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Multipole decomposition of tensor interactions of fermionic probes
with composite particles and BSM signatures in nuclear reactions
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A multipole decomposition of a cross section is a useful tool to simplify the analysis of reactions due to
their symmetry properties. By using a new approach to decompose antisymmetric tensor-type interactions
within the multipole analysis, we introduce a general mathematical formalism for working with tensor
couplings. This allows us to present a general tensor nuclear response, which is particularly useful for
ongoing f-decay experiments looking for physics beyond the Standard Model (BSM), as well as other
exotic particle scatterings off nuclei, e.g., in dark matter direct detection experiments. Using this method,
BSM operators identify with the known Standard Model operators, eliminating the need for calculations of
additional matrix elements. We present in detail BSM expressions useful for f-decay experiments and give
an exemplary application for ®He f-decay, although the formalism is easily generalizable for calculating

other exotic scattering reactions.
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I. INTRODUCTION

Tensor interactions have been investigated over the years
with a focus on gravitational radiation, which introduces a
coupling between symmetric tensors—a space-time metric
and the stress-energy-momentum tensor (see, e.g., Ref. [1]
and references therein). Recently, there was a renewed
interest in tensor couplings, this time in the search for
beyond the Standard Model (BSM) interactions, involving
interactions with fermions, and therefore, introducing anti-
symmetric tensors (e.g., Ref. [2] and references therein).

A priori, when discussing the weak nuclear interaction of
quarks and leptons, the most general Lorentz-invariant form
of an interaction Hamiltonian can be written as a linear
combination of the five bilinear covariants with specific
symmetries, i.e., scalar (S), pseudoscalar (P), polar-vector
(V), axial-vector (A), and tensor (7') [3]. However, it was
shown experimentally, initially using p-decays, that the
weak interaction between quarks and leptons has a V — A
structure, i.e., a polar-vector current and an axial-vector
current, with the same amplitude and opposite signs [4].

In recent years, several experiments [5—11] have focused
on f-decays again, but this time to find deviations from the
V — A structure of the Standard Model (SM). In particular,
these experiments search for minute signatures of inter-
actions with scalar and tensor symmetries. To identify such
effects, it is necessary to determine the theoretical proper-
ties of transitions with these symmetries.
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The theoretical interest in understanding the qualitative
behavior of transitions of esoteric character stems addi-
tionally from ongoing efforts to directly detect dark matter
[12]. The existence of this material is currently inferred
indirectly, as it provides an explanation for certain cosmo-
logical gravitational phenomena. Elucidating the nature of
dark matter is one of the most pressing challenges in
contemporary particle physics and astrophysics.

Among the candidates for dark matter are weakly
interacting massive particles (WIMPs), such as the neu-
tralino in supersymmetric extensions of the SM. This
paradigm has spurred the development of detectors on
Earth, searching for direct interactions of WIMPs from
outer space, by measuring the recoil energy of WIMP
scattering off nuclei on the detectors. The relevant momen-
tum transfer in such reaction is g ~ 100 MeV [13], com-
pared to the typical momentum transfer of f-decays, just a
few MeV (1-4). These BSM particles might have many
different kinds of couplings to matter, so the overall
expression, including the tensor term, will be necessary
to interpret the data from these detectors.

In the low energy regime of the weak interaction, one can
assume the force-carrying exchange boson is heavy com-
pared to the momentum transfer. This is particularly a
reasonable assumption in f-decay where the momentum
transfer is usually around a few MeV. The weak interaction
Hamiltonian between nuclei and light particles is then
presumed to be a multiplication of a nuclear current and a
probe current of the same kind. Focusing on the tensor type,
the interaction Hamiltonian is expressed in the Schrodinger
picture as
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A= / Prj (7T (). (1)

whereas J#*(7) corresponds to the tensor hadron current
and j,, (7) to the tensor probe current.

As opposed to the vector and axial weak interactions,
which have been extensively studied within the SM, and to
the scalar and pseudoscalar symmetries, which also have
their own formalisms, both for the exotic weak interactions
[13-15], and for dark matter [16,17], a complete study of
cross sections of nuclei with tensor interactions has not
been performed.

Here we develop a method of decomposing the tensor
coupling within the multipole expansion. In the method we
present, we do not restrict ourselves to the weak interaction
between hadron and lepton currents, but only require a
tensor coupling between antisymmetric tensors (i.e., con-
sisting of fermions). This work can be viewed as comple-
mentary to previous works regarding symmetric tensor
couplings for the case of gravitational radiation [1]. We
then use this method to present a general mathematical
formalism for the tensor type of interactions with nuclei,
applicable to semileptonic interactions like #-decays, intro-
ducing a BSM complementary to the SM general framework
introduced by Donnelly and Walecka in Refs. [18-23] for
treating semileptonic processes in nuclei.

We note that, particularly in the early days of p-decay
research, there have been several studies [3,24,25] that
aimed to calculate the antisymmetric tensor coupling,
during the mission to discover the symmetry nature of
the weak nuclear current [4,5]. These have focused on
Fermi and Gamow-Teller (allowed) decays and had explicit
low momentum transfer approximations. Furthermore, a
recent study, matching the quark-level effective field theory
(EFT) to the nucleon-level, using pionless EFT, extends the
expressions of the allowed f-decays to high order recoil
corrections [26]. In addition, there are some neutrino and
dark matter studies (e.g., Refs. [27-30]), which also deal
with some tensor interactions, but their focus is either
coherent scatterings or fully leptonic interactions, which do
not require a multipole decomposition. There is, however,
no general formula for nonvanishing momentum transfer of
the tensor coupling, suitable for any pf-decay transition,
allowed and forbidden. In addition, the formalism we
present here aims to reach a form suitable and easy for
use for many-body nuclear calculations that separates
easily SM corrections and BSM signatures.

The paper is organized as follows. In Sec. II, we present
an approach for decomposing a generic coupling of
antisymmetric tensor currents within the multipole expan-
sion. This decomposition is suitable for any antisymmetric
tensor probe. In the current work, we concentrate on the
interaction of a tensor probe with a nucleus. Hence, in
Sec. III we focus on the tensor nuclear single-nucleon
current, construct it through our decomposition, and derive

from it tensor multipole operators, along with other BSM
multipole operators suitable for any semileptonic process (a
derivation of scalar and pseudoscalar multipole operators is
detailed in Appendix D). Then, in Sec. IV, we focus the
discussion on and present the f-decay formalism, writing a
general rate expression and reviewing how BSM signatures
appear in f-decay observables relevant to contemporary
experiments. Detailed expressions for the specific cases
of allowed and forbidden transitions are provided in
Appendix A. In Sec. V we give an exemplary application
for ®He p-decay, of current experimental interest. We
summarize our findings and provide an outlook for future
research in Sec. VL.

II. TENSOR MULTIPOLE DECOMPOSITION

Consider an interaction of a general tensor density
of a composite object, e.g., a nucleus, J* with a CPT
invariant (Lorentz invariant) probe j,,, taking the form
[ d*rj,,(F)T*(F). Assuming the probe has a plane wave
(:hzuracter,1 its general matrix element between its initial and
final states can be written as (f1j,, (7)|i) = lﬂye‘iw, where

g= k - E is the momentum transfer between the final and
initial probe states, and [, depends on all the other physical
properties of the probe (a detailed /,, for a lepton current
can be found in Appendix B).

Typically, the multipole expansion is expressed as a sum
of spherical harmonics. For the polar-vector and axial-
vector weak interactions in the SM, the traditional way to
perform the multipole expansion involves using vector
spherical harmonics [21], which are an extension of scalar
spherical harmonics. For a multipole expansion of a tensor
coupling, we naturally turn to the notion of tensor spherical
harmonics. The tensor spherical harmonics have been
constructed and used in several works on general relativity
problems [1]. Although they were defined in that field only
for symmetric representations of ranks 0 and 2 (antisym-
metric representations of rank 1 are of no relevance to
gravitational wave theory), their completeness for rank 1
stems easily.

However, since rank 1 tensors are actually vectors, we
suggest, instead, simplifying the tensor decomposition,
taking advantage of its vector nature. For that, we suggest
dismantling the antisymmetric tensors into vectorlike
objects as follows: first, we decompose [, into a temporal
scalar [y, two mixed spatial-temporal 3-vectors /y; and /;y,
and a Euclidean (spatial-only) 3 x 3 tensor /;;, where
i,j €{1,2,3}. Following its antisymmetric nature, we
get that [,y = 0 and [,y = —I;. For convenience, we will

define a vector I’ such that

'If the probe does not have a plane wave character, one should
expand it in plane waves, as in the case of a muon capture from an
atomic orbital [21].
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I =2l (2a

N

Let us now focus on the remaining tensor, /;;. It is a
Cartesian tensor of the second rank and therefore can be
decomposed into three irreducible spherical tensors of
ranks O, 1, and 2. These will be a scalar, which is the
trace of the Cartesian tensor, a vector, which is the
antisymmetric part of the Cartesian tensor, and a quadru-
pole spherical trace-free tensor, which is the remaining
symmetric part of the Cartesian tensor. Using again
the fact that /,, is antisymmetric, it follows that the
symmetric scalar and quadrupole spherical tensors van-
ish, leaving us only with the reduced spherical tensor of

rank 1, the spherical vector projector "= [; j](l). This is a
vector that its Cartesian components i € {1,2,3} are
defined by
i
If = _Eeijkljkv (2b)

where ¢, is the 3-d Levi-Civita symbol (for the con-
ventions used in this paper see Appendix G).

