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We estimate the long-lasting gravitational wave (GW) emission of compact dark objects
following a binary neutron-star (NS) merger. We consider compact dark objects, which initially reside
in the centers of NSs and which may consist of self-interacting dark matter (DM). By approximating
the compact dark objects as test particles, we model the merging of NS binaries hosting DM
components with three-dimensional relativistic simulations. Our simulation results suggest that the
DM components remain gravitationally bound and orbit inside the merger remnant with orbital
separations of typically a few km. The subsequent orbital motion of the DM components generates
a GW signal with frequencies in the range of a few kHz. When considering a range of different binary
masses and high-density equations of state (EOS), we find that the GW frequency of the orbiting
DM components scales with the compactness of NSs. Similarly, we find relations between the
DM GW frequency and the dominant postmerger GW frequency of the stellar fluid or the tidal
deformability, which quantifies EOS effects during the binary inspiral. Hence, a measurement of these
quantities can be used to specify the frequency range of the GW emission by DM. Under the assumption
that GW back reaction is the only relevant dissipative process, the GW signal may last between
seconds and years depending on the mass of the DM component. We estimate the detectibility of the GW
signals and find that DM components in NS mergers may only be detectable with existing and
projected GW instruments if the dark objects are as massive as about 0.01 to 0.1M . We emphasize that
the GW emission is limited by the lifetime of the remnant. A forming black hole will immediately
swallow the DM objects because their orbits are smaller than the innermost stable circular orbit

of the black hole.
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I. INTRODUCTION

Concurrent searches for particle physics candidates of
dark matter (DM) via direct and indirect methods have
been pursued extensively over the last decades (see, e.g.,
Refs. [1-8] for recent reviews). Among these efforts, the
potential existence and effects of DM inside neutron stars
(NSs) were widely explored, including DM-triggered
gravitational collapse [9-15] as well as heating resulting
from DM annihilation [16—-19] and scattering off baryons
and/or leptons [20-26]. Motivated by the prospects in the
era of the gravitational wave (GW) astronomy, several
studies discuss how current and future GW observations
can probe the nature of DM (for a review, see e.g.,
Ref. [27]). These include the effect of DM on the tidal
deformability of NSs, which can be measured in binary NS
merger events, e.g., GW170817 [28-38]. Additional sig-
natures may occur via long-range forces in the dark sector
during the inspiral phase of NS mergers [39—41], the
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postmerger GW emission [42,43], GW signals by dark
object orbiting inside galactic NSs [44], and effects on the
x-ray pulse profile [45].

Regarding the postmerger GW emission produced with
DM-admixed NSs, Ref. [42] adopted a theory-agnostic
approach using a “mechanical model,” which relies on a
number of free parameters to estimate the GW spectrum
within the first ~10 ms after merging. It was found that DM
cores of ~0.1M inside NSs can potentially produce
additional peaks in the postmerger GW spectrum with
similar strength as those produced by the baryonic com-
ponents. On the other hand, Ref. [43] took a different
approach by performing general relativistic hydrodynamic
simulations of equal-mass binaries with two 1.35M 5 NSs,
each containing a bosonic DM core with a mass fraction of
5% or 10%. The chosen parameters were such that the
bosonic DM core had a size comparable to the fermionic
part of the NS. Based on their setup, the authors found that
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for cases with a 10% DM core, a one-arm instability can
develop on a ~O(100) ms timescale, which damps the
dominating quadrupolar GW emission from the baryonic
component. See also [46,47] for the consideration of
bosonic DM.

The effects of mirror dark matter in NS mergers has been
studied within a two-fluid treatment in [48]. See also [49]
for two-fluid binary NS initial data.

In this work, we consider the postmerger GW
emission of DM-admixed binary NS mergers within a
scenario different from the aforementioned studies
[42,43]. Motivated by the work of Ref. [44], we explore
the possibility of long-term postmerger GW emission
predominantly from orbiting DM cores. We consider
dark compact objects with sizes <1 km, thus much
smaller than typical NS radii, and with masses in the
range of <1072M,. One example for dark compact
objects of this kind may be models having a self-
interacting, asymmetric fermion DM candidate as pro-
posed in, e.g., a series of work by Refs. [50-53]. In
particular, Ref. [53] showed that such a highly compact
dark object can be stable when the strong self-
interaction is balanced by gravity (for self-repulsive
force) or by the enhanced degenerate pressure due to
the reduced DM particle mass at high densities (for self-
attractive force). See Appendix A for details. Note that
for a DM-admixed NS of this type, the structure of the
baryonic matter outside the dark core is barely influ-
enced by the presence of the light core (see Ref. [53]),
and can be well described by the solution of a pure
baryonic NS.

The formation channels of asymmetric DM-admixed
NSs is yet under intensive investigations. The most
studied mechanism is via the capture of halo DM
through their scattering with baryons [12,16,25,54,55],
which, however, can only accumulate up to <10~13M,
of DM. Other scenarios include the production of DM
during the supernova explosions [28], via the anomalous
decay channel of neutrons [56-58], or through the
combination of the anomalous neutron decay and the
capture of DM [59]. All these scenarios can possibly
result in NSs with DM cores of subsolar masses with
small coupling between the DM and nucleons below the
current experimental reaches.

Relevant to the evolution of the DM cores in the NS
postmerger remnants is whether one should consider
their interaction with baryons. For a given DM-nucleon
cross section o,y and a characteristic relative velocity of
order ~0.1 ¢ in the merger remnants, the minimal inter-
action timescale per dark matter particle with ambient
hadronic matter is ~O(1) s x (107 cm?/6,y) for py ~
5 x 10" gecm™ without taking into account the further
suppression of Pauli blocking. The Pauli-blocking effect
of both degenerate nucleons and DM can significantly

reduce the scattering rates by at least several orders of
magnitude.'

Furthermore, for DM cores lighter than <1072M o> One
may neglect the gravitational force, which the DM com-
ponent exerts on the baryonic matter. Based on all the
above estimates, we take a simplified approach by approxi-
mating DM cores inside the NSs as test particles. We
follow their trajectories with relativistic hydrodynamic NS
merger simulations out to ~30 ms after collision when the
merger remnants become approximately axisymmetric and
quasistationary. We describe the dynamics in Sec. II. In
Sec. III, we investigate the dependence on nuclear physics
and on the binary system using four different nuclear EOSs
and four mass configurations, and analyze the simulation
results. In Sec. IV, we follow a similar methodology as
outlined in Ref. [44] to estimate the long-term GW
emission for different DM core masses and evaluate
the detectibility with current and next-generation GW
telescopes. We discuss potential caveats and conclude
in Sec. V.

