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The boost-invariant longitudinal space, defined by the parameter σ ¼ 1
2
b−Pþ, can be studied from the

Fourier transformation of generalized transverse momentum distributions (GTMDs) over the conjugate
variable skewness ξ. We investigate quark Wigner distributions in the σ space in dressed quark model and
found diffraction patterns that are analogous to the single slit experiment of light in optics. The width of the
central maxima varies with energy transfer to the system and essentially ξ behaves like a slit-width.
Qualitatively similar diffraction pattern is reported recently in other models. In this model, we compute all
the leading twist GTMDs with nonzero skewness for quarks which provides Wigner distributions under
Fourier transformation.
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I. INTRODUCTION

The structure of the nucleon, one of the most significant
active areas of current research, requires both the pertur-
bative and the nonperturbative methods in quantum
chromodynamics (QCD). The nonperturbative method
usually uses the distributions function to describe the
various aspect of nucleon structure. The parton distribution
functions (PDFs) [1–4] were first defined that provide
information about the number density of partons carrying a
particular amount of the longitudinal momentum fraction of
nucleon. Generalized parton distributions (GPDs) [5–8],
and transverse momentum dependent PDFs (TMDs) [9–13]
were defined later to understand the three-dimensional
picture of a nucleon. The experimental measure measure-
ment of single spin asymmetries (SSA) indicate the
necessity of investigation of three-dimensional structure
of proton which involves spin-spin and spin-orbital angular
momentum (OAM) correlation among the constituent par-
tons and proton. Such 3D structures are encoded in the
distribution functions, e.g., GPDs, TMDs etc. Generalized
transverse momentum distribution (GTMDs) is even more
general five-dimensional distribution whose Fourier trans-
formation with respective conjugate variables provides
impact parameter space as well as longitudinal space infor-
mation in terms of Wigner distributions. The extraction and

analysis of these higher dimensional distribution at certain
limits are the core goals of upcoming colliders, including
the electron-ion-collider (EIC) [14–16]. Both GPDs and
TMDs can be considered as a special case of more
generalized distributions GTMDs.
Generalized TMDs (GTMDs) are defined through the

most general, off-diagonal, quark-quark correlator [17–19].
It gained significant attention in recent times as it has
direct model-independent relation to the orbital angular
momentum and spin-orbit correlation of partons [20–29].
It may even be possible to access the GTMDs in future
experiments. GTMDs have been studied in different
models, for the zero skewness [26,30–34]. The kinemati-
cal variable skewness (ξ) measures the fraction of longi-
tudinal momentum transferred to the target state. Most of
the previous GTMDs and Wigner distribution studies have
been done with the assumption that momentum trans-
ferred to the target state during the interaction is purely
in a transverse direction. In experimental measurement,
the momentum transfer would be nonzero as well in the
longitudinal direction. To access the GTMDs in the
experiments, it is very important to have analysis of
the distributions at the nonzero skewness. This makes it
an interesting case to study the GTMDs at nonzero
skewness. In this article, we obtain the GTMDs of quarks
in the light-front dressed quark model for nonzero skew-
ness of the target.
Along with GTMDs, the Wigner distribution [35,36] is

also at the top of the distribution functions hierarchy related
to partons. The Wigner distribution are the Fourier trans-
form of the GTMDs and have been studied extensively in
recent times [30–34,37–42]. The 6-dimensional Wigner
distribution has been proposed recently as the relativistic
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version of the more popular 5-dimensional Wigner distri-
bution [43].
The boost-invariant longitudinal spatial coordinate (σ),

also called impact parameter in longitudinal space, was
introduced in [44] as conjugate to the longitudinal momen-
tum transfer to the target. The GPDs were explored in the
σ-space as it gives a complete 3-D picture of hadron when
studied along with the distribution in the impact parameter
space [45–49]. Recently, Wigner distribution in σ-space
was studied for quark in the light-front quark-diquark
model [40]. This article analyzes the Wigner distribution
in the σ space for quark in the light-front dressed
quark model.
The article is organized as follows: Sec. II contains the

notations, conventions, and kinematics of the dressed quark
system. In Sec. III, we briefly summarize the concept and
mathematical tools of the light-front dressed quark model
required for deriving the analytical expression of GTMDs
andWigner distributions. Section IV presents the analytical
results of the leading twist GTMDs as well as the numerical
results obtained in the light-front dressed quark model.
Section V defines the Wigner distribution for different
polarization of quark and target state and expresses the
analytical as well as the numerical results of Wigner
distribution in the boost-invariant longitudinal space (σ).
Finally, we conclude in Sec. VI.