The same procedure is done for J*, which is also
antisymmetric, with the definitions of its spatial and spatial-
temporal parts as was done to [,

Jr= _ﬁeijkjﬂw (2¢)

IV =2 (2d)

We finally conclude the tensor decomposition into vector-
like objects, and get to write the tensor product [, J"”
as a sum of vector products, a product of the spatial
vectorlike parts of the original tensors, and a product
of the spatial-temporal vectorlike parts of the original
tensors”:
LT E) =-["-F" @+ 7" ()
1
==Y e, - T D+1e;- Tl ()

A=-1

We use the multipole decomposition of the circular
polarization base unit vectors &,, to present the tensor
product using the spherical harmonics, and get the multi-
pole expansion of the tensor interaction:

*While the minus sign of 1" 7" comes from the metric, as
the involved parts have only one spatial index, the minus sign

before I - j T comes from the definitions of I’ and j T

<f‘ [ ez

)

(20 + 1) (=i 5 (fILToli) + B (FIL5011))

J=0
+ > V2r(2+ 1) (=) EFIET -+ MGl
=1 =%l
+17 <f|f55./—,1 +AMY i) (4)

[for 7#* a hadron current and j,, a lepton current, this is the
matrix element of the tensor part of the weak interaction
Hamiltonian described in Eq. (1), i.e., (f|H%|i)]. Note that
while the matrix element on the left side of Eq. (4) is
calculated between the initial and final states of the whole
interaction, the matrix elements on the right side are
calculated only between the initial and final states of the
composite object (e.g., a nucleus), not the probe. Here the
superscript T (T") denotes a multipole operator calculated
with the spatial (spatial-temporal) vectorlike part of the

original tensor, j T (j T/). The Coulomb, longitudinal,
electric, and magnetic multipole operators are defined by

Cla) = / Mg (67 To(7). (5a)

La(a) zé / PrIMoy(gR) - T (7). (5b)

Bt =1 d%[ﬁ < 1, <q?>} M. (50

i140(q) = / Pritth (a7 - (7). (5d)
where

My (g7) = ji(qr)Y (7). (6a)

B (gF) = i (ar) T, (3. (6b)

with j; the spherical Bessel functions, and Y, (17 %,) the
spherical harmonics (vector spherical harmonics).

Unlike the vector multipole expansion (see, e.g.,
Ref. [21]), the tensor multipole expansion presented in
Eq. (4) does not contain the Coulomb multipole operator,
C;u» which depends on the temporal part 7, (charge) of a
4-vector current J,. It perfectly makes sense, since the
tensor is antisymmetric, and therefore, its pure temporal
part, J o, vanishes. As will be presented in the following,
the Coulomb multipole operator appears in expressions
related to the scalar and pseudoscalar interactions (a
detailed discussion about the scalar and pseudoscalar
symmetries is presented in Appendix D).
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III. BSM NUCLEAR MULTIPOLE OPERATORS

For the weak interaction, the multipole expansion of the
matrix element of the tensor Hamiltonian [Eq. (1)],
described in Eq. (4), depends on the multipole operators
[Eq. (5)] calculated with the density of the tensor nuclear
current. In the traditional nuclear physics picture, the
nuclear current is constructed from the properties of free
nucleons. In the case of experimental BSM searches, BSM
signatures are most likely to be 1073 at most [31]. Thus, we
will ignore two-body (and above) currents, leading to a
systematic additional uncertainty of egpr ~0.3 in the
nuclear model [32].

For dark matter searches, where the couplings to tensor
sources need not be smaller than other couplings, the
experiments aim at a discovery rather than measuring to
high precision a specific coupling. Thus, lower accuracy is
needed from the nuclear calculations, a fact that allows
neglecting two-body tensor currents at least in the initial
stage. Moreover, chiral perturbation theory with tensor
sources suggests that two-body tensor currents are expected
at higher order [33].

The general form of a single-nucleon matrix element of
the tensor part of the charge-changing weak current,
T, (F) =L¢(F)o,,¢/ (7) (here ¢! are fields of up or down
quarks), can be written as [34]

(p'.0.p'|Twlp.o.p)
1. 1

1
=g UP"), 5 19r(a*)ou + 9 (@) @7, — a.7,)
2 3
+ g(T)(qz)(qﬂPu - QDPM) + g;‘)(qz)(yuqﬂ/ - Yquy)]
x tn,u(p, o), (7)

with Q a normalization volume,” u(p, ) the Dirac spinor
for a free nucleon of mass my and momentum p,, 17, a two-
component Pauli isospinor, and 7+ the isospin raising and
lowering operators (for conventions see Appendix G).
Here, P, = p, + p;, and g, = p, — p;, is the momentum
transfer, as before.

Lattice QCD calculations suggest that the tensor nuclear
charge gr has a magnitude similar to the magnitude of the
SM axial-vector nuclear charge g, [35]. The other tensor
form factors g(T’)(qz) (i € {1,2,3}) are smaller: in the
nomenclature of Ref. [31] that we will use in the following,
they are of the order of €. ~ miN (~0.002 for an endpoint

of ~#2 MeV) [34]. In addition, g(T3 )is a second-class current
and therefore vanishes in the isospin [SU(Z)f] limit [36].
Although gr ~ g4, the tensor expression is suppressed by a
coefficient of the effective theory, ez o (*3¥)", which comes
from the effective weak interaction Lagrangian, where my,

‘We impose periodic boundary conditions on the large volume
Q and its dependence drops subsequently.

is the mass of the W boson, A represents the new physics
scale, and n > 2. For the simplest BSM operator (n = 2), a
TeV scale means €7 ~ 1073, New experiments, looking for
BSM signatures, will have this 10~ level of precision,
making them sensitive to new physics at the TeV scale.

To obtain the vectorlike tensor multipole operators used
in Eq. (4), we extract the tensor current density from
Eq. (7), and separate it into its spatial and spatial-temporal
vectorlike parts, respectively4:

TF) = \/_Z <gT—|—21Eog(T)>6 8O (F—F))r7

+ O(edR), (8a)
75 =25 (1 - 2 )5 -7)
\/zjil 2mN
9 - - ..
—ﬁoj x {p;, 63 (F-7)}
(268 = B0 g0z« Gs0 7)) Lt
T 2mN T J J J
+ O(edw) (8b)

where A is the mass number of the nucleus, 7; (z;) is the
position vector (isospin-raising operator) of nucleon j, 6, is
the Pauli spin matrices vector associated with nucleon j,
and E, = q is the energy transfer. Here, we substituted the
explicit form of Dirac spinors and used the nonrelativistic
expansion to expand the currents in powers of exg ~ P Fe;"‘ ~

0.2 (Pperm; 1s the Fermi momentum).

In the nuclear tensor current densities we obtained, one
can see that the terms of the spatial-temporal current
[Eq. (8b)] are suppressed by eng OF €.c0i1- These suppressions
are on top of the small tensor effective theory coefficient, so
the spatial-temporal current does not appear in the BSM
leading order. That leaves us with the spatial vectorlike
tensor current. A closer look reveals that its leading order is
the same as the leading order of the 3-vector spatial
component of the SM axial-vector current density, ie.’

A7y = L 93 €2
J(7) = ngJ()Jr@( R)- ©)

“We note that a similar nonrelativistic expansion was per-
formed in Ref. [26], using matrix spin-J generators of the SO(3)
Lie algebra. However, we believe that the simplicity of this
technique, utilizing our vectorlike decomposition, makes it
attractive.

A more accurate form will include second-class currents:
F'(F) = = 2 T F) + Ok, where of
are second-class current form factors which vanish in the isospin-
symmetric limit [36] in addition to their expressions being
suppressed by O(€oit)- For more details, see Appendix E.

and QT(A)
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With these current densities, the multipole operators from
Eq. (5) can be written as a sum of one-body operators.
Equation (9) clearly shows that the spatial vectorlike tensor
multipole operators are proportional to the spatial axial-
vector multipole operators6:

A

AT( N~ L 9T 2A

0,(q) ~ ngO 7(q@). Oe€
where the superscript A denotes a multipole operator
calculated with the axial-vector nuclear current 7 ﬁ (not to
be confused with the sum over the A nucleons).
Equation (10) here is accurate to O(e,eXg) for M, and
to O(el;'edg) for E, and L, [when J > 0; for L, it is

O(e,e8r)], with €, ~ gR (~0.01A7 for an endpoint of
~ 2 MeV. R is the radius of the nucleus).

