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Considerations on the modified Maxwell electrodynamics
in the presence of an electric and magnetic background
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The properties of the modified Maxwell electrodynamics (ModMax) are investigated in the presence
of external and uniform electric and magnetic fields. We expand the nonlinear theory around an
electromagnetic background up to second order in the propagating fields to obtain the permittivity and
permeability tensors, dispersion relations, group velocity and refractive indices as functions of external
fields. The case with perpendicular background fields is contemplated. The phenomenon of birefringence is
discussed and the fundamental role of the ModMax parameter becomes clear. We calculate the difference of
the refractive indices in terms of this parameter and the external fields. Finally, we set up a scenario where
the axion is present and compute the interaction energy for the coupled axion-ModMax electrodynamics if
a magnetic background field is considered. This calculation is carried out in the framework of the gauge-
invariant, but path-dependent variables formalism. Our results show that the interaction energy contains a
linear component, leading to the confinement of static probe charges where the interference between the
ModMax parameter, the axion mass, and the axion-photon coupling constant is pointed out.
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I. INTRODUCTION

As is widely known, nonlinear electrodynamics has a
long history, beginning from the pioneering paper by Born
and Infeld (BI) [1], who introduced their theory in order to
overcome the intrinsic divergences in the Maxwell theory,
at short distances. In passing, we mention that, just like
Maxwell electrodynamics, the BI electrodynamics displays
no vacuum birefringence. We also recall here that, after the
development of quantum electrodynamics (QED) [2-5],
Heisenberg and Euler (HE) [6] proposed a new nonlinear
effective theory by summing up the quantum effects of
virtual electrons and positrons. Indeed, this new theory
contains a striking prediction of the QED, that is, the
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light-by-light scattering arising from the interaction of
photons with virtual electron-positron pairs. It should be
further noted that one of the most interesting physical
consequences of the HE result is vacuum birefringence.
In other words, when the quantum vacuum is stressed by
external electromagnetic fields, it behaves like a birefrin-
gent material medium. Let us also mention that this
physical effect has been emphasized from different view-
points [7—12]. In the context of nonlinear electrodynamics,
all the solutions to the nonbirefringence condition are
shown in Ref. [13]. Nevertheless, this optical phenomenon
has not yet been confirmed [14—17].

It is noteworthy to recall here that a few years ago the
ATLAS and CMS Collaborations at the Large Hadron
Collider (LHC) have reported on the high-energy photon-
photon pair emission from virtual photon-photon scattering
in ultraperipheral Pb-Pb collisions [18,19]. It is remarkable
to notice that, in these results, there is no modification
of the optical properties of the vacuum [20]. Besides, the
new era of high-power LASER facilities also provides
us conditions to probe quantum vacuum nonlinearities
[21,22]. Among various experiments, a promising proposal
is the DeLLight Project [23], based on the induced change
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in the vacuum refractive index by virtue of nonlinearities in
electrodynamics.

In the spirit of the foregoing remarks, we have consid-
ered the physical effects presented by different models of
(3 + 1)-D nonlinear electrodynamics in vacuum [24-26].
This has led us to fresh insights on quantum vacuum
nonlinearities in different contexts. For instance, in the
generalized Born-Infeld and logarithmic electrodynamics,
our analysis reveals that the field energy of a pointlike
charge is finite, apart from displaying the vacuum bire-
fringence phenomenon. Additionally, we have examined
the lowest-order modifications of the static potential within
the framework of the gauge-invariant but path-dependent
variables formalism, which is an alternative to the Wilson
loop approach [27].

Moreover, a novel nonlinear modification of Maxwell
electrodynamics that preserves all its symmetries including
the electric-magnetic duality and the conformal invariance
has recently been proposed [28-30], which is referred to as
ModMax electrodynamics. Certainly, the interest in study-
ing nonlinear electrodynamics is mainly due to its poten-
tially significant contributions to light-by-light scattering
and in the description of novel black hole solutions (see, for
instance, Refs. [31-36]). It is of relevance to point out that
the ModMax model can be obtained from 77-like defor-
mations of Maxwell electrodynamics [37—40], and also
within the context of string theory [41].

From the previous considerations, and given the interest
and importance related to photon-photon interaction
physics, this work sets out to further elaborate on a number
of phenomenological consequences presented by the
ModMax electrodynamics. More specifically, we shall
focus our attention on the birefringence, dispersion rela-
tions, as well as the computation of the static potential
along the lines of the Refs. [25,26,42,43]. We shall present
results of the ModMax ED as a classical field theory and
the continuity equation for the energy-momentum tensor is
derived. We also work out the ModMax stress tensor and its
angular momentum tensor split into its orbital and spin
components. The electric/magnetic properties of the vac-
uum as a material medium ruled by the ModMax ED are
studied in presence of uniform electric and magnetic
backgrounds.

