (175) and (177) to
remove E and j in Eq. (178), and we have

1

a2

�
a2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
B
�
·
−
1

a
∇
�
N

v × Bffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
þ c2

4πa2
∇ ×

�
1

σγ

�
Iþ γ2

1þ 2φ

1

c2
vv

�
·
∇ × ðNBÞ
N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�

¼ c
a2

∇ ×

�
χ⃗ ×Bffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
−

c2

4πa3
∇ ×

	
1

σγN
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
Iþ γ2

1þ 2φ

1

c2
vv

�
·

�
∇ ×

�
χ⃗ ×Effiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�
− χ⃗

∇ · ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
EÞ

1þ 2φ

�


þ c
a
gϕγ∇ ×

	
1

σγ

�
Iþ γ2

1þ 2φ

1

c2
vv

�
·

�
1

N
B

�
_f þ cχ⃗ ·∇f

a2ð1þ 2φÞ
�
−

cE ×∇f
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
�


: ð187Þ

To the linear order, this gives

1

a2
ða2BÞ· − c2ΔB

4πa2σ
¼ cgϕγ

σa
_f∇ × B; ð188Þ

which coincides with the one from the weak-gravity
approximation in Eq. (186). In Fourier spacewithBðk; tÞ ¼R
d3xe−ik·xBðx; tÞ, and using the orthonormal helicity

(circular polarization) basis [39] ðêþ; ê−; ê3Þ with ê�≡
ðê1 � iê2Þ=

ffiffiffi
2

p
, ê3 ≡ k=k, andB≡ Bþêþ þ B−ê− þ B3ê3,

we have

1

a2
ða2B�Þ· ¼

c2

4πσ

�
−
k2

a2
� 4π

c
k
a
gϕγ _f

�
B�; ð189Þ

with solutions [41–43]

B� ¼ B�i
a2i
a2

exp

�Z
t

ti

c2

4πσ

�
−
k2

a2
� 4π

c
k
a
gϕγ _f

�
dt

�
; ð190Þ

andB3 purely decaying. The first term is diffusion damping.
The second term causes exponential growth of the magnetic
field for small enough k and steady _f=ðσaÞ, with maximum
growth rate for k ¼ 2πa

c jgϕγ _fj, and the system tends toward
to maximal helicity state [41,42,44]. The maximal helicity
state can cause inverse cascade of the magnetic energy to
larger scales [3,4,6].

VII. DISCUSSION

We derived three exact formulations (the covariant, the
ADM, and the FNLE formulations) and weak-gravity
formulation of the general relativistic ED and MHD
including the helically coupled scalar field. The latter
two formulations are presented in the cosmological context.
The complete set of equations for each formulation is
derived in each section and Appendices A–C.
The covariant and the ADM formulations are reformu-

lations of Einstein’s gravity using the timelike four-vector
Ua (thus, 1þ 3) and the intrinsic metric hij (thus, 3þ 1),
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respectively. In the covariant formulation the ED and MHD
without the helical coupling was studied in [45]. The EM
field in that work, however, is somehow confined to the
comoving frame (ũa), thus, they only used ẽa, b̃a, etc.
Whereas, the conventional EM fields in the ED and MHD
are the ones measured in the normal frame (ña), thus, using
Ẽa, B̃a, etc. as we expressed throughout this work.
The FNLE formulation is designed as exact perturbations

in the Friedmann background spacetime. The resulting
FNLE equations are fully nonlinear and exact with the
metric perturbation variables explicitly visible in the equa-
tions, see Eqs. (C8)–(C17). Compared with the covariant
and the ADM formulations where the inverse metric gab and
hij are assumed to exist, in the FNLE formulation these are
exactly derived in terms of the metric tensor gab [25,28].
In Minkowski background the FNLE equations are gen-

erally valid in any configuration and the energy-momentum
content, just like Newtonian hydrodynamic equations are
valid for any arbitrary matter configuration; still, one impor-
tant restriction (not in physics though) is that the FNLE
formation is based on explicitly building the general exact
perturbations in the Friedmann or Minkowski background
spacetime, thus in the isotropic background. The FNLE
formulation is provided without fixing the temporal gauge
condition. For simplicity, here we ignored the tensor-type
perturbation and imposed a spatial gauge condition; formu-
lation without these restrictions is possible [28].
The weak-gravity approximation takes weak gravity

limit in the FNLE equations while keeping the energy-
momentum part including the fluid and fields fully rela-
tivistic. The formulation is consistent in uniform-expansion
gauge (maximal slicing in Minkowski background).
Relativistic corrections appear, in particular, in the two
Poisson’s equations in Eqs. (149) and (150). We do not
address the post-Newtonian approximation [31,46] in this
work because it demands proper Newtonian limit which is
not available for the general scalar field potential we are
considering. The situation changes as we consider the axion
as a massive scalar field.
The axion is a case of massive scalar field with

V ¼ m2c2

2ℏ2 ϕ2. The coherent oscillation stage of axion can
work as the cold or fuzzy dark matter depending on the
mass scale [47–50]. In such a field we have the Klein and
the Madelung transformations which transform the SF to
the Schrödinger equation and conservation equations with
proper Newtonian (nonrelativistic) limit. In the presence of
gϕγ coupling, however, in [12] we found that these two
transformations are possible only for f ∝ ϕ2 which is not a
favored form in the axion physics [1].
For a massive scalar field with f ¼ 1

2
ϕ2 coupling, under

the Klein transformation [51]

ϕðx; tÞ≡ ℏffiffiffiffiffiffiffi
2m

p ½ψðx; tÞe−iωct þ ψ�ðx; tÞeþiωct�; ð191Þ

the equation of motion leads to the Schrödinger equation
with ψ the complex wave function; ωc ≡mc2=ℏ is the
Compton frequency [52]. By further applying the
Madelung transformation [53]