This is a significant result that greatly simplifies the work
with the tensor, allowing calculations of the BSM tensor
interaction using only the well-known SM axial-vector
multipole opcrators7:

(LB, (10)

A N
t?<q>=igAz[$VM,<qf;>} Grt 1 Ol ). (11a)

=
. A= -
E7(q) = ga [av X MJJl(q7j):| o T + O(e); k)
=
(11b)
A -
M?(‘I) = 9A ZMJJI(‘I?) 0 T + O(queNR) (11c)

j=1
The vectorlike spatial-temporal tensor current introduces
new multipole operators:

L] (q) = —\%m—i{ (2mygy + igr)M, (gF;)
T gy K—ﬁM,(q?j)) x a]] -éﬁ}ﬁ
+ O(egr " ekw)- (12a)

A
. - R I =
Ej q E { |:< VXMJJI(qrj)>X0']}-5V

i 1 N\ o -
+ <§9T+709(T) _2mNg(T))5j‘MJJ1(qrj>}T;t

+O< qr €NR) (12b)

6 oy -
A more accurate form will include second-class currents:

) +2iEyg 0
0ila ):_\lf;:l—l):;)oA( 9)+O(eke) = =52 [+ Eg(2i0+
Z;\g:iAv)]OA( )+ Oex)-

For a more accurate form including the second-class currents,
see Appendix E.

v

»QI'—‘

M7 (q) :Tmiz{lgT M,jl(qr ) x o] -

i E, -
+ (EQT + 7092"]) - 2mNg;"3>)Gj

1> — -
~ [av < (qr,~>] } O, (120)

but, as mentioned above, they do not appear in the BSM
leading order. The BSM leading order is controlled only by
the multipole operators L1, ET, C¥ eq, or M7, C§ €l
depending on the parity of the transition in question. CS
(é‘f ) is the Coulomb multipole operator when it is
calculated with the BSM scalar (pseudoscalar) nuclear
current. Similarly to the tensor leading order nuclear
current, the form of the scalar leading order nuclear current
is proportional to an SM nuclear current—the temporal part
(charge) of the 4-vector polar-vector current: J5(7) =
5T V(7) + O(e}g). Therefore, the scalar multipole oper-
ator is proportional to an SM multipole operator:

A g A
Ci(q) = jCY(Q) + O(e),R)- (13)

where CY is the polar-vector Coulomb multipole operator:

A
Cl(q) =gv>_ My(qF)er + Oe),&g)-  (14)
=1

Here gy is the vector nuclear charge form factor, which, due
to the conservation of the vector current, is 1 up to second-
order corrections in isospin brcaking [37,38]. The scalar

md o ~ 0.8-1.2, where M,, (M ) is

the mass of the neutron (proton) and m  (m,,) is the mass of
the down (up) quark. Since this is a scalar, other multipole
operators, associated with the vector type of the current, do
not exist.

In order to complete the picture, let us introduce the last
BSM multipole operator—the Coulomb multipole operator
calculated with the pseudoscalar nuclear current. Like the
vectorlike spatial-temporal tensor operators, the pseudo-
scalar multipole operator is suppressed by an additional
small parameter, €;..qi:

nuclear charge g5 = gv

q gP
2my ga

¢l(q) = Ly(q) + Olefi ' ekp)- (15)
However, we will still consider it as contributing to the

leading order of BSM, since the pseudoscalar charge, gp =

gA% fr‘n/[” = 349(9) [39], is two orders of magnitude greater

than other, SM and BSM, nuclear charges (2‘1 9~ 0.4
for an endpoint of ~2 MeV). For a full dlscussron and
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derivation of the scalar and pseudoscalar multipole oper-
ators, refer to Appendix D.

In summary, we found that for their leading orders, the
BSM multipole operators identify with the well-known SM
multipole operators. In this way, BSM contributions can be
calculated only from the SM phenomena, without calcu-
lating new matrix elements for BSM.

For this discussion to be complete, we must make note of
another aspect of the BSM signatures in nuclear currents,
the second-class currents. These currents do not add any
new multipole operators but correct the existing SM polar-
vector and axial-vector operators with some small contri-
butions (those can be found in Appendix E).

IV. BSM SIGNATURES IN -DECAY
OBSERVABLES

The search for evidence of BSM interactions has been a
focus of research in recent years, and accurate measure-
ments of nuclear #-decays in various nuclei are used as a
means of searching for these BSM interactions. In order to
identify potential BSM signatures, it is necessary to
compare those experimental measurements with theoretical
predictions for the response of nuclei to interactions
characterized by symmetries beyond the known SM inter-
actions. Using the approach we developed for decomposing
the tensor probe of the weak interaction within the multi-
pole analysis, we are able to derive general expressions for
calculating the decay rates of f-decays including BSM
tensor couplings and to examine how BSM signatures
appear in observables relevant to current experiments.

Nuclear beta minus (plus) decay is a weak reaction in
which an atomic nucleus transforms into another by
changing one of its nuclear neutrons (protons) into a proton
(neutron), increasing (decreasing) its charge by one, and
emitting an electron (positron) and an antineutrino (neu-
trino). Consider a f¥-decay process with p, (p,) as the
initial (final) nucleus momentum, k, (v,) as the electron
(neutrino) momentum, and g, = p, — p,, = k, + v, as the
momentum transfer. Its decay rate, which follows from the
golden rule of Fermi, is [21]

Lo EEFT(Z, E)Ca— 0(qf b
dEdkd P( 0—E) (Zf,E) o] (q.p-0),
(16)

where the function

O(q.p-0) =

Z DD AP (17)

lepton spins M; My

N|{O

1
4n

is the part depending on the nuclear wave functions,
represented here as the initial and final states. This is also
the part that is affected by non-V — A currents which may

be included in the weak interaction Hamiltonian. We sum
over final target states (spin projection M), and average
over initial states (M;). J; is the total angular momentum of
the initial nucleus, E; (Ey) is the initial (final) energy of the

nuclear system, while E = k, is the electron energy, E = %,
and v is the energy of the neutrino.

To Eq. (16), we have added some known corrections.
The deformation of the lepton wave function, due to the
long-range electromagnetic interaction with the nucleus, is
taken into account in the Fermi function F¥(Z;, E) for a
pT-decay, where Z; is the charge of the nucleus after the
decay. Other corrections to the nuclear-independent part,
such as radiative corrections, finite mass, and electrostatic
finite size effects, as well as atomic and chemical effects,
are represented by C,,. In the literature, these corrections
are assumed to be known and do not seem to limit
experimental accuracy significantly (for more details see
Refs. [40,41)).

Jackson, Treiman, and Wyld in their paper from 1957
[42], described the f-decay rate at its leading order, i.e., in
allowed (Fermi and Gamow-Teller) transitions, as propor-
tional to

- m

d5a)0<§(1+aﬁ~ﬁ+bfe+...), (18)
where a is the electron-neutrino angular correlation, and b is
the Fierz interference term, both are observables that play a
leading role in ongoing BSM searches. The angular corre-
lation, a, can be extracted from measurements of the angle
between the emitted leptons, and its value changes in the
presence of BSM physics. The Fierz interference term, b, can
be extracted from measurements of the energy spectrum of
the electron. It does not exist in the SM leading order, but
appears only when considering the full probe-nucleus
interaction Hamiltonian, A,, = ASM + HBSM, which results
in an interference term involving both SM and BSM currents.

Using the tensor multipole decomposition that we pre-

sented in the previous sections, we calculated ®(q,ﬁ -D)
with tensor currents for all the different transitions, extend-
ing these important observables also to forbidden transi-
tions, which were previously unavailable in their complete
form for BSM tensor symmetry. As we demonstrated in the
previous section, the BSM multipole operators identify with
the SM multipole operators. Therefore, we are able to
present BSM expressions and forecasts using only SM
nuclear matrix elements, that have been studied and known
for many years (see, e.g., Refs. [43,44] for analytical
expressions and Ref. [45] for Mathematica script for these
nuclear matrix elements in the harmonic oscillator base).

Considering the technical nature of this list of ©(qg, B D)
expressions, as well as the list of BSM signatures appearing
in the mentioned observables, we present the explicit BSM
contributions in Appendix A, in the hope that it will prove
useful to the broad community interested in BSM searches
involving f-decays.
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V. SENSITIVITY TO BSM SIGNATURES IN ‘He
AS AN EXEMPLARY NUCLEUS OF CURRENT
EXPERIMENTAL INTEREST

®He decays into Li in a pure Gamow-Teller f-decay
transition. This is a light nucleus, amendable to state-of-
the-art ab initio calculations, and its half-life is about
1 second, making it ideal for experimental study using
traps. For these reasons, it has a prominent role in several
ongoing precision experiments (see Ref. [46]). We thus use
it here as a case study to demonstrate the application of the
theory presented here.

Identifying a BSM signal relies on correctly evaluating
the theoretical prediction of the p-decay observables. We
thus plot the ratio, R(BSM/SM), of BSM signal to the size
of associated nuclear structure-related SM corrections. If
the ratio R(BSM/SM) is of the order of 1, then the
corrections should be calculated explicitly. The limit of
theoretical uncertainty consequently occurs when the ratio
R(BSM/SM) is about the size of the theoretical uncertainty
in calculating the SM corrections.

We focus on tensor couplings of the order of

| | = | CT| ~ 1073, corresponding to new physics at a
few TeV scale. Figure 1 compares the ratio R(BSM/SM) of
tensor BSM signatures in the aforementioned pf-decay
observables, a and b, to the associated SM correction
calculated for *He p-decay in Ref. [46].