We focus on the particular case with perpendicular
electric and magnetic backgrounds because the CP-
symmetry of the theory is preserved under this condition.
Bearing this in mind, we study the wave propagation effects
in the linearized ModMax ED. We obtain the permittivity
and permeability tensors, the dispersion relations, the
refractive index and group velocity as functions of the
ModMax parameter, and the external electric and magnetic
fields. The phenomenon of birefringence in the electro-
magnetic background is studied in the presence of an
external magnetic field. Some particular cases are discussed
and the recent results in the literature of ModMax ED are

correctly recovered. As expected, all the results of the
Maxwell ED are also correctly reproduced whenever the
ModMax parameter goes to zero.

In the final part of the paper, we present our motivations
to introduce ModMax ED coupled to an axion scalar field
through an axion-(ModMax)photon interaction term. In
this case, we do not consider an electric background, and
focus on the axionic ModMax ED in presence of a
magnetic background field. In so considering, we study
the confinement properties of this new model by computing
the interaction energy for a pair of static probe charges
within the framework of gauge-invariant but path-
dependent variables formalism. In particular, we shall be
interested in the dependence of the confinement properties
in terms of the axion mass, axion-photon coupling and the
ModMax parameter.

Our contribution is organized as follows: In Sec. II, we
quickly review the setup of ModMax theory, derive the
field equations and conservation laws. In Sec. III, we
introduce the prescription of a uniform electromagnetic
background in order to expand the ModMax ED up to
second order in the propagating fields. In Sec. 1V, the
properties of the wave propagation (dispersion relations,
refractive index, and group velocity) are calculated in the
situation where the electric and magnetic background fields
are perpendicular. In Sec. V, we investigate the phenome-
non of birefringence in the presence of electromagnetic
background fields. Subsequently, in Sec. VI, we consider
axionic ModMax electrodynamics and we show that the
interaction energy contains a linear potential, leading to the
confinement of static probe charges. Finally, our conclu-
sions are cast in Sec. VIL

At this point, we place a caveat on the fact that
Secs. III, TV and V deal essentially with the inspection
of material properties of the vacuum in presence of external
electric and magnetic fields, by considering the linearized
approximation in the propagating fields. To our sense,
it is important to make clear to the reader that this issue
has been fairly well investigated and discussed in a series
of pioneer papers, as quoted in the works cast in
Refs. [44-49]. Nevertheless, in the above mentioned
Secs. III, IV and V, we endeavor to propose an extended
reassessment of the aforementioned classical papers while
choosing the particular ModMax ED as our object of
investigation to illustrate the propagation of the linear
waves. We emphasize however that our attempt is not a
mere review. We work out new results, such as the explicit
expressions for refractive indices and group velocities,
conditions to establish dichroism of the vacuum, find
conditions that involve both the ModMax y-parameter
and the external fields to inspect the positivity of the
permittivity and permeability tensors in the special case
where the external (electric and magnetic) fields are
orthogonal to each other. We would like to recall that in
the paper [28], the authors consider the specific situation of
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(anti) parallel external fields. Moreover, we also present a
discussion of the angular momentum tensor and the
corresponding spin vector for ModMax ED.

We adopt the natural units 7 = ¢ = 1 with 4zey = 1, and
the Minkowski metric #** = diag(+1,—1,—1,—1). The
electric and magnetic fields have squared-energy mass
dimension in which the conversion of Volt/m and Tesla
(T) to the natural system is as follows: 1 Volt/m = 2.27 x
1072* GeV? and 1 T = 6.8 x 107'6 GeV?, respectively.

II. THE MODIFIED MAXWELL
ELECTRODYNAMICS

We start off the classical description of the ModMax ED
through the Lagrangian density:

Ly = coshyF + sinhy/F2 + G + T A%, (1)
where F and G denote the Lorentz and gauge invariants,

1

1
=—-F2 =_(E?-B? 2
F=—1F=5( ) (22)
|
g:—ZFWF =E - B, (2b)

with y being a real parameter, that satisfies the condition
y > 0 to ensure the causality and unitarity of the model
[28], and J# = (p,J) is a classical source of charge and
current densities. The F* =AY — ¥ A¥ = (—E',—e'/*B¥)
is the skew-symmetric field strength tensor, and F* =
¢ PF,5/2 = (—B', €/*E*) corresponds to the dual tensor.
The usual Maxwell electrodynamics is recovered when
y — 0.
The action principle yields the field equations

P 4 o
9, coshyF’”“—Fsinhy#g =, (3

VF 4G

and the dual tensor satisfies the Bianchi identity OMF = 0.
The charge conservation obeys the continuity equation
d,J* = 0, as in the Maxwell ED. The equations in terms of
the electric and magnetic fields can be written as:

V-D=p, VXxE+9B=0, (4a)
V-B =0, VxH-90D=], (4b)
where D and H are defined by

FE +GB

D = coshyE + sinhy ————, (5a)
VI + G
B - GE

H = coshyB + sinhy FB-G (5b)

