PHYSICAL REVIEW D 107, 074504 (2023)

Exact duality and local dynamics in SU(N) lattice gauge theory
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We construct exact duality transformations in pure SU(N) Hamiltonian lattice gauge theory in (2 + 1)
dimension. This duality is obtained by making a series of iterative canonical transformations on the SU(N)
electric vector fields and their conjugate magnetic vector potentials on the four links around every
plaquette. The resulting dual description is in terms of the magnetic scalar fields or plaquette flux loops and
their conjugate electric scalar potentials. Under SU(N) gauge transformations they both transform like
adjoint matter fields. The dual Hamiltonian describes the nonlocal self-interactions of these plaquette flux
loops in terms of the electric scalar potentials and with inverted coupling. We show that these nonlocal loop
interactions can be made local and converted into minimal couplings by introducing SU(N) auxiliary gauge
fields along with new plaquette constraints. The matter fields can be included through minimal coupling.
The techniques can be easily generalized to (3 + 1) dimensions.
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I. INTRODUCTION

In the past few decades there have been numerous
approaches to dualize gauge theories to obtain their dynam-
ics in terms of the dual potentials [1-3]. Many of these
attempts are partly inspired by the success of the dual
formulation of Abelian lattice gauge theories where duality
transformations have led to interesting confining and non-
confining phases in terms of the magnetic monopoles [3]. It
is widely believed that color confinement and nonperturba-
tive vacuum structure can also be better understood within
the dual framework with inverted couplings [1,2,4,5]. In the
recent past, the quest for quantum simulation of non-Abelian
lattice gauge theory Hamiltonians using trapped ion or ultra
cold atomic gases and optical lattices are important and
exciting developments [6—8]. The present work with local
dual interactions and inverted coupling provides an alter-
native framework for these quantum simulations in the
magnetic basis [6,8]. In fact, dual Hamiltonian formulations
and the corresponding magnetic basis are of importance for
quantum simulations of gauge theories as they are expected
to be more cost efficient for the Hilbert space truncation
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processes in the weak coupling continuum limit [8]. For this
reason in the last few years there has been a surge in the
search for the dual representation of various Abelian and
non-Abelian lattice models and their application to quantum
computations [6,8,9]. The exact duality transformations also
naturally lead us to the construct the dual magnetic disorder
operators [9,10], which in turn, have been used in Z, and
SU(N) toric code models to construct anyonic states for
topological quantum computations [11].

All duality approaches in the past focus on solving the
Abelian or non-Abelian Gauss law constraints to write the
electric fields in terms of the dual electric potentials.
In Abelian gauge theories such solutions are simple and
lead to interesting dynamics [3,8]. However, in non-
Abelian cases the duality attempts have not been very
successful. Various solutions of non-Abelian Gauss laws
lead to the dual descriptions of dynamics, which are
involved [1,2,5] and often nonlocal [9] with difficult
physical interpretations. These nonlocal interactions also
make them computationally unwieldy. Further, many of
these duality techniques are tailor made for the SU(2)
gauge group [5] and their generalizations to SU(3) and
higher SU(N) groups are far from clear. In this paper, using
a Hamiltonian approach in (2 + 1) dimension, we illustrate
how to evade the above difficulties and transit from the
original SU(N) Kogut-Susskind electric vector field and
magnetic vector potential description [see (1)] to the (dual)
magnetic scalar field and electric scalar potential descrip-
tion [see (49)]. The dual formulation is also a loop
formulation as the dual operators involved are untraced
Wilson loops over plaquettes or equivalently the magnetic
fields (see Fig. 1) and their conjugate electric scalar
potentials. Under SU(N) gauge transformations they both

Published by the American Physical Society
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(a) Original lattice with 2N (N + 1) link holonomies and their conjugate electric fields. (b) The final configurations: N?

plaquette loop holonomies, N(N + 1) vertical link holonomies and N horizontal links holonomies at (m,n = 0). The missing N>
horizontal links at (m,n > 0) have been traded off for N> plaquettes through canonical transformations (CT) in (28) and (29). As
expected, the total number of new configurations (= N> + N(N + 1) + N = 2N(N + 1)) in (b) match with the total number of initial

link configurations in (a).

transform like adjoint matter fields. We find that the
nonlocal loop-loop interactions, described by electric scalar
potentials, can be made local and converted into minimal
coupling by introducing auxiliary SU(N) gauge fields
through additional plaquette constraints [see (41)]. This
should be contrasted with the original interactions which
are in terms of the magnetic vector potential holonomies
around the plaquettes [see (1)]. This duality between the
original plaquette link interactions and the minimal cou-
pling interactions describing loops in (2 4+ 1) dimension
is a novel feature of the present study. In our previous work
[9] we have constructed duality transformations that
explicitly solved the SU(N) Gauss law constraints at every
lattice site. The dual theory in this case was a SU(N) spin
model without any gauge degrees of freedom. The above
solutions of SU(N) Gauss law constraints are essentially
nonlocal relations between the SU(N) Kogut-Susskind
electric fields and the dual electric scalar potentials leading
to a nonlocal dual Hamiltonian [9]. These nonlocality
issues in the dual formulations have been recently dis-
cussed in the context of quantum simulations in the
magnetic basis (see Bauer ef al. in [6,8]). In the present
work we take a different route and define the dual SU(N)
electric scalar potentials without solving the Gauss law
constraints. We construct SU(N) magnetic scalar or pla-
quette fields and their conjugate electric scalar potentials
[2] by making a series of iterative canonical transforma-
tions on the original electric vector fields and their con-
jugate magnetic vector potentials [12]. These canonical
transformations are designed to produce local plaquette

loop holonomies (physical magnetic fields) by gluing
together its four link holonomies (gluons). This framework
is pictorially illustrated in Figs. 1 and 4. Following this
process we find the following: .

(1) The Kogut-Susskind noninteracting electric field g E
terms dualize to loop interaction terms. As expected,
these loop interactions are described by minimal
coupling between SU(N) electric scalar potentials
and the corresponding auxiliary gauge fields.

(2) The Kogut-Susskind interacting magnetic field
1/@Tr (Upiaquerte + Heec.) terms dualize to the
noninteracting magnetic fields terms. They create
and annihilate single plaquette loops [9,13].

Thus under duality the roles of interacting and non-
interacting terms get interchanged resulting in the inversion
of coupling constant (¢ — 1/g%) as expected.

The plan of the paper is as follows: In Sec. II we start
with Kogut-Susskind Hamiltonian formulation. This sec-
tion is added for the sake of completeness and to set up the
notations. In Sec. III we discuss the canonical transforma-
tions which take us from link description to the plaquette
loop description by joining the four links of every pla-
quette. To make the presentation simple, we first discuss
how to join two link holonomies by making a single
canonical transformation. In Sec. III A we iterate this step
on a simple 2 x 2 plaquette lattice and define four new
plaquette loop holonomies (magnetic fields) and their
conjugate electric scalar potentials. In Sec. III B we directly
generalize these results to N X N plaquette lattice and
define N2 new plaquette holonomies. All technical issues
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and details involved in performing canonical transforma-
tions are worked out in Appendix A. In Sec. IV we discuss
the dual loop dynamics in (2 + 1) dimensions in terms of
magnetic scalar fields and their conjugate electric scalar
potentials. The nonlocality and rotational symmetry prob-
lems and their resolutions are discussed. We also compare
our SU(N) duality results with the U(1) lattice gauge theory
duality results. This simple comparison provides better
understanding of the non-Abelian duality relations between
electric fields and the electric scalar potentials. We end the
paper with a summary and a brief discussion about the
future problems.

The notations used are as follows: The lattice sites and
links will be denoted by 77 = (m, n) and (ii; 1), respectively,
with m,n =0,1,2,...,Nand i = 1, 2. We use roman and
calligraphic fonts to denote the SU(N) conjugate field
operators in the electric (before duality) and the magnetic
(after duality) descriptions, respectively. This is clearly
illustrated in Table I.