As SHe fp-decay is a pure Gamow-Teller transition, we
use Eq. (A10) from Appendix A and compare its Fierz term

10 4
BSM signal in ameasured js not
identifiable due to current ~  _—  ___-"1
100 4 theoretical uncertainty /,,—”
TR
£[§ 101 L
ey ~
- -
@[5 -
102 /./'
z BSM signal in b is not Pre
s identifiable due to current /./'
0 10-34 theoretical uncertainty ‘/‘
a -
< ‘/-/
/‘/
1074 -
4/'/ B
/,/ —_-= a
.~ — - gMmeasured
107547
1074 1073 1072
A
FIG. 1. The ratio R(BSM/SM) of BSM signatures in -decay

observables to the associated SM correction calculated for ®He
p-decay in Ref. [46], for different values of the BSM coupling
constant. For visualization simplicity, we assume C/, = C4 and
C} = Cr. The solid green line is the ratio for Fierz term b. The
dashed-dotted purple line is the ratio for the angular correlation a.
The dashed blue line is the ratio for the measured value of the
angular correlation, a™*'"¢, [n the white domain, considering the
theoretical uncertainty from Ref. [46], separating the BSM signal
from the SM corrections in both & and a™**"*¢ is possible. In the
other domains, separation is limited by theoretical uncertainties.

to the associated SM correction J;, in the spectrum (see
Ref. [46]), originating in nuclear structure corrections that
has a spectral behavior similar to the Fierz term, i.e.,

b _ C,CriCiC,
R"(BSM/SM) = [2Re [ L

where current theory enables separation of the BSM signal
from nuclear structure-related SM corrections appearing
in Fierz term, ie., domains where R’(BSM/SM) >
|(8, uncertainty)/5,| are shown in white and light gray.
As apparent in Fig. 1, a BSM Fierz signal is already
identifiable for tensor couplings as small as |g—Z| ~ 1074

/8p|. In Fig. 1, domains

In contrast, a similar approach for the angular

correlation, i.e., R(BSM/SM) = |2% (6,)] [see

Eq. (A9) in Appendix A], where the angle brackets
represent an average weighted by the spectrum, shows
that the theory cannot identify the naive BSM signal of the
angular correlation from the SM corrections even for

|g—Z| ~ 1072 (the dark gray domain in Fig. 1).
However, when taking into account the way that a is
extracted from measurements the spectral shape suggests

measured __
that a = Toh h mg

a sensitive also to the Fierz term, as specified in the
following relation for Gamow-Teller and unique forbidden
transitions:

1 ~ (-1 -1 /m
measured __ __ 1 51( ) — 5/< ) _¢
“ 2J+1( oo =% (F

:FZERQCZCT‘FC;TCIT<&>_ Cr[* +1Ch |2>
[CaP+ICLP \ E [Cal? +1C) 2

(19)

[47], making the measured value of

This results in a relative size of the BSM signal,

5 [CrP+HCy

e-4 41 (¢ + = r
[CaP+IC (%) [Cal*+IC, P

R meaiured (BSM/SM) b —
<5a> - 5b <f{>

’

‘ 2R e CACT+CiCr ym

(20)

which enables a separation between the BSM signal and

SM corrections for | | ~ 1073, as shown in Fig. 1

(the white domain).

To understand the ability of experiments to identify these
signals, we notice that the SM nuclear structure-related
corrections are of the order of 1073 for b and for g™easured,
Thus, experimental accuracy of about 107> in the meas-
urement of both these observables is needed, as is aimed in
current and planned experimental campaigns.

A complete application of the theory presented,
extracting both the angular correlation and Fierz term
from measurements of the recoiled ion energy of the
2Ne f-decay, and combining the theory and experiment
sensitivities to present new bounds on BSM tensor cou-
pling constants, can be found in Ref. [48].

The above discussion concentrated on allowed transi-
tions, as they are the focus of many experimental

ol=|g
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campaigns. However, theoretical considerations that arise
also from the formalism presented here, show that studying
p-decays beyond allowed transitions can be of advantage.
The spectrum of unique forbidden transitions contains an
additional term [see Eq. (A8) in Appendix A],

J—1 E(Ey—E)

2 AN2
20+1 & 7~ @-2Y]
R C|2+‘C/|2
g _olCrlE A IGY 21
X( T e rrer) @

which does not appear in Gamow-Teller transitions. This
makes the energy spectrum of the electron sensitive to both
angular correlation and Fierz term, as we detailed in Ref. [49]
for unique first-forbidden transitions. Consequently, several
experimental campaigns were initiated to measure unique
first-forbidden transitions, such as '°N at the SARAF accel-
erator, Israel [11,50], and *°Sr at the Hebrew University,
Israel. In addition, a new study at the Oak Ridge National
Laboratory, Tennessee, USA, opens the door to many more
possibilities [51].

VI. CONCLUSIONS AND OUTLOOK

In this paper, we introduced a general mathematical
formalism for calculating the interaction of a Lorentz
invariant probe with a nucleus. As we demonstrated, this
general formalism is useful for various types of BSM
physics analysis, from exotic interactions with standard
particles to interactions with new particles, such as those
expected in the astrophysical dark matter scenario, and thus
completing the theoretical parts needed for analyzing
ongoing and future experiments looking for BSM physics.

This paper results in three main findings: the first is the
multipole expansion of tensor interactions with a composite
particle, presented in Eq. (4). The second is that the needed
approximation of the tensor nuclear current is the same as
the leading order of the SM axial-vector current, as appears
in Eq. (9). The third is BSM expressions for -decay, useful
for precision experiments searching for BSM signatures,
displayed explicitly in Appendix A, with an exemplary
application given in Sec. V. The latter shows the usefulness
of the theoretical analysis we presented in the analysis of
the potential of experimental campaigns in identifying
BSM signals.

With the presented technique, BSM multipole operators
are identical to those appearing in the SM to the required
approximations, what greatly simplifies future calculations
of BSM signatures. Consequently, in order to compute
BSM contributions to semileptonic processes, such as
p-decays, which are frequently used in BSM searches
today, there is no need to compute any new nuclear matrix
elements, but to use the well-established SM matrix
elements, as shown in Eqs. (10), (13), and (15).

Moreover, the additional terms we found, which com-
plete the ingredients for #-decays, are crucial for accurately
identifying the expected size of the BSM effect, as we

demonstrate for ®He in Sec. V. This can assist in the design
of future experiments to study BSM effects, as we pointed
out in Ref. [49], where, supported by this formalism, we
showed that the unique first-forbidden decay spectrum is
more sensitive to BSM signatures. In light of that, experi-
ments are underway at the SARAF accelerator, Israel, the
Hebrew University, Israel, and the Oak Ridge National
Laboratory, Tennessee, to measure the spectrum of unique
first-forbidden p-decays [11,50,51].

Finally, we mention that recent studies have already used
some of the results of this research, to describe the effect of
BSM tensor interactions in processes other than f-decays
and dark matter, such as neutrino scattering [52] and y — ¢
conversion [53].
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APPENDIX A: BSM SIGNATURES IN g-DECAY
OBSERVABLES

Here we present explicitly BSM contributions for the
experimentally important case of f-decays, which is inten-
sively used these days in BSM searches. The BSM con-
tributions were calculated using the tensor multipole
decomposition displayed in this paper. Detailed derivations
can be found in Appendixes B (pure tensor terms), C (tensor
Fierz interference term), and D (scalar and pseudoscalar
terms, including their Fierz interference with tensor terms).

For presenting these contributions, we use the notation
we developed in Ref. [31]. As outlined there, a decay rate of
aJl — J’;’ p-decay transition with J; (J;) and 7; (r5), the
initial (final) angular momentum and parity, will include all
integer angular momentum changes that satisfy the selec-
tion rules |J; —J;| <J < J; +J; and Az = 7; - 7

JitJ

0(q.f-0) = @ (.- D).

J=|i=Jg]

(A1)

[see Eq. (17) in the main text for the definition of
@(q,ﬁ -D).] In the following, we will present the BSM
contributions to each ®’*", divided, as in Ref. [31], into two
parity types (for 1 < J; the special cases JA* = 0F will be
discussed separately): Az = (—)’, presenting nonunique
Jth forbidden transitions, and Az = (=)’/~!, presenting
Gamow-Teller (J = 1) and unique (J — 1)th forbidden
transitions (J > 1). We note that allowed transitions were
recently studied comprehensively in Ref. [26].

1. JA7=0*: Fermi transition
Having J = 0, BSM contributions to the Fermi transition
(JA" = 07) come from the scalar multipole operator C’g,
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which is proportional to the Fermi operator, C3 ~ ;’—j CY [see

Eq. (13) in the main text for more details]:
[Cv]*+]Cy[?
2|gv|?