In this study we set G = c¢ =1 unless we explicitly
provide units. Latin indices run from 1 to 3, Greek indices
run from 0 to 3. Stellar masses refer to the gravitational
mass in isolation, in binary systems masses are given at
infinite orbital separation. We define the binary mass ratio
as ¢ = M,/M, with M| < M,. Neutron star radii refer to
the circumferential eigenradius.

II. SIMULATIONS

A. Numerical tool

We perform relativistic hydrodynamical simulations of
NS mergers with a relativistic smoothed particle hydro-
dynamics (SPH) code, which has been successfully used in
various previous studies [61-64]. The code employs the
conformal flatness condition on the spatial metric y;; =
1//45,-‘,- to solve the Einstein field equations within the 3 + 1
split of space time [65-67]. The hydrodynamical equations
are closed by the EOS, which is provided in the form of
temperature and composition dependent tables.

In addition to the hydrodynamical evolution, we evolve
the motion of test particles in the gravitational field by
implementing the geodesic equation in the code. Here we
explicitly assume that on the relevant timescales DM only
interacts through gravity and that the contribution of DM to
the gravitational field is negligible. The latter certainly
holds for not too large DM masses. We estimate that this
model may yield quantitatively reliable results for DM

"The timescale for DM-baryon interaction can be estimated by
Ti‘n{ ~ 1,0, V& Where ¢ is the Pauli blocking suppression factor.
For DM thermalization inside a NS, previous estimates showed
that & < 10~ for nondegenerate DM [60]. For highly degenerate
DM in a compact dark object of our concern, this will further
suppress the interaction between DM and baryons and com-

pletely justify ignoring the DM-baryon collisions.
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masses below ~0.01M . Already for DM masses as low as
0.01M, we expect a significant phase shift during the
inspiral phase comparing systems of the same baryon
mass with and without DM> (as a result of a secular effect
during the long lasting evolution). We suspect that the
angular momentum and density distribution at the end
of the inspiral is very similar in both systems and thus
the postmerger evolution should be well captured by
our model.
In the 3 4 1 split the geodesic equation becomes

du,-
dt

1 .
= —au®0,a + u0,p* — 30 Ui, 0y ™ (1)

with the coordinate velocity

dxl  u LU )
e e @

and the Lorentz factor being au® = /1 + y"uu; (see, e.g.,

[67]). Here a refers to the lapse function, f' is the shift
vector and u* denotes the eigenvelocity. Within the
conformal flatness approximation these equations become

du; 0 2uuy

2 _aquo. 9.3k 0,

T au’0;a + ui0; " + WP W

a o P G)

The very same equation can be directly obtained from the
Lagrangian formulation of the relativistic hydrodynamical
equations by setting the pressure P = 0 and the specific
enthalpy 7 = 1 in the momentum equation (cf. [62,68]). In
essence, we obtain a set of ordinary differential equations
describing the motion of test particles with strong similar-
ities to the hydrodynamical equations in relativistic SPH.
Exploiting this similarity we implement the equations for
the motion of DM with a Runge-Kutta method, which is
solved in parallel to the evolution of the conserved
hydrodynamical variables employing the existing numeri-
cal infrastructure.

*Neutron stars harboring substantial amounts of compact DM
will lead to more compact stellar configurations as compared to
stars of the same total mass without DM. Hence, we speculate
that finite-size effects during the GW inspiral will be affected by
the presence of DM (see also [29-31]). Binary events with the
same masses but different tidal deformability may be an indicator
of such a scenario. Considering that only DM masses above
~0.01M, lead to radius modifications in excess of 100 m, we
suspect that the effect may be generally difficult to measure and to
discern from other uncertainties during the inspiral.

B. Initial data and setup

The simulations start from quasistationary orbits a few
revolutions before merging. For this we assume zero-
temperature stellar matter in neutrinoless beta equilibrium
and we set the intrinsic spin of the stars to zero. In this
initial setup we place a test particle in the centers of each
binary component. Hence, we assume that DM settled to
the center of each star during the long inspiral phase
(typically expected to last several 100 x 10° yr) and that
DM closely follows the motion of the stars. Considering the
free evolution of DM particles during the simulated last
orbits before merging (see below) fully confirms the latter
assumption.

We emphasize that we describe the entire DM contri-
bution by only two test particles originally placed in the
center of the stars. Hence, we implicitly assume that one
can neglect the contribution to gravity and the spatial
extension of these DM components, i.e., treat them as point
particles. Because of these choices, we do not need to
specify masses of the DM components a priori but can
simply adopt DM masses for computing, for instance, the
GW signal, which obviously represents a good approxi-
mation as long as the DM mass is sufficiently small. Our
approximation implies another caveat, namely, that point
particles do not collide, whereas finite size self-interacting
DM components can touch and interact, which cannot be
captured by our calculations.

In this study we consider three different binary systems
with a total binary mass of M, =2.7M, and binary
mass ratios of ¢ = M,/M, = {1,1.279/1.421,1.2/1.5}.
In addition, we simulate equal-mass mergers with M, =
2.4M . To assess the impact of the EOS of NS matter and
to generally test the robustness of our results, we employ
four different temperature-dependent models of nuclear
matter for each of the aforementioned binary systems. We
use the SFHO, SFHX, DD2, and DD2F EOSs [69-73],
which are compatible with current astrophysical constraints
on the maximum NS mass, tidal deformability, and radius
[74-76]. These models roughly span a considerable range
of NS properties.

C. Simulations

All binary configurations which we consider in this
study lead to the formation of a NS postmerger remnant,
while binaries with higher total mass may directly form a
BH sensitively depending on the EOS [77]. Figure 1 shows
the evolution of a 1.35 —1.35M, binary merger in the
equatorial plane for the DD2 being representative for the
other simulated systems. Before merging the stars exhibit
significant tidal deformations. The early postmerger rem-
nant is strongly deformed and oscillates (see also GW
spectrum in Fig. 3). On a timescale of several 10 ms the
central object approaches axisymmetry and quasistationar-
ity. During the secular evolution angular momentum is
redistributed and the central density of the remnant slowly
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Rest-mass density in the equatorial plane (color-coded; p in g/cm?) for a 1.35 — 1.35M, merger with the DD2 EOS. Green

and red dots display the position of test particles. The dashed lines indicate the trajectories of the test particles during the last 0.5 ms with
respect to the given time step. (The unsmooth edges at the surface of the stars are a result of the visualization routine.).

increases. A delayed gravitational collapse of the merger
remnant can occur either during the early dynamical phase
or the secular evolution. (The specific model in Fig. 1 does
not undergo a collapse until the end of the simulation.
Considering the relatively high maximum mass of non-
rotating NSs for the employed EOS, delayed BH formation
may only take place on a very long timescale if magnetic

dipole spin-down triggers the collapse of the finally rigidly
rotating remnant.) Obviously, the results of these simu-
lations are fully in line with previous merger calculations
since we explicitly neglect the backreaction of DM on the
merger dynamics.