II. THE HAMILTONIAN DYNAMICS
The Hamiltonian of SU(N) lattice gauge theory is [14]
H=Hg+Hy =gy Tr(Eii))

+g—I§ZTr(2—(UP+U;)), (1)
p

where ¢? is the coupling and K is a constant. The plaquette
operator U, at site 7 and (i, j) plane is defined as U, =
U@ UG + ) UT (G + 7 DU )) and E, = E4Te,
where T% a = 1,2, ...,N? — 1 are the generators of funda-
mental representation of SU(N). This is the electric field
description with the conjugate pairs (E(ii;1), U(ii;1))
satisfying

[E4(71; 1), Upp(73 1)) = =(TU (713 7)) g
[E9(7 + 1:1), Upp (713 1)) = (U (73 1)T) - (2)

TABLE L.

&
A
s+
E%(i;7) E (7 + 4;1) B 1) L Ei(m)
— ¢ ° o >
i Uizi) — ite i (=
1
R =Nl
S}
(a) (b)

FIG. 2. Kogut-Susskind link operators U(ii;7) and their left

(right) electric field E“ (ii; 1) (E® (7i + i3 1)); (a) location of electric
fields on the link (7; ?), (b) location of electric fields around a
lattice site 7. The SUN) Gauss law (8) involves all four electric
fields around site 7.

In (1) we have used Tr E2(ji; 1) = Tr E2 (#i; 1). The above
commutation relation implies that E% (ii; 1) (E%(7i + ;1))
shown in Fig. 2(a) rotate (antirotate) U(7i; ) the form left
(right), respectively. The link operators U(ii; 1) are SU(N)
operators and satisfy

U'U=7=UU",

where 7 is N x N identity operator. Moreover matrix
elements of U commute among themselves
[Uaﬁ9 U}/ﬁ] =0, [Uaﬁ’ Ui&] =0. (3)

The left and right electric fields E%(ii;7) commute with
each other and individually satisfy SU(N) Lie algebra.

[E< (7:1), E% (1;1)] = if " ES (7 1). (4)
The right electric field E“ (i + ;1) rotating the link

operator from the right in (2) are obtained by the parallel
transports along the link (7, 1):

The kinematical degrees of freedom before and after duality transformations. Under SU(N) gauge transformations, the loop

conjugate pairs (£% (1), Ws(i)) in [B] transform like SU(N) adjoint scalar matter fields. They describe the SU(N) magnetic fields and
their conjugate electric scalar potentials, respectively. The last column shows the auxiliary SU(N) gauge fields defined on links. They are
introduced with additional plaquette constraints (41) to obtain minimally coupled local dual theory. This table also explains the notations
used in this paper. The locations of different holonomies and their electric fields are shown in Fig. 6.

SU(N) Kogut-Susskind formulation

Dual SU(N) formulation

[A] (Mixed)

[B] (Physical)

[C] (Unphysical)

Link holonomy: U (ii; i)
Link electric field: Ei(ﬁ;?)

Plaquette holonomy: W,,(i)
Plaquette potential: £ (n)

String holonomy: (i; 7)
String electric field: £4 (i; ?)

[E4(7:1), Uy (7121)] = —(T*U(71:17)) o5

[E4.(7), Wep ()] = —(TW(71)) 5

[£4.(7111). Upy (7:1)] = —(T°U(71:1)) 4
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E_(i+51) = U (i DEL (DU (1) (5)

Note that Tr (E (i1;1))? = Tr (E_(7i + 1;1))* and
[E%(ii;1), Eb (7 4 1;7)] = 0. (6)

Under gauge transformation at site 7, the left electric field
and the holonomy transform as

In (7), A(n) are arbitrary unitary matrices. The SU(N)
Gauss laws at the lattice site 7 are [14]

2
() =Y (E4(iisi) + E4(7i1)) =0, ¥ i, (8)
i=1

III. CANONICAL TRANSFORMATIONS: LINKS
TO LOOPS AND STRINGS

In this section, using canonical transformations, we transit
from the Kogut-Susskind link electric field representation to
its dual plaquette magnetic field representation in SU(N)
lattice gauge theory. These transformations are used to write
the Hamiltonian in (1) in its dual form (49). This duality is
achieved by canonical gluing the four links around every
plaquette on the lattice to define plaquette loop or magnetic
operators and their conjugate electric scalar potentials. This
is pictorially shown in Figs. 4(a) and 4(b). Note that no
attempt is made to solve the SU(N) Gauss laws explicitly to
obtain this dual magnetic description. As the above canoni-
cal transformation procedure is iterative, we start with gluing
two link holonomies and define their electric fields. We then
generalize this canonical transformation procedure to 2 x 2
plaquette lattice (see Sec. III A) and then to N x N plaquette
lattice (see Sec. III B), respectively. In what follows, we will
construct only left (right) plaquette and string electric fields
through canonical transformations. Their right (left) electric
fields can then be easily obtained using the parallel transport
relations (5) with U(; 2) replaced by the corresponding
plaquette or string holonomies. We use calligraphic symbols
to denote the new field operators obtained after every
canonical transformation.

We consider any two adjacent conjugate pairs:
(E9L(1),Uqp(1)) and (E%(2),Uyp(2)). They are the two
conjugate pairs located on the links (7; 1) and (7 + 1; 1),
respectively, as shown in Fig. 3. More precisely,

E4(1) E_(1) E.(2) E_(2)
® > ° ¢ > 4
U(:v@(l) U”/fs( )
[ cr
E+(12) = B4 (1) E_(12) = —UT(12) L (12)U(12)
® > L
Uap(12) = (U(1) U(2))agp
E+(2)=E_-(1)+E4+(2) £-(2) = -U'(2)E+(QU(2)
U2) =U(2)
FIG. 3. Gluing two SU(N) holonomies using canonical trans-

formations. From two Kogut-Susskind links, we get two new
mutually independent holonomies.

We join the above holonomies together and define the new
but equivalent pairs (£ (12),U,5(12)) and (£4.(2), U,4(2))
through canonical transformations:

Up(12) = (U U(2)) gy, €1(12) = EL(1),
Up(2) = Ugpp(2),  E4(2) = EZ(1) + EL(2).  (9)

The transformations (9) are illustrated in Fig. 3. They are
canonical as the two new conjugate pairs (£ (12),U,z(12))
and (€4(2),U,p(2)) also follow the standard canonical
commutation relations:

[€4.(12), Uap(12)] = =(TU(12)) 5 (10a)

[€5(2), Uap(2)] = =(TU(2)) o

Note that the two new holonomies U,;(12) and U,z(2)

trivially commute with each other and we have added E% (1)
to define £4(2) in (9) so that

[£4(2),
[£4.(12),

(10b)

Uap(12)] =
Uap(2)] = 0. (11)

The two new conjugate pairs commute with each other and
are therefore mutually independent. They are on the same
footing as the original two Kogut-Susskind pairs.