X <1—|-5(1)+

[KICEINP

sl +[C?
WPHCQ
G5l +]C?
ICvI*+ICy P)

) o

where + are for fT-decays, (||O,]|) is a short notation for
the reduced matrix element (f||O,|i{) of a multipole
operator O between the final and initial nuclear states,
and &, 8, and ) are the SM next-to-leading order
(NLO) nuclear structure and recoil corrections discussed in
Ref. [31]. There are two observables of interest here for the
search for BSM signatures. The first is the electron-
neutrino angular correlation,

@" (q.f-0) =

x [1+ﬂ7ﬁ(1+52*—2

Cvc* _|_C/ C/*

m +
+—={ 8" +£2Re
E<b [CyP+[Cy?

5 |Csl* + |Cyf?

0+ — 1 So+ _ Rt BN e I
MR TeNeaTeNes

(A3)

which is ¢ = 1 in the SM leading order. The second is the
Fierz interference term,

CyCi + CyCy

bo"
[Cy[]* +ICy?

=8 £ 2Re (A4)

[Cal” +1C4P

o (q.f0) =L Ljegie + |1+

emg@+cm

which vanishes in the SM leading order. These results
recover the well-known Jackson, Treiman, and Wyld results
[42] for allowed leading orders. In their formulation
[Eqg. (18) in the main text],

or _IICSIDE (1o 2 c, clilc
5——MW[OH+IH( &) +ICs* +1Cs P,
(A5a)
w0 _ WIETID P
a” ¢ :W[(ICWHC )1 +60)
= |Cs? = ICs ] (A5D)
cVin R N
e = e + iy
+ 2Re(CyC§ + C,CY)], (A5c)
where {Col! (o) = M. is the Fermi matrix element used in their

paper, and the NLO SM corrections 8", 69" = 6% + &9,
and 5?; are higher order precision corrections not found in the
Jackson, Treiman, and Wyld paper.

2. JA”=0": A nonunique first-forbidden transition

For the nonunique first-forbidden transition JAT =0,
the nuclear structure expression includes BSM contribu-

tions from the tensor multipole operator L} ~ — ﬁi’ Ly

and the pseudoscalar multipole operator C ~ ;11 gi’ L

[see Egs. (10) and (15) in the main text] as follows:

o)

A
0

|Crl* +]C7
|Cal? +[CLP?

Cpl® +1CpI°
|Cal? +[CLP?

E
Re

CaP +ICP

E
—ZEReK—O F <
g q |G +I|C,)

+E-a[|<||éé||>|2+ (1

W{Q@+C@*Er

m, C;Cy + CiiC}

Crl” + |G
|Cal? +[CLP?

CCh+ CLCh A
T e

Jazanacsy]

()

CrCj + CpCl

Cpl* + |CpP?
|Cal? +[C4P?

2F
Re

Cal” +IC4 P

Ey  mCiCr+ CiC)
—2Re |:< é 2 g/ 2T
q | A| +| Al

my

>|<Hi6‘||>2

q CiCp+CiCh

Cal” + |G

Jazgnacsy |

EyCiCr + CiiC}y

m m
+—62§Re{<—e F—
E q q

Cal? +1C,
Ey C4Cp + C;i C,

4 LI
2 ST ) )
m, C;Cp + CiiC!

i(qq+qq_
|Cal> +1C,[?

my |CaP +Cy P

250 )]

) ISP

my |Cal?> + |C,[?
ICr* + 7P\ | 15
LRSI P b+ Oen).

|Cal? +1C4P?
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ey ~ M , where AM = M; — My, My, = min (M;, M),
and M; (M ¢) is the mass of the initial (final) nucleus,
presents SM recoiled nucleus corrections, which we will
not give explicitly here, since they are relevant only for very
light nuclei. For example, for the p-decay of ®He, €, ~

ICrPHICLP [CoPHICLE CCrtCiC, CLCptCiCy,

signatures and
g ) ICA‘2+|C;‘2’ |CA‘2+|C:\‘2’ |CA|2+|C:4‘2 ) ICA|2+|C/ |2
CECp+CEC! . . .
-1 in the observables of this nonunique first-
[Cal*+ICy]

forbidden transition, can be recognized similarly to those
in the observables of allowed transitions. In the notion of
Jackson, Treiman, and Wyld, these observables will be

7x 10™* [31].] The BSM tensor and pseudoscalar

_ 1 N
o = {er+ipienr
q 2
+ il + Iy e + i+ (L) o +chP)

+ 7 Re(CoCh + C,Cl) +
my

O_E * * T
Re(CrCh + CrCp) | {ILGI)

E me , . y
—zme{[;oucuumz) q:;(cAcngc;)}<||LA||><||c s }} (ATa)
o 1 n
e = |2{<CA|2+|c;\2>|<||cé|>|2
+[|cA2+|c;|2—|cT|2 oy - ( )<|cp|2+0|>
my
m, Ey,—-2F
# 2 Re(CC o+ €40 F 2B el + €)LD
my my
E, m, * * T - *
—me{{;ucumcu%q<cAcT+cgc;>}<||L3||><|cé||> }} (ATb)
%O]]ﬂmHﬂQQ+@@)—$GQ+W%)
e * * 7 me
. —(CTcp+c'Tc'p>} AR + [—<|CA|2+ c,P)
my q
E, * s« q % * T - *
# 2 (Cir+ CiCp) % - (€ + GO | U (A76)

where Cj « exg and Lf €, are the SM operators
that dominate the JA% =0~ nonunique first-forbidden

transition.

3. Az=(-)/~1: Gamow-Teller and unique
forbidden transitions

In discussing the e’ expressions for J’s greater
than 0, we distinguish between transitions with two
parity types: Az = (—)’, and Az = (-=)’~'. J&)" angular
momentum presents nonunique Jth forbidden transitions,

while J&' presents, for J = 1, the allowed Gamow-Teller
transition, and for J > 1, unique (J— 1)th forbidden
transitions (we will refer to them together as unique
transitions).

Starting with the unique transitions, their BSM contri-
butions involve the tensor and pseudoscalar multipole
operators, LT~ g R —\/i——LA [Eq. (10) in the main text]
and C¥ N——LA [Eq. (15) in the main text]. A general

expression that includes the BSM contributions along with
the SM NLO corrections can be written as
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R S (O o 2J+ 1 8y
©"" (q.f-0) =S AL = 1+ 6

2\9 |?

|Crl” +]C7 P

+
|Cal? +[C4P?

[( > \cp|2+|c i m CiCp + CiCh Emec;cpwf*c;]}
21 ICal* +IC |2 [Cal? +|Cy P my |Cal? +1C, 1P
e Crl* +|Cy?
- 145 1_2|T—
T [NE AR e
+J<< >2|CP|2+|C \Zim_ C\Cp+CiC,  Ey-2E c;cp+c’;c;,>}
[CalP +[CAP my~ |Cal> +|Cy my |Cal? + 1C4[?
m, [ e CiCr+ CCh <E CiCp + C;C) L me C;CP+C'T*CQD>]
+ =287 £2Re — Re-A—T AP 4 m L= _L_F
E { b [Cal> +IC4P 7 27 +1 [Cal?> +1C4 1 [Cal?> +[C4 1
J=1EEy-E) [, = .o st CrP + ]G
B [14+8° —2 O(ey€272), A8
2J—|—l qz ﬁ (ﬂ D) +op |CA|2 |C54|2 + (€M€ ) ( )

where the different 6’ = are the NLO SM corrections
described in Ref. [31] (eye2/~? presents SM recoiled
nucleus corrections, which we will not display here,
since they are relevant only for very light nuclei [31]).
Note that for the Gamow Teller case (J =1), the

- %)) |Cr[>+|CLP\E Zoa
term (1485~ 2{g) A~ (0]
does not exist. Instead, there is an NLO SM correction,

Accordmg to the V — A structure of the weak interaction,
the leading order of the electron—neutrino angular correla-
/=1

tion should be /" = A +1 As was already known for

Gamow-Teller transitions but actually applies to any unique

|
transition, when adding BSM tensor contributions, the
angular correlation becomes

|Cr? +[Cr
[Cal> +C4

J—1

) 1 (-
@ _-—<1+55> 2

27 +1 ) (A9)

Also the Fierz term which vanishes for the leading order in
the V — A structure as was already known for Gamow-
Teller but actually applies to any unique transition, differs
from zero when including tensor BSM contributions (here
we also include a term with a similar spectral behavior that
can be extracted from the NLO SM spectrum):

,)J—l

p = 51 CiCr + CiCy

+ 2Re

. (A10)
Cal? +1C,

However, pseudoscalar terms may also contribute to leading orders of BSM. Their inclusion along with the above tensor
terms can be simplified using the notion of Jackson, Treiman, and Wyld:

cr LSNP !
g = PRE (ICA2 +1CH Y1+ 87 + [l + |y 2
J q 2 m, « ” E0—2E « «
ot | GEY (e +1cm) = 2o me(icr + chep= 22 Emeicicr + e | (atta
SO ! L KIESDP 2 gt 22
__ Cil2+ 1,1+ 67 = e - |C
e U e e i) = e -1
I (LY (6P + 1P = e me(Ci0p + i B 2 E me(Ci0p 4 i) (Al1b)
" P P " Abp T L Cp " rCp T CrCp)| e
N N N
l).](_)171 J(')'F1 _ |<Hl’\“?||>‘2 C 2 C/ 2 5J(_)17] izm c:C C/*c/
¢ _—|QA|2 (ICal* +[C41%)ay, e(CiCr + C4C7)
J C’ * *
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By substituting J =1, one obtains the well-known
Jackson, Treiman, and Wyld results for the leading order

observables of the Gamow-Teller transition, where <HL:H>

Mgy is the Gamow-Teller matrix element used in their
paper. Here, again, the NLO SM corrections 6, 5, =
5, + &, and 6, are higher order precision corrections not
found in the Jackson, Treiman, and Wyld paper, and so are

the terms containing the pseudoscalar coupling con-
stants Cg).