Multiplying the Bianchi identity by F**, and using the
Eq. (3), we arrive at the conservation law

9,0 = J,F, (6)

where the energy-momentum tensor of the ModMax ED is
given by

sinh y F

This tensor has the properties of symmetry in the (1 <> v)
indices and is gauge invariance. In the case of the ModMax
in a free space (with no charge and current densities),
the expression (6) satisfies immediately the continuity
equation, 9,0* = 0, where the ®”- and ®%-components
denote the conserved energy and momentum densities
stored in the EM fields, namely,

O = (F*F,Y =y F) |coshy +

] sinhy(E? — B?)
0% =3 (E? + B?) {COSM RV T B)z} |
(sa)
,~ i sinhy(E? — B?)
@% = (E x B) {coshy + JE = ]};z)z +4(E - B)z]
(8b)

Notice that both components in Eqgs. (8a) and (8b) are not
defined if the electric and magnetic fields, for example,
satisfy the relation of null electromagnetic fields,
E>-B?>=0 and E - B = 0. To remove this singularity,
it is convenient to define the Legendre transformation:

H(D,B) =E-D — L,,,,(E,B), (9)

and using the ModMax Lagrangian (1), the Hamiltonian
density turns out to be given by

1
Hym = Ecosh y(D? + B?)

- %sinh y\/(D2 - B?)? +4(D- B)?, (10)

which is positive-definite if the ModMax parameter obeys
the condition

D? BZ 2
tanhy < \/(D2 —(Bz)j——l— 42]) B (11)

The quantity (10) is well defined for any D and B.
Furthermore, it is manifestly invariant under the duality
transformations D/ + iB’ = ¢/*(D + iB), with a being
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a real parameter. The Poynting vector, given by the
®%_component in terms of the D- and B- read as below:

S, =D x B. (12)

The spatial component v = j in the conservation law (6)
yields the expression

V-T-0Sy—f,, (13)

where f; =pE +J x B is the Lorentz force density,

<>
while the components of the Maxwell stress tensor T
are given by

. inh
T — |:COSh}/—‘r- S )/f :|

Vi

R |
x {E’E/ + BB/ — &' E(E2 + BZ)] . (14)

The Lorentz force has the same definition as in Maxwell
ED, namely, it is obtained by integrating the corresponding
density over a region of the space.

Having established the energy-momentum tensor of the
ModMax ED, we now proceed to the angular momentum
tensor. Let us adopt the canonical approach and split it into
an orbital (OAM) and spin (SAM) components as follows:

Mﬂa/i = xaTﬂﬂ - x[)’T”(l + Sﬂa/}v (15)

where T#; stands for the canonical energy-momentum
tensor, whereas $*,; expresses the spin contribution:

FR + GPW
T}/} = |:COSh ]/F/M =+ Slnhy%} a/}A/I - 5”/}ACMM7
(16)
and
sinh y F
SH g = {coshy + 7} (FryA, — F*,Ap)
’ N N ’
sinhyG . =

(F”ﬁAa — F”aAﬂ). (17)

+—
Nerve

Consequently, the corresponding spin vector can be read
from the expression below:

sinhyF

Sspin = /d3x{ |:COSh7/ + \/ﬁj_i_QZ] (E X A)

sinhyG g A)}, (18)

+—
Vire:

which can be recast as

Sepin = /d3xD x A. (19)

Both the OAM and SAM components are not gauge-
invariant and a physically unambiguous splitting into
these two pieces is still controversial and object of debate.
Actually, the formal separation into orbital and spin
parts of an optical field first appeared in a paper by J.
Humblet [50]. In 1932, C.G. Darwin pioneered the
investigation of the angular momentum tensor of electro-
magnetic radiation, though he did not exploit the OAM-
SAM splitting [51]. For an updated discussion, we
address the interested readers to the papers [52,53],
where alternative decompositions into OAM and SAM
components are presented and discussed with a great deal
of details.

III. THE LINEARIZED MODMAX
ELECTRODYNAMICS IN AN EM BACKGROUND

The ModMax ED can be linearized by expanding the
AH-potential around a uniform and constant EM field, as
A, = a, + A, where a, is the excitation interpreted as the
photon field, whereas A, is the potential associated with
the EM background. We adopt a similar procedure and
notations of Ref. [24]. The expansion is considered up to
second order in the photon fluctuation a*. Thereby, the
tensor F,, is also decomposed as F,, = f,, + F,, in
which f# = o*a* — &*a* = (—e', —e/*b¥) is the EM field
strength tensor of the propagating field, and Fy* =
Ay — *Ayf = (—Ey', —€7*By*) is the field strength
associated with the background electric and magnetic
fields. Now, by expanding the Lagrangian density (1)
around the external field, we arrive at

