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We investigate the magnetized QCD matter and chiral phase transition in a (2þ 1)-flavor Nambu–Jona-
Lasinio (NJL) model at finite temperature and chemical potential by comparing the contributions from the
tensor spin polarization (TSP) and anomalous magnetic moment (AMM) of quarks. For light u and d
quarks, when TSP and AMM are not considered, the magnetized system is characterized by magnetic
catalysis. The introduction of TSP will further enhance the magnetic catalytic characteristics. On the other
hand, when AMM is introduced, the phase-transition temperature decreases with the magnetic field, which
is the feature of inverse magnetic catalysis. The phase diagram of u and d quarks will change from the
crossover phase transition to the first order phase transition with the increase of magnetic field and chemical
potential when AMM is induced. The phase diagram will not change from the crossover phase transition to
the first-order phase transition when TSP is induced. For the phase diagram of strange s quark, whether
TSP or AMM is induced, the phase diagram will keep a crossover phase transition with the increase of
magnetic field and chemical potential.

DOI: 10.1103/PhysRevD.107.076004

I. INTRODUCTION

Comprehending properties of QCDmatter under a strong
magnetic field is of essential importance to further inves-
tigate the evolution of the early Universe [1], noncentral
heavy-ion collisions [2–5], neutron-star mergers [6,7], and
the interior of magnetars [8,9]. The exploration of the QCD
vacuum and strongly-interacting matter under external
strong magnetic fields has attracted much attention (see
reviews, e.g., Refs. [10–14]). Here we stress the study of
the magnetic field of noncentral heavy-ion collisions,
which comes from the laboratory simulations. The mag-
netic field reaches up to

ffiffiffiffiffiffi
eB

p
∼ 0.1 GeV for RHIC andffiffiffiffiffiffi

eB
p

∼ 0.5 GeV for LHC in noncentral heavy-ion colli-
sions. This magnetic field is external since it is generated
by the spectators, and though it has a very short lifetime (of
the order of 1 fm=c). However, as shown in Refs. [15–18],
the presence of the quark-gluon plasma (QGP) medium
response effect, substantially delays the decay of these

time-dependent magnetic fields. This is why in most cases,
the effect of constant and uniform magnetic fields on
quark matter is discussed in the literature. The magnetic
field coincides with the production of the QGP and thus
may have a fairly important effect on the properties
of the phase transition such as the chiral magnetic effect
(CME) [16,19–22], magnetic catalysis (MC) in the vacuum
[23–25], inverse magnetic catalysis (IMC) around the chiral
phase transition [26–29].
The magnetic field can lead to spin polarization, that is,

the condensation of quark-antiquark ðq̄qÞ pairs with spin
parallel. Reference [30] shows that a tensor-type interaction
∼ðψ̄Σ3ψÞ2 þ ðψ̄iγ5Σ3ψÞ2 produces a spin polarization (SP)
hψ̄iγ1γ2ψi, which is very similar to the anomalous mag-
netic moment (AMM) produced by quarks in a magnetic
field. The tensor-polarization operator ψ̄σμνψ can also
be named as the spin-polarization operator, or the spin
density since ψ̄σ12ψ ¼ ψγ0Σ3ψ . If the quark spinor ψ is
projected into the subspin space ψ ¼ ψ↑ þ ψ↓ correspond-
ing to ψ̄σ12ψ ∼ hψ̄↑ψ↑i − hψ̄↓ψ↓i, then this can be used to
measure the difference between the spin-up quark pair and
the spin-down quark pair.
We investigate the magnetized QCD matter in a

(2þ 1)-flavor Nambu–Jona-Lasinio (NJL) model at finite
temperature and chemical potential by comparing the
contributions from the tensor spin polarization (TSP) and
AMM of quarks. For a particle with charge e, mass m and
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spin s⃗, its corresponding magnetic moment (MM) is μ
corresponding to the q̄q pair with antiparallel spin pairs, it
has a net magnetic moment (MM), so the chiral condensa-
tion triggers a dynamic AMM. Under the action of the
magnetic field, the net MM tends to be parallel to the
magnetic field. For a SP with q̄q pair-parallel spin pairing,
the MM of spin-aligned quarks and antiquarks cancel each
other, and the spin-polarization pairing does not present a
net MM. Therefore, compared with the chiral condensation
with a nonzero net MM, the total MM of the system
considering SP condensation will reduce. Therefore, sys-
tems with a spin polarization are expected to exhibit relative
diamagnetism. At high temperatures, the pair of q̄q dis-
sociates, and all charged quarks become a single small
magnet, which are arranged in turn along the magnetic
field. Therefore, QCD matter at high temperatures mani-
fests paramagnetism.
The catalysis of chiral symmetry breaking induced by a