A full allowed (mixed Gamow-Teller and Fermi) tran-
sition will be a sum of Egs. (A2) and (A8) for J = 1 (with
the NLO SM correction 51;< sy 1O replace the vanishing

term, as explained above), where the full £ presented in the

Jackson, Treiman, and Wyld paper is the sum of Egs. (AS5a)
and (Alla) for J =1, a¢ is the sum of Egs. (A5b) and
(Allb) for J =1, and b¢ is the sum of Egs. (A5c) and
(Allc) for J=1. All are in agreement with their

paper.

4. An=(-)’: Nonunique forbidden transitions
Finally, the case of nonunique Jth forbidden transitions,
i.e., decays with angular momentum change J greater than
0, and parity change 7 = (—)”, involves BSM contributions
from the scalar and tensor multipole operators, C§ ~ g—i Yy

[Eqg. (13) in the main text], and M; ~ —%Z—i]\%‘ [Eq. (10)

-/ . .
in the main text]. The ©'" expression can be written as

5,z Cy|* +|Cy 1 Ej Y Cs|* + |C
e’ )J(q,ﬂ-ﬁ)={4| v T4+-=9(1 =T+ 12Res’ )| + 22— 5=
2|gy|? Jq 2|gy|?
m,E CyCi+ CLCeY 12 |Cal? +|C > |Cr|? + |Ch? .
e VS }|<||c¥||>|2+( AL ICAE | 1CrE TGN, g
| | 2|9A| | A|
£\ ome B (B2 2ECVCAE BV gt e VG S ey
29v g, q 29vgy
= 2J 1152 J+1 Cyl> +1CL1?  |Cs|* +|C|?
+ﬁ'ﬁ{Hl_ + —3(1 THL g5 ﬂl vl +!2 vI®  1Csl +|2 5|
J q 2J+1 2|gy| 2|gy|
mEO CyCi+Cl, C’*] U ICA? +|C, P |Cr? + |C? i
2Re [NCT D=+ | = [KlIM7 1)1
2lg ‘2 ! 2|9A|2 2|9A|2 !
\/ [ ( SECGE GG —5”>’>—@w)<né¥|><||M?||>*}}
2gvgy q 2gvgy
mE0|C |2+|C |? E2 CyCi+ C,C%1, . 4
# e {pefalOF AL L (14 ) om G TG ey
2|gy| q 2|gv|
C:Cr+ CiCly J+1 m,Ey CyC% + C,,C's o
7 2me AT AT g e | (M G B )
2|g4l q N
E%CVC’HC’VC’T*) AV 1] A ]}
7 2vd, ey
E(Ey)-E) - [J-1E3 J+1 ICy > +|CyI? )
+72[ﬁ2—(ﬂ-V)2]{——3 1+—2?R 5 V72‘<||C}/H>|2
q J q J—1 2|gy|
ICal> +|CL 1P | |Cr* + |Cr
+(— LR e I3 D12 + Oemedd). (A12)
2|9A| | A|
where 6/ « is an NLO SM correction described in Ref. [31] (eMegi presents SM recoiled nucleus corrections, which we will

J

not display here, since they are relevant only for very light nuclei [31]). The multipole operators involved are C, M4 e
and the equivalents to the terms of Jackson, Treiman, and Wyld will be

qr>
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7 1 E? v
o = { |1+ 530 -0+ 02| (CP + 1) +(1EsP + [P

+ (ICal* +1C4 P + [Cr|* + |Cp[?) =5~

me * £
2 02Re(Cy Ci + CCl )}

[KIETIP

lgv[?

[l 1P
1941

J EyE,—2E _
ey [P v e - o)

mEO

(CyCi + C C’*)}

(ICT D3 1)
9va

}, (Al3a)

2
e L B J“zm &) (vl + e CsP + |CyP
o ={[1-25 2 (157 (ICy P + ICy) ~ (ICsP + Iy

mE y y
+ p 02Re(CyCi + c'ch)}

+(=ICal? =

|CAl? +[Cr? + €7 ) ==

[KICTIDP

|gv‘2

K5 1D P
19417

J+1 E 2E 7
T/ —2Re {[%(CVC;JrC’VCQ‘)(l—é’”)

mEO

(Cvc* + C/ C/*):|

p! e {2—"} S(lCy? +1CyP) + (1 2 >2me(cvc* + CyCy)

(M3
94

F 2Re(CiCr + CCY) |

(CT D a1y
Iv I

}, (A13b)

[KIETIDP

|gv|2

E
i\/J—; 2Re {[m 20 (cpcy + )1 -8
7

Ej
+?wwwfwﬂ

APPENDIX B: TENSOR SEMILEPTONIC
NUCLEAR PROCESS

Here we derive explicitly the pure tensor multipole
expansion for semileptonic nuclear processes. We write
the tensor lepton current in its most general form [24,25],
adjusted to the nowadays convention [10]:

— Crys)w(7),

where y!) are fermion fields, and ys (6,,) is the
fifth gamma matrix (the commutator of the gamma

j;w(?) = l/_/l(?)o-;w(CT (Bl)

<||@Y||><IIM*}II>*}

v

(Al3c)

matrices) (see Appendix G for conventions). The
coupling constants cSQm (syme {S,P,V,A,T}) are
real if time reversal invariance is preserved in the
process, but this will not be assumed in the following.
Assuming the leptons have a plane wave character
(interaction with the nucleus will be inserted perturba-
tively), the general matrix element can be written
as (flju(7)i) =1,e79", where Z]Ei{}—l& is the
momentum transfer, defined as [, =
LT(K)6,,(Cr = Cyys)i(k), where 1,I' € {u, v}.

and [, is
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Using Wigner-Eckart theorem [54], we distract from Eq. (4) in the main text, a general result for any semileptonic nuclear
tensor process in terms of reduced matrix elements of the multipole operators:

DD ISP =4 {Z B IETIDE + B B [LT D + 2Re(EEa (ILTIN LT 1))

M, M, J=0

[

(T = EDET P+ 11827 ) 2)
+2Re[(17- 17 = ) (N ETINET )+ (871 o5 1) )]
—2Re[i(1" x I ) (I ET ) BT ) + i@ > )5 QT |1y a1y

+ i < T); (I ET 1D 87 1) + <||MJTH><|E/|>*)]] } (B2)

Summing over the lepton spins and substituting the lepton traces (see Appendix F) produces a general expression for a
semileptonic process of tensor symmetry between any two nuclear states. After taking into account also the parity selection

rules, as well as the relation £, = /2L, + O((gR)’*") for J > 0, where L, is O((gR)’~") [21], the summation over the

lepton spins is reduced to [see Eq. (17) in the main text for the definition of ©(q, ﬁ D)l

2 2 . R . .
0(q.f-9)~ M{(HM 26- 9@ D)ETNE + 1T P)

> 127 +1 J-1 - . .
1 D R, A LT 2 L 2
+Z[ b B (0 0)F q>)<|<|| TP+ [IET 1P)
+ (14 (- @) B @) (BT P + (1527 1))
[ @+ BReCET IR ) + <HM5||><||1:J’|>*>} } (B3)

Finally, using the connection from Eq. (10) in the main text, we find the leading order BSM expression:

Cr|? Cr 2 - - N
0(q.7-9) ~ 'T‘Z;"{(1+ﬂ~a—2<a-a><ﬁ~a>>|<||Lé||>|2

e3P (1 g B o= 5 2 006 ) ) KIESDEQ + 6 ) )] | (84

J=1

This is a general result that holds for any f-decay transition, and, up to the signs in the lepton traces, for any semileptonic
nuclear process (see Appendix F for more details), including different types of BSM physics. It yields the pure tensor terms
presented in Appendix A (see Appendix C for interference terms).