ψ ≡
ffiffiffiffiffi
ϱϕ
m

r
eimu=ℏ; ð192Þ

the Schrödinger equation leads to continuity andmomentum
conservation equationswith ϱϕ and u interpreted as themass
density and velocity potential (uϕ ¼ 1

a∇u), and with a
characteristic quantum stress term encompassing the quan-
tum nature [54]. In [12] we studied the weak-gravity and
slow-motion limit of this case, and studied gravitational
instability caused by MHD and magnetic instability caused
by the helically coupled field. For the same V and f these
two transformations can be applied in the three exact
formulations as well, but we do not pursue the subject here;
in the absence of the FL and EM field, see [13] for the
covariant formulation and the post-Newtonian approxima-
tion of the axion.
The exact equations of the helically coupled ED and

MHD in the ADM and FNLE formulations will be useful to
implement in numerical simulations. The ADM formu-
lation of ED and MHD without the helical coupling was
implemented in numerical relativity [24]. The helically
coupled scalar field as the (cold or fuzzy) dark matter or the
dark energy will be the interesting subject to explore in the
context of origin and evolution of the cosmic mag-
netic field.
Theweak-gravity formulation inMinkowski background

will be useful in many astrophysical situations where
relativistic effects of fluid and fields are important while
the gravity is weak. Indeed, in nearly all astrophysical
situations, except for nearby compact objects like the black
holes, neutron stars, and white dwarfs, the gravitational
fields are extremely weak with Φ=c2 ∼GM=ðRc2Þ ≲ 10−5

where M and R are characteristic mass and length scales.
Even in cosmology, the gravitational field is similarly
extremely weak in nearly all observable cosmic scales
including the cosmic microwave background radiation.
Equations in the weak-gravity approximation are similar
to Newtonian hydrodynamic equations and will be much
easier for numerical implementation comparedwith numeri-
cal relativity which is a complicated constrained system.
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APPENDIX A: COVARIANT (1 + 3)
FORMULATION

The 1þ 3 covariant decomposition is based on the
timelike normalized (uaua ≡ −1) four-vector field ua
introduced in all spacetime points [14–17]. The expansion
(θ), the acceleration (aa), the rotation (ωab), and the shear
(σab) are kinematic quantities of the projected covariant
derivative of flow vector ua introduced as

hcahdbuc;d ¼ hc½ah
d
b�uc;d þ hcðah

d
bÞuc;d ≡ ωab þ θab

¼ ua;b þ aaub; σab ≡ θab −
1

3
θhab;

θ≡ ua;a; aa ≡ _̃ua ≡ ua;bub; ðA1Þ

where hab ≡ gab þ uaub is the projection tensor with
habub ¼ 0 and haa ¼ 3; an overdot with tilde _̃ indicates
a covariant derivative along ua; indices surrounded
by () and [] are the symmetrization and antisymmetrization
symbols, respectively, with AðabÞ ≡ 1

2
ðAab þ AbaÞ and

A½ab� ≡ 1
2
ðAab − AbaÞ. Thus

ua;b ¼ ωab þ σab þ
1

3
θhab − aaub: ðA2Þ

We introduce

ωa ≡ 1

2
ηabcdubωcd; ωab ¼ ηabcdω

cud;

ω2 ≡ 1

2
ωabωab ¼ ωaωa; σ2 ≡ 1

2
σabσab; ðA3Þ

where ωa is a vorticity vector which has the same
information as the vorticity tensor ωab. We have

ωabub ¼ ωaua ¼ σabub ¼ aaua ¼ 0; ubub;a ¼ 0:

ðA4Þ

We have the antisymmetric tensor ηabcd ¼ η½abcd� with
η0123 ¼ 1=

ffiffiffiffiffiffi−gp
, thus

ηabcd ¼ 1ffiffiffiffiffiffi−gp ϵabcd; ηabcd ¼ −
ffiffiffiffiffiffi
−g

p
ϵabcd; ðA5Þ

where ϵabcd is an antisymmetric symbol with
ϵ0123 ¼ ϵ0123 ¼ þ1. We have

ηabcdηefgh ¼ −4!δe½eδ
b
fδ

c
gδ

d
h� ¼ −

�����������

δae δaf δag δah

δbe δbf δbg δbh
δce δcf δcg δch

δde δdf δdg δdh

�����������
;

ηabcdηefgd ¼ −3!δa½eδ
b
fδ

c
g� ¼ −

��������
δae δaf δag

δbe δbf δbg

δce δcf δcg

��������
;

ηabcdηefcd ¼ −4δa½cδ
b
d� ¼ −2

���� δ
a
e δaf

δbe δbf

����
¼ −2ðδaeδbf − δafδ

b
eÞ;

ηabcdηebcd ¼ −6δae; ηabcdηabcd ¼ −24: ðA6Þ

Our conventions of the Riemann curvature and Einstein’s
equation are

ua;bc − ua;cb ¼ udRd
abc; ðA7Þ

Rab −
1

2
Rgab þ Λgab ¼

8πG
c4

Tab: ðA8Þ

The Weyl (conformal) curvature is introduced as

Cabcd ≡ Rabcd −
1

2
ðgacRbd þ gbdRac − gbcRad

− gadRbcÞ þ
R
6
ðgacgbd − gadgbcÞ: ðA9Þ

The electric and magnetic parts of the Weyl curvature are
introduced as [18]

Eab ≡ Cacbducud; Hab ≡ C�
abcdu

cud;

Cabcd ¼ ð−ηabpqηcdrs þ gabpqgcdrsÞupurEqs

− ðηabpqgcdrs þ gabpqηcdrsÞupurHqs; ðA10Þ

where C�
abcd ≡ 1

2
ηac

efCefbd. We have Eab ¼ Eba and
Eabub ¼ 0, and similarly for Hab. Similarly as in EM in
Eq. (6), we have two invariants,

CabcdCabcd ¼ 8ðEabEab −HabHabÞ ¼ C�abcdC�
abcd;

CabcdC�
abcd ¼ 16EabHab; ðA11Þ

with CabcdCabcd ¼ RabcdRabcd − 2RabRab þ 1
3
R2.