magnetic field, namely the MC effect, can be easily
understood from dimension reduction. On the other hand,
IMC effect, the critical temperature of the chiral phase
transition decreases with the increasing magnetic field,
which is intuitively contradictory to the MC effect and is
still a puzzle. There are many publications trying to explain
IMC by considering running coupling constant generated
by the magnetic field [31] and chiral imbalance caused by
sphaleron transition or instanton anti-instanton pairing [32].
Some interesting and novel properties of magnetized QCD
materials have recently been presented by lattice calcu-
lations, for example, magnetized materials exhibit para-
magnetism (positive susceptibility) at high temperatures
and diamagnetism (negative susceptibility) at low temper-
atures [33,34].
Recently, the effect of the AMM of quarks has drawn

quite a lot of interest [35–41] in order to investigate the IMC
effect. The dynamical chiral symmetry broken is known as
one of the most important characteristics of QCD, which
makes quarks achieve a dynamical mass of QCD.
References [42,43] pointed out that quarks’ AMM can
also be dynamically produced like the dynamical quark
mass. Therefore, once quarks achieve dynamical mass,
they should also achieve dynamical AMM [42,44–46]. The
coefficient κ of quarks’ AMM in the magnetic field by the
effective interaction 1

2
qκFμνψ̄σ

μνψ (σμν ¼ i
2
½γμ; γν�) is

introduced, and the IMC effect at finite temperature is
proposed by Ref. [47]. For QCD, both explicit and
spontaneous chiral symmetry breaking are dedicated to
the AMM of quarks, which is also called dynamical
AMM [43].
In this paper, we investigate the magnetism of QCD

matter and chiral phase transition with the contributions
from the TSP and the AMM of quarks, respectively. This
paper is organized as follows: We introduce the (2þ 1)-
flavor NJL models by including the AMM and the TSP in
Sec. II. In order to investigate the MC and IMC features by

the AMM and TSP, the dependencies of dynamical mass,
entropy, sound-velocity, and critical point on the magnetic
field and temperature are studied in Sec. III. Finally, we
make the summaries and conclusions in Sec. IV.

II. THE 2+ 1-FLAVORS NJL MODEL UNDER A
MAGNETIC FIELD

The Lagrangian density of the (2þ 1)-flavor NJL model
[48,49] in the presence of an external magnetic field is
given as

L ¼ ψ̄ðiγμDμ þ γ0μ −mÞψ

þGs

X8
a¼0

½ðψ̄λaψÞ2 þ ðψ̄iγ5λaψÞ2�

− K½det ψ̄ð1þ γ5Þψ þ det ψ̄ð1 − γ5Þψ �; ð1Þ

where the quark field ψ carries three flavors (f ¼ u, d, s)
and three colors (c ¼ r, g, b), and λaða ¼ 1; � � �N2

f − 1Þ
represents the SU(3) Gell-Mann matrices in the three flavor
space. Current quark mass m is considered as mu ¼ md for
isospin symmetry of light quarks, strange quark mass ms is
different from the other light quark (mu and md) masses.
The difference between the strange and nonstrange quark
masses obviously breaks the SU(3) flavor symmetry. We
assume that the quark chemical potentials of the strange
and nonstrange quarks are the same, and take μ as the quark
chemical potential. A covariant derivative with magnetic
field is introduced as Du ¼ ∂μ þ iQAext

μ , and the charge
matrix in flavor space is

Q ¼ diagðqu; qd; qsÞ ¼ diag

�
2

3
;−

1

3
;−

1

3

�
: ð2Þ

In general, if one chooses the gauge field Aext
μ ¼ ð0; 0;

Bx1; 0Þ, the constant magnetic field should point at the
x3-direction. The K term of Eq. (1) is the Kobayashi-
Maskawa–’t Hooft interaction term [49–51].