II. KINEMATICS

We choose to work in light-front coordinate system
ðxþ; x−; x⊥ Þ where the light-front time and longitudinal
space variable are defined as x� ¼ x0 � x3 and all the other
conventions are listed in [50,51]. We consider a system
of a quark dressed by gluons interacting with a virtual
photon probing with energy transfer t ¼ Δ2 into the
system. The longitudinal momentum transfer is defined
as ξ ¼ Δþ=2Pþ. The initial dressed quark is labeled by
momentum p and the final momentum of dressed quark
system is labeled by p0 can be expressed in the symmetric
frame [52] for kinematics as

p ¼
�
ð1þ ξÞPþ;Δ⊥ =2;

m2 þ Δ2⊥ =4
ð1þ ξÞPþ

�
; ð1Þ

p0 ¼
�
ð1 − ξÞPþ;−Δ⊥ =2;

m2 þ Δ2⊥ =4
ð1 − ξÞPþ

�
; ð2Þ

where, the average momentum of the system P ¼
ðpþ p0Þ=2. The four-momentum transfer from the target
state is

Δ ¼ p − p0 ¼
�
2ξPþ;Δ⊥ ;

tþ Δ2⊥
2ξPþ

�
; ð3Þ

where,

t ¼ −
4ξ2m2 þ Δ2⊥

1 − ξ2
ð4Þ

can be easily derived from constraint Δ− ¼ p− − p0−
provided by energy momentum conservation. The mass
of the system is represented asm. The struck quark carries a
momentum fraction x ¼ kþ=Pþ of the system and the
quark four-momentum can be written as

k≡ ðxPþ; k⊥ ; k−Þ: ð5Þ

III. LIGHT-FRONT DRESSED QUARK MODEL

Aproton is a highly complex object at a partonic scale as it
is a bound state of 3 valence quarks andgluons.Naturally, it is
challenging to analyze such a multiparticle bound state.
Some simplified model of the bound state of quarks has
been used to study the bound state of partons, like the
quark-diquark model [32,52–55], chiral quark soliton model
[37,38], AdS/QCD quark-diquark model [33,34,56], and
dressed quark model [57–59]. The dressed quark model has
significance as it contains a gluonic degree of freedomwhich
allows for studying the behavior of gluons in a bound state.
We use dressed quark model to analyze the GTMDs and
Wigner distribution in boost-invariant longitudinal space.
This article considers only the GTMDs and Wigner distri-
butions of quarks.Adressedquark canbe considered a bound
state of a quark and a gluon. We represent a dressed quark
state with momentum p and helicity σ as [59]

jpþ; p⊥ ; σi ¼ ΦσðpÞb†σðpÞj0i þ
X
σ1σ2

Z
½dp1�

×
Z

½dp2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16π3pþ

q
δ3ðp − p1 − p2Þ

×Φσ
σ1σ2ðp;p1; p2Þb†σ1ðp1Þa†σ2ðp2Þj0i; ð6Þ

where ½dp� ¼ dpþd2p⊥ffiffiffiffiffiffiffiffiffiffiffi
16π3pþ

p . b† and a† are creation operators for

quark and gluon respectively. ΦσðpÞ represents single
particle wave function which contributes only when
x ¼ 1. Φσ

σ1σ2 is the two-particle wave function and ixts
amplitude gives the probability to find a bare quark with
momentum p1 and helicity σ1 and a bare gluon with
momentum p2 and helicity σ2 inside the target state. Both
ΦσðpÞ andΦσ

σ1σ2 can be obtained using light-front eigenvalue
equation in the Hamiltonian approach. The boost invariant
LFWF and two-particle LFWF are related by the relation
Ψσ