1 1 ~ 1 1
51(12/1 = _chfﬁzw _ZCme/f}w _EGO;wfm/ +§Q0ﬂmdf’wfld9
(20)

where GO/w = CIFO;w + CZFO;W and QO/wrd =d, FO/AL/FOK/I +
szoWFou + d3F0WFOK,1 + d3F0,wFou are tensors that
depend on the components of the EM background
fields. The f* = e ¥f,;/2 = (=b',e/*e*) and Fly =
P Fo5/2 = (—By', /FEgF) are the dual field strength
tensors of the propagating and background fields, respec-
tively. The f** satisfies the Bianchi identity 9, f** = 0 from
which there emerge the homogeneous field equations:

V.b=0, Vxe=-db. (21)
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The coefficients ¢y, ¢,, d;, d, and d5 of this expansion are
defined as cast below:

oF Eo, Bo 9G Eo. B0
d, = 0*Lym ’ dy = 0* Ly ’
oF? E(.By G’ E¢.B
37 0FG |, (22)

that also depend only on the EM background. Substituting
the ModMax Lagrangian density (1), we obtain:

sinhyF
~ sinhyG,
4 = sinhy g3 ’
VP RF5+ G
dy - sinhy 2.7:(2) ~
VFI+RFi+ G

de — Sil’lh]/ fog()
U VRTRF G

in which 7= (E3 —B3)/2 and G, = E, - B, are the gauge
and Lorentz invariants associated with the electric E(, and
magnetic B fields.

The action principle applied to
density (20) yields the field equations:

¢y = coshy +

(23)

the Lagrangian

~ 1

o le/w + CZf;w - 5 QO/uxKAfK/I =0. (24)

The usual Maxwell ED is recovered when the EM back-

ground fields are turned off and the ModMax parameter

goes to zero. Equation (24) can be written into the same

form of Eqs. (4a) and (4b), with the auxiliary fields
D; =¢;;e;+0;b;

= ij%j

(25a)

H; =—ojie;+ (u;)"'bj, (25b)

where the permittivity symmetric tensor ¢;;, the inverse of
the permeability symmetric tensor (y; j) , and o;; are given
in terms of the electric and magnetic background compo-
nents, as follows
- 615 + dlEOlEO] + dZBOZB()j + d3EOlBO] + d3B01EO]’
(26a)
6ij = €26;j — d1Eo;Byj + daBoiEy; + d3EgiEgj — d3Bo; By,
(26b)

V= ¢16;; — dBy;By; — dyEg Ey,
— d3Ey;iByj — d3By,Ey;.

(uij)~
(26¢)

Notice that the case in which ¢, #0 and d; #0,
CP-symmetry is violated in the linearized theory. To keep
CP invariance, we just consider the situation in which the
electric and magnetic background fields are mutually
orthogonal.

IV. WAVE PROPAGATION FOR
PERPENDICULAR EXTERNAL FIELDS

If we consider the case with E( perpendicular to B, the
second Lorentz and gauge invariant quantity G, = 0, so that
the coefficients from Eq. (22) are given by

¢; = coshy + sinhysgn(F),
sinhy

’

d2:

C2:d1 :d3:0, (27)
in which sgn(F,) is the signal function of F, where
sgn(Fy) =1 if |Eg| > |By|, and sgn(Fy) =-1 if
|Bo| > |Eq|. Under these conditions, the permittivity ten-
sor, (26a), and the permeability tensor related to Eq. (26c)
turn out to be

€;j = ¢16;; + d, By By;, (28a)
1 dgEgE;
iy = — |8+ T (28b)
C 1 —dgEj
where the coefficient dy is
dz tanh(y)
dg =—= , 29
E c1 |Fol + tanh(y)F, (29)
in which
l—e% |
dE E2 82 if |E0| > |B0|, (303)
2y -1 )
E — B2 E2 if |B0| > |E0| (3Ob)

The eigenvalues of the matrices ¢;; and y;; are given by:

AIEIJQSIC'], 136:C1+d2B%, (3]3.)
=gy = Ay = (31b)
lu — 2”761’ 3M7C1—d2E%’

the electric permittivity and magnetic permeability are both
positive-definite if the eigenvalues satisfy the conditions
c1>0,14+dgB3>0,and | —d;E3 > 0.