Note that, in this simplest two link case, if we identify the
two end points (77) and (7 + 1) in Fig. 3 then U(12)
transforms like a magnetic flux loop. We can now follow
the classification shown in Table I by identifying
(€+(12).U(12)) with (£4(r), W(n)) and (£,(2).U(2))
with the string pair (£ (i + 1;1),U(ii 4+ 1;1)). We further
note that the electric field E. (1) of the link holonomy
U,s(1), which is canonically transformed into f,4(12),
appears in both the final electric fields. This aspect is
clearly shown in Fig. 3. This simple fact will lead to the
nonlocal duality relations [see (14) and (20a), (20b)], which
are obtained after iterating (9) over the entire lattice. This,
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U(0,2;1) U(1,2;1)
~ & =
=z z . w(,1)
S > S

U(0,1;1) U(1,1;1) CT
~ & =
S S o WO
S S S

U(0,0;1) U(1,0;1)

(a)

WL 1) Uu(,1;2) U(1,1;2) U(2,1;2)
W(1,0) U(0,0;2) U(1,0;2) U(2,0;2)
U(0,0;1) U(1,0:1)

(b)

FIG. 4. A simple 2 x 2 plaquette lattice. (a) The Kogut-Susskind description in terms of 12 link holonomies and their left and right
electric fields shown by ». (b) Dual lattice with four physical plaquette holonomies W(m, n); m,n = 0, 1, six unphysical vertical strings
U(m, n; Q); m=0,1,2,n =0, 1, and two unphysical horizontal strings U (m, 0; i); m = 0, 1 at the bottom of the lattice. The electric
fields of plaquettes are shown by e, whereas electric fields of unphysical strings are shown in . All unphysical strings can be removed by

gauge transformations at (m # 0,n # 0).

in turn, will lead to nonlocal dual or loop dynamics [see
(39)]. As mentioned earlier, having defined the left electric
fields in (9), the right electric fields get fixed by the parallel
transport along the new links

£9(12) = —R4U(12)) £2(12),
£4(2) = ~RyU(2) £2.(2). (12)

In the above equations R¢ are the SO(N* — 1) rotation
operators and satisfy RR” = 1 = RTR. They are defined as
R4(U) = 2ur(T*UTU"). The new left and right electric
fields also satisfy the SU(N) Lie algebra, they commute
with each other and their magnitudes are equal. In
summary, in this section we have converted the shorter
flux line U,4(1) into longer flux line ¢,z(12) using (9).
This simple canonical transformation will now be iterated
over the entire lattice to convert all horizontal links into
local plaquettes starting from the top. This in turn will
define the holonomy around a plaquette or the magnetic
fields as the fundamental variables in the dual theory [15].
We first generalize the canonical transformations (9) to
2 x 2 plaquette lattice in Sec. Il A and then discuss the
general N x N plaquette case in Sec. III B.

A. (2 x2) plaquette lattice

This simple case is illustrated in Fig. 4 and in Table I. The
initial 12 Kogut-Susskind link conjugate pairs (E(m, n,1),
U(m, n;1)) are shown in Fig. 4(a) or in Table I[A]. The final
four (physical) plaquette conjugate pairs (€(m, n), W(m, n))
and the remaining eight (unphysical) string conjugate
pairs (£(m,n;1),U(m, n;1)) are shown in Fig. 4(b) or in
Tables I[B] and I[C], respectively. As is clear from the figure,
we have converted the four Kogut-Susskind horizontal link
holonomies and their electric fields at (m =0,1,n = 1,2)

into the four plaquette holonomies and their electric fields.
The 12 canonical transformations leading to the configura-
tions in Fig. 4(b) from Fig. 4(a) are systematically worked out
in Appendix A. In the next section the end results of the above
canonical transformations are written down. They have exact
duality interpretation.

1. Plaquette, strings, and duality

We first describe the new plaquette sector. The four
plaquette fluxes shown in Fig. 4(b) are

W(m,n) = U(m,n;2) U(m,n + 1;1)
Ut(m+1,m;2) Ut (m,n;1).  (13)

In (13) m, n =0, 1. Their conjugate plaquette electric
fields, fixed through the iterative canonical transformations
(see Appendix A), are

N=2
E.(mn)=— Z S;(m,n)E, (m+1, j; T)ijl(m,n).

j=n+1
(14)

The parallel transports S j(m, n) in (14) are defined as (see
Appendix A)

A~

Si=1(m,0) = U(m,0;2)U(m, 1;1), (15a)

Si—p(m,0) = U(m,0;2)U(m, 1;1)U(m + 1,1;2), (15b)

A~

Sio(m, 1) =U(m, 1;2)U(m,2;1).

j (15¢)

The physical interpretation of the nonlocal operators
Sj(m,n) shown in Figs. 5(a)-5(c) is simple. They
implement the parallel transports from the location of
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(m+1,2)

(m+1,1) (m, 1) (m+1,1)

Sj—2 (m,0)

(m,0)

(m, 0)

(a) (b)

FIG. 5.
and (21a), (21b), (21c¢), respectively.

the original Kogut-Susskind link electric fields at (m + 1,
J > n) to the location of the dual plaquette electric field at
(m,n) in (14). Therefore like Kogut-Susskind electric
fields the dual plaquette electric fields £(m, n) also trans-
form like adjoint matter fields.

As a consequence of canonical transformations the
plaquette pairs (£.(m,n),YV(m,n)) are conjugate and
satisfy the standard canonical commutation relations:

[E.(7), Wep ()] = =(TW(7)) o

[E2(7), Wep(i)] = V(1) T?) 45 (16)

The plaquette electric fields satisfy SU(N) Lie algebra
[£4(7). €2 (#)] = if €S (7).

The canonical commutation relation amongst the new
plaquette fields (16), (17) are the dual version of the
standard Kogut-Susskind commutation relations (2), (4),
respectively. Note that while Kogut-Susskind relations (16)
involve electric fields E(ii;7)) and its conjugate magnetic
vector potentials in U4 (7i; 1), the dual commutation rela-
tions (16) involve magnetic scalar fields in YW(m, n) and
their conjugate electric scalar potentials £(m, n). Therefore,
the canonical transformations (13) and (14) can also be
interpreted as the exact SU(N) duality transformations.
|

(17)

NE

E,(m,0;1)=E (m,0;1) -
j

E.(m.n;2) =E (m,n?2) -

J=n

+ i S;(m,n)E_

Jj=n+1

S.

"

+

m,2
(m,2) (m.2)

(m+1,2)
Sj=2 (m, 1)

(m,1)
(m, 1)

1 (m,0)
> (m,0)

S/j

(m,0)

(d)

(m,0

() (e)

Nonlocal parallel transports S and S’ required for defining plaquette and string electric field operators in (15a), (15b), (15¢)

After duality, the fundamental conjugate pairs describing
the dynamics (see Sec. IV) are the magnetic scalar fields
and their conjugate electric scalar potentials (E(m,n),
W(m,n)). Under SUN) gauge transformations (7) they
transform as adjoint scalar matter fields

W(i) = ARW(R)A (77),
Es(n) — A(ﬁ)gi(ﬁ)AT(ﬁ)-

S|

(18)

We now describe the remaining eight unphysical string
sector shown in Fig. 4(b) and Table I[C]. As the iterative
canonical transformations preserve the total number of
degrees of freedom, these eight strings are the leftover
degrees of freedom after defining the four dual plaquette
holonomies in (13). They are unphysical and can be
completely gauged away as is clear from Fig. 4(b).
However we retain them to keep the dual loop dynamics
simple and local (see Sec. IV). The two horizontal and six
vertical string holonomies are

m=0,1. (19)

A

U(m,n;2)=U(m,n;2); m=0,1,2, n=0,1. (19b)

The corresponding conjugate electric fields are (see
Appendix A)

(m, 0)E_(m + 1, j; 1)S;' (m. 0),

S j(m,n)E_(m, j; 1)8/;1(m, n) (20a)
1

(m+ 1, j; )87 (m. n). (20b)
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Again like the parallel transport S;(m,n); (m,n = 0,1),
the parallel transports S';(m, n) in (20b) are required to
construct the new string electric fields (see Fig. 5) in the
dual description. They are defined as

S (m,0) = U(m,0;2), (21a)
S (m,0) = U(m,0;2)U(m, 1;2), (21b)
S(m, 1) = U(m, 1;2). (21c)

The parallel transports S';(m, n) in (21a), (21b), and (21c)
are shown in Figs. 5(d)-5(f), respectively. For more details,
see Egs. (A24), (A44), (A50), (Al4), and (A39) in
Appendix A. Again the canonical transformations ensure
that the eight-string conjugate pairs also satisfy the standard
canonical commutations relations:

[Si(m,n;?),uaﬁ(m,n;?)} = —(T“L[(m,n;?))aﬂ. (22)

In (22)if 7 = 1 then n = 0 as horizontal strings exist only at
the bottom. These canonical relations are systematically
derived in Appendix A. It is easy to check that the 12 new
conjugate pairs commute with each other and therefore are
completely independent. Thus the canonical transforma-
tions again ensure that there is no mismatch between the 12
initial (links) and the 12 final (loops and strings) degrees of
freedom. While the loop conjugate pairs transform as SU
(N) adjoint matter, the string conjugate pairs transform as
SU(N) gauge fields

U3 — ARU AT (7 + 1),
E.(ii:7) = A()EL (7 )AT (7). (23)

In (23) the conjugate pairs (£ (71;1 = 1),U(7;1 = 1)) in
(23) exist only when 77 = (m,0). Note that this asymmetry
in the string holonomy sector is due to the special choice
of canonical transformations in Appendix A, which con-
verts all Kogut-Susskind horizontal link holonomies at
(m,n > 0) into plaquette loops. Their absence also leads to
nonlocal loop-loop interactions. This is because the nearest
neighbour electric scalar potentials £(77) and (7 + 1)
cannot be coupled minimally in the horizontal directions
(see Sec. IV). In Sec. IVA we will reintroduce the
horizontal holonomies through new plaquette constraints
(41) and recover the rotational symmetry as well as locality
of the original Hamiltonian (1).

2. Inverse relations

The canonical relations (13), (19a), and (19b) can be
easily inverted to write the Kogut-Susskind fields in terms
of the new plaquette, string fields:

Uit 1) = LEWUm, 0, DR+ 1), n=1,2, (24a)
U(m,0;1) =U(m,0;1), m=0,1, (24b)
U(m,n;2) =U(m.n;2).  m=0,1,2. (24c)

In (24a), the parallel transports on the left and right sides
are

e =| "1w<m,n—j;2>vv<m,n—j>], (250)

J

R(i+1)= {ﬁU(er 1,k; 2)]. (25b)
k=0

Note that the nontrivial relations (24a) and (25a), (25b),
involving nonlocal parallel transports £ and R, are again
simple consequence of the covariance under the SU(N)
gauge transformations (7), (18), and (23). The correspond-
ing Kogut-Susskind electric fields are

E.(m,0;1) = E_(m,0) + E.(m,0;1), (26a)

+ &.(11:2) (26c¢)
In (26¢) nonlocal parallel transports are
S(m.n;1) = LU(m,0;1) R. (27)

These relations are derived in Appendix A. However, they
are easy to understand and can be written down just by
looking at the final four loop and eight string configurations
in Fig. 4(b). We note that the Kogut-Susskind electric fields
E. (m,n,1) rotates all those new configurations in Fig. 4(b)
that share the link holonomy U(m,n;i). Therefore,
E.(m,n,1) is a sum of all these loop and string electric
fields parallel transported to the lattice site (m,n) to
maintain the SU(N) gauge covariance. As an example, if
we want to write the Kogut-Susskind right electric field
E.(m,n;1), then we identify the two dual holonomies
W(m, n) and W(m, n — 1), which share the link U(m, n; 1)
and parallel transport their electric field to the site (m, n) to
get the canonical relation (26b). Similarly, the Kogut-
Susskind electric fields E (m,0,1), E.(m.,n,2) in (26a)
and (26c) get extra contribution from the respective
horizontal and vertical strings. These inverse relations
are graphically illustrated in Figs. 8(a)-8(c).
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E(R+151)
| ——

(3) A+i

—

=

(a)

FIG. 6.

(7t +2)

E4(m,0;1) Er(m+1,0;1)

(m,0) U@m,0;1)  (m+1,0)

(a) Kogut-Susskind Link operators, (b) N2 plaquette and N(N -+ 1) vertical and N horizontal string at the bottom of the lattice.

The two types of electric fields E (ii;1), £, (i), £, (7i;1) and their locations are shown.

B. (N x N) plaquette lattice

We now generalize the dual relations obtained in the
previous section to N x N lattice. There are N horizontal
links at (m,n > 0) as shown in Fig. 1. Using (9) we
canonically transform them into plaquettes in the clockwise
direction as shown in Fig. 6(b). This canonical gluing starts
from the top left column and goes from the top to the bottom
and then repeated iteratively in the adjacent right columns. As
each plaquette formation requires three canonical transforma-
tions (see Appendix A), we need 3N? canonical transforma-
tions to cover the entire lattice. At the end we construct (i) N?
plaquettes pairs: (£(7), W(#i)), (ii) N(N + 1) vertical strings
pairs: (£(71;2), W(ii; 2)), and (iii) N horizontal string pairs:
(E(m,0;1),W(m,0;1)). These dual configurations with
their left, right electric fields are shown in Fig. 6(b).

1. Plaquette, strings, and duality
The N? plaquettes fluxes are

W(i) = U 2)U (i + 2 ) UT (i + 1:2) Ut (71:2). (28)
Their conjugate left electric fields are

N

£y == 3 SME(m+1.j:1)S7()  (29)

Jj=n+1

in(29) 7= (m,n) and m,n =0, 1, ..., N — 1. The canoni-
cal relations (29) are straightforward generalizations of the
relations (14) where we have replaced 2 with N. This
generalization amounts to including all horizontal Kogut-
Susskind electric fields E_(m + 1, j > n; i) up to the top
of the lattice. In (29) we have defined the parallel transport
operator S;(m, n) shown in Fig. 7(a):

j-1
Sj(m,n) = U(m,n;ﬁ)U(m,n—i— 1;1) H Ulm+1,k;2).
k=n+1

(30)

In (30) j>n+2 and S, (m,n)=U(m,n;2)
U(m,n+ 1, i). The nonlocal parallel transport operators

S;(m, n) encode the cumulative effects of all 3N? canonical
transformations over the entire lattice. As mentioned in the
previous section, they are necessary for SU(N) gauge
covariance of (30).

The asymmetry in the shape of the S;(m, n) is because of
the choice of iterative canonical transformations. In this
work we started at the left top corner and proceeded toward
the bottom in the first column and then moved to the adja-
cent right column. We know that W(m,n);n = (N — 1),
(N—=2),---0 are created sequentially by absorbing
U(m,n+1;1) at (N —n)th step starting from the top.
Therefore its electric field must contain all (N — n) Kogut
Susskind electric fields on the horizontal links above it.
They are located at different points and are parallel trans-
ported to (m, n) via path S to maintain gauge covariance
of (29). The plaquette canonical commutation relations (16)
and (17) discussed in the previous section on the simple
2 x 2 lattice remain valid.

Having discussed the plaquette loop or magnetic field
sector, we now discuss the remaining string sector. The N
horizontal and N(N + 1) vertical strings are related to old
link variables as

(m+1, j) (m, j)

L
[$

§'j(m,n)

N
C
Sj(m,n)

(m,n+1) (m+1,n+1)

(m,n) (m, n)
(a) (b)

FIG. 7. Two types of nonlocal parallel transports required for
canonical transformation: (a) S;(m, n) defining the electric fields
of W(m, n) in (29) and (32b), (b) &';(m, n) defining the electric
fields of the strings (m, n;1) in (32b). These strings are N x N
lattice generalizations of Fig. 5.
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e
(1) O—e—
Va(U) ol
. &
m, ! ¥
(m,0) @t=™Y | g £ (i 1) ©
r—— (7 —2) e = L (i)
£4(m,0;1) vy \_/‘&(ﬁ; 2)
Vi(S)
E;(m,0;1) E.(7;1) E;(m,n;2)
(a) (b) (c)

FIG. 8. Inverse canonical relations: Kogut-Susskind electric fields in terms of the dual plaquette and string electric fields.
(a) Horizontal left electric field E, (m,0;1) in (26a). (b) Horizontal left electric fields E (m,n; 1), n # 0 in (26b). (c) Vertical left

electric field £ (m, n; 2) in (26¢). The plaquette electric fields &(m, n) are shown by « and string electric fields £(mn, n; 7) are shown by e.
The round arrows show that required parallel transports.