The energy-momentum tensor is decomposed into fluid
quantities based on the four-vector field ua as

Tab ≡ μuaub þ pðgab þ uaubÞ þ qaub þ qbua þ πab;

ðA12Þ
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where

uaqa ¼ 0 ¼ uaπab; πab ¼ πba; πaa ¼ 0: ðA13Þ

The variables μ, p, qa, and πab are the energy density, the
isotropic pressure (including the entropic one), the energy
flux, and the anisotropic pressure (stress) based on ua
frame, respectively. We have

μ≡ Tabuaub; p≡ 1

3
Tabhab; qa ≡ −Tcduchda;

πab ≡ Tcdhcahdb − phab: ðA14Þ

The kinematic and fluid quantities and the electric and
magnetic parts of Weyl tensor depend on the frame four-
vector ua. Although the fluid quantities of the real fluid are
defined in the fluid-comoving frame where ua is the fluid
four-vector, here, we may consider ua as an arbitrary
timelike four-vector.

1. Covariant equations

The specific (per mass) entropy S can be introduced by
TdS ¼ c2dεþ pTdv where ε is specific internal energy
with μ ¼ ϱ̄ðc2 þ εÞ, pT the thermodynamic pressure, v≡
1=ϱ̄ the specific volume, and T the temperature. We have
the isotropic pressure p ¼ pT þ e where e is the entropic
pressure (isotropic stress). Using Eqs. (A17) and (A19)
below we can show

ϱ̄T _̃S ¼ −ðeθ þ πabσab þ qa;a þ qaaaÞ: ðA15Þ

Thus, we notice that e, πab, and qa generate the entropy.
Using a four-vector Sa ≡ ϱ̄uaSþ 1

T q
a which is termed the

entropy flow density [14] we can derive

Sa;a ¼ −
1

T

�
T;a

T
þ aa

�
qa −

1

T
ðeθ þ πabσabÞ: ðA16Þ

We derive the covariant (1þ 3) set of equations in the
following, see [14–18].
The energy and the momentum conservation equations

follow from uaTab
;b ¼ 0 and hcaTab

;b ¼ 0, respectively,

_̃μþ ðμþ pÞθ þ πabσab þ qa;a þ qaaa ¼ 0; ðA17Þ

ðμþ pÞaa þ hbaðp;b þ πcb;c þ _̃qbÞ

þ
�
ωab þ σab þ

4

3
θhab

�
qb ¼ 0: ðA18Þ

The mass conservation follows from ja ≡ ϱ̄ua and
ja;a ¼ 0 as

_̄̃ϱþ θϱ̄ ¼ 0: ðA19Þ

By applying ub on Eq. (A7) we have

ðua;cÞe· − aa;c þ ua;bub;c þ Rabcdubud ¼ 0: ðA20Þ

By applying gac on Eq. (A20) we have the Raychaudhuri
equation

_̃θ þ 1

3
θ2 − aa;a þ 2ðσ2 − ω2Þ þ 4πG

c4
ðμþ 3pÞ − Λ ¼ 0:

ðA21Þ
By applying ηacstus on Eq. (A20) we have the vorticity
propagation equation

hab _̃ω
b þ 2

3
θωa ¼ σabω

b þ 1

2
ηabcdubac;d: ðA22Þ

An equivalent equation can be derived by applying ha½dh
c
e�

on Eq. (A20)

hcahdbð _̃ωcd − a½c;d�Þ þ
2

3
θωab ¼ 2σe½aωb�c: ðA23Þ

By applying haðdh
c
eÞ on Eq. (A20) we have the shear

propagation equation

hcahdb
�
_̃σcd − aðc;dÞ

�
− aaab þ ωaωb þ σacσ

c
b þ

2

3
θσab

−
1

3
habðω2 þ 2σ2 − ac;cÞ þ Eab −

4πG
c4

πab ¼ 0: ðA24Þ

By applying gachbe on Eq. (A7) we have

hab

�
ωbc

;c − σbc;c þ
2

3
θ;b

�
þ ðωab þ σabÞab ¼

8πG
c4

qa:

ðA25Þ

From Eq. (A7) we have u½a;bc� ¼ 0. Thus, from
ηabcdudua;bc ¼ 0 we have

ωa
;a ¼ 2ωbab: ðA26Þ

By applying hgðeh
a
fÞηgh

bcuh on Eq. (A7) we have

Hab ¼ 2aðaωbÞ − hcahdbðωðce;f þ σðce;fÞηdÞgefug: ðA27Þ

From the Bianchi identity Rab½cd;e� ¼ 0 we have

Cabcd
;d ¼ Rc½a;b� −

1

6
gc½aR;b�; ðA28Þ

using Cabcd in Eq. (A10) we can derive the four quasi-
Maxwellian equations,
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habh
c
dE

bd
;c − ηabcdubσecHde þ 3Ha

bω
b ¼ 4πG

c4

�
2

3
habμ;b − habπ

bc
;c − 3ωa

bqb þ σabq
b þ πaba

b −
2

3
θqa

�
; ðA29Þ

habh
c
dH

bd
;c þ ηabcdubσecEde − 3Ea

bω
b ¼ 4πG

c4

	
2ðμþ pÞωa þ ηabcdub

�
qc;d þ πceðωe

d þ σedÞ
�


; ðA30Þ

hachbd _̃E
cd þ

�
Hf

d;eh
ða
f − 2adH

ða
e

�
ηbÞcdeuc þ habσcdEcd þ θEab − Eða

c ð3σbÞc þ ωbÞcÞ

¼ 4πG
c4

�
−ðμþ pÞσab − 2aðaqbÞ − hðac h

bÞ
d ðqc;d þ _̃πcdÞ −

�
ωc

ða þ σðac

�
πbÞc −

1

3
θπab þ 1

3
ðqc;c þ acqc þ πcdσcdÞhab

�
;