A. The introduction of a (2 + 1)-flavors
NJL model with TSP

It is shown that [30,35] the breaking of the rotational
symmetry by a uniform magnetic field induces a separation
between longitudinal and transverse-fermion modes along
the direction of the magnetic field. This separation gives
rise to the effective splitting of the couplings in the one-
gluon exchange interactions on which the NJL models are
usually based. This splitting is therefore reported in the
four-fermion couplings of a QCD-inspired NJL model in a
magnetic field, and we can use the Fierz identities in a
magnetic field [30,31,52] to propose the interactions of
scalar and tensor of the (2þ 1)-flavor NJL Lagrangian,
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LTSP ¼ ψ̄ðiγμDμ þ γ0μ −mÞψ

þ Gs

X8
a¼0

½ðψ̄λaψÞ2 þ ðψ̄iγ5λaψÞ2�

þ Gt

X8
a¼0

fðψ̄Σ3λaψÞ2 þ ðψ̄Σ3iγ5λaψÞ2g

− Kfdet½ψ̄ð1þ γ5Þψ � þ det½ψ̄ð1 − γ5Þψ �g: ð3Þ
The coupling constant Gs in the scalar/pseudoscalar

channel is closely related to the spontaneously chiral
symmetry breaking, which produces a dynamical quark
mass, and the tensor/pseudotensor channels term
Gt

P
8
a¼0 ½ðψ̄c

fΣ3λaψ
c
fÞ2þðψ̄c

fiΣ3γ5λaψ
c
fÞ2� is closely related

to the spin-spin interaction, which causes spin-polarization
condensation.
For the (2þ 1)-flavor NJL model, tensor-type interac-

tion at the mean field level leads to the two types of spin
polarization as

F3 ¼ −2Gthψ̄Σ3λ3ψi;
F8 ¼ −2Gthψ̄Σ3λ8ψi: ð4Þ

In general, F3 contains only u and d quark spin
polarization condensates, on the other hand, F8 is asso-
ciated with the strange quark spin polarization condensate.
The running coupling constants are divided into longi-
tudinal (gk) and transverse (g⊥) components due to the
existence of the magnetic field. In our current study, the
couplings of the above NJL interactions relevant to quark-
gluon vertex coupling are expressed asGs ¼ ðg2jj þ g2⊥Þ=Λ2

and Gt ¼ ðg2jj − g2⊥Þ=Λ2. The distinguishing transverse and

parallel Fierz identities automatically create a new channel
of a four-fermion interaction term with second-order tensor
structure in Lagrangian density during the transformation
from splitting quark-gluon coupling to the scalar and
pseudoscalar bilinear quantity [30]. Gs and Gt can be
considered as the scalar and tensor channel interaction
couplings, respectively.
The effective potential of using a standardized process is

given

ΩTSP ¼ Gs

X
f¼u;d;s

hψ̄ψi2f þGthψ̄λ3Σ3ψi2 þ Gthψ̄λ8Σ3ψi2

−
Nc

2π

X
f¼u;d;s

jqfBj
X∞
l¼0

αl

Z∞

−∞

dpz

2π

×

�
εf;l;η þ T ln

�
1þ exp

�
−εf;l;η − μ

T

��

þ T ln

�
1þ exp

�
−εf;l;η þ μ

T

���

þ 4Khψ̄ψiuhψ̄ψidhψ̄ψis; ð5Þ

where l ¼ 0; 1; 2… represents the quantum number of
Landau level and η ¼ �1 corresponds to the two kinds
of the spin direction of quark-antiquark (q̄q) pair. The
contribution of nondegenerate particles due to spin differ-
ence at nonlowest Landau energy levels can be taken into
account with the definition of this new operator
αl ¼ δ0;l þ ΔðlÞPη¼�1, where ΔðlÞ is denoted by

ΔðlÞ ¼
�
0 l ¼ 0

1 l > 0;
ð6Þ

and the energy spectrum of the lowest Landau level (LLL)
(l ¼ 0) and non-LLL (l ≠ 0) are given as

ε2u;l¼0¼p2
z þ

�
Mfþ

�
F3þ

F8ffiffiffi
3

p
��

2

;

ε2u;l≠0;η¼�1¼p2
z þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mf

2þ2jqfBjl
q

þη

�
F3þ

F8ffiffiffi
3

p
��

2

;

ε2d;l¼0¼p2
z þ

�
Mfþ

�
F3−

F8ffiffiffi
3

p
��

2

;