Um,n=0;1)=U(m,0;1), U(;2)=U(7;2). (31)
Like in Sec. IIT A 1, the conjugate electric fields are

N

E,(m,0;1) = E,(m,0;1) Z {(m 0)E_(m + 1, j; 1)87! (m.0), (32a)
. . N . N
E.(mn2)=E (mn:2)= > 8(m.n)E_(m.j;1)S7 (m.n) + > Sj(m.n)E_(m+1,j:1)S7! (m.n). (32b)
j=n+1 j=n+1
As before, the vertical parallel transports are U(ii; 1) = S(ii; 1), (34a)
Jj—1 > A\ —7/(7A
s y(m.n) = [[U(m.k:2) (33 U(i1;2) = U(#;2). (34b)

= Where S(ii; 1) is the shortest path containing the plaquette

and S’o(m,0) = 1. The canonical transformations ensure hplonomy W, which connects the sites 7i and 7 + 1 [see
that all N(N + 1) vertical string pairs (£ (7i; 2), U (71 2)) Fig. 9(a)I:
and N horizontal string pairs (€% (m, 0; i),u(,ﬁ(m,o;i))
satisfy the standard canonical commutation relations.

As before, under SU(N) gauge transformations (7) the
plaquette conjugate pairs transform as adjoint matter (18)

and the string conjugate pairs transform as gauge n
fields (23). L(7) = [Hw(m,n — i 2)W(m,n - j)}, (36a)
=1

S(ii; 1) = L(@U(m,0; )R (7 + 1). (35)

In (35), we have defined left and right parallel transports

2. Inverse relations

n—1
We can get Kogut-Susskind link operators from pla-  R(7i + 1) = [H U(m+ 1,k Q)} . (36b)
quette and string holonomies by solving Egs. (28) and (31); k=0
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S(m,n;1)
(m,n) @ ® (m+1n) =

. & (m,n) (m+1,n)
@ o
T .
S W(m,n —1) j
£ +
< S
S Ll S
—~ &
< &
a |
| =
= W(m,n — 2) =
£ +
= S
S Ll N
—_— 1
. @~
<« ,‘—‘\'
S =
£ W(m,0) T
= g
S S
(m,0) - (m+1,0)
U(m,0;1)
(a)

U(m,n +1;1)

(m,n+1) (m+1,n+1)

U(m,n;2)

Ut (m+1,n;2)
I
E
=

R S
(m+1,n)
Ut(m,n; 1)

(m,n)

(b)

FIG. 9. (a) Nonlocal interactions in the horizontal direction between £_(ii — 1) and &£, (71 in (39). The parallel transport denoted by

S(m, n; i) depends nonlocally on I/ and W leading to nonlocal interactions in (39). (b) Introduction of new gauge fields U (m, n; i)
through the local plaquette constraints (41) converts them into minimal couplings.

The canonical relations (29), (32a), and (32b) can also be
inverted to get the Kogut-Susskind electric fields in terms
of the plaquette and string fields:

E (m,0;1) = E_(m,0) + £, (m.0; 1), (37a)
E,(7i;1) = Vo (U)E(n), (37b)
E (i1;2) = =V(S)E®) + £,.(1:2).  (37¢)

In the inverse duality relations (37a), (37b), (37c) we have
defined the difference operators with local /(i — 2;2) and
nonlocal S*(ii — 1;1) parallel transports as

Vo (U)E(RR) = E_() + UT (7T = 2;2)E (7T = 2)U (7 = 2;2),
(38a)

Vi(S)Em) =€, () -ST(n-T;:1)e_(7-1)S(i-1:1).
(38b)

Note that after duality the Kogut electric fields are not
fundamental. They are instead expressed in terms of
electric scalar potentials £(m, n). These electric scalar
potentials describe the gauge theory interactions in the
dual version (39) or (49) as opposed to the magnetic vector

potentials U (m,n;?) that describe interactions in the

original Hamiltonian (1). These dynamical issues are
discussed in the next section.

IV. SU(N) DUAL DYNAMICS

The Kogut-Susskind Hamiltonian (1) can now be
rewritten in terms of the dual plaquette and string operators
as [16]

1= e ((Ta0080)+ €, -V (S)e)
+§(2N—Tr(W(ﬁ) W) |. (39)

This dual or loop description is invariant under SU(N)
gauge transformations (18), (23) and simple to interpret as
follows: The original nontrivial four link interaction term
in (1), which dominates near the g> — 0 continuum limit,
is now a simple noninteracting magnetic field term

% Tr(W + W) ~qi2 B>, This is one of the expected out-

comes of duality transformations. On the other hand, the
original noninteracting electric field terms in (1) now
describe the interactions in terms of the adjoint electric
scalar potentials. Note that the dual interaction in the y
direction in (39) are the minimal coupling terms between
electric scalar potentials and the string fields in the y
direction.
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The immediate problem we face with the above dual
description is the nonlocal and asymmetric dynamics due to
the presence of S(ii; 1) in (37¢). The underlying reason for
this nonlocality and asymmetry is simply the absence of the
horizontal holonomies that have been canonically trans-
formed into W(m, n) as shown in Fig. 4(b). The asym-
metric Gauss law constraints associated with the SU(N)
gauge invariance (18) and (23) are

Go(it) = E%(i) + EL (i) + % (71;2) + £2(7i;2) = 0. (40)

The above constraints directly follow from the new
configurations in Fig. 4(b). As shown in Appendix B the
new Gauss law constraints (40) reduce to the old symmetric
Gauss law constraints (8) when the canonical relations are
used and thus confirming (29) and (32a), (32b). The next
section addresses and solves the asymmetry and non-
locality issues by introducing new plaquette constraints.

A. Plaquette constraints

Having obtained the dual magnetic field description in
terms of the physical conjugate loop pairs (€(7), W()),
we resolve the above asymmetry and nonlocality problems
by reintroduction of horizontal link holonomies (7i; 1)

through the local plaquette constraints:
U2U®G + 2, DUt (7 + 1; 20Ut (i 1) = W) (41)

Note that the constraints (41) imposed on the dual theory
are consistent with the dual gauge transformations (18)
and (23). They physically mean that the newly created
gauge invariant Wilson loops with gauge fields
(U(i3;1),U(5;2)) do not lead to any additional physical
degrees of freedom. The motivation for introducing (41) is
that on the constrained surface

Ui 1) = S(ii; 1). (42)

Now the nonlocal inverse relation (37¢) takes the local form
and we write

E,(i:8) = 808 () + e, V,0EG).  (43)

In (43) i, j =1, 2. The plaquette constraints (41) must
commute with the Hamiltonian H in (39). It is clear that
the magnetic part, Hy; ~ Tr W(#i)), commutes with (41) as
W,s(ii) and Uyy(ii;1) are mutually independent and
commuting dual degrees of freedom. It is easy to see that
the constraints (41) will commute with the electric part
Hy (Hp ~E*(ii;1) + E*(i1;2)) also if the electric fields
E“(71;1) and E“(ii;2) defined by (37b) and (37c) rotate
both sides of (41) covariantly. We therefore introduce
electric fields £, (7i; 1), which are conjugate to auxiliary
gauge fields U(7i; 1) and write

E_ (7, ?) =&, (m; ?) +€;V;(U)E(N). (44)
In (44) the covariant derivatives are defined as

Vo (U)E®R) = E_(i) +UH (i = 2:2)E, (7 = 2)U(ii = 2;2),
(45a)

(45b)

As mentioned before the parallel transports in (45a)
and (45b) are also consistent with SU(N) gauge covariance.
This provides an additional cross check for the validity of
the SU(N) canonical or duality transformations.