ðA31Þ

hachbd _̃H
cd −

�
Ef
d;eh

ða
f − 2adE

ða
e

�
ηbÞcdeuc þ habσcdHcd þ θHab −Hða

c

�
3σbÞc þ ωbÞc

�

¼ 4πG
c4

��
qeσ

ða
d − πfd;eh

ða
f

�
ηbÞcdeuc þ habωcqc − 3ωðaqbÞ

�
: ðA32Þ

These follow, respectively, from

−ubucCabcd
;d; −

1

2
hgeufηefabucCabcd

;d;

−hðea h
fÞ
c ubCabcd

;d; −
1

2
hðge h

hÞ
c ufηefabucCabcd

;d; ðA33Þ

where we used the momentum conservation and the energy
conservation equations in Eq. (A29) and (A31), respec-
tively. Notice the analogy with Maxwell equations in
Eqs. (10)–(13).
We note that the timelike four-vector used above is a

generic one. We also note that in the presence of multiple
components like several components of FL, SF, and the EM
field, etc., Tab is the sum of each component, and
consequently the fluid quantities (μ, p, qa, and πab) are
also the collective ones defined in Eq. (A14). As we explain
in Sec. II, in such a case, equations governing the individual
component should be supplemented, like conservation
equations for an individual fluid component, the equation
of motion for the SF, and the Maxwell equations for the
EM field.

APPENDIX B: ADM (3 + 1) FORMULATION

In the following, we use tildes in order to clearly
distinguish covariant quantities. The ADMnotations [20,21]

of the metric and fluid quantities are presented in Eqs. (48)
and (52). The extrinsic curvature is defined as

Kij ≡ 1

2N
ðNi∶j þ Nj∶i − hij;0Þ; K ≡ hijKij;

K̄ij ≡ Kij −
1

3
hijK; ðB1Þ

where the indices ofKij are raised and lowered by hij and its
inverse, andK ≡ Ki

i. A colon indicates a covariant derivative
associated with hij where the connection is

ΓðhÞi
jk ≡ 1

2
hilðhlj;k þ hlk;j − hjk;lÞ;

ΓðhÞk
ik ¼

1

2
hklhkl;i ¼

ffiffiffi
h

p
;iffiffiffi
h

p ; h≡ detðhijÞ: ðB2Þ

Thus

K ¼ 1

N

�
Ni

∶i −
1

2
hijhij;0

�
¼ 1

N

�
Ni

∶i −
ffiffiffi
h

p
;0ffiffiffi
h

p
�
: ðB3Þ

We have

hij;0 ¼ −2NKij þ Ni∶j þ Nj∶i;

ffiffiffi
h

p
;0ffiffiffi
h

p ¼ −NK þ Ni
∶i; hij;0 ¼ −hikhjlhkl;0 ¼ 2NKij − Ni∶j − Nj∶i;

ΓðhÞk
ij;0 ¼

�
−2NKk

ði þ Nk
∶ði þ Nði∶k

�
∶jÞ

þ ðNKij − Nði∶jÞÞ∶k; ΓðhÞj
ij;0 ¼

�
−NK þ Nj

∶j

�
∶i
: ðB4Þ

The intrinsic curvature RðhÞi
jkl is the Riemann curvature tensor associated with hij as the metric tensor
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RðhÞi
jkl ≡ ΓðhÞi

jl;k − ΓðhÞi
jk;l þ ΓðhÞm

jlΓðhÞi
km − ΓðhÞm

jkΓðhÞi
lm;

RðhÞ
ij ≡ RðhÞk

ikj; RðhÞ ≡ hijRðhÞ
ij ¼ RðhÞi

i; R̄ðhÞ
ij ≡ RðhÞ

ij −
1

3
hijRðhÞ: ðB5Þ

We have antisymmetric tensor

η̃0ijk ¼ 1ffiffiffiffiffiffi
−g̃

p ϵ0ijk ¼ 1

N
ffiffiffi
h

p ϵ0ijk ≡ 1

N
η̄ijk; η̃0ijk ¼ −

ffiffiffiffiffiffi
−g̃

p
ϵ0ijk ¼ −N

ffiffiffi
h

p
ϵ0ijk ¼ −Nη̄ijk;

η̄ijk ≡ η̃ijkdñd ¼ −
1

N
η̃0ijk; η̄ijk ≡ η̃ijkdñd ¼ Nη̃0ijk; ðB6Þ

where indices of η̄ijk are raised and lowered by hij and its inverse. We have

η̄ijkη̄lmn ¼ 3!δi½lδ
j
mδkn� ¼

��������
δil δim δin

δjl δjm δjn

δkl δkm δkn

��������
; η̄ijmη̄klm ¼ 2!δi½kδ

j
l� ¼

����δ
i
k δil

δjk δjl

����¼ �
δikδ

j
l − δilδ

j
k

�
; η̄iklη̄jkl ¼ 2δij: ðB7Þ

The ADM equations can be derived in a conventional way [20,23,24]. One other way is by using the covariant equations
based on the normal-frame ña. Here we derive the set directly from Einstein’s equation by brute force. We will also present
the conformal tensors and the quasi-Maxwellian equations in the ADM notation.
The connection gives

Γ̃0
00 ¼

1

N
ðN;0 þ N;iNi − KijNiNjÞ; Γ̃0

0i ¼
1

N
ðN;i − KijNjÞ; Γ̃0

ij ¼ −
1

N
Kij;

Γ̃i
00 ¼

1

N
Nið−N;0 − N;jNj þ KjkNjNkÞ þ NN∶i þ Ni

;0 − 2NKijNj þ Ni∶jNj;