APPENDIX C: TENSOR FIERZ TERM

To complete the discussion, the full probe-nucleus interaction Hamiltonian H,, = M + HBM should be considered.
This leads to an interference term, known as the Fierz term involving both SM and BSM Hamiltonians. The matrix element

of the SM Hamiltonian ASM = A, + A%, where i, W = [&r ] (F')j V(4)r(7) is its polar-vector (axial-vector) part, can
be written as [21]
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IO = S VAT 1) (=i IO IEHOl) - DAL )

J=0
> VaRET ) (=i SO GIE i), (1)
= J—t1

where the superscript V(A) denotes a multipole operator [Eq. (5) in the main text] calculated with the polar-vector (axial-vector)
nuclear current (described in Appendix E), and [/ = L7(K')y,(Cy = Clys)i(k) (12 = LT (K')y,(C), = Cays)I(K)).
For the tensor BSM case, H,, = HM + AT, following both multipole expansions for V — A [Eq. (C1)] and tensor

couplings [Eq. (4) in the main text], a general interference term for any semileptonic nuclear process, involving both SM
currents and BSM tensor currents, will be

o]

SN T aRe((FIENY i) (F1EL ) —me{z AT YOI ULTY + VT QLT MY |y

M; M; J=0

O ET DAL = 1 =1 VI LT 1)
+§Z[<7V“ 17 = ) CUET IS I + 1Ty s 1)
J=1

TVIA) TT  V(A) T ) V(A e (VA T ||}
+ @1 = BV CES I NET 1)+ (1 D17 1))
L FVA) T+ £V vl v ET |
— i@ s ) CUET Y IR + 82 D AET 1))

— i@ < ) (E 57 1y + <||M¥<A)||><|E/||>*>]}. (C2)

Summing over the lepton spins, substituting the lepton traces (Appendix F), and considering parity selection rules lead to
the Fierz vector-tensor (axial-tensor) interference term. After taking into account parity selection rules, as well as the

relation E; ~ J—jlﬁ ; (see Appendix B), one stays with the full tensor Fierz term:

- me C,Cs —l-C’C’* CyC; + C,Ch ’
O(q.p- )" & fi”t { {A L LUEGINES 1) + === R D LS 1)
9a9r v 97
CyC; + C,Ch

CAC* +C,Cl AT T T
AT T ATT CANUIEE Y - - p-)(ICYINUIEE )
e L@ @){ICSIDILS D s (@ - a){lICo INCIILo 1)

2 [C,Ch+ C,CE2T+ 1, « A CyC; 4+ C,CF2J+ 1
#i 3[R ey + LT G
J T T
C,C* +C/ C’ o . . i C.,Ct +Cl ks
-GG GG . gy -
T T
C,Cr+C\,CF o ~ s . CyCr+ C,CY
+ CCEE GG gy sy Er G A

LY ICLT
@-pUCT DALY

(1A 1) ey 1)

9a9r
L0 a) SLEEEEEL (YA + (IS
T 0-0) S AT IS 1)+ AET )] . (©3)

or its BSM leading orders [using Eq. (10) in the main text]:
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- A m, C\Cr+ CLC R o ia
©(q.p-0)""" ~ £ 2Re {LW[KHLS‘IW—(v~4)<IIC8||> (LS
E 2| g4l
[CLCr+CiCr (2T +1 » a1 A 1] N
+ [ AT < KIZFIDE = @ - @)XIET I LT 1) + |<||M$‘|>|2>
1 2|9A| J
J+1 . CyCr+CyCr sy
w0 LTI gy (4
J 2|gv]
|
This yields the tensor Fierz terms presented in Appendix A. Z Z 2Re((f] I:IV‘C(A) V(IS )Y
Note that a complete BSM discussion, affecting the full M, M,
Fierz term, will include also scalar and pseudoscalar terms, ©
described in Appendix D. - gﬂz Re|l; v(4) lS*<|| ||><||@§||>*
J=0
V(A) 154/ 7 V(A) S\ %
APPENDIX D: SCALAR AND PSEUDOSCALAR = (L IAUCE D, (D3)
MULTIPOLE DECOMPOSITION
. o Zzzme (FIEGDFIESD)
Here we derive the scalar and pseudoscalar terms within M,
the multipole decomposition, including their interference
terms with the SM Hamiltonian and the BSM tensor = 8nz%e[—l§ls*<|lﬁfll><II@§||>*
Hamiltonian We start from the scalar Hamiltonian, J=0
= [drj5(F)J5(F), with the scalar lepton current = IS (| LT I ICSIN . (D4)
'5( F) =y (F)(Cs — Cyys)w(F) [24,25]. Its matrix element

can be written using the multipole expansion:

(o]

= V42T + 1) (=) B (£|C3]i).

J=0

(FIE D) (D1)

where 15 = L7(K')(Cs — Cys)I(k), yielding the term

where C’ﬁ is the Coulomb multipole operator, defined in
Eq. (5) in the main text, calculated with the scalar nuclear
current which will be described following. The pseudoscalar
coupling, originating from the pseudoscalar lepton current
J* =y (¥)(Cpys — Cp)w(F), will have the same expansion,

only with A%, C¥ and IP = éi’(l_{/)(cpys - C},)l(lz),instead
of HS, CS, and 5. Note that although it is possible to
calculate a scalar-pseudoscalar interference term, according

s S e s to parity selection rules, there will not be any transition that
ZZKf |H i) |7 =4n Zl (I (D2) will involve this kind of term. Summing over the lepton
M My J=0 spins, substituting the lepton traces (Appendix F), and
considering parity selection rules, lead to the scalar and
as well as the Fierz interference terms, pseudoscalar expression:
|
. 5 S [ICsP+ICE Cp> +1ChP 12
O(g.f0)"" Z{( -0 [ SLEEE e + LT e
C* + C/ C/* C C* + C/ C/*
e VS ey sty - A2 qesnaesi |
9agp
Cvc* + Cl C/* CAC* + Cl Cl*
+2™ (5. g)Re [— LYINICS —AZP L AP (IE4V(IER
z (0-4) v (LrIDCICs D = 20l =ALTIDACT
CrCs+ CpC§ .CrCp + C.Cy
+2v24 - e[ s T TS (LT C j——f —T-F C } } D5
(- AR 2 (LTI + 2000 QLTI IET D (D5)

In order to complete this discussion, one needs to calculate the scalar and pseudoscalar multipole operators. The general
forms of the single-nucleon matrix element of the scalar and pseudoscalar parts of the charge-changing weak current

are [34]
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- - 1 - -
(P06 . p/\T% |, o.p) = 5 9s(a®)al(p', o' )y v n,u(p, o)

Q
+ O(e (D6a)

recoﬂ)

o )nyrstn,u(p. o)
(D6b)

- - 1 7
(P01 T" P, 0.p) = 5 9r(@®)a(p',

+ O( reconl)
Expanding the needed matrix elements in the inverse mass
(following what we did to the tensor matrix element in
Sec. III), one obtains the following nonrelativistic expan-
sion for the scalar and pseudoscalar nuclear current
densities®:

A
Z — 7))+ O(edg)
gS \4
=J,
gv 0

( ) + O(eNR7 erecml) (D7a)

. A
- l = 5> o >
NEGES —mgp ZV5(3)(r — 7)) 8;77 + Oexp),
J=1

(D7b)
where the scalar current is proportional to the temporal part

(charge) of the 4-vector polar-vector current J§. The
|

multipole operators [Eq. (5) in the main text], calculated
with the scalar and pseudoscalar symmetry contributions to
the weak nuclear current, can be written as a sum of one-
body operators:

A g A
dwryﬁmm+a%%m%%m» (D8a)
~p iq A 1= -
7(q) = mgp 2 QVMJ(W/) - 0; T + O(el,€e8r)
qg g
- mi ( ) + O( qr €NR’€qr€rec01l) (ng)

where C}/ is the SM polar-vector Coulomb multipole
operator [Eq. (14) in the main text], and lAf} is the SM
axial-vector longitudinal multipole operator [Eq. (11a) in
the main text]. Unlike Eq. (D8a), originating from the
relation between the scalar and polar-vector charges,
Eq. (D8b) is an accidental relation between the multipoles.

Despite the fact that the pseudoscalar multipole is
suppressed by €coiy, We consider its contribution a

BSM leading order since the pseudoscalar charge gp =

M,+M
9A mrm,
than g,. Therefore, the scalar and pseudoscalar contribu-
tions to the BSM leading order are as follows:

2 = 349(9) [39] is two orders of magnitude larger

= . = ICPHICE v (4 VG HICHE aa g
0(q.8-0)>" { -p- { CYIN*+ i
(a.5-9) Z (1=F-0) =g S HIEN P+ () = I
5 Me CVC* +C’ (o g CsCp+C\Cy 24 “ 4
C C Ly )H*
22 e[ S ey - S LSS ez
m CVC* +C,C¥ - A q C,Co+C,CH .
:|:2—ef/@91e[ S Vs LV CV * p A~P LA 2
B (0 )Re| S S (L) (IS 5 S A L)
a (n T q CrCp+CrCE aain 2
+2g-(0—p)Re { L . D9
(0= P Re | =T E G L) (D9)
I
This yields the scalar and pseudoscalar terms (including (p',d.p |j}j(0) P,o,p)
their interference Fierz terms) presented in Appendix A. - 2 -5
LI _ (@) R
Q T VR gy TR T
APPENDIX E: SECOND-CLASS xt¥n,u(p,o), (Ela)
MULTIPOLE OPERATORS
The general forms of the single-nucleon matrix elements (p'.o'.p'|T ,‘:‘( ) )
of the vector and a).ual parts4of the charge-changing weak _ l e . ir (A)( %) o an( )
current are (respectively) [34] Qu(p .0/ )n i 9a(q°)7, 0w +—2m 4,
N N
XystEn,u(p.o). (E1b)

8A more accurate form will include second-class currents:
T5(F) = T EO ; .7 V(7) + O(ekg), where the second-class cur-
9y

rent form factor Js is suppressed by O(€ecoi)-

In the SM, gy = 1 up to second-order corrections in isospin
breaking [37,38] as a result of the conservation of the vector
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current, and g, ~ 1.276¢gy [55,56]. The induced charges,
9rvy> s> 9r(a)> and gp (not to be confused with the actual
BSM charges, g, gp, and gy, which appear in the scalar,
pseudoscalar, and tensor currents), contribute to the cur-
rents at the recoil order €coii [34]. Gr(4) is known also as

the weak magnetism, and gp ~ —(2,%”’)2%. Gs and Jra),
known as second-class currents, do not exist in the SM, gg
due to current conservation, and gr(4) because of G-parity
considerations [36].