ε2d;l≠0;η¼�1¼p2
z þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mf

2þ2jqfBjl
q

þη

�
F3−

F8ffiffiffi
3

p
��

2

;

ε2s;l¼0¼p2
z þ

�
Mfþ

�
2F8ffiffiffi
3

p
��

2

;

ε2s;l≠0;η¼�1¼p2
z þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mf

2þ2jqfBjl
q

þη

�
2F8ffiffiffi
3

p
��

2

: ð7Þ

Note that the breaking of energy-spectrum degeneracy
caused by spin is known as the Zeeman effect. Therefore,
the contributions of spin come not only from the ground
state of the Landau levels, but also from the whole excited
states of the Landau levels. The tensor-condensate param-
eter F3 and F8 are self-consistently satisfied the minimum
of the thermodynamic potential, which are similar to
dynamical quark mass Mf. At first, one can obtain three
gap equations for Mf (f ¼ u, d, s)

∂ΩTSPðMf; F3; F8Þ
∂Mf

¼ 0; ð8Þ

and the other two gap equations for F3 and F8 are given as

∂ΩTSPðMf; F3; F8Þ
∂F3

¼ 0;

∂ΩTSPðMf; F3; F8Þ
∂F8

¼ 0: ð9Þ

To ensure that the thermodynamic potential in vacuum
returns to zero, we define the normalized thermodynamic
potential as the effective potential
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ΩeffðT; μ; eBÞ ¼ ΩðT; μ; eBÞ −Ωð0; 0; eBÞ: ð10Þ

Some of the relevant thermodynamical quantities can be
evaluated by the effective potential. The quark number
density is

ρf ¼
X
l;η

NcjqfeBj
4π2

Z∞

−∞

dpzðnþ − n−Þ; ð11Þ

where n� ¼ 1=ðexp ½ðεf;l;η ∓ μÞ=T� þ 1Þ is quark (anti-

quark) number distribution. The entropy density Sf ¼
− ∂Ωeff

∂T is given as

Sf ¼ −
X
l;η

NcjqfeBj
4π2

Z∞

−∞

dpz

�
ln ð1 − nþÞ þ ln ð1 − n−Þ

−
εf;l;η
T

ðnþ þ n−Þ þ μ

T
ðnþ − n−Þ

�
: ð12Þ

The energy density is given as

ε ¼ T
∂P
∂T

þ μ
∂P
∂μ

− P; ð13Þ

where P is pressure. The square of sound-speed is
defined as

c2s ¼
∂P
∂ε

¼
�
μ

Sf

∂ρf
∂T

þ T
Sf

∂Sf
∂T

�
−1
: ð14Þ

B. The introduction of the (2 + 1)-flavor
NJL model with AMM

The effective Lagrangian density of the (2þ 1)-flavor
with AMM [48,49] is given as

LAMM ¼ ψ̄

�
iγμDμ þ γ0μ −mþ 1

2
qfκσμνFμν

�
ψ

þ Gs

X8
a¼0

½ðψ̄λaψÞ2 þ ðψ̄iγ5λaψÞ2�

− K½det ψ̄ð1þ γ5Þψ þ det ψ̄ð1 − γ5Þψ �: ð15Þ

The effective potential with AMM can be taken as

ΩAMM ¼ Gs

X
f¼u;d;s

hψ̄ψi2f þ 4Khψ̄ψiuhψ̄ψidhψ̄ψis

−
Nc

2π

X
f¼u;d;s

jqfBj
X∞
l¼0

X
t¼�1

Z∞

−∞

dpz

2π

×

�
Ef;l;t þ T ln

�
1þ exp

�
−Ef;l;t − μ

T

��

þ T ln

�
1þ exp

�
−Ef;l;t þ μ

T

���
; ð16Þ

where

Ef;l;t ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ ððMf

2 þ 2jqfBjlÞ1=2 − tκfqfeBÞ2
q

ð17Þ

is the energy spectrum under different Landau energy
levels, and t ¼ �1 corresponds to the two kinds of the
spin direction of the q̄q pair. One can obtain three coupling
gap equations for each order parameter as

∂ΩAMM

∂Mf
¼ 0; ð18Þ

where f ¼ u, d, s are for the three different flavors.
Thus we can obtain three dynamical quark masses of u,
d, and s as