In Fig. 1 we display the location of the two DM test
particles by a green and a red dot. The dashed lines
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FIG. 2. Trajectory of DM component during last 5 ms of the
simulation of a 1.35 — 1.35M, binary with the DD2 EOS.

visualize the trajectory of the respective particle during the
last 0.5 ms with respect to the shown simulation snapshot.
The two upper panels clearly show that during the inspiral
the DM particles closely follow the center of mass of the
respective binary components. The DM remains confined
to the local gravitational potential well. During merging the
DM nparticles are injected on orbits in the now forming
common potential well of the merger remnant and decouple
from the fluid motion. The test particles remain gravita-
tionally bound to the system and orbit around each other,
while the gravitational field of the remnant undergoes a
dynamical evolution in this early phase. We refer to [78] for
plots of the lapse function in the orbital plane, which
indicates the gravitational potential. (In the weak field limit
of Einstein’s equations the lapse function is related to the
Newtonian gravitational field.)

As a result of the merger dynamics and the subsequent
remnant evolution, the orbits of the DM particles are elliptic
and show a strong periastron advance. As an example we
plot the trajectory of one DM component extracted from the
1.35 — 1.35M, simulation with the DD2 EOS. Figure 2
visualizes the DM motion during the last 5 ms of the
simulation. Within our model we neglect any interaction
between DM and the fluid, which means that the DM
particles can potentially orbit for a very long time inside the
quasistationary remnant. Hence, already small DM masses
may generate a considerable GW signal if the emission
continues over a longer period (cf. [44]). By treating DM as
test particles during the relatively short simulation time we
ignore the back reaction of GW emission, which will lead to
a slow orbital decay and decrease of the orbital eccentricity
on a longer timescale. On timescales beyond the simulation
time, the GW backreaction has to be taken into account.

We provide a quantitative analysis of the orbits in the
next section discussing the resulting GW emission of DM
and the secular decay of the orbits by continued GW
emission. We already stress that the orbits in the different
simulations are generally relatively tight with orbital radii

DD2 1.35-1.35

10—20 =

£ IkHz)

FIG. 3. Gravitational-wave spectrum of the cross polarization
for a 1.35 — 1.35M ;, merger with the DD2 EOS at a distance of
20 Mpc (black). Colored curves display GW emission by a DM
component under different assumptions about lifetime and
density gradient inside the central remnant: blue = {1 s,0%},
green = {10 s, 0%}, red = {1 5,200%}, yellow = {1 s, 10%},
and cyan = {10 s, 100%} assuming a DM mass of 0.01M g per
component (see text for details and in particular Appendix B for
the simplistic description of a density gradient inside the
remnant). Blue and green curves overlap in the figure. Gray
curves show unity-SNR sensitivity for Advanced Ligo (solid) and
the Einstein Telescope (dashed). Considering a density gradient,
peaks broaden and become flatter but SNRs do not change
significantly. See also Appendix C for a discussion of the impact
on noncircular orbits of the DM particles.

of only a few km. This implies that these orbits and
especially their periastron are smaller than the innermost
stable circular orbit of a BH which may form in a delayed
collapse of the remnant. Hence, the DM particles would
be quickly swallowed by the BH. This implies that GW
emission of DM particles is ultimately limited by the
lifetime of the merger remnant. Therefore, binary systems
with lower masses may generally provide better prospects
to find GW emission from DM, although one may speculate
that lighter NSs may contain less DM, which in turn
slightly decreases the GW amplitude. In this context we
also refer to one additional simulation of a binary with two
stars of 1.5M, using the SFHO EOS, which for this EOS
leads to the prompt formation of a BH. We find that the BH
immediately accretes the DM components.

In Fig. 3 we show the GW spectrum of the merger
simulation described above, i.e., a 1.35 — 1.35M binary
with the DD2 EOS. The black curve displays the signal
produced by the baryonic matter. The dominant postmerger
oscillation in this model generates a pronounced peak at
about f ..« = 2.6 kHz. The power below ~1.5 kHz results
from the very last inspiral phase before merging. Note that
apart from the main peak several other oscillations modes
produced subdominant features below and above f . [64].
As will be discussed later, those subdominant high-
frequency peaks can be comparable in strength and
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frequency to potential GW emission from DM particles
(colored curves in Fig. 3). However, there is little risk to
confuse the different emission mechanisms because orbit-
ing DM particles generate a weak, long-lasting signal,
which may only become detectable for a sufficiently long
remnant lifetime and integration time. The oscillations of
the stellar fluid cease within a few 10 ms. Similarly, the
oscillations of a forming BH during a prompt or delayed
collapse emit GWs at frequencies of several kHz but on
relatively short timescales. The NS remnant may possibly
be subject to the Chandrasekhar-Friedman-Schutz (CFS)
instability and emit GW at later times (see, e.g., [79]). This
effect is not captured by our model. (Note that the model of
DM employed in [43] also results in a relatively short
emission of GWs). Obviously, the quantitative details of the
GW spectrum of the baryonic matter sensitively depend
on the EOS and the binary masses [64]. The dominant
oscillation typically occurs at a frequency between 2 and
4 kHz. We finally remark that because of the signal length
very different GW data analysis strategies may be required
for the oscillations of stellar matter and the emission of
DM. With regard to the latter one may employ techniques
for periodic sources while a frequency and amplitude
evolution should be expected as we discuss below.

III. RESULTS: DM FREQUENCIES AND ORBITS

We analyze the trajectories of DM particles in our
simulations to understand their GW signature, which we
discuss in more detail in the next section. Already at the end
of the simulations at about a few 10 ms after merging, the
stellar fluid settles to a quasi-stationary state undergoing a
secular evolution with for instance a slow increase of the
central densities. As a result of the quasistationary gravi-
tational field, the DM particles exhibit a regular orbital
motion on elliptic orbits around the center of the remnant
including a sizable periastron advance (see Fig. 2).

We extract the orbital parameters at the end of the
simulations for different binary setups from the DM
trajectories. Figure 4 shows twice the orbital frequency
o> Which corresponds to the instantaneous GW frequency
Jfpwm of the GW signal produce by orbiting DM. We display
the frequencies as functions of the radius of a nonrotating
NS with 1.35M , which serves as an effective measure for
the stiffness of the EOS employed in the respective
simulation.