σ1σ2ðx; q⊥ Þ ¼ Φσ
σ1σ2

ffiffiffiffiffiffi
Pþp

. Here we have used the Jacobi
momenta ðxi; qi⊥ Þ:

pþ
i ¼ xipþ; qi⊥ ¼ ki⊥ þ xip⊥ ð7Þ

so that
P

i xi ¼ 1,
P

i qi⊥ ¼ 0. The expression for two-
particle LFWFs can be calculated perturbatively as [60]:
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Ψσa
σ1σ2ðx;q⊥ Þ ¼

1

½m2 − m2þðq⊥ Þ2
x − ðq⊥ Þ2

1−x �
gffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð2πÞ3
p

× Taχ†σ1
1ffiffiffiffiffiffiffiffiffiffi
1− x

p

×

�
−2

q⊥
1− x

−
ðσ⊥ :q⊥ Þσ⊥

x
þ imσ⊥ ð1− xÞ

x

�
× χσðϵ⊥σ2Þ�: ð8Þ

We are using the two component formalism [59], where χ is
the two component spinor, Ta are the color SUð3Þmatrices,
m is the mass of the quark, σ⊥ ð⊥ ¼ 1; 2Þ is Pauli matrices

and ϵ⊥ σ2 is the polarization vector of the gluon. The light-
front wave functions for quark are expressed as the function
Jacobi momenta ðx0; q0⊥ Þ. We choose ðx0; q0⊥ Þ and ðy; q⊥ Þ
as the initial and final Jacobi momenta respectively for
dressed quarks.

IV. GENERALIZED TMDs OF QUARK

In the light-front gauge Aþ ¼ 0, the quark-quark corre-

lator for GTMDs W½Γ�
λ;λ0 ðx; ξ;k⊥ ;Δ⊥ Þ is defined through

the nondiagonal matrix element of the bilocal quark field
[18] as

W½Γ�
λ;λ0 ðx; ξ;k⊥ ;Δ⊥ Þ ¼

1

2

Z
dz−

2π

d2z⊥
ð2πÞ2 e

ip·zhp0; λ0jψ̄ð−z=2ÞW ½−z=2;z=2�Γψðz=2Þjp; λijzþ¼0; ð9Þ

where, the jp; λi and jp0; λ0i represents the initial and final
state of the dressed quark system. The Wilson line
W ½−z=2;z=2� is defined as a gauge link between the two
quark fields ψðz=2Þ and ψ̄ð−z=2Þ situated at two different
points. Here, the Wilson is reduced to unity in the light-
front gauge. In the both side of the correlator, Γ stands for
the polarization structure and at leading twist it is an
element of the set fγþ; γþγ5; iσþjγ5g corresponding to the
unpolarized, longitudinally polarized and transversely po-
larized cases respectively. All GTMDs are the function of

ðx; ξ;k2⊥ ;Δ2⊥ ;k⊥ · Δ⊥ Þ. However, we suppressed these
arguments while writing the final expression of GTMDs.
So, when we are writing F1;1 in the following sections, it
must be understood as F1;1ðx; ξ;k2⊥ ;Δ2⊥ ;k⊥ · Δ⊥ Þ. Us-
ing the dressed quark state from Eq. (6) and the particle
sector of quark fields ψð�z=2Þ, one can express the
correlator in terms of the overlap representation of light-
front wave functions defined in Eq. (8). The quark-quark
correlator for unpolarized, longitudinally polarized and
transversely polarized quarks read as

W½γþ�
λ;λ0 ðx; ξ;k⊥ ;Δ⊥ Þ ¼

X
σ1;σ2;λ1

Ψ�λ0
λ1σ2

ðx0; q0⊥ Þχ†λ1χσ1Ψλ
σ1σ2ðy; q⊥ Þ ð10Þ

W½γþγ5�
λ;λ0 ðx; ξ;k⊥ ;Δ⊥ Þ ¼

X
σ1;σ2;λ1

Ψ�λ0
λ1σ2

ðx0; q0⊥ Þχ†λ1σ3χσ1Ψλ
σ1σ2ðy; q⊥ Þ ð11Þ

W½iσjþγ5�
λ;λ0 ðx; ξ;k⊥ ;Δ⊥ Þ ¼

X
σ1;σ2;λ1

Ψ�λ0
λ1σ2

ðx0; q0⊥ Þχ†λ1σjχσ1Ψλ
σ1σ2ðy; q⊥ Þ ð12Þ

where, initial (final) struck quark carries longitudinal momentum fraction yðx0Þ and transverse momentum q⊥ ðq0⊥ Þ and the
chosen kinematics are parametrized as