Mu ¼ mu − 4Gshψ̄ψiu þ 2Khψ̄ψidhψ̄ψis;
Md ¼ md − 4Gshψ̄ψid þ 2Khψ̄ψiuhψ̄ψis;
Ms ¼ ms − 4Gshψ̄ψis þ 2Khψ̄ψiuhψ̄ψid; ð19Þ

where

hψ̄ψif ¼ NcGs

2π

X∞
l¼0

αljqfBj
Zþ∞

−∞

dpz

2π

Mf

εf;l;t

�
1 −

sκfqfB

M̂f;l;t

�

×

�
1 −

1

e
εf;l;tþμ

T þ 1
−

1

e
εf;l;t−μ

T þ 1

�
ð20Þ

corresponds to the chiral condensation of different quark
flavors.

III. RESULTS AND DISCUSSIONS

To calibrate sets of parameters to applicable observables,
parameters are chosen as Λ ¼ 631.4 MeV, mu ¼ md ¼
5.6 MeV, ms ¼ 135.7 MeV, Λ2Gs ¼ 1.835, and KΛ5 ¼
9.29 [49,53]. The empirical values are given as fπ ¼
93 MeV, mπ ¼ 138 MeV, mK ¼ 495.7 MeV, and mη0 ¼
957.5 MeV.
The tensor channel coupling constantGt restricted by the

magnetic fields ought to be zero in the case of the vanished
magnetic field, and equals the value of Gs when eB → ∞.

YI-WEI QIU and SHENG-QIN FENG PHYS. REV. D 107, 076004 (2023)

076004-4



In the following study, the value of Gt is taken
as Gt ¼ Gs=2.
In order to investigate the effect of AMM on the phase

transition, we make comparisons between the two AMM
sets. The compatible results obtained in [54] we define it as
AMM1 set as κu ¼ κd ¼ 0.38; κs ¼ 0.25, while the defined
AMM2 set chosen as κu ¼ 0.123; κd ¼ 0.555; κs ¼ 0.329
fixed by [55].
Due to the NJL model being nonrenormalizable, the

divergent vacuum terms merged in gap equation are
regularized by using the magnetic-field-independent regu-
larization scheme [56,57], which gets rid of the nonphysi-
cal part by separating the vacuum term from the integrals.
The scheme dealing with the sums of all Landau levels
within the integrals by means of the Hurwitz zeta function
is presented. See the Appendix for detailed calculation
results of F3 and F8 after regularization.
The dynamical mass or the quark condensate plays as an

order parameter for the chiral-phase transition. Chiral
restoration happens at high temperatures and/or high chemi-
cal potentials. In Figs. 1(a) and 1(b), the dynamical quark
masses M of u, d, and s quarks without considering AMM
and TSP are manifested as decreasing smooth functions of
temperatures at μ ¼ 0 GeV and μ ¼ 0.25 GeV, which
indicates a chiral crossover. The dynamical mass M is

apparently enhanced by increasing the magnetic field.
The magnetic field is shown at eB ¼ 0.05, 0.1, 0.15, and
0.2 GeV2withμ ¼ 0 GeVandμ ¼ 0.25 GeV, respectively.
Since we have considered nonvanishing current quark
mass, the chiral symmetry is never restored fully. Since
the dynamical mass is proportional to chiral condensate,
it can be seen from Fig. 1 that the larger the magnetic
field is, the larger the corresponding chiral condensation is.
This phenomenon is manifested as magnetic catalysis
[19,23,24,58], which accounts for the magnetic field has
a strong tendency to enhance (or catalyze) spin-zero q̄q
condensates.
By considering TSP of quarks, we investigate the

temperature dependence of constituent quark mass in
Figs. 2(a) and 2(b) for eB ¼ 0.05, 0.10, 0.15 and
0.20 GeV2, respectively. The dynamical mass M by con-
sidering TSP of quarks is manifested as a decreasing
smooth function of temperatures for different magnetic
fields and chemical potentials, which correspond to a chiral
crossover. TSP is introduced by the anisotropic Fierz
identity in NJL model, and moreover its essence is
generated by symmetry broken caused by magnetic field
B. The two tensor condensates hψ̄Σ3λ3ψi and hψ̄Σ3λ8ψi

FIG. 1. The dependence of dynamical quark mass (M) on
temperature (T) for four different magnetic fields (eB ¼ 0.05,
0.10, 0.15, and 0.20 GeV2) with no considering TSP and AMM.
(a) is for μ ¼ 0.0 GeV and (b) is for μ ¼ 0.25 GeV.