There is a clear EOS dependence of the DM frequencies.
The orbital and thus GW frequency of DM increases with
the compactness of NSs. This behavior may be expected
because softer EOSs lead to higher mean densities of the
remnant (see Fig. 13 in [63]) and the orbital frequency of
test particles is determined by the mass enclosed by the
orbit. See discussion of our long-term evolution model
below and Ref. [44]. For uniform density inside the
remnant, the orbital frequency of a test particle is constant
throughout the remnant. In an actual merger remnant the

;E X 1.35-1.35

— 5.0- sk X 1.279-1.421
I * X  1.2-15
= ¥ x 1.2-12
= 454 X
2 X
(&N
I
= 4.01 %
£

3.5 y

12.0 12.5 13.0

R1,35 km

FIG. 4. GW frequency of DM particles corresponding to twice
the orbital frequency as function of NS radius. Colors indicate
different binary systems specified in the legend. Per binary
systems two data points are given: for asymmetric binaries the
plus sign displays DM from the more massive binary component,
while the cross shows the test particle stemming from the less
massive star. Note that some symbols overlap (e.g., blue and
green plus at 12.4 km, and the green and yellow cross at 12.4 km).

density increases towards the center and thus the orbital
frequency is expected to increase for smaller orbits, i.e., as
DM particles slowly inspiral inside the remnant.

In Fig. 4 we mark the test particles being originally
placed in the different binary components by a cross (from
the less massive star) and a plus sign (from the more
massive star). The orbital frequencies of DM particles
stemming from the less massive component in asymmetric
binaries (crosses) are systematically lower. In asymmetric
mergers these DM particles are injected on larger orbits
(Fig. 7). The central densities in merger remnants in
calculations with the same total mass and EOS but different
mass ratios are roughly comparable at the end of the
simulations. (At the time of merging and during the early
remnant evolution asymmetric mergers lead to higher
central densities). Circling on larger orbits thus implies
that the mean density inside the orbit is lower for asym-
metric mergers, which results in a lower frequency. The
DM component that originally resided in the more massive
progenitor star orbits with a frequency that is roughly
comparable to that of the equal-mass merger with the same
M. This is in line with the argument just given. Generally,
the orbital frequencies of DM stemming from the two
different cores of the merging NSs are not too different even
for fairly asymmetric binaries. As for equal-mass binaries
with M, = 2.4M, it is not unexpected that they lead to
lower orbital frequencies.

We also relate the very same frequency data to
other system parameters. Figures 5 and 6 display the
frequencies as a function of the dominant postmerger
frequency fp.u (see Fig. 3) and the combined tidal
deformability A. The combined tidal deformability encodes
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FIG. 5. GW frequency of DM particles corresponding to twice
the orbital frequency as function of dominant postmerger GW
frequency. Symbols have the same meaning as in Fig. 4.

EOS effects during the GW inspiral and is given by
A= 16 (My+12M5) MIA +(M+12M, ) M3 A,
13 (Mi+M,)

and the tidal deformability A, = % ks

with the masses M|,
Ry
M)
binary components. k, and R refer to the tidal Love number
and the NS radius, both of which are uniquely determined
by the EOS [80,81]. For f e, as well as for A we find a
relatively tight correlation between the GW parameters
describing the emission by the stellar fluid and the GW
frequency of DM. (Considering the definition of A it is
clear that the data points for M, = 2.4M , show an offset
with respect to those for M, = 2.7M.) These relations
may be used to constrain the frequency range where GW
emission by DM may occur and thus may be helpful for
GW data analysis. The existence of these relations and the
similarity between the different plots is expected since
these GW parameters of the baryonic matter are known to
scale with the NS radius [80,82]. We thus continue in the

of the individual
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s * X 1215
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2457 Xx
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I +
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A

FIG. 6. GW frequency of DM particles corresponding to twice
the orbital frequency as function of combined tidal deformability.
Symbols have the same meaning as in Fig. 4.

following to present results as function of R;3s5, which
allows an easier identification of the data points for a
specific EOS, bearing in mind that very similar relations
can be expected for f ey and A. (We also remark without
providing a figure that there is an approximate scaling with
the frequency at the maximum of the GW amplitude
marking the end of the inspiral.)

The other relevant parameter characterizing the orbital
motion of DM particles inside NS merger remnants and
thus their GW signal is the orbital separation. In Fig. 7 we
show the average orbital radius extracted at the end of our
simulations. Since orbits are elliptic, we report 7=
0.5(rmin + max) With 7y, and rp,, being the minimum
and maximum distance to the center of mass. We do not
correct for gauge effects because our estimates of the GW
emission are in any case approximate. We find orbits
between about 2 and 8 km, which is generally small and
as stressed before smaller than the innermost stable circular
orbit of a BH forming from the merger remnant. The sizes
of the orbit do not show a very strong EOS dependence,
which to some extent may be surprising. We only observe a
tentative increase of the orbital separation for stiffer EOSs
in our sample of models. This seems reasonable since
during merging the centers of the original stars, where the
DM particles initially reside, should remain more distant
from the common center of mass for larger NS radii. Binary
mass asymmetry systematically increases the orbits of the
DM particles stemming from the less massive progenitor
star. This seems reasonable since the less massive star is
less bound and thus may inject the DM component on a
larger orbit.

In Fig. 7 we indicate the ellipticity of the orbit for the
equal-mass mergers by drawing error bars where the lower
and upper edges mark r.;, and r,., respectively. The
eccentricity of the different models is summarized in Fig. 8,

= 8- X 135135
= X 1.279-1.421
= 6 « X 1.2-15
E <X « 1.2-1.2
+ X
E 4 |).( <7
=
: 1
() 2_
I
I

12.0 12.5 13.0

R1,35 km

FIG.7. Averaged orbital radius of DM particles at the end of the
simulations (a few 10 ms after merging) as a function of NS
radius. Symbols have the same meaning as in Fig. 4. Error bars
indicate for the equal-mass mergers the minimum and
maximum orbit.
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FIG. 8. Eccentricity of DM motion in the merger remnant as a

function of NS radius. Symbols have the same meaning as in
Fig. 4.

where we do not recognize a particular EOS or binary mass
ratio dependence. However, we assume that in particular
the eccentricity could be relatively sensitive to numerics.
For instance, the data points from the symmetric binary
system show a sizable difference, whereas based on
symmetry arguments one would expect the same value.
However, we note that the phase difference between the
two DM particles at the end of our simulation is still z as
expected (see lower right panel in Fig. 1). Since the phase
evolution is usually hard to resolve in numerical simula-
tions, the agreement with the theoretically expected behav-
ior increases the confidence in our numerical results.