075019-5



NEVES, GAETE, OSPEDAL, and HELAYEL-NETO

PHYS. REV. D 107, 075019 (2023)

We turn now our attention to the dispersion relations.
Considering plane wave solutions, e(x,?) = eye/k*=1)
and b(x, 1) = bye!®*=") in Eq. (24), the wave equation
for the components of the electric amplitude e; is

detM = (@ — kK?)[w*(@® — k> +u-v) — (u-k)(v-Kk)],
(34)

The condition detM =0 leads to the usual photon
dispersion relation @ = |k| as one of the solutions. The

Mijeo; = 0. (32) other solutions correspond to the roots of the polynomial
. equation:
The matrix elements M;; have the form
202 _

My = (0 = K*)§;; + kik; + uv,, (33) @ (P + Qo + R) =0, (35)
where the vectors are defined by u; = wBy; — (k x Ey);  where P =1+dBj, O =-2dzB,-(k xE;), and
and v; = dgu;. The determinant of the M-matrix can be R = dg(k x E¢)> —k?> —dp(By-k)>. The zeroes of
calculated and yields the expression Eq. (35) are @ = 0, and the nontrivial solutions:

|
o) (1) — B (K x Bo) = /K7 = dp (K < Bo)? = dF (B~ BY)(K - Bo)” + dy(k By +dBik” o0
1+ dgBj
o) (k) = 9eBo (K X Bo) + VK = di(k x Bo)” - dp (B — By)(k - Bo)” + dp(k - Bo)” +dpBrk” 0

The limit of usual Maxwell ED (y — 0) in Egs. (36b)
and (36a) yields the roots lim,_,»™®) (k) = %[k, so that
the photon dispersion relation is recovered. Thereby, we
choose the w(*) frequency for the analysis of the refractive
index of the medium. Notice that the refractive index
n*) = |k|/w*) (k) does not depend on the wavelengths,
(A =2x/|k|), so that dispersion does not occur. It is
important to remark that the frequencies in Eqs. (36a)
and (36b) have an asymmetry: |07 (k)| # |o*)(k)|. In
the regime of strong magnetic fields, i.e., |By| > |Eg|, the
previous frequencies can be simplified according to the
expressions that follow:

o) (k) = £[k|e /1 +2¢ sinh(y) cos 0, (37)

where cos 6 = k - ]§0. It is interesting to highlight that this
frequency coincides with the results given in Ref. [28],
where the authors investigated a different configuration of
external fields, namely, (anti)parallel external fields.

In this condition, the frequency depends on the direction
of the magnetic field relative to the k-wave vector, and

consequently, the refractive index also depends on the
|

1+ dpBj

1+ dpBj

f-angle. In addition, the frequency (37) does not depend
on the magnetic field magnitude when |By| = co. We
also point out that the frequencies (36a) and (36b) are
degenerate at ot) = w7 = dgB;- (k x E;) if the
ModMax parameter and the EM background field satisfy
the condition

1+ dg(k - By)* + dBj
= dg(k x Eo)? + d3(E} - B)(k - Bo)~.  (38)

On the other hand, if the EM background fields satisfy the
inequality

1 +dg(k - By)? + dgB > d(k x E)?

+ d(E5 - BF)(k - By)”, (39)
both the dispersion relations (36a) and (36b) are real.
Otherwise, if the expression (39) has the opposite inequal-
ity (<), the dispersion relations have imaginary parts. The

refractive index associated with the w(t)-frequency is
defined by

n =

, (40)

dgB - (k x Eg) + \/1 — dp(k x Eg)? — d3(E3 — B)(k - By)? + d(k - By)? + dB}
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where the condition (39) can be imposed to obtain a real refractive index. It is opportune to point out that Eq. (39) with the
opposite inequality (<) implies into a dichroism effect in the refractive index (40). In the regime of a strong magnetic field

(IBg| > |Eg|), the previous refractive index leads to

ey

which depends on the #-angle and y-parameter.

ne : (41)
1+ (e —1)cos?
The group velocity stemming from the polynomial equation (35) is
o[(1 = dgE§)k + dg(Eo - k)Eg + dp(Bg - k) By + dpao(Eq X By)] (42)

\4

where @ must be evaluated at the solutions w = 0, (36a)
and (36b). The external electric and magnetic fields
correspond to space anisotropies and the group velocity
of the wave is no longer exclusively along k; it develops
components in other directions too. The limit y — 0 in
Eq. (42) recovers the usual result from Maxwell ED,
V, = ck (with ¢ =1 in natural units). As expected, the
solution @ = 0 yields a null group velocity. In the regime of
a strong magnetic background (|Bg| > |Eg|), the group
velocity (42) is reduced to

. k + 2¢7 sinhy cos 6B,
/1 + 2¢” sinh(y) cos? 6

(43)

Observe that this result also depends on the #-angle and has
a component on the magnetic background direction.

For the sake of simplicity, we consider the vectors k, B,
and E, perpendicular among themselves, i.e., k- By =
k-E; = B, Ej= 0. The refraction index of this medium
associated with the w(*)-frequency is given by

_ Ej— B} +2e7"sinh(y)Bj
~ (E3 - B3)e™ +2¢77sinh(y)EyB,’

n (44)

when E, > B, and

E} — B — 2¢” sinh(y) B3
(E3 — B})e? — 2¢” sinh(y)EyB,’

ny = (45)

for the condition By > E,. Here, we denote E, = |E(| and
By = |By|- The y — 0 limitleads to n, = n, = 1. Although
the dg coefficient is not defined for Ey — By, this limit
leads to ny = n, = 1, if Ey # B,. For the condition of a
strong magnetic field, By > E;, the refraction index
n, ~ e~7 and does not depend on the magnetic field.