FIG. 2. The dependence of dynamical quark mass (M) on
temperature (T) for four different magnetic fields (eB ¼ 0.05,
0.10, 0.15, and 0.20 GeV2) by considering TSP. (a) is for μ ¼
0.0 GeV and (b) is for μ ¼ 0.25 GeV.
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corresponding to TSP will provide a nonzero magnetic
moment for the quasiparticle when the quark obtains the
dynamical mass. The magnetic moment generated by the
spin polarization under the action of the magnetic field will
increase the dynamical mass of the quasiparticle, which
leads to the MC effect. This MC characteristic of u and d
quarks is more obvious in the high-temperature region.
In the T − eB plane of Fig. 3, the corresponding temper-

ature range is 0 GeV ≤ T ≤ 0.3 GeV, and themagnetic field
range is 0 GeV2 ≤ eB ≤ 0.5 GeV2. Figures 3(a) and 3(b)
displays the contour plots of theF3 andF8 distributions with
a zero chemical potential in the T − eB plane, and Figs. 3(c)
and 3(d) shows similar plots of the F3 and F8 distributions
but with nonzero chemical potential μ ¼ 0.25 GeV. The
(2þ 1)-flavor spin polarization is different from that of two-
flavor spin polarization because of an additional term F8 ¼
−2Gthψ̄Σ3λ8ψi associated with the λ8 flavor generator.
Figure 3 shows that bothF3 andF8 become stronger at low

temperatures, especially with the increase of the magnetic

field. F3 is almost zero at high temperatures, and F8 is very
small but not zero at high temperatures. The polarizations
become weak at high temperatures (chiral symmetry phase-
restored area). It thus can be concluded that it ismore difficult
to be polarized in the hot QGP background.
Figure 4 displays the dependence of dynamical

quark mass (M) on temperature (T) for four different
magnetic fields (eB ¼ 0.05, 0.10, 0.15, and 0.20 GeV2)
by considering the two AMM’s sets. Figures 4(a) and 4(b)
are for μ ¼ 0 GeV and μ ¼ 0.25 GeV with AMM1 set as
κu ¼ κd ¼ 0.38, and κs ¼ 0.25. Figures 4(c) and 4(d) is
same as Figs. 4(a) and 4(b) but with AMM2 set as
κu ¼ 0.123, κd ¼ 0.555, and κs ¼ 0.329. Contrary to the
behavior of the zero AMM in Fig. 1, the mass-decreasing
behavior of u and d quarks in the chiral restoration is not a
smooth slope but a sudden drop, which indicates the
existence of a first-order transition. However, the smooth
slope of the dynamical mass for the crossover can be
still present in the weak field eB ¼ 0.05 GeV2 for the

FIG. 3. (a),(b) shows the contour plots of the F3 and F8 distributions with zero chemical potential in the T − eB plane, and
(c),(d) shows similar plots of the F3 and F8 distributions but with nonzero chemical potential μ ¼ 0.25 GeV.
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nonzero AMM. The mass-decreasing behavior of s quark
in the chiral restoration is still a smooth slope, which
suggests a chiral crossover for s quark. From Fig. 4, it is
found that the dynamical quarkmass of u and d quarks have

the characteristics of inverse magnetic catalysis in the
chiral restoration phase (T ≥ TC) by using the AMM sets.
The generation of dynamical quark mass from the

dimensional reduction from ð3þ 1ÞD to ð1þ 1ÞD is

FIG. 4. The dynamical quark mass (M) as a function of temperature (T) for four different magnetic fields (eB ¼ 0.05, 0.10, 0.15, and
0.20 GeV2) by considering the different sets of AMM. (a) and (b) are for μ ¼ 0 and μ ¼ 0.25 GeV, respectively with AMM1 set as
κu ¼ κd ¼ 0.38, κs ¼ 0.25. (c),(d) is same as (a),(b) but for AMM2 set as κu ¼ 0.123, κd ¼ 0.555, κs ¼ 0.329.