We finally summarize these simulation results in
Fig. 9 by plotting the amplitude A = 42,7 with the
orbital angular velocity @y, = 27 fpy. Within a Newtonian
model, the amplitude A = hyD/mpy; quantifies the GW
amplitude A, along the polar direction up to the source
distance D and the assumed mass mpy; of a DM particle.

. X 135135
N8 34 x X 1.279-1.421
3 U x X 1215

% 2-1.
| % 1.2-1.2
~
= 0.2 x
g X
~
Q X
S 0.1 3% b4
Il +* * I

+
< +

T T T
12.0 12.5 13.0
R1,35 km

FIG. 9. Amplitude of GW signal of the DM component
assuming circular orbits with averaged orbital radius as function
of NS radius. Symbols have the same meaning as in Fig. 4.

Here we employ the quadrupole formula and assume
circular orbits with 7 and mpy; being small compared to
the enclosed mass such that the reduced mass is approxi-
mated by mpy (see, e.g., [83]). The latter approximation at
some point breaks down as the DM particles inspiral
towards the center of the remnant.

We do not observe a strong impact of the EOS because
the effects on orbital frequency and radius approximately
cancel. There is a more pronounced impact of the binary
mass ratio such that 1.2 — 1.5M binaries lead to a roughly
three times higher amplitude compared to equal-mass
mergers. Note that only the DM component originating
from the less massive component exhibits an increased
amplitude. (One may speculate that this increase might be
counterbalanced by a less effective accumulation of DM in
lighter NSs.)

IV. DETECTABILITY

A. Long-term model

The emitted power by the gravitational radiation of DM
particles is generally weak in comparison to the emission
by the merger itself because the GW amplitude of orbiting
DM lumps with masses below ~0.01M, is small. However,
as a result the GW back reaction is also weak. If no other
strongly dissipative processes are involved (as in our
model), the signal may possibly last for a long time and
GWs from a DM component in NS mergers may be
detectable (cf. estimates in [44] for isolated stars). As
argued above the particularly long emission time distin-
guishes the DM signal from the emission of baryonic
matter, but may pose challenges for GW data analysis. As
one of the main results of our study we point out that the
gravitational radiation from DM in NS mergers is ulti-
mately limited by the remnant lifetime because the orbits of
DM particles are too small to avoid the rapid accretion by a
forming BH.

We now quantify the detectability of GWs from DM
particles based on our simulation results. Because of the
long signal length (see Fig. 10 showing the timescales until
the amplitude declined by a factor 10), we cannot compute
the GW signal and corresponding signal-to-noise ratio
(SNR) self-consistently from our simulation data. Instead
we have to employ a model to estimate the long-term
evolution and the detectability. Approximations may gen-
erally be justified since our model anyway relies on a
number of assumptions. In particular, the signal strength is
expected to scale with the mass of the DM component,
which is unknown and may be even different in different
merger events.

We estimate the long-term behavior of the GW signal
by assuming Newtonian point-particle dynamics of the
DM components under the influence of GW backreaction,
which reduces the orbital energy according to the quadru-
pole formula. We closely follow the model and
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FIG. 10. Time until the initial GW amplitude of the DM
component decayed to 1/10 of its initial value for different
simulations discussed in this study. Results are shown as a
function of the NS radius of the respective EOS used in the
simulation. Colors refer to different assumed masses of the DM
component.

assumptions in [44]; see Appendix for details. The
approach is fully equivalent to the Newtonian treatment
of the binary inspiral phase (which, for instance, leads to
the definition of the chirp mass) except for the difference
that the DM particles move inside the stellar remnant. This
implies that the gravitational potential differs from that of
the classical two-body problem and is determined by the
density distribution inside the remnant. To further simplify
the estimate, we assume circular orbits® and the DM mass
to be small compared to M., which refers to the mass
enclosed by a sphere with the orbital radius. We also
impose that the baryonic remnant does not undergo any
further evolution, i.e., that the density profile remains
constant in time,* and we consider a spherically symmetric
distribution of mass in the remnant’s center. We neglect any
other process which could affect the secular evolution of
the orbits on longer timescales like, for instance, a weak
interaction between baryons and DM. Furthermore, we
assume that the DM particles are point masses and we do
not consider the possibility that the DM components collide
during their orbital evolution, which may in fact happen if
the DM components have a finite size and move with
different orbital frequencies or eccentricity.

Under these assumptions an orbiting DM particle gen-
erates a GW signal

*We compare the orbital evolution of circular and noncircular
orbits for a test particle moving inside a uniform density in
Appendix C to gauge the impact on our results due to this
assumption. We find that the strength of the GW peak may be
reduced by a factor 2 to 3 for eccentric orbits compared to circular
orbits.

To some extent we mimic an evolution of the density
distribution by assuming a density gradient, which at least allows
us to roughly estimate the impact.

4
h(t) = 5M131\,IC¢)§rbR(t)2 08 (2wopt) (4)
at a distance D with the orbital angular velocity @y,
which may change with time. Here we suppress the
dependence on the inclination angle and any initial phase
shift, which distinguish the plus and cross polarization.
As the orbital radius R(z) evolves, the amplitude slowly
decays (although a slight increase of the orbital frequency
may occur). The angular velocity is determined by

W’y = Me}‘e;iR), and thus directly linked to the orbital
radius. Hence, a single equation (based on the balance
between orbital energy and radiated energy) governing the
decay of the orbital radius R(#) determines the whole
evolution of the system and especially the GW signal (see
Appendix B).

For uniform density p, the gravitational potential is such
that the orbital frequency remains constant and is propor-
tional to /p (cf. [44]). In this special case, the evolution of
the orbital radius is given by an analytic expression, i.e., the
GW signal is given by Eq. (4) and

__ R
R0 = V2kR3 1 ®)

with k =EMpywl, and the initial orbital radius
Ry = R(t = 0). For simplicity, we mostly use this expres-
sion to estimate the detectability. In Appendix B we
describe a refined model by which we can assess the effect
of a density gradient within the remnant, which leads to a
steady increase of the orbital and thus GW frequency. In
this case the equation determining the orbital radius and
thus the amplitude can only be solved numerically. We
sketch the main results of this refined model below and
already remark that the SNR is not much different from the
value found for the analytic expression. This justifies
estimating the detectability employing the analytic model.