Γ̃i
0j ¼ −

1

N
N;jNi − NKi

j þ Ni
∶j þ

1

N
NiNkKjk; Γ̃i

jk ¼ ΓðhÞi
jk þ

1

N
NiKjk; ðB8Þ

thus,

Γ̃c
c0 ¼

1

N
N;0 − NK þ Ni

∶i ¼
1

N
N;0 þ

ffiffiffi
h

p
;0ffiffiffi
h

p ; Γ̃c
ci ¼ ΓðhÞk

ki þ
1

N
N;i: ðB9Þ

The Riemann curvature tensor gives

R̃0
00i ¼ −

1

N
Kij;0Nj −

1

N
N;i∶jNj þ 1

N
Kjk∶iNjNk þ 1

N
KjkNk

∶iNj þ 1

N
KikNk

∶jNj − KijKjkNk;

R̃0
0ij ¼

1

N
ðKk

i∶j − Kk
j∶iÞNk;

R̃0
i0j ¼ −

1

N
Kij;0 −

1

N
N;i∶j − Kk

i Kjk þ
1

N
Kk

i∶jNk þ
1

N
KikNk

∶j þ
1

N
KjkNk

∶i; R̃0
ijk ¼

1

N
ðKij∶k − Kik∶jÞ;

R̃i
00j ¼ RðhÞi

kljNkNl − NðKi
j;0 þ Ki

j∶kN
kÞ − NN∶i

j − Ki
jKklNkNl þ NKk

jðNKi
k − Ni

∶kÞ

þ 1

N
NiðNkKjk;0 þ N;k∶jNk − Kkl∶jNkNl − KklNkNl

∶j þ NKjkKklNl − KjkNk∶lNlÞ
þ NðKik

∶j þ Kjk
∶iÞNk þ NKikNk∶j þ KjkKi

lN
kNl;

R̃i
0jk ¼ 2NKi

½j∶k� − 2Ni
∶½jk� − 2

1

N
NiNlKl½j∶k� þ 2NlKi

½jKk�l;

R̃i
j0k ¼ RðhÞi

jlkNl þ 1

N
NiKjk;0 þ KilNlKjk þ

1

N
N;j∶kNi −

1

N
NiNlKjl∶k −

1

N
NiðNl

∶kKjl þ Nl
∶jKklÞ

− Ki
kKjlNl þ NiKl

j Kkl þ NðKkj
∶i − Ki

k∶jÞ; R̃i
jkl ¼ RðhÞi

jkl þ 2Ki
½kKl�j − 2

1

N
NiKj½k∶l�; ðB10Þ
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R̃0i0j ¼ RðhÞ
ikjlN

kNl þ N½Kij;0 þ Kij∶kNk þ N;i∶j − ðKki∶j þ Kkj∶iÞNk − ðKkiNk
∶j þ KkjNk

∶iÞ�
þ N2Kk

i Kjk þ ðKijKkl − KikKjlÞNkNl;

R̃0ijk ¼ Nl

�
RðhÞ
lijk − 2Ki½jKk�l

�
− 2NKi½j∶k�; R̃ijkl ¼ RðhÞ

ijkl þ 2Ki½kKl�j: ðB11Þ

The Ricci tensor gives

R̃00 ¼ N

�
K;0 þ K;iNi þ N∶i

i − NKijKij − 2NjKij
∶i

�

þ 1

N
NiNj

�
−Kij;0 − N;ijj þ KjkjiNk þ 2KjkNkji þ NKKij − 2NKk

i Kjk þ NRðhÞ
ij

�
;

R̃0i ¼ NK;i − NKj
i∶j þ RðhÞ

ij Nj −
1

N
Kij;0Nj þ 1

N
Kij∶kNjNk þ Kij

�
1

N
NjjkNk þ KNj

�

−
1

N
N;i∶jNj þ 1

N
KjkNjNk

∶i − 2KijK
j
kN

k;

R̃ij ¼ RðhÞ
ij −

1

N
Kij;0 −

1

N
N;i∶j þ KKij − 2KikKk

j þ
1

N

�
KikNk

∶j þ KjkNk
∶i

�
þ 1

N
Kij∶kNk; ðB12Þ

R̃0
0 ¼ −

1

N

�
K;0 þ N∶i

i − Kj
i∶jN

i − NKijKij

�
; R̃0

i ¼
1

N

�
Kj

i∶j − K;i

�
;

R̃i
j ¼ RðhÞi

j −
1

N
ðKi

j;0 − Ki
j∶kN

kÞ − 1

N
N∶i

j þ KKi
j þ

1

N
ðKi

kN
k
∶j − Kk

jN
i
∶kÞ þ

Ni

N
ðK;j − Kk

j∶kÞ: ðB13Þ

The scalar curvature gives

R̃¼RðhÞ þKijKijþK2−
2

N
ðK;0−K;iNiþN∶i

iÞ: ðB14Þ

The electric and magnetic parts of the conformal tensors
will be presented later in Eqs. (B26) and (B27).

1. ADM equations

The ADM equations can be derived directly from
Einstein equations. The G̃0

i component of Einstein’s equa-
tion gives

K̄j
i∶j −

2

3
K;i ¼

8πG
c4

Ji: ðB15Þ

The G̃0
0 component of Einstein’s equation using Eq. (B15)

gives

RðhÞ ¼ K̄ijK̄ij −
2

3
K2 þ 16πG

c4
Eþ 2Λ: ðB16Þ

The trace of Einstein’s equation using Eqs. (B15) and (B16)
gives

1

N
ðK;0 − K;iNiÞ þ 1

N
N∶i

i

− K̄ijK̄ij −
1

3
K2 −

4πG
c4

ðEþ SÞ þ Λ ¼ 0: ðB17Þ

A trace-free combination of Einstein’s equation R̃i
j − 1

3
δijR̃

k
k,

using Eq. (B15) gives

1

N

�
K̄i

j;0 − K̄i
j∶kN

k þ K̄jkNi∶k − K̄i
kN

k
∶j

�

¼ KK̄i
j −

1

N

�
N∶i

j −
1

3
δijN

∶k
k

�
þ R̄ðhÞi

j −
8πG
c4

S̄ij: ðB18Þ

From ñaT̃ab
;b ¼ 0 and T̃b

i;b ¼ 0, we have the energy and
momentum conservation equations

1

N
ðE;0 − E;iNiÞ − K

�
Eþ 1

3
S

�

− S̄ijK̄ij þ
1

N2
ðN2JiÞ∶i ¼ 0; ðB19Þ

1

N

�
Ji;0 − Ji∶jNj − JjNj

∶i

�

− KJi þ
1

N
EN;i þ Sji∶j þ

1

N
N;jS

j
i ¼ 0: ðB20Þ
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Equations (B15)–(B20) are a complete set of ADM equa-
tions. The continuity equation is based on the fluid four-
vector; ðϱ̄ũcÞ;c ≡ 0 gives