FIG. 5. The critical temperature of u and d quarks as a function of the magnetic field at μ ¼ 0 (a) and ¼ 0.25 GeV (b).
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predominated by LLL at the low temperature region. That
effect can be clearly reflected in AMM1 in Fig. 4. More
particles will be excited from LLL to a higher Landau level
(LL) with increasing temperatures. The contribution of
particles on higher LL to the dynamical mass by consid-
ering the effect of the AMM will decrease with the
increasing of magnetic field, leading to the inverse mag-
netic catalytic characteristics. If the role of the AMM item
is enough to alter the nature of the medium in the T ¼ 0
like the case of AMM2, the IMC effect characteristics of
the AMM2 will be more significant.
In Fig. 5, the critical temperature is shown as a function of

the magnetic field with the chemical potentials μ ¼ 0 GeV
and 0.25 GeV, respectively. It is thus found that the critical
temperature decreases with the magnetic field for the
AMM1 and AMM2 sets, which indicates an inverse mag-
netic catalysis that qualitatively agrees with lattice result in
[33]. On the contrary, with the TSP, TC enhances as a
function of the magnetic field, which is the extension of the
magnetic catalysis effect from vacuum to finite temperature.
The critical temperature of the chiral phase transition of s

quark as a function of eB is manifested in Fig. 6. Compared
with light quarks of u and d, the phase-transition temper-
ature TC of s quark with TSP increases significantly with
the increase of magnetic field, which corresponds to the
characteristics of magnetic catalysis. The introduction of
AMM sets corresponds to inverse magnetic-catalytic
characteristics.
Figure 7 displays the dependencies of the entropy

density of u, d, and s quarks on the temperature at zero
chemical potential. It can be noted that the introduction of
the AMM makes the crossover phase transition sharp. It is
worth noting that the AMM in Fig. 7 corresponds to three
different settings, which are AMM0, AMM1, and AMM2,
respectively. AMM0 means that the AMM is not consid-
ered, that is, all κ values in Eq. (17) are set to zero. AMM1
and AMM2 sets have been mentioned above. When
eB ¼ 0.05 GeV2, the magnetic field is not big enough

to excite the effect on entropy. When eB ¼ 0.2 GeV2, some
of the effects of the magnetic field on entropy for different
AMM sets and TSP can be excited. It is found that the
entropy shows a sharp change near the phase transition
temperature after addingAMMsets, and this sharp change is
more obviouswith themagnetic field increases and chemical
potential, showing a first-order phase characteristic. The

FIG. 6. The same as Fig. 5, but for the s-quark.

FIG. 7. The dependence of S=T3 on temperature T at μ ¼
0 GeV with different magnetic field. (a) is for eB ¼ 0.05 GeV2

and (b) is for eB ¼ 0.2 GeV2.
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change of entropy with the temperature near the phase-
transition temperature is relatively smooth after adding TSP,
and it behaves like the crossover transition.
The dependence of square of sound-velocity c2s on

temperature T is manifested in Fig. 8. Figures 8(a)
and 8(b) are for zero chemical potential μ ¼ 0 GeV and
μ ¼ 0.25 GeV, respectively. In the region of crossover, the
change of c2s with temperature should be very smooth,
while in the finite chemical potential region, the effect of
AMM makes it incline to first-order transition. The bump
rises rapidly because the dynamical quark mass has a
discontinuous drop at this narrow region of temperature as
shown in Fig. 4. Both sides of the narrow peak correspond
to the hadron phase and quark-gluon plasma, and its highest
point corresponds to the phase boundary. That leads our
numerical result nearby the critical point of first-order
transition to display nonphysical behavior even exceeding
the Stefan-Boltzmann (S-B) limit. Similar result after the
consideration of AMM of two flavor has been reported
in [59].

Compared with u and d quarks, the square of sound-
velocity of s quark with temperature is relatively smooth
inflection after adding TSP and AMM sets. It is proposed
that s quarks have always maintained obvious crossover
characteristics. In the high-temperature region, the square
of sound-velocity c2s increases with temperature and obtains
the saturation value c2s ¼ 1=3 to satisfy the relativistic
requirement. This suggests that the equation of state in the
chiral restoration phase at high temperatures is close to the
Stefan-Boltzmann limit ε ¼ 3P.