At this stage it is interesting as well as illustrative to
compare Eq. (44) with the corresponding equation in U(1)
or Z(N) lattice gauge theories [9]. In U(1) case the Gauss
law constraints in (2 + 1) dimension are

[ERN 2 ~
V-E@i) =Y (ViE( 1) =0, (46)

i=1

where V; is the simple difference operator in i =1, 2
directions. The obvious solutions defining the Abelian
electric scalar potentials in (2 + 1) dimension are

E(ii;i) = €, V,;E(i). (47)

The SU(N) electric scalar potentials defining Eq. (44) are
obvious generalizations of the corresponding Abelian
equation (47) with the ordinary difference operators
replaced by the SU(N) covariant difference operators.
Note that instead of directly solving (46) to obtain dual
electric potential £(77) in (47), we can also use the present
canonical transformation route to reach the same result. In
U(1) case the parallel transports in (5) and (38a), (38b) are
simple Abelian phase factors and cancel out. Thus there are
no strings or link gauge fields and we recover (47) without
any nonlocality or asymmetry problems.
The SU(N) Gauss law constraints

Ge(7i) = E4(i) + EL() + Y (E4(it: i) + E£4.(7is1)) = 0

i=12
(48)

are now symmetric as shown in Fig. 10. Under SU(N)
gauge transformations all electric fields appearing in (48)
transform like adjoint matter fields.

The new Hamiltonian that commutes with the constraints
(41) written in terms of the dual operators is
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FIG. 10. The new symmetric Gauss Laws &%(n)+

EL(i) 4+ 222, (&2(7is1) + E4(71;1)) = 0. There are six electric
fields at each site 71. The two plaquette electric fields or electric
scalar potentials are shown by dark bullets ¢ and the four string
electric fields are shown by gray bullets e.

2
H=Y [gz ™y <€+(fi,?) e,V ,(u)g(ﬁ)>2
7 i=1
+ g-’i (2N = Tr(W(#i) + WT(ﬁ)))] . (49)

The dual Hamiltonian (49) can also be interpreted as the
loop Hamiltonian. Its physical interpretation is very simple.
The second interacting term in (1) dualizes to the non-
interacting magnetic field term in (49). It creates and
annihilates the single plaquette loops. This is most trans-
parent in the prepotential operator language [9,13]. The
first original noninteracting electric field term in (1) dual-
izes to the loop-loop interaction term in (49). These
SU(N) loop interactions are through minimal couplings
of the loop electric scalar potential to the gauge fields.
This duality between interacting and noninteracting terms
leads to inversion of the coupling constant: g> — % Note
that the physical degrees of freedom are associated
only with the SU(N) magnetic fields and their conjugate
electric potentials (€(i7), W(#)). The auxiliary string sector
(E(#;7),U(m, 715 1)) with the new constraints (41) makes
the dual description local as well as simple and rotationally
covariant.

We again emphasize that the N’ horizontal strings
U(m,n > 0;1) can be removed using the N2 constraints
(41). As a result their N? conjugate electric fields £(m, n >
0; i) can be put equal to zero without loss of any generality.
We thus recover the nonlocal Hamiltonian (39), which
in turn is exactly equivalent to the Kogut-Susskind

Hamiltonian (1) due to the canonical transformations. In
fact, at this stage we can also remove the vertical strings
completely. Such SU(N) canonical or duality transforma-
tions leading to dual SU(N) spin model without any
gauge or string degrees of freedom have been studied in
the past [9]. They lead to nonlocal dynamics. In the present
framework, with all interactions local and proportional to
¢, the dual Hamiltonian see (49) can be used to set up a
weak coupling perturbation theory near the continuum
g* — 0 limit. The matter fields can be coupled to the SU(N)
gauge fields 2/(7i; 1) through minimal coupling so that the
SU(N) gauge invariance (18) and (23) remains intact.

V. SUMMARY AND DISCUSSION

In this work we have constructed the canonical trans-
formations in SU(N) lattice gauge theory that lead to local
dual Hamiltonian with minimal interactions between dual
electric scalar potentials and the auxiliary gauge fields. This
result is easy to understand as under gauge transformations
the magnetic or plaquette loop fields as well as their
conjugate electric scalar potentials transform like SU(N)
adjoint matter fields. The transformations convert the
plaquette interaction terms into the pure noninteracting
magnetic field terms and the pure noninteracting electric
field terms into the electric scalar potential minimal
coupling interaction terms. These results are important
as the plaquette interaction terms involving four links,
which dominate near the continuum g2 — 0 limit, have
been completely simplified. In the past, even in the simple
SU(2) lattice gauge theory case, these plaquette interactions
become extremely complicated in the loop Hilbert space
[5,13]. Therefore, it will be interesting to develop a
systematic weak coupling loop perturbation theory in the
¢ — 0 continuum limit with the dual Hamiltonian (49).

In the context of quantum simulations of non-Abelian
lattice gauge theories [6-8], the problem with the electric
basis [7,13], is the complicated matrix elements of the
magnetic field terms H,; in (1). On the other hand, in the
magnetic basis the electric field terms Hy in (1) becomes
complicated and nonlocal [6,8,9]. The present work pro-
vides a magnetic basis without the above nonlocality
problem and therefore may be better suited for quantum
simulations near the continuum limit.

In (3 + 1) dimension these canonical transformation can
be carried out on every (XZ) and (YZ) plane similar to the
present (2 4 1) dimensional case. We thus convert all X, ¥
links at z > 0 into (XZ), (YZ) plaquettes, respectively, and
Z links into the unphysical strings. Now the dual formu-
lation will have nonlocality in both the electric and
magnetic field parts of the Hamiltonian. The nonlocality
in the electric field part, like in (2 + 1) dimension, will be
due to gauge invariance, whereas the absence of (XY)
plaquette will introduce nonlocality in the magnetic part.
This nonlocal dynamics can again be made local by
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introducing new plaquette constraints. The work in these
directions is in progress and will be reported elsewhere.

APPENDIX A: CANONICAL TRANSFORMATION
ON A 2 x2 PLAQUETTE LATTICE

In this appendix, we will explicitly work out canonical
transformations (14), (20a), and (20b) for the simple 2 x 2
plaquette lattice. Starting from the top-left plaquette,
we make canonical transformations over four plaquettes
in the following four steps I, II, III and IV to construct
the plaquettes W(0, 1), W(0,0), W(1,1), and W(I1,0),
respectively (see Fig. 11). Each of these four steps involves
three gluings of Kogut-Susskind link holonomies through
canonical transformations illustrated in Fig. 3.

1. Construction of W(0,1)

In the first step we glue four links of the top-left plaquette
in the clockwise direction and convert them into the
plaquette W(0,1) and the three remaining holonomies:
U(0,1;2),U(1,1;2),4(0,1; 1) as shown in Fig. 12(I). The

o —> —o
p p
& &
— —
s wW(0,1) =
S INY
» o—<— o
———H—o o6——o
» U0, 1;1) » =
’;\ [N}
> >
U(0,0;1)
@
> >
> >
N > o
P
> >
@
(==l
W(1,0) &
N
> [ >
N N

U1,0;3)  UL0:1)

(IV)

FIG. 11.
W(1,0) sequentially in steps I, II, III, and IV.

three canonical transformations involved in this first step

are as follows:
(i) The first canonical transformation is

The two new holonomies are defined as

A

U0,1;2) = U(0,1;2), (A1)

U(0,1) = U(0,1;2)U(0,2; 1). (A2)

The basic canonical transformations (9) determine
their right electric fields

£.(0,2;2) = E_(0,2:2) + E.(0,2;1)  (A3)

*-—r—0
q q q
ol W(0,0) s
S N
[ '.—(— [ L
U(0,0;1)
(1I)
U, 1;2)
q q q
W(1,1) ;
S
[
L [ 4 L [ 4 L
*—r——0
L e u(,1;1) <
L '.—(— L L
- c U(1,0;1) -
(IIT)

Four steps canonical transformations on a simple 2 x 2 plaquette lattice. We construct W(0, 1), W(0,0), W(1, 1), and
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(i)

£_(0,1) = E_(1,2;1). (A4)

The canonical transformations (Al), (A2), (A3),
(A4) and the electric field locations are shown in
Fig. 12(a). Their corresponding left electric fields
can be obtained by parallel transports as in (5):

£.(0,1;2) = E.(0,1;2) + S,(0,1)

x E_(1,2;1)S;'(0, 1), (A3)

E.(0,1) = =0, 1)E_(1,2; 1)UUT(0,1). (A6)

In (AS5) we have identified

S ,(0,1)=U(0,1) = U(0,1;2)U(0,2; 1).