B. Results: Detectability

The SNR as a measure for the signal strength and its
detectability is given by

|A(f)P
Sa(f)

with the Fourier transforms /2(f) of the GW amplitude and
the noise spectral density S,(f), for which we adopt
configurations mimicking the projected sensitivity of the
Advanced Ligo and the Einstein Telescope [84,85]. The
Fourier transforms of Eq. (4) with Eq. (5) can be computed
analytically if the signal is assumed to start at t = 0 and to
continue until infmity.5 A very long signal length implies

SNR? :4A°° df (6)

>We use the expression from https://www.wolframalpha.com,
which becomes somewhat too lengthy to be shown here explicitly.
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FIG. 11. Signal-to-noise ratio for the Einstein Telescope as a

function of DM mass per binary component assuming circular
orbits and no frequency evolution. Figure adopts a distance of
20 Mpc (along the polar axis) and generally favorable values for
detection, i.e., relatively large orbital radii of 6 km and low orbital
frequency of 2 kHz. SNRs are given for different remnant
lifetimes 7 or integration time, respectively. Black dots show
the SNR for an analytic computation of the Fourier transform of
the analytically given signal, corresponding to an infinite lifetime.
Black dots thus, in principle, provide an upper limit on the highest
possible SNR. For large 7 the FFT becomes computationally
expensive and somewhat inaccurate, which is why some symbols
occur at SNR higher than the theoretical limit. 7 = #,,;, assumes
a lifetime until the initial GW amplitude decayed by a factor 10.

the remnant to be stable, which may only be the case for
low-mass binaries, and also requires a very long integration
time of the GW search, which may be challenging. Hence,
the resulting SNR may represent an upper limit.

Figures 11 and 12 show the SNR for the Einstein
Telescope and Advanced Ligo at a polar distance of
20 Mpc as a function of the mass Mpy; of the orbiting
DM particles (black dots). We assume both binary com-
ponents to initially host a DM component with Mpy. Here,
we compute the SNR for generally favorable but not
unrealistic values of the orbital frequency and the initial
orbital radius, i.e., adopting f,, = 2 kHz and Ry = 6 km
(see Figs. 4 and 7). One can clearly see that the SNR
strongly decreases for lower Mpyr. Only for Mpy,; as large
as ~0.01 to 0.1M the SNR becomes significant.

In addition, we consider a finite signal length, which may
be limited either by the delayed collapse of the merger
remnant or the integration time of the detector. To this end
we compute the FFT of Eq. (4) for a finite lifetime 7. In
Figs. 11 and 12 we include the SNRs for lifetimes of 0.1, 1,
10, and 100 s (small crosses). Additionally, we compute
the SNR for a signal which decays to 1/10 of its initial
amplitude (see Fig. 10). As expected the SNR increases
for larger 7. The relative difference for different lifetimes
increases with smaller Mpy;. In the regime of large Mpy
already an integration time of a few seconds may be

Ad. Ligo - favorable values

100_ '*‘
_*.
1071 . '*'
+ X
0~ § X x 7=01s
% 1072 . X T=1s
: * x 17=10s
x x x 7=100s
1073 - % + 7=ty
N e 7 =inf
10° 10* 10 100 107!
Mpy [Me)]

FIG. 12. Same as Fig. 11 but for Advanced Ligo.

sufficient, although the general prospects for a detection
are not good. We remark that computing the FFT for longer
lifetimes becomes computationally expensive (for a desk-
top machine) because of the many cycles. Note also the
slight inconsistencies between the SNR for long but finite
lifetime and the infinite lifetime, which also results from the
numerical computation of the FFT. (Since this regime is
anyway observationally irrelevant we do not attempt to
implement further improvements at this point, but caution
that our numbers anyway represent only a coarse estimate
considering the underlying assumptions.)

As may already be conceivable from the SNR, the
chances for detecting orbiting DM are relatively low and
may only succeed under favorable conditions like in
particular only large DM masses. We further estimate
the detection horizon based on the SNR. Assuming that
a SNR of 4 may be sufficient for detection, we display the
detector horizons for Advanced Ligo and the Einstein

Einstein Telescope - favorable values

SNR=1 s *
1]
10 9
2 .t
ég 10 - § X x 17=01s
2 x T1=1s
s il ) x =10
Q107 e x X 7=100s
« 4+ T=ti0
1072 4. o 7 = inf
1 1 1 . 1 1
105 10t 107 10 107!
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FIG. 13. Horizon distance for Einstein Telescope as function of

DM mass per binary component assuming an SNR of 4 is
sufficient for detection.
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FIG. 14. Horizon distance for Advanced Ligo as a function of
DM mass per binary component assuming an SNR of 4 is
sufficient for detection.

Telescope as function of Mpy in Figs. 13 and 14. We
speculate that a relatively low SNR may suffice because the
merger itself may already inform about the potential
presence of a signal.

We finally summarize the main conclusions from a
refined model of the long-term evolution, which includes
a frequency increase because of a density gradient within
the NS remnant (see Appendix B for details). Numerically
solving the ordinary differential equation for the evolution
of the orbital radius, we obtain the GW amplitude and
frequency as function of time. Figure 15 in Appendix B
provides an example. We compute the signal for lifetimes
of 1 or 10 s and adopt different density gradients inside the
remnant® (percentages of density increase from the initial
orbital radius to the center of 0%, 10% and 100%). The
resulting FFTs are overplotted in the GW spectrum of the
NS merger in Fig. 3. Here we consider Mpy = 0.01M
and refer to Figs. 11 and 12 illustrating the dependence on
Mpy. The monochromatic signal (for uniform baryon
density) exceeds the noise curve of Advanced Ligo for
the assume distance of 20 Mpc. However, as already
discussed, the SNR is relative low since the peak is very
narrow. For steeper density gradients the peak becomes
flatter and broader and may even drop below the sensitivity
curve of the Einstein Telescope. Although the impact on the
shape of the peak is significant, comparing signals of the
same lifetime the SNR hardly changes if a density gradient
is present. Hence, estimates based on the simpler model
above are sufficient for our purposes. We note, however,
that an evolving frequency increases the complexity of
the GW data analysis which may negatively affect the

6Checking the density distribution towards the end of our
simulations the profile is roughly linear with a density increase
between a few 10% and 100%.

detectability. Similarly, the fact that the orbits are at least
initially elliptic may complicate the GW search.

V. CONCLUSIONS

We perform relativistic hydrodynamical simulations of
NS mergers and trace the motion of test particles which are
assumed to interact only gravitationally with the stellar fluid.
By this we model self-interacting DM components which
initially reside in the cores of merging NSs. A configuration
like this may be achieved for strongly self-interacting and
fermionic DM that may be produced during supernova
explosions or via the anomalous decay of neutrons. In this
study we address whether the GW signal of the orbital
motion of the DM component after merging can be detected.

We find that the DM particles remain gravitationally
bound and move on elliptic orbits inside the merger
remnant. After merging the DM particles decouple from
the fluid motion and orbit in the gravitational field of the
stellar merger remnant. The orbital radius is relatively
small, typically only a few km, where asymmetric binaries
yield somewhat larger orbits of up to 8 km. Considering the
size of the orbits, we conclude that a forming BH would
immediately swallow the DM components and the corre-
sponding GW emission would stop. Hence, the GW signal
of DM is limited by the lifetime of the merger remnant.
This implies that low-mass binaries may generally provide
better chances to detect DM effects in mergers.