Under the conditions of k - By =k -E; = B - E; =0,
the group velocity associated with the previous frequencies
is obtained from Eq. (42), namely,

g - 2(1)2 — k2 + dE((I)BO —k x E0)2 —+ dEa)BO . ((I)BO —k x Eo) — dE(BO . k)2 ’

|
. kolk — dgByEyw — dpE3k]
g 2602 - k2 + dE(COBO - kEo)2 -+ dECUBo(CUBO - kEo) '
(46)

For a strong magnetic field, we have v, ~ ¢77Kk, the group
velocity decays with the ModMax parameter and propa-

gates only on the k-direction. This confirms the result (43)
whenever 0 = z/2.

V. BIREFRINGENCE IN PRESENCE OF ELECTRIC
AND MAGNETIC BACKGROUNDS

In this section, we investigate the birefringence phe-
nomenon in the context of ModMax ED. For this purpose,
we need to obtain the variation of the refractive index in
relation to the magnetic background field. In what follows,
we assume the external fields as By = ByZ and E, = Ey.

Initially, let us consider the plane wave solution for the
electric field into the form e(x,?) = ey;ze'**=*), Notice
that the propagation direction is k = kX and the wave
amplitude is parallel to the magnetic background field.
Under these conditions, the wave equation (32) yields the
parallel refractive index:

1 +dgB?
n = \/ﬂZZ(EOvBO)SB(EO’BO) =2 3- (47)
1 —dgEj

In the second situation, the plane wave solution has
the amplitude perpendicular to the magnetic background
field, e(x, 1) = ep§e'*™=*") In this case, the perpendicular
refractive index is

n; = \//433(E0130)822(E07Bo) =1 (48)

The birefringence is defined by the difference of the
refractive indices:

1+ dpB2

(49)
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In the limit y — 0, we have An =0 and birefringence
disappears. Using the definitions of dy in Egs. (30a)
and (30b), we obtain the following difference

[E2e? — B2
Any = [ [=2———0_ 1|, if E, > B,. 50a
ny E(Q)_B(Q)ezy 1 0 0 ( )
BZeZy_EZ
Any = || =5——=2 1|, if By > E,. 50b
2 B%_E(z)ezy 0 0 ( )

The plot of An, versus x(x = Ey/B,) (left panel), and
An, versus x (right panel) are illustrated in Fig. 1. The
vertical asymptote in these plots is located at Ey = e’ B,
(left panel), and at E; =e 7B in the right panel.
Imposing the causality and unitarity conditions on the
ModMax ED [28], we choose the y-values with y > 0.
In the plot of An;, we choose the values for the
y-ModMax parameter: y = 0.5 (black line), y = 0.8 (blue
line), and y = 1.0 (red line), in which Ey, > B,. The
y-values in the plot of An, are y = 0.5 (black line),
y = 1.0 (blue line), and y = 1.5 (red line), that satisfies
the condition By > E.

Birefringence manifests in the region below the curves
in Fig. 1. Under an intense magnetic background field,
By > E;, (or when E; — 0) and y <« 1, the second
solution (50b) reads as given below:

Any ~vy, (51)

which agrees with the result given in Ref. [29]. Similarly, if
the electric background field is intense, where Ey > B, (or
when By — 0) and y < 1, the first solution in Eq. (50a)
leads to the same result An; ~y. The birefringence curves

FIG. 1.

go to infinity when x — ¢’ (left panel) and x — 77
(right panel).

VI. INTERACTION ENERGY FOR AN AXIONIC
MODMAX ELECTRODYNAMICS UNDER
A UNIFORM MAGNETIC FIELD

The coupling of the axion to the photon has been widely
investigated in different scenarios. There is a rich literature
on the issue, with special attention to the Primakoft effect
(see, for instance, the review [54] and references therein).
In the present section, we pursue the investigation of the
low-energy interparticle potential that emerges from a
scenario where the axion is coupled to the photon as
described by our object of study, ModMax ED. It is true
that we are taking an unusual viewpoint, by bringing
together two new physics: ModMax with its y-parameter,
and the axionic sector, with the axion mass, m,, and the
axion-photon coupling constant, g,,. We justify our
attitude by calling into question our interest in under-
standing how the mentioned three parameters interfere with
each other in the screening and the confining sectors of the
particle-antiparticle potential, after we integrate out the
axion contributions to get an effective photonic mediation
of the interaction. Moreover, if an external magnetic field is
switched on, it would be interesting to understand how vy,
My, Jay, and the external magnetic field, B, combine to
screen and to a confining tail to the interparticle potential.
This shall be the content of this section.