Substituting the explicit form of Dirac spinors and
making a nonrelativistic expansion, leads to the explicit
expressions for the multipole operators calculated with the
vector and axial currents:

) E,
&Pg) = <9v o gs) Z M, (q7;)7F + O(e),6r);

(E2a)

- 2gy B ﬁMJ(CI”/)] éﬁ}ﬂi + O(elr ' k)
(E2b)
EV[%]( ) iXA:{—igv {—6 X 1‘71111(117])] 16
my <= 1
+% +ZQT M (qF)) - EI}TJi
+ O(e) ' ekp)- (E2e)

(E2g)
2¢ q 2~ E ~
M][ ](Q) = [9 + <—2mN) P ——2”;)NQT(A)}
A —
X ZMJJI(q?j T =+ O(quGNR) (EZh)
=1

where the superscript V[2c] (A[2c]) indicates that the
multipole operators are calculated using the vector (axial)
current including its second-class part. M; and M JL1 are
defined in Eq. (6) in the main text. One can recognize that
these multipole operators that include the second-class
currents are actually the SM multipole operators with small
changes:

Lo g

¢y (q) = Y (q). (E3a)
gv

~V[2c 2 q §7 7
L™ (@) = LY(@) +5,~ 2 (@) (E3b)
~ A2 A q Jra A
€)™ a) = Ei@) = 5, P @) (E3c)
R 9a + G2)%9p — Z—OQT(A) R
07%(q) = - =01 (q),

ST e

Oe{L E M. (E3d)

The multipole operators £Y and MY stay with no change for
their leading orders when including second-class currents.

APPENDIX F: BSM LEPTON TRACES

As lepton traces produce the coefficients of the multipole
expansion, they are essential for any specific calculation.
Here we present BSM lepton traces for f-decays. Although
they were derived here for f-decays, they should be the
same for other semileptonic weak nuclear processes
involving a neutrino or an antineutrino (as neutrino/anti-
neutrino reaction and charged lepton capture), except for
the sign, which might be different.

Note that the symmetry coefficients appearing in the lepton
traces are the nucleon-level coefficients Cyyy ~ Goym * €sym-
Since the quark-level nuclear currents already contain the gy,
form factors, when coming to use the lepton traces with the
quark-level multipole operators we discuss in Sec. IIL, there is
a need to make a small adjustment: a simple replacement of

the following obtained lepton coefficients C £'y>m with adjusted
)

~sym

coefﬁ01ents , would satisfy this need.
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Let us start with the tensor lepton traces:

_ l I/l*g = —Tr o3 " C C + C Yk +m,
]ept;pms uvtp D) { H ( }’5) 2w ( T T?’s) o
_ e+ ler? ok, ke wk,
- 2 (gﬂﬂgm/ gquo‘y) VE +ggﬂ UE + E

upkﬂ+vk n
Gou JE VE Gpv

L CiCE+ GGy
2

where g, is the metric and €,,,,, is the totally antisymmetric

Levi-Civita tensor (see Appendix G for their conventions).
Using the definitions of ll-T( " from Eqg. (2) in the main text, we
find that (notice that ¢ is the third direction 7 = %, and that

N Ef+(Ey—E)p
one can write § = + = Eb+(EE)

QZ
Ty

lepton spins

to obtain recoil terms):

= (|G +|CrP)[1 +B-0=-20-3)(B-a)].  (F2a)
1Q2 :
55 >, T =5)
lepton spins
= (ICr2 +[CrP) 1+ (2~ ) (B - ), (F2b)
i Q _T _T* 1% ! v N
—55 2. (I xT7)y=(CrCf + CrCh)g - (04 ).
lepton spins

(F2c)

Replacing I/ 17* with IT'IT produces the exact same
expressions. However replacmg 1717 with ITIT* produces
the same lepton terms, but w1th dlfferent symmetry
coefficients—wherever the unmixed trace ll.TlJT* produces
|Cr[> +|Cy% the mixed trace 111
CrCf + C.Cy, and vice versa.

Second, the mixed lepton traces for the tensor Fierz term,

1 Yol*
= Tr{m(c CA}'S)<2U)

yﬂkﬂ +m,
2F

will produce

2

-y

lepton spins

A Jx
Ll =

(C* + CTy5)6ﬂ6<

_ .m,C Cr+ CyCF v, Uy

—EHE T ey e
m,C,Ch+C\Clt 17

=+ ff Cuapo (F3)

vok Y ka _ Uakv+
E e ) I\ LE

vk

)

'k

/u/yé |:g/)g<; + Jo <

(F1)

)|

v,k? 1k, v k7
vE + uE) +g§<1/E +

|
will be

Q2 i m,
> > lg‘lg*:q:—f(CAC* +C,Ck),  (F4a)

lepton spins \/§
Q? i m, .
Y . Wl = iﬁf(CACrﬂLC' WCT) (@ q).

lepton spins

(F4b)

me k %
" (CaCi+ CUCH),

lepton spins

(F4c)

iQ? - ¥
55 2 (T, =7

lepton spins

m, " $\ (A A
\/EE(CL\CT+CACIT‘)(V‘q)7

(F4d)

where + are for f¥-decays. Replacing ///]* with Z?IJT/*
produces the same lepton terms, but with different sym-
metry coefficients: C,C; + C, Cy should be replaced with
C,C; + C,Cf, and vice versa. The interference with the
polar-vector current will have the same expressions, only
with the superscript V, Cj, and Cy instead of the super-
script A, Cy4, and C,, respectively (note the replacement
of ).
Last, the scalar and their interference traces will be

o _lePriak

S o> P =T (P
epton spins
2 * ! Ik

& Z [ng*:iMm_’ (F5b)
lepton spins 2 E

Q? C,Ci+4 CyCs

N L e S

lepton spins
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Q2 CC+C’C’*A o,
- D B =TS (0 g) . (FSd)

lepton spins

2

lepton spins

Q2 ) C/c*+c C/*A R N
—5 Y B =FiV2T g (0= ),

lepton spins

Q? , . =CrCs+CLCY . . o
2 Z lgls*:ﬁ:l\/i%q_(y_ﬁ)

lepton spins

(F5g)

Pseudoscalar traces will be similar, replacing the coeffi-
cients Cy and C with the coefficients —C, and —Cp,
respectfully.

APPENDIX G: CONVENTIONS

In this paper we use the nowadays convention for the
gamma matrices (see, e.g., Ref. [57]):

i
=5 [7//47 yl/]’

29 ) Uﬂy 2

{rwrt =

5 0,1,2,3

r =rs=ir'r’r, (G1)

l
750,41/ = E e/wpaopﬁ’
where g, = diag(1, -1, -1, —1) is the Minkowski metric,
and €;j [¢"77 = —¢ /41//)6] is the Levi-Civita symbol [tensor],
which is 1 if (i, j, k) [(#, v, p, 5)] is an even permutation of
(1,2,3) [(0,1,2,3)], —1 if it is an odd permutation, and O if
|

270

ot —1@7

4z(2J + 1) (-

any index is repeated. Some of the calculations make use of
the Dirac representation of the gamma matrices:

10 0 &
0: s _): 0 , G2
v (0 _1> 7 7<3 0) (G2)

with the Pauli matrices o.
The conventions we use for a Dirac spinor of a free
particle of mass m, momentum p,, and energy E =

VvV pr+m? s
/E+m< 1 >
A~ _>._) X’
LN A

where y, is a two-component Pauli spinor for a spin up and
down along the p axis, and the normalization is

u(p.o) = (G3a)

P )
Z M(P)M(P)ZT

lepton spins

-+

utu=1, ., u=uty,.

(G3b)

The isospin raising and lowering operators we use are
defined as

1
= F - (1, tiry). (G4)

NS}

The circular polarization base unit vectors we use are

q

lq|’ (G3)

1
e =F —=(X£iy), ep=2=
)
where we choose the Z axis to be the direction of the

momentum transfer ¢, and the multipole decomposition of
this base is [21,54]

i)’V [j;(qr)Y jo(7)] A=0

(Go)

-2 \/2”(2J+ 1) (- ) {AJJ(Q”)YJA(”)“‘ V x [JJ(qr)YHl( N} A€ {il}

with j; the spherical Bessel functions, Y, the spherical harmonics, and Y %1 the vector spherical harmonics defined by the

relation [54]

YJLl r

Z Z (LulAIM)Y ,(7)e,

(G7)

p=—L J=-1

where (j;m;j,m,|JM) are the Clebsch-Gordan coefficients.
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