We determine the frequency of the orbital motion
and the corresponding GW signal of DM components in
NS mergers from the simulations. The GW frequency is
typically in the range between 3 and 5 kHz, depending on
the NS EOS and total binary mass, which both determine
the merger dynamics and thus the orbital motion of the DM
component. We find that the GW frequency of DM roughly
correlates with the NS radius, the dominant postmerger
oscillation frequency of the stellar fluid and the combined
tidal deformability. The latter relations imply that for a
given merger event the GW parameters of the stellar fluid
provide an estimate in which frequency range the GW
emission by DM occurs. The GW frequency of DM is not
too sensitive to the binary mass ratio. In fairly asymmetric
binaries, the two DM components stemming from the two
differently massive progenitor stars have GW frequencies,
which differ by several 100 Hz. Here the DM particle from
the less massive binary component has a systematically
lower frequency, whereas the DM lump from the more
massive star results in a frequency very comparable to that
of the equal-mass merger with the same total mass.
Depending on the long-term evolution of the GW emission,
one may expect a splitting of the corresponding peaks in the
GW spectrum as suspected in [42].

We extract the amplitude of GWs from DM, which is
generally very weak and obviously scales with the assumed
mass of DM. Because of its weakness, the signal can last
very long (seconds to years) where we assume that any
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interaction between DM and the stellar fluid is negligible.
The signal length clearly distinguishes the DM signature
from any GW emission by the stellar fluid which may
produce radiation in the same frequency range. Our
numerical results provide guidance which DM admixture
can be excluded if no corresponding signal is detected in
the aftermath of a NS merger (at least for the particular class
of DM models discussed here).

To estimate the SNR and the detectability of DM in NS
mergers, we employ a long-term model accounting for the
GW backreaction of the orbital motion. By this we estimate
that only DM components as massive as about 0.1M, are
detectable by Advanced Ligo (0.01M for the Einstein
Telescope and comparable third-generation instruments).
We emphasize that future work should, in particular,
address the requirements for GW data analysis to detect
long-lasting GW signals, which may undergo a frequency
evolution. Also, our model to estimate the long-term
emission of the DM components can be improved by
considering relativistic effects, a possible interaction
between DM and baryonic matter and a evolution of the
density distribution of the merger remnant. Moreover, we
speculate that the GW signals due to the orbiting DM
components in eccentric binary NS systems may be louder
and may last longer than results shown here assuming
quasicircular orbits. This is because the DM cores can
possibly be thrown out to larger radii and thus produce
larger GW amplitudes, if they remain gravitationally bound
to the merger remnants. However, the probability of
eccentric NS mergers may be much smaller than that of
quasicircular mergers. Also, such type of events may be
more difficult to detect because of additional GW data
analysis challenges, and eccentric mergers may be less
contaminated by DM if they form predominantly in
globular clusters with a lower DM content. Future work
should also address more extreme binary mass ratios,
which may lead to larger orbits and thus stronger GW
emission. Similarly, NS-BH mergers should be considered.

We stress that we employ a specific type of DM model
with strong self-interaction but a weak coupling to ordinary
matter. This is essential to treat DM as test particles. Hence,
the described framework and GW signature probes only a
certain class of DM models. Finally, comparing the dis-
covery potential or the sensitivity to a specific DM model
with the NS mergers examined here versus the scenario of
nearby NSs capturing dark objects [44] will require further
studies including a consistent framework dealing with the
production mechanism of these dark objects and their
populations, which should be pursued in future work.
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APPENDIX A: PHENOMENOLOGICAL ORIGIN
AND THE SIZE OF THE DARK OBJECT

For DM to form a self-bound compact object, it requires
self-interaction in the dark sector. The DM self-interaction
can be either attractive through the exchange of a scalar
boson ¢ or repulsive by exchanging a vector boson V¥
among fermionic DM y. The associated interaction
Lagrangians are Ly = g4¢yy and Ly = gyyy,xV* where
gy.v are the coupling constants. The EOS that describes the
dark compact object in the presence of L,y is given in
Ref. [53]. The comprehensive discussion on the origin of
the phenomenological model and its implication on the
cosmological evolution can be found in Refs. [S0-52]. We
proceed theory agnostically in the following.

Using Table 1 in Ref. [53], we can derive scaling relations
for the radius Rp and the mass My of the dark compact
object. In terms of strongly attractive self-interaction only,
the relation Rp ~ Rya X (Mp/My)'/3, where M, and
R« denote the maximum mass of the dark object and the
corresponding radius, gives rise to

CIN' /1 GeV\i/ My \}
Rp ~0.5 km( -2 . (Al
10 m 0.01M,

X

where C; = (g,/V/37%)(m,/m,) is taken to be > 1, and
m,, and m, are the DM and mediator masses, respectively.

For strongly repulsive forces with Cy = (gy/V/372)
(m,/my)>1, taking Rp ~ Ry, as an approximation,
one obtains
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2
Rp~1.0km <i> (5 GeV) . (A2)
V10/\ m,

Equations (Al) and (A2) clearly show that a very
compact sub-km dark object with M <0.01M can be
obtained for m, <1 GeV when DM self-interacts strongly
with an attractive force. This is due to mainly the mediator-
reduced effective mass of y in the medium, as detailed in
Ref. [53]. On the other hand, for strongly repulsive self-
interaction, the dark object will only become sub-km for
heavier m,.

APPENDIX B: LONG-TERM MODEL

We describe a long-term model to estimate the orbital
motion of a DM particle moving inside a NS merger
remnant closely following the model and assumptions in
[44]. By this we estimate the GW signal of the system.
As detailed in the main text, we assume Newtonian point
particle dynamics, circular orbits, a fixed background
density profile, a small DM mass compared to the mass
enclosed by a sphere of the initial orbit R, spherical
symmetry of the mass distribution within R,, and GW
backreaction being the only dissipative process.

For simplicity we adopt a linear density profile

P

R s
R, + XPo

p(R)=aR+p=(1-y) (B1)

with py = p(Ry) being the density at the initial orbital
radius R. y describes by which factor the density increases
from R, to the center R = 0. Coefficients @ and f are
introduced to somewhat simplify the calculation.