As already expressed, we shall now discuss the inter-
action energy between static pointlike sources for an
axionic ModMax electrodynamics under a uniform mag-
netic field, along the lines of Refs. [25-27,42,43]. This can
be done by computing the expectation value of the energy
operator H in the physical state |®), which we denote by
(H)p. However, before going to the derivation of the
interaction energy, we will describe very briefly the model

0.4 0.6
X

The variation of the refractive index An; (left panel) and An, (right panel) as functions of the dimensionless variable

x = Ey/By. The left panel is plotted for y = 0.5 (black line), y = 0.8 (blue line), and y = 1.0 (red line) in the range of E, > B,. The right
panel is for y = 0.5 (black line), y = 1.0 (blue line), and y = 1.5 (red line), with the condition of B, > E, respectively.
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under consideration. The initial point of our analysis is the
Lagrangian density

1
L = cosh(y)F + sinh(y)V F* + G* + 3 (0,a)*

1
- E m%aZ + gayyag, (52)

where a is the axion field and g,, has dimension
of (mass)~!.

Following our earlier procedure [42,43], if we consider
the model in the limit of a very heavy a-field and we are
bound to energies much below m,, we are allowed to
integrate over a and to speak about an effective model for
the A#-ModMax field. Once this is done, we arrive at the
following effective Lagrangian density:

1

(O + m2)
(53)

2
L = cosh(y)F + sinh(y) V' F? + G + %g g.

where we define the D’ Alembertian operator L] = d,,0".

Since we are interested in estimating the lowest-order
interaction energy, we will linearize the above effective
theory following the procedure that led to the Eq. (20).
Thus, in the case of a pure magnetic background, we
make E = 0, in which the effective Lagrangian density
simplifies to

1 1
L=- Z e_yf/wfﬂy - 5 e_yFB;wf/w

1 sinh(y) -

ZB—% FB/u/FBMfm/fK/1

+ @FB/U/JCMD

g FBK/lfM . (54)

(O+m2)

In passing, we note that the effective model described
by the Lagrangian density (54) is a theory with a nonlocal
time derivative. However, as we have already explained in
Refs. [42,43], we recall that this section is aimed at
studying the static potential, so that [J can be replaced
by the spatial operator —V?. As before, we will maintain [J,
but it should be borne in mind that this paper essentially
deals with the static case.

With this in hand, the canonical quantization of this
effective theory from the Hamiltonian analysis point of
view is straightforward. The canonical momenta reads

sinh(y)

I = _e—J’fOH _ e—J’FBO# + > FBK/)prFBOM
0
gz
+ L P Y ——— Fp%, 55
D) BKpf (D + mg) B ( )

which produces the usual primary constraint
n° = o, (56)

and

inh 2 )2
m = —{6‘76,-]- 28,8, {sm (7) Yayy/ } }ej. (57)

B3 (O + m2)

Let us also mention here that the electric field due to the
fluctuation takes the form

1

&= udet D
where u = ¢77 and detD =1 + g—;, whereas
1 sinh(y) ggw /2
— = 2e’ . 59
o2 e{ B> | (O+md) (59)

Recalling again that B represents the external (background)
magnetic field around which the a”-field fluctuates.

The canonical Hamiltonian can be worked as usual and is
given by

s [ m 1,
He= | &x|II'0;a9 + —+—-ub”+uB-b
2u 2

1
_ 3y (B-b)2
/ x5 raap B0 (60)

Time conserving the primary constraint, I1,, immedi-
ately yields the secondary constraint, I'; = o,IT" = 0, which
is the Gauss constraint, and together displays the first-class
structure of the theory. The extended Hamiltonian that
generates translations in time is now found to be

H=Het / Prleo@o() + e @WL @), (61)

where ¢((x) and c¢;(x) are the Lagrange multipliers. As
before, neither a® nor I1° are of interest in describing the
system and may be discarded of the theory. Thus we are left
with the following expression for the Hamiltonian

. & 1
H= /d3x [c(x)d,-l'[’ +—

-————(B-b)?|, (62
2u ZMQZdetD( )] (62)

we have defined c(x) = ¢ (x) — ag(x).
To fix gauge symmetry we adopt the gauge discussed
previously [27], that is,

1

Iy(x) = /C dva,(z) = / dixia,(ix) = 0. (63)

0
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Here A(0 < A < 1) is the parameter describing the spacelike
straight path x' = ¢’ + A(x — ¢)’, and ¢ is a fixed point
(reference point). There is no essential loss of generality if
we restrict our considerations to ¢’ = 0. With such a choice,
the fundamental Dirac bracket is given by

{a,(x). TV (y)}" = 5/5 / a0 ix - y).
0

(64)

Next, we recall that the physical states |®) are gauge-
invariant [42,43]. In that case we consider the stringy
gauge-invariant state

@) = [TWPY)
~ e (ia [ da (o)) ¥)0. (65

where the line integral is along a spacelike path on a fixed
time slice, ¢ is the fermion charge and |0) is the physical
vacuum state.