IV. SUMMARY AND CONCLUSIONS

In this work, we thoroughly study the effect from TSP
and AMM on the vacuum, phase transition and thermal
magnetized QCD in the (2þ 1)-flavor Nambu–Jona-
Lasinio model with nonzero current quark masses at finite
temperature and chemical potential. A unified physical
mechanism to illustrate the novel consequences from recent

FIG. 8. The sound-velocity square C2
s of u and d with s quarks as a function of the temperature T with different chemical potential.

(a),(b) is for u and d quarks with zero chemical potential μ ¼ 0 GeV and μ ¼ 0.25 GeV, and (c),(d) is for s quarks.
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lattice QCD as magnetic catalysis and inverse magnetic
catalysis effect is proposed in the paper.
In the TSP case, since the dynamical quark mass is

increased by the spin condensate, which is generated by
an extra tensor channel independently aswell as enhanced by
the magnetic field, the pseudocritical temperature is
increased by a risingmagnetic field. This iswhy themagnetic
catalysis feature appears in the case of TSP. While in the
AMM case, the AMM term 1

2
qfκδμνFμν does not directly

produce a new condensate to impact the dynamical mass.
Instead, it changes the energy spectrum of all Landau levels.
As the result, it has been found that the AMM term will
reduce the dynamical mass once the temperature is high
enough to excite particles to jump to higher Landau levels.
It is found that the square of sound-velocity shows a

sudden rapid rise in inflection near the phase transition
after adding AMM sets, and this rapid rise is more obvious
with the magnetic field increases, showing an obviously
first-order phase characteristic. On the other hand, after
adding TSP, the change of square of sound-velocity with
temperature near the phase transition is relatively smooth
inflection, showing an obviously crossover transition char-
acteristic. The result obtained by using the square of sound

velocity is completely consistent with the result of entropy
analysis.
The (2 þ 1)-flavor spin polarization is different from that

of two flavors becauseof an additionalF8 ¼ −2Gthψ̄Σ3λ8ψi
associated with the λ8 flavor generator. The spin condensates
affect the dynamical quark masses, chiral phase transition
and quark dispersion relation. It is found that the polar-
izations become strong at low temperatures, and become
weak at high temperatures. In other words, it is more difficult
to be polarized in the hot QGP background, and easier to be
polarized during the low-temperature region.
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APPENDIX

Following the regularization scheme to eliminate the
divergent vacuum terms in the effective potential, the gap
equation for F3 and F8 can be expressed as

∂Ω
∂F3

¼ FVacu þ FMagu þ FMedu þ FVacd þ FMagd þ FMedd − F3 ¼ 0; ðA1Þ
∂Ω
∂F8

¼ 1ffiffiffi
3

p ðFVacu þ FMagu þ FMedu − FVacd − FMagd − FMeddÞ þ 2ðFVacs þ FMags þ FMedsÞ − F8 ¼ 0; ðA2Þ

where the terms are

FVacf ¼ Nc

2π2
ðMf þMXfÞ

�
Λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þMf

2

q
−
Mf

2

2
ln

�ðΛþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þMf

2
q

Þ2
Mf

2

��
; ðA3Þ

FMagf ¼ NcjqfeBj
4π2

fMf ln xf;−1 þMXfðln ½Γðxf;1Þ� þ ln ½Γðxf;−1Þ� þ ln 2π

− ð−xf;1 − xf;−1 þ xf;−1 ln xf;−1 þ xf;1 ln xf;1ÞÞg; ðA4Þ

FMedf ¼ NcjqfeBj
4π2

8<
:
Z

∞

−∞
dpz

MXf þMf

Ef;l¼0

0
B@ 1

1þ exp
	
Ef;l¼0−μ

T


þ 1

1þ exp
	
Ef;l¼0þμ

T



1
CA

þ
X∞
l¼1

αl

Z
∞

−∞
dpz

MXf þ ηMf

Ef;l;η

0
B@ 1

1þ exp
	
Ef;l;η−μ

T


þ 1

1þ exp
	
Ef;l;ηþμ

T



1
CA
9=
;; ðA5Þ

where xf;η and MXf are given as

xf;η ¼
1

2jqfeBj
ðMf

2 þMXf
2 þ 2ηMfMXfÞ; ðA6Þ
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MXu ¼
F3 þ F8ffiffiffi

3
p ;

MXd ¼
F3 − F8ffiffiffi

3
p ;

MXs ¼
2F8ffiffiffi
3

p ; ðA7Þ

where the η indicates the spin label �1.
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