J (A7)

We thus obtain (20b) at m =0, n = 1.
The second canonical transformation is

{ (£.(0,1),U(0,1)) ]
(E.(1,1;2),U(1,1;2))
. { (E4(0.1).8(0.1) ]
(E.(1.1;2),U(1,1;2))
The two new holonomies are defined as

~ A ~

H(1,1;2) = U(1,1;2), (A8)

7(0,1) = U0, 1)U (1, 1;3),

=U(0,1;2)U(0,2;: 1)U (1,1;2).  (A9)

The canonical transformations (9) lead to the fol-
lowing electric fields

E_(1,2:2) =E_(1,2;2) + £_(0,1)
=E_(1,2;2) + E_(1,2;1), (A10)
£ (0.1)=E,(0.1),
=-85,(0,1)E_(1,2;1)S;'(0,1).  (All)

The canonical transformations (AS8), (A9), (A10),
(A11) and the electric field locations are shown in
Fig. 12(b). We now using (5), we obtain the left
and right electric fields of Z/(1,1;2) and (0, 1),
respectively, for later use:

E.(1.1:2) = E.(1,1;2) = 8»(1.1)

x E_(1,2;1)85'(1,1),  (A12)

E_(0,1) =81, )E_(1,2; )85 (1.1).  (A13)

EL0,2:1)  E_(1,21) ) '
2) &——> 8 (15 0o ‘o
\ U0,2;1) (1.2) (0,2;2) N 1)
u(,1)
e — 3=
- 3
——eo (1,1) -
(a)
G0 E(1,2;2)
S
(b)
2(0.1)
Al
—<——
— > o
U1 B-(11:1) 0,1;1) &)
(c)

FIG. 12. First step of canonical transformation over the top
leftmost plaquette for 2 x 2 lattice. This step is further divided
into three parts (a), (b), and (c).

(iii)

074504-14

In (A13) we have identified

SH(1,1)=U(1,1;2) (A14)

as defined in the (21c) for m = 1.
The third canonical transformation is

We now glue the conjugate pair (£, (0,1),%(0, 1))
obtained in the previous step with link conjugate
link pair (E,(0,1;1),U(0,1;1)) to get the first
plaquette conjugate pair (£,(0,1),W(0,1)) along
with the intermediate link conjugate pair
(£.(0,1;1),2(0,1; 1))
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U0,1;1) = U(0,1;1), (A15)

The above three canonical transformations com-
plete step L. In summary, starting from the four link

W(0.1)=U(0,1)UT(0,1;1), holonomies,
=U(0,1;2)U(0,2; 1)U (1,1;2)U (0, 151).
(A16) (U(0,1;2),U(0,2;1),U(1,1;2),U(0, 1; 1)),
Thei i lectric fiel
eir conjugate electric fields a~1re we have obtained the following four equivalent
E(L1;)=E_(1,1;1)+ &_(0,1), holonomies
=E_(1,1;1) + 8,(1.1) . .
R U(0,1;2)=U0(0,1;2),
E_(1,2;1)851(1,1), (A17) R
. W(0,1)=U(0,1;2)U(0,2;1)U'(1,1;2)U7(0,1;1),
£0.1)=£&0.1), U(1,1;2)=U(1,1;2),
— -1)6-1 ~ ~ ~
=-5(0,1)E_(1,2;1)85'(0,1).  (A18) 7(0,1;1)=U(0,1;1). (A19)
Above canonical transformations are shown in
Fig. 12(c). We thus obtain (14) for m =0, n = 1. The corresponding electric fields are
|
£.(0,1;2) = E.(0,1;2) + S,(0,1)E_(1,2; 1)S5'(0, 1),
£.(0,1) = =85(0, NE_(1,2;1)85'(0, 1),
E_(1,2;2) =E_(1,2,2) + E_(1,2: 1),
E.(LLD)=E_(1,1;1) +SH(1,DE_(1,2;1)S51(1,1) (A20)
|
Now we notice that in step I, we have traded off U(0,2;1)  with their electric fields given by
into the plaquette W(0, 1) so its electric field E_(1,2;1)
appears in all the four new plaquette and string electric £.(0,0; Q) =E,(0,0; Q) +S,; (0 0)5‘ (1,1, 1)51—1(0,0),
fields with appropriate parallel transports (A7) and (A14). ~
Now we will perform steps I, III, and IV using Eqgs. (A19) £,(0,0) = =5,(0,0)€_(1, ) 1(0.0).
and (A20). E_(LLL2)=E_(1,1;2) + &£ (1,1,1)

So we have two dual holonomies as required and two R R A\ ot
intermediate holonomies that will be used for canonical E_(1,0;1) = E_(1,0:1) + &'y (1, O)‘S (L L1)STH(L,0).
transformation in steps II and III. Electric fields for these (A22)
holonomies are, see Fig. 12.

In Eq. (A22) we have identified strings
2. Construction of W(0,0)

In the second step, we consider four holonomies §1(0,0) = U(0,0;2)U(0. 15 1), (A23)
U(0,0;Q), Z:{(O, 1; T), U(],O;Q), and U(0,0; T), see
Fig. 11(I), and canonically convert them into following S1(1,0)=U(1,0; j) (A24)

four holonomies, see Fig. 11(II):

U(0,0;2) = U(0,0:2),
W(0,0) = U(0,0;2)4(0, 1; 1)U (1,0, 2)U*(0,0; 1),
U(0,0;2)U(0,1; 1)U (1,0;2)U(0,0; 1),
U(1,0;2) = U(1,0;2),
U(0,0;1) = U(0,0; 1), (A21)

as defined in (15a) for m =0 and (2la) for m =0,
respectively. Now we can use the expression of

E_(1,1;1) given in step I to get the following:

2
£4(0.0:2)=E,(0,0:2)+ > _S5;(0.0)E_(1.j:1)871(0.0),
j=1

(A25)
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ZS(OO (1,j:1)87'(0,0), (A26)
E_(1,1;2) =E_(1,1;2) + E_(1,1;1)
+8,(1,00E_(1,2;1)85'(1,0),  (A27)
E_(1,0;1) = E_(1,0;1)
ZS’ (1,0)E_(1, j; 1)8'71(1,0).  (A28)

In the above equations, we have identified strings

S,(0,0)=U(0,0;2)U(0,1;1)U(1,1;2),  (A29)

S5(1,0) = U(1,0;2)U(1, 1;2) (A30)

as defined in (15b) for m =0 and (21b) for m =1,
respectively. Thus we have obtain (20b) and (14) for m,
n = 0. We use (A27) and (A28) to obtain left electric fields
for holonomies I/ (1,0 2) and U(0, 0; i), respectively;

2
EL(1,0:2)=E,(1.0:2) =) "8,(1.0)E_

=

(1.;:D)851(1.0),

(A31)

S5}

£.(0,0;1) =

E.(0,0;1) Z

(1,j:1)871(0,0).

(A32)

Equation (A31) will be used in step IV and (A32) is (20a)
for m = 0.