This leads us to the expectation value (H)g

(H)o = (H)o + (H)}), (66)

where (H), = (0|H|0), whereas the (H >(()1) term is given by

()Y <1>| / d3x1'[’ - ))H|q>> (67)

where M? = mj + g3, B%e™.

Following our earlier procedure [42,43], when g,,, — 0,
the static potential profile for two opposite charges located
at 'y and y’ then reads

V(L) =L e - (68)

where L = |y —y'| is the distance that separates the two
charges. It is also, up to the e factor, just the Coulomb
potential. This result agrees with that of Ref. [30], and finds
here an independent derivation. While in the case g,,, # 0,
the interaction energy takes the form

2 -ML 2,2 2
4 ~C 4 Ma —y In( 1 A_ L 6
7 L T ¢ [n< )b ©)

where A is a cutoff. The next step is to give a physical
meaning to the cutoff A. Proceeding in the same way as we
did before [42,43], we recall that our effective model for
the electromagnetic field is an effective theory that arises

V(L) =

from the integration over the a-field, whose excitation is
massive. In this case, the Compton wavelength of this
excitation (£ = m") defines a correlation distance. In view
of this situation, we see that physics at distances of the
order or lower than m;! must necessarily take into account
a microscopic descnptlon of the a-fields. By this we mean
that, if we work with energies of the order or higher than
my, our effective description with the integrated effects of a
is no longer sensible. As a consequence of this, we can
identify A with m,. This then implies that the static
potential profile assumes the form

2 -ML 2.2 2
7 e gPmd m’
V(L)=-L o fn(1+2) L. (70
D=0 T T8 € [n< +M2)] (70)

Again, up to the e™7 factor, we mention that similar
forms of interaction potentials have been reported before
from different viewpoints. For example, in the context of
the Standard Model with an anomalous triple gauge boson
couplings [42], in connection with anomalous photon and
Z-boson self couplings from the Born-Infeld weak hyper-
charge action [43], also in a theory of antisymmetric tensor
fields that results from the condensation of topological
defects [55], and in a Higgs-like model [56].

VII. CONCLUSIONS

In this contribution, we study the modified Maxwell
electrodynamics (ModMax ED) and its propagation proper-
ties in uniform electric and magnetic background fields.
By expanding the ModMax Lagrangian density up to
second order in the propagating photon field, we obtain
the permittivity and permeability tensors, dispersion rela-
tions, refractive index and group velocity as functions of
the wave propagation direction, ModMax parameter and
external fields. In the regime of a strong magnetic field, the
dispersion relations for plane wave solutions depend only
on the ModMax parameter and #-angle between the wave
propagation direction and magnetic background field. In
this regime, we also find that the refractive index and group
velocity decay with the ModMax parameter in the situation
where the wave vector, the electric and magnetic back-
ground fields are perpendicular to each other.

We discuss the birefringence phenomenon by taking into
account the difference of the refractive indices for the wave
amplitude parallel and perpendicular to the external mag-
netic field. We obtain the region of birefringence in the
plots of Fig. 1. In both regimes of strong magnetic or
electric fields, birefringence is approximately given by the
ModMax parameter, which confirms the result obtained
previously in the Ref. [29]. The well-known results of
Maxwell ED are recovered in the limit where the ModMax
parameter goes to zero.

Finally, using the gauge-invariant but path-dependent
variables formalism, we have computed the static potential
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profile for an axionic ModMax electrodynamics under a
uniform magnetic field. Once again, we have exploited a
correct identification of field degrees of freedom with
observable quantities. Interestingly, the static potential
profile contains a linear potential leading to the confine-
ment of static charges. As already expressed similar forms
of interaction potentials have been reported before from
different viewpoints [42,43,55,56].

Having in mind the possible relevance of the ModMax
model to describe nonlinear electromagnetic effects, we
call into question its application to study a number of
physical properties of Dirac materials. In the work of
Ref. [57], the authors show that the latter may display
electromagnetic nonlinearities at magnetic fields as low
as 17. We point out that reassessing the inspection of
magnetic enhancement of the dielectric constant of insula-
tors and, on the other hand, possible electric modulation of
magnetization could be a good path to further investigate
the potentialities of ModMax.

A direct contact we might establish between ModMax
and electroweak physics could be through the issue of the
photon and Z-boson self-couplings by associating the weak
hypercharge symmetry to a ModMax description. In the
work of Ref. [43], we adopt a Born-Infeld description for
the weak hypercharge and consider the Z-decay channel
into three photons to constrain the Born- Infeld parameter.
By going along the same lines with ModMax, we could get
a bound on the y-parameter by considering the Z-three
photon anomalous vertex and the decay of the Z-boson into
three photons.
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