� ffiffiffi
h

p
D

�
;0
þ
� ffiffiffi

h
p

DðNVi − NiÞ
�
;i
¼ 0: ðB21Þ

Equations (B19)–(B21) can be written in conservative
forms as� ffiffiffi

h
p

E
�
;0
þ
h ffiffiffi

h
p

ðNJi − NiEÞ
i
;i
¼

ffiffiffi
h

p
ðNSijKij − N;iJiÞ;

ðB22Þ
� ffiffiffi

h
p

Ji
�
;0
þ
h ffiffiffi

h
p

ðNSji − NjJiÞ
i
;j

¼
ffiffiffi
h

p �
1

2
NSjkhjk;i þ JjNj

;i − EN;i

�
: ðB23Þ

Using

E ≡ E −Dc2; ðB24Þ

the energy conservation equation can be written as

� ffiffiffi
h

p
E
�
;0
þ
h ffiffiffi

h
p

ðNJi −Dc2NVi − NiEÞ�
;i

¼
ffiffiffi
h

p
ðNSijKij − N;iJiÞ: ðB25Þ

In the presence of multiple components of fluids and
fields, the fluid quantities in the ADM equations are
collective ones with E ¼ EFL þ ESF þ EEM, etc. Instead
of the conservation equations for collective component in
Eqs. (B19), (B20), (B22)–(B25) we can also use the ones
for individual components. For the fluid, we have
Eqs. (84)–(87) and (91). For the EM field, we have the
Maxwell equations in (65)–(68). For the SF we have the
equation of motion in Eq. (74).

2. Weyl equations

The electric and magnetic parts of conformal tensors
based on the normal frame are

ẼðnÞi
j ≡ Ēi

j ¼
1

2N

�
K̄i

j;0 − K̄i
j∶kN

k þ K̄k
jN

i
∶k − K̄i

kN
k
∶j þ N∶i

j −
1

3
δijN

∶k
k

�
−
1

6
KK̄i

j − K̄i
kK̄

k
j þ

1

3
δijK̄

k
lK̄

l
k þ

1

2
R̄ðhÞi

j;

ðB26Þ

H̃ðnÞi
j ≡ H̄i

j ¼ η̄ikl
�
Kjk∶l þ

1

2
hjlðK;k − Km

k∶mÞ
�
: ðB27Þ

Using Eqs. (B16), (B18), and (B15), these become

Ēi
j¼ R̄ðhÞi

jþ
1

3
KK̄i

j−
�
K̄i

kK̄
k
j −

1

3
δijK̄

k
lK̄

l
k

�
−
4πG
c4

S̄ij

¼RðhÞi
jþKKi

j−Ki
kK

k
j −

�
16πG
3c4

Eþ2

3
Λ
�
δij−

4πG
c4

S̄ij;

ðB28Þ

H̄i
j¼ η̄ikl

�
Kjk∶l−

4πG
c4

hjlJk

�
¼1

2
ðη̄iklKjk∶lþ η̄klj Ki

k∶lÞ:

ðB29Þ

Equations (A29)–(A32) give the quasi-Maxwellian
equations expressed in terms of the electric and magnetic
parts of Weyl tensor in the normal frame,

Ēj
i∶jþ η̄i

jkK̄l
j H̄kl¼

8πG
c4

�
1

3
E;i−

1

2
ðKij−KhijÞJj−

1

2
S̄ji∶j

�
;

ðB30Þ

H̄j
i∶j ¼ η̄jki

�
Kl

j R
ðhÞ
kl þ 4πG

c4
Jj∶k

�
; ðB31Þ

1

N
ðĒij;0 − Ēij∶kNkÞ − 2KĒij þ

�
5Kk

ði −
2

N
Nk

∶ði

�
ĒjÞk − hijKk

lĒ
l
k þ η̄ðikl

�
H̄jÞk∶l −

2

N
N;kH̄jÞl

�

¼ 4πG
c4

	�
Eþ 1

3
S

�
K̄ij − Jði∶jÞ −

2

N
N;ðiJjÞ −

1

N
ðS̄ij;0 − S̄ij∶kNkÞ −

�
Kk

ði −
2

N
Nk

∶ði

�
S̄jÞk

þ 1

3
hij

�
Jk∶k þ

2

N
N;kJk − Kk

lS̄
l
k

�

; ðB32Þ
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1

N
ðH̄ij;0 − H̄ij∶kNkÞ − 2KH̄ij þ

�
5Kk

ði −
2

N
Nk

∶ði

�
H̄jÞk − hijKk

lH̄
l
k − η̄ðikl

�
ĒjÞk∶l −

2

N
N;kĒjÞl

�

¼ −
4πG
c4

η̄ðiklðKjÞkJl þ S̄jÞk∶lÞ: ðB33Þ

Using Eq. (B29), Eq. (B30) can be written as

Ēj
i∶j ¼ KjkðKjk∶i − Kij∶kÞ þ

8πG
c4

�
1

3
E;i −

�
Kij −

1

3
Khij

�
Jj −

1

2
S̄ji∶j

�
: ðB34Þ

Equations (B30) and (B34) give the Bianchi identity RðhÞj
i∶j ¼ 1

2
RðhÞ
;i , and Eq. (B31) follows from Eq. (B29).

APPENDIX C: FNLE FORMULATION

The metric is in Eq. (92). The FNLE fluid quantities are defined in terms of the ADM fluid quantities as

E; S; Ji≡acmi; Sij≡a2ð1þ2φÞmij; S̄ij≡a2ð1þ2φÞm̄ij; ðC1Þ

where indices ofmi and mij are raised and lowered using δij as the metric and its inverse; we introduce m̄ij ≡mij − 1
3
δijmk

k

with mk
k ¼ S.