3. Construction of W(1,1)

In the third step, we start with four holonomies
Z:l(l, 1;2), U(l1,2; i), U(2, 1;@), and U(1, 1, i) of top right
plaquette, see Fig. 11(II), and performing canonical trans-
formations similar to previous step Il we convert them into
one plaquette, two strings, and one intermediary holonomy:

U, 1;2) =U(1,1;2) = U(1,1;2),

W(1,1) =U(1, 1;2)U(1,2; 1)) Ut (2, 1;2)UT (1, 1; 1),
=U(1,1;2)Uu(1,2; 1)Ut (2, 1;2)Ut (1, 1; 1),

U, 1;2) = U(2.1;2),

U, 1;1) = U(1,1;1). (A33)

The above holonomies are shown in Fig. 11(III) and their
electric fields are given by

E.(1L,1;2) =E,(1,1:2) + S, (1, HE_(2.2: 1)S5 ' (1., 1),
(A34)
E.(1,1) = =8 (1,1)E_(2,2;1)S;'(1,1),  (A35)
£_(2.2:2) =E_(2.2:2) + E_(2.2:1), (A36)

E2. L) =E_2, ;1) + 8,2, NE_(2,2;1)S5' (2, 1).
(A37)

In the above equations, we have identified strings

S,(1,1) = U(1,1;2)U(1,2: 1), (A38)
SH(2,1)=U(2,1;2) (A39)

as defined in (15¢) for m =1 and (21c) for m =2,
respectively. Using (A12) into (A34) we obtain (20b) for
m =n =1 and (A35) is nothing but (14) form =n = 1.
Equation (A36) is used to write the left electric field of
string U(2,1;2):

£.(2.1;2)

=E. (2.1;2) = S,(2. 1)E_(2.2:1)85' (2. 1),

(A40)

which is (20b) for m =2, n =1, and (A37) is used for
canonical transformations in step IV.

4. Construction of W(1,0)

In the fourth step we take four holonomies I/ (1,0 Q),
U(1,1;1), U(2,0;2), and U(1,0; 1), see Fig. 11(III), and
canonically convert them into following four holonomies,
see Fig. 11(IV):

U,0;2) =U(1,0;2) = U(1,0;2),
W(1,0) = U(1,0;2)i4(1,1; 1) U(2,0;2)UT(1,0; 1),
= U(1,0:2)U(1,1; 1) UT(2,0;2)Uf(1,0; 1),
U?2,0;2) = U(2,0;2),
U1,0;1) = U(1,0; 1), (A41)

£.(1,0,2) = £,(1,0;2) + 5,(1,0)6_(2,1; 1)S7'(1,0),
£4(1,0) = =8,(1,0)E_(2, 1;1)87'(1,0),

E_(2,1;2)=E_(2.1;2)+ &E_(2.1;1),

E_(2,0;1) = E_(2,0; 1) + S (2,0)E_(2, 1, 1)S'71(2,0).

(A42)

In the above equations, we have identified strings
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S1(1,0) = U(1,0;2)U(1, 1; 1), (A43)

S'1(2,0) = U(2,0;2) (A44)
as defined in (15a) for m =1 and (21a) for m = 2,
respectively. Now we can use the expression of E‘+ (1,0; Q)

and 3_(2, 1; i) obtained in steps II and III, respectively;

2
£,(1,02)=E,(1,0;2) - Z (1.j:1)871(1,0)
2 A
+) " 85(0.0)E_(2.:1)8;(0.0). (A45)
J=1
25(1 0)E_(2.j;1)S7'(1.0),  (A46)
E_(2,1;2) =E_(2,1;2) + E_(2.1;1)
+8,(2,0)E_(2,2:1)85'(2,0), (A47)
£_(2,0;1) = E_ (2 0;1)
+Z$’ (2,0)E_(2, j; 1)8'71(2,0). (A48)

In the above equations, we have identified strings

S,(1,0) = U(1,0;2)U(1,1; 1)U (2. 1;2), (A49)

S5(2,0) = U(2,0;2)U(2.1;2) (A50)

as defined in (15b) for m =0 and (21b) for m =1,
respectively. Equations (A45) and (A46) are (20b) and
(14) for m =1, n = 0, respectively. We use (A47) and
(A48) to write left electric fields for holonomies U(2, 0; 2)
and U(1,0; T), respectively.

2
£.(2.0:2)=E.(2,0:2)-) 8;(2.0)

=

E_(2.j:1)87(2.0).

(A51)

£.(1,0;1)=E, (1,0;1) f: _(2.5:1)871(1,0).
(A52)

Equations (A51) and (A52) are (20b) for m = 2, n = 0 and
(20a) for m = 1, n = 0, respectively.

APPENDIX B: CANONICAL
TRANSFORMATIONS, DUALITY,
AND GAUSS LAWS

In this appendix we show that the SU(N) Gauss laws in
terms of the plaquette and string electric fields (40) reduce
to the original Gauss laws (8) when the canonical trans-
formations are used. This equivalence requires numerous
highly nontrivial cancellations all along the nonlocal paths.
Thus these calculations also validate the SU(N) canonical
or duality transformations discussed in this work. The left
plaquette electric fields [see (29)] are

Zs

Jj=n+1

L(m+1,j; 1S ). (BI)

In (B1) (i) = (m,n). We can obtain the right electric
field for plaquette operators by parallel transport

E_(7)) = W (R)E . (AW(H),

=U(ii; 1) Z Si(m+1,n)E _(m4+1,j;1)
Jj=n+1

ST m+1,n)U (1) (B2)
The left electric field for vertical strings (31) are
A A N A
E.(:2) = E (1:2) = Y S(A)E_(m. j: 1)S'7(#)
j=n+1
N A
+ > SEE(m+1.:1)87().  (B3)

We can obtain the right electric field for a vertical string by
parallel transporting the left electric field (32a) over string
U(m, n;2);

E_(i1;2) = VE. (i = 2:2)U(ii - 2;2),
i

U (=55
= (ﬁ 2)+ E, (i 1) + E_(ii; 1)

+ Si(H)E_(m, ],1)8’ (i)
Jj=n+1
N
- U(ii; 1) Z Si(m+1,n)E_(m+1,j;1)
Jj=n+1

~

xS’ '(m+1 n)UT( 1). (B4)
Adding (B1), (B2), (B3), and (B4) all six nonlocal terms
cancel out and we see that the Gauss laws in terms of the

dual potential (40) are exactly same as the original Gauss
laws (8).
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APPENDIX C: THE PLAQUETTE CONSTRAINTS

In this section we show that the new plaquette constraints
(41) weakly commute with the Hamiltonian and therefore
remain preserved under time evolution. We define the
following operator

Caplt) = Up(11) = W(r)) (C1)

ap’
In (COU, ()= U@)UGT+2 DUt (7+ 12Ul (7 1)).
Using (44) it is easy to prove that the Kogut-Susskind
electric fields rotate C,4 from left and right as follows:
[E< (73 1), Cop(71)] = 83 i (CR)T) 45
+ 8 55RO U (7132)) (TVC(7))
~ 0, (C2a)

[E<(:2). Cp ()] = 3 (TC(71) )

+ 05 55RO WU (72 1)) (COIT?) o
~ 0. (C2b)

In (C2a) and (C2b) we have used the plaquette, string
sectors canonical commutation relations (16) and (22).
They show that on the constrained surface the dual
Hamiltonian commutes with the plaquette constraints:

[H. C ()] ~ 0. (C3)

We also check the commutation relations of the constraints
C,p(11) = 0 with the Gauss law constraints (48):

(G4(), Cap(n)] = =0 7[T,C(n)] 45 = 0. (C4)

Therefore, the plaquette constraints (41) together with the
SU(N) Gauss law constraints (48) define the physical
Hilbert space where the dual loop dynamics with inverted
coupling is local.
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