Integration of the density profile Eq. (B1) yields the
enclosed mass

R 4
M(R) = A dR4ﬂR2p(R):ﬂaR4+?ﬂﬁR3, (B2)

which determines the orbital angular velocity via

, _ M(R)
=

= maR + 4?”,3. (B3)
We do not extract density profiles or the enclosed mass
from the simulations but for consistency match the initial
wy = (Ry) and R, with the simulation data. This uniquely
determines M(R) and p for an assumed density gradient,
which we express by y:

M(R 4
w%:%:ﬂoﬂo—l—?ﬂﬁ
4
=7 =0)+ 57 )0 (B4)

with the definitions of a and f from above. This yields

2
@y

Cn(l-p)+2y°

which uniquely determines a and f [Eq. (B1)], hence the
density profile, for a given wy and R,.

With these equations we are equipped to compute the
orbital energy. The potential energy after an integration
across the density profile Eq. (B1) reads (considering only
the terms with an explicit dependence on R and ignoring a
constant offset)

Po (BS)

ps
Eyo = MDMgRZ (aR +2p). (B6)

The kinetic energy is given by

1 1 4
Eyn = 5MDMR%U2 = zMDMR2 <7zaR + ?ﬂ /3). (B7)

This sums up to the orbital energy

5 4
Eorb = 71,'MDMIQ2 <— (XR + §ﬁ> .

. (B3)

The only time-dependent quantity in this equation is the
radius and we express the change of the orbital energy as

dE orb

I (B9)

. (5 8
= ﬂ'MDMRR *aR + *ﬂ .
2 3
The change of the orbital energy equals the energy
carried away by GWs, which for an orbiting point particle

is given by

dEgw 32,
= — 22RO B10
o s WR'P, (B10)

where we approximate the reduced mass with y = Mpy.
This results in

dEGW 32 Az 3
- :—?MzDMR4<naR+?ﬂ> . (B11)

which only depends on R. Equating Egs. (B10) and (B11)
finally yields

dt 5(3ar+3p)

This equation can be solved numerically, and its solution
R(t) yields the evolution of the GW signal, i.e., its
amplitude and frequency through Egs. (4) and (B3). The
solution is fully determined by the initial data ), R, and y.

For a uniform density p = py we have « =0 and f =
p = 2 w* (with  being constant). In this case we recover

dR 327*Mpy R (aR + 4 B)3

dR 16
= __MDMR3 4 —kR3,

Bl
dt 5 (B13)
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FIG. 15. GW amplitude as function of time for a 1.35—

1.35M s merger with the DD2 EOS. Initial amplitude is based
on simulation data; time evolution is computed by the long-term
model described in the Appendix making different assumptions
about the DM mass and the density gradient inside the remnant
(see text). Dashed curves nearly overlap.

the analytic solution of which is Eq. (5) with k as given in
the main text (see also [44]).

In Fig. 15 we compare the evolution of the amplitude for
different density gradients inside the remnant. The impact
of the density gradient is relatively weak, which justifies
using the analytic model assuming uniform density to
estimate the amplitude. This explains the fact that SNRs are
largely unaffected by the frequency evolution because of a
density gradient (Fig. 3). For lower DM mass the decay of
the amplitude is generally slower.

APPENDIX C: EFFECT OF NONCIRCULAR
ORBITS

In our long-term model described in Appendix. B, we
assumed immediate circularization of DM particles for
simplicity. In this Appendix, we compute the evolution of
noncircular orbits for a point particle that is immersed in
a constant density profile taking the Newtonian limit.
We compare the obtained orbital evolution and the GW
emission to the corresponding quasicircular cases using
two representative cases shown in the main text, which are
listed in Table 1.

For noncircular Newtonian orbits, we begin with the
Lagrangian

TABLE I. Two sets of initial parameters for noncircular orbits
extracted at the end of simulations described in the main text.
RO = 0'5(rmin + rmax) and €y = (rmax + rmin)/(rmax + rmin)~

Model Ry [km] €y EOS Binary masses [Mg]
A 4.331 0.49 SFHX 1.279-1.421
B 2.385 0.65 DD2F 1.350-1.350

L(R.0.R.0) = %ﬂ(ze)(iez +R2P*)-U(R), (CI)

where p(R) = Mpy/M(R) is the effective mass of the
system in the limit of Mpy < M(R) = 4zpR*/3, 0 is the
polar angle of the point DM particle on the orbital plane
relative to the semiminor axis of the orbit, and
U(R) = —M(R)Mpp/R.

From Eq. (Cl), one can derive the corresponding
equation of motion of the system, expressed in terms of
u=1/R (in the test particle limit, i.e., Mpy < M(R), 6):

d’u 1 /4 1

where L = MpyR?6 is a constant of motion without GW
emission.

Taking Mpy = 1073M, and p = 5.477 x 10'* gem™3,
for any given initial conditions of orbital parameters with
Ry=7= O'S(Fmin + rrnax) and ¢y =e = (rmax - rmin)/
(Fmin + "max) extracted from numerical simulations
described in the main text, we first solve Eq. (C2) numeri-
cally to obtain the orbit, and use the quadruple formula to
estimate the radiated energy and angular momentum by
GW for a single orbit. We then assume that the system stays
on the same orbit for N, periods until the accumulated
energy loss |AE| > 0.01|Ey|, where E| is the initial total
energy of the orbit. Once |AE| > 0.01|Ey|, we subtract AE
and the corresponding AL from the initial £y and L to
obtain £y = Ey— AE and L, =L;— AL as the new
orbital parameters. We repeat this procedure iteratively
to obtain the approximate orbital evolution that includes the
GW emission over a longer period.

Figure 16 shows the evolution of 7 and e for the two
cases listed in Table I as well as the corresponding
evolution of the orbital radius 7, assuming circular orbits
(see Appendix B) for 300 iterations. Interestingly, for
noncircular cases, 7 decreases considerably slower than
Teire» Which suggests that the GW emission is less efficient
for noncircular orbits than the corresponding circular cases.
This is mainly because for a test particle moving inside a
uniform medium, the enclosed total mass M « R? also
varies with radius, differently from the two orbiting point
particles. For GW emission, the net effect of the smaller
enclosed mass dominates over the enhancing factor due
to smaller radii, which leads to the observed less efficient
GW emission. We also note that the eccentricity parameter
e decreases very slowly so that we do not expect quick
circularization.

In Fig. 17 we show the emitted GW spectra for the same
cases as in Fig. 16 over the evolved periods. It suggests that
the GW amplitude peaks at nearly the same frequency
(determined by the constant density of the medium), but
the amplitudes for noncircular cases are generally a factor
of 2-3 times smaller than the circular cases.
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moving within a uniform density background with noncircular orbits for four cases listed in Table I. Red dotted lines show the
corresponding radial evolution of circular orbits 7, assuming initially 7., = 7.
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Comparison of the emitted GW amplitudes for the noncircular and circular cases shown in Fig. 16.
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