We use the ADM formulation. The ADM metric quantities can be expressed in terms of the FNLE notation as

N≡−ðg̃00Þ−1=2¼a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ2αþ χkχk

a2ð1þ2φÞ

s
≡aN ; Ni≡ g̃0i¼−aχi; Ni¼−

χi

að1þ2φÞ ;

hij≡ g̃ij¼a2ð1þ2φÞδij; hij¼ 1

a2ð1þ2φÞδ
ij: ðC2Þ

The inverse metric, three-space connection, and curvatures are given by

g̃00 ¼ −
1

a2N 2
; g̃0i ¼ −

χi

a3N 2ð1þ 2φÞ ; g̃ij ¼ 1

a2ð1þ 2φÞ
�
δij −

χiχj

a2N 2ð1þ 2φÞ
�
; ðC3Þ

ΓðhÞi
jk ¼

1

1þ 2φ
ðφ;jδ

i
k þ φ;kδ

i
j − φ;iδjkÞ; ΓðhÞk

ik ¼
3φ;i

1þ 2φ
; ðC4Þ

RðhÞi
jkl ¼ 1

1þ 2φ
ðφ;jkδ

i
l − φ;i

kδjl − φ;jlδ
i
k þ φ;i

lδjkÞ

þ 1

ð1þ 2φÞ2 ð−3φ;kφ;jδ
i
l þ 3φ;iφ;kδjl þ 3φ;jφ;lδ

i
k − 3φ;iφ;lδjk − φ;mφ;mδ

i
kδjl þ φ;mφ;mδ

i
lδjkÞ;

RðhÞ
ij ¼ −

φ;ij

1þ 2φ
þ 3

φ;iφ;j

ð1þ 2φÞ2 −
�

φ;k
k

1þ 2φ
−

φ;kφ;k

ð1þ 2φÞ2
�
δij;

RðhÞ ¼ 2

a2ð1þ 2φÞ2
�
−2φ;k

k þ 3
φ;kφ;k

1þ 2φ

�
;

R̄ðhÞi
j ≡ RðhÞi

j −
1

3
δijR

ðhÞ ¼ 1

a2ð1þ 2φÞ2
�
−φ;i

j þ 3
φ;iφ;j

1þ 2φ
−
1

3
δij

�
−φ;k

k þ 3
φ;kφ;k

1þ 2φ

��
: ðC5Þ
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We have the extrinsic curvature as

Kij ¼ −
a2

N

�
1

c
ðH þ _φþ 2HφÞδij þ

1

2a2
ðχi;j þ χj;iÞ −

1

a2ð1þ 2φÞ ðχiφ;j þ χjφ;i − χkφ;kδijÞ
�
;

K ¼ −
1

N ð1þ 2φÞ
�
3

c
ðH þ _φþ 2HφÞ þ 1

a2
χk;k þ

χkφ;k

a2ð1þ 2φÞ
�
≡ 1

c
ð−3H þ κÞ;

K̄i
j ≡ Ki

j −
1

3
δijK ¼ −

1

a2N ð1þ 2φÞ
�
1

2
ðχi;j þ χj

;iÞ − 1

3
δijχ

k
;k −

1

1þ 2φ

�
χiφ;j þ χjφ

;i −
2

3
δijχ

kφ;k

��
;

K̄i
jK̄

j
i ¼

1

a4N 2ð1þ 2φÞ2
	
1

2
χi;jðχi;j þ χj;iÞ −

1

3
χi;iχ

j
;j

−
4

1þ 2φ

�
1

2
χiφ;jðχi;j þ χj;iÞ −

1

3
χi;iχ

jφ;j

�
þ 2

ð1þ 2φÞ2
�
χiχiφ

;jφ;j þ
1

3
χiχjφ;iφ;j

�

: ðC6Þ

We have

η̃0ijk ¼ 1ffiffiffiffiffiffi−gp ηijk ¼ 1

a4N ð1þ 2φÞ3=2 η
ijk; η̃0ijk ¼ −

ffiffiffiffiffiffi
−g

p
ηijk ¼ −a4N ð1þ 2φÞ3=2ηijk;

η̄ijk ¼ 1ffiffiffi
h

p ηijk ¼ 1

a3ð1þ 2φÞ3=2 η
ijk; η̄ijk ¼

ffiffiffi
h

p
ηijk ¼ a3ð1þ 2φÞ3=2ηijk;

ηijkηlmn ¼ 6δi½lδ
j
mδkn�; ηijkηilm ¼ 2δj½lδ

k
m�; ηijkηijl ¼ 2δkl; ðC7Þ

where indices of ηijk are raised and lowered by the metric δij and its inverse.

1. FNLE equations

The ADM equations give the following. Trace of extrinsic curvature in Eq. (C6):

κ ≡ 3
_a
a

�
1 −

1

N

�
−

1

N ð1þ 2φÞ
�
3 _φþ c

a2

�
χk;k þ

χkφ;k

1þ 2φ

��
: ðC8Þ

ADM energy constraint in Eq. (B16):

−
3

2

�
_a2

a2
−
8πG
3c2

E −
Λc2

3

�
þ _a
a
κ þ c2Δφ

a2ð1þ 2φÞ2 ¼
1

6
κ2 þ 3

2

c2φ;iφ;i

a2ð1þ 2φÞ3 −
c2

4
K̄i

jK̄
j
i : ðC9Þ

ADM momentum constraint in Eq. (B15):

2

3

1

c
κ;i þ

1

a2N ð1þ 2φÞ
�
1

2
Δχi þ

1

6
χk;ki

�
¼ 1

a2N ð1þ 2φÞ
	�

N ;j

N
−

φ;j

1þ 2φ

��
1

2
ðχj;i þ χi

;jÞ − 1

3
δjiχ

k
;k

�

−
φ;j

ð1þ 2φÞ2
�
χiφ;j þ

1

3
χjφ;i

�
þ N
1þ 2φ

∇j

�
1

N

�
χjφ;i þ χiφ

;j −
2

3
δjiχ

kφ;k

��

−
8πG
c3

ami: ðC10Þ

Trace of ADM propagation in Eq. (B17):

− 3

�
1

N

�
_a
a

�
·
þ _a2

a2
þ 4πG

3c2
ðEþ SÞ − Λc2

3

�
þ 1

N
_κ þ 2

_a
a
κ þ c2ΔN

a2N ð1þ 2φÞ

¼ 1

3
κ2 −

c
a2N ð1þ 2φÞ

�
χiκ;i þ c

φ;iN ;i

1þ 2φ

�
þ c2K̄i

jK̄
j
i : ðC11Þ

Trace-free ADM propagation in Eq. (B18):
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ḧij þ 3
_a
a
_hij − c2

Δ
a2

hij þ
�
1

N
∂

∂t
þ 3

_a
a
− κ þ cχk

a2N ð1þ 2φÞ∇k

�	
c

a2N ð1þ 2φÞ

×

�
1

2
ðχi;j þ χj

;iÞ − 1

3
δijχ

k
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1

1þ 2φ

�
χiφ;j þ χjφ
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2

3
δijχ

kφ;k

��


−
c2

a2ð1þ 2φÞ
�

1

1þ 2φ

�
∇i∇j −

1

3
δijΔ

�
φþ 1

N

�
∇i∇j −

1

3
δijΔ

�
N
�

¼ −
c2
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3

1þ 2φ

�
φ;iφ;j −

1
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δijφ

;kφ;k

�
þ 1
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�
φ;iN ;j þ φ;jN ;i −

2

3
δijφ

;kN ;k

��
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a4N 2ð1þ 2φÞ2
�
1

2
ðχi;kχj;k − χk;jχ

k;iÞ þ 1

1þ 2φ
ðχk;iχkφ;j − χi;kχjφ;k þ χk;jχ
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ð1þ 2φÞ2 ðχ
iχjφ

;kφ;k − χkχkφ
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�
þ 8πG

c2
m̄i

j; ðC12Þ

where we introduced a transverse-trace-free part of the spatial metric hij only to the linear order; we introduce gij ¼
a2½ð1þ 2φÞδij þ 2hij� where hii ¼ 0 ¼ hji;j with indices of hij raised and lowered by δij and its inverse. For FNLE
formulation including the transverse-trace-free mode to fully nonlinear and exact order, see [28]. We have

K̄i
jK̄

j
i ¼

1

a4N 2ð1þ 2φÞ2
	
1

2
χi;jðχi;j þ χj;iÞ −

1

3
χi;iχ

j
;j −

4

1þ 2φ

�
1

2
χiφ;jðχi;j þ χj;iÞ −

1

3
χi;iχ

jφ;j

�

þ 2

ð1þ 2φÞ2
�
χiχiφ

;jφ;j þ
1

3
χiχjφ;iφ;j

�

: ðC13Þ

The ADM energy, momentum and mass conservation equations follow from Eqs. (B21)–(B23),

1

a3
½a3ð1þ 2φÞ3=2E�· þ 1

a

�
ð1þ 2φÞ1=2

�
N c2mi þ c

a
χiE

��
;i
¼ −

1

a
ð1þ 2φÞ1=2N ;ic2mi

− ð1þ 2φÞ1=2
��

_a
a
þ _φþ 2

_a
a
φ

�
δij þ c

a2
χi;j −

c
a2ð1þ 2φÞ ð2χ

iφ;j − δijχkφ;kÞ
�
mij; ðC14Þ

1

a4
½a4ð1þ 2φÞ3=2mi�· þ

1

a

�
ð1þ 2φÞ3=2

�
Nmj

i þ
cχjmi

að1þ 2φÞ
��

;j
¼ 1

a
ð1þ 2φÞ3=2

�
Nφ;i

1þ 2φ
S −N ;iE −

c
a

�
χj

1þ 2φ

�
;i
mj

�
;

ðC15Þ

1

a3
½a3ð1þ 2φÞ3=2D�· þ 1

a

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p �
N vi þ c

a
χi
�
D

�
;i
¼ 0; ðC16Þ

where D≡ ϱ̄γ. Using E ≡ E −Dc2, we have

1

a3
½a3ð1þ 2φÞ3=2E�· þ 1

a

	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p �
N c2ðmi −DviÞ þ c

a
χiE

�

;i
¼ −

1

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p
N ;ic2mi

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2φ

p �
ðH þ _φþ 2HφÞS −

c
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χiφ;i

1þ 2φ
Sþ c

a2
mij

�
χi;j −

2χiφ;j

1þ 2φ

��
: ðC17Þ

The ADM related fluid quantities E, S,mi, andmij will be determined in terms of the fluid quantities in the comoving frame
for the FL, the SF, and the EM fields in Eqs. (117), (120), and (121), respectively.
To the background order, Eqs. (C9), (C11), (C14), and (C16), respectively, give

_a2

a2
¼ 8πG

3c2
Eþ Λc2

3
;

ä
a
¼ −

4πG
3c2

ðEþ SÞ þ Λc2

3
; _Eþ 3

_a
a
ðEþ SÞ ¼ 0; _̄ϱþ 3

_a
a
ϱ̄ ¼ 0; ðC18Þ
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where, from Eqs. (117), (120), and (121), we have

E ¼ μþ 1

2c2
_ϕ2 þ V; S ¼ 3

�
pþ 1

2c2
_ϕ2 − V

�
; ðC19Þ

with μ≡ ϱ̄ðc2 þ ΠÞ. The EM field cannot be accommodated in the Friedmann background.
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