x0 ¼ x − ξ

1 − ξ
; q0⊥ ¼ k⊥ þ ð1 − xÞ

ð1 − ξÞ
Δ⊥
2

y ¼ xþ ξ

1þ ξ
; q⊥ ¼ k⊥ − ð1 − xÞ

ð1þ ξÞ
Δ⊥
2

where x is the momentum fraction corresponding to the quark average momentum k as defined in Eq. (5). The bilinear
decomposition of the quark-quark correlator of Eq. (9), at the leading twist, leads to the sixteen GTMDs [18] and the
explicit expansion is listed in Appendix-A for completeness. We derived the analytical expression for all the 16 GTMDs
using Eqs. (10)–(12) and (A1)–(A3) (see Appendix B) and the analytical results in this dressed quark model is as follows:
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(a) For unpolarized quark,

F1;1 ¼
αð1 − ξ2Þ
2ð1 − xÞ3 ½4ð1þ x2 − ð3þ x2Þξ2 þ 2ξ4Þk2⊥ þ 4m2ð1 − xÞ4

þ 4ð1 − xÞξð1þ x2 − 2ξ2Þk⊥ · Δ⊥ − ð1 − xÞ2ð1þ x2 − 2ξ2ÞΔ2⊥ � ð13Þ
F1;2 ¼ −β½ðð1þ xÞξðk2Δ1 − k1Δ2Þ − 2m2xð1 − xÞÞΔ2⊥ þ 4m2ξð1þ xÞk⊥ · Δ⊥ � ð14Þ

F1;3 ¼
β

4ð1 − xÞ2 ½ðk1Δ2 − k2Δ1Þðð1þ x2 − 2ξ2Þð4ð−1þ ξ2Þk2⊥
þ ð−1þ xÞ2Δ2⊥ Þ − 8ð−1þ ξ2Þð−1þ xÞξk⊥ · Δ⊥ − 4m2ð−1þ xÞ4Þ
þ 8m2ð−1þ xÞ2ð2ð1þ xÞξk⊥ þ ð−1þ xÞxΔ⊥ Þ · k⊥ � ð15Þ

F1;4 ¼
α

ð1 − xÞ ½2m
2ð1þ xÞð1 − ξ2Þ� ð16Þ

(b) For longitudinally polarized quark,

G1;1 ¼
α

ð1 − xÞ ½−2m
2ð1þ xÞð1 − ξ2Þ� ð17Þ

G1;2 ¼ β½2m2ðð1 − xÞξΔ2⊥ − 2ðxþ ξ2Þk⊥ · Δ⊥ Þ − ð1þ xÞðk2Δ1 − k1Δ2ÞΔ2⊥ � ð18Þ

G1;3 ¼
β

4ð1 − xÞ2 ½ðk2Δ1 − k1Δ2Þðξð1þ x2 − 2ξ2Þð4ð1 − ξ2Þk2⊥ − ð1 − xÞ2Δ2⊥ Þ

þ 4ð1 − ξ2Þð1 − xÞð1 − x2 þ 2ξ2Þk⊥ · Δ⊥ Þ þ 4m2ð1 − xÞ2ð4ðxþ ξ2Þk2⊥
− ξð1 − xÞð2k⊥ · Δ⊥ þ ð1 − xÞðk2Δ1 − k1Δ2ÞÞÞ� ð19Þ

G1;4 ¼
αð1 − ξ2Þ
4ð1 − xÞ3 ½ð1þ x2 − 2ξ2Þð4ð1 − ξ2Þk2⊥ þ ð1 − xÞð4ξk⊥ − ð1 − xÞΔ⊥ Þ · Δ⊥ Þ − 4m2ð1 − xÞ4� ð20Þ

(c) For transversely polarized quark,

H1;1 ¼ β½2m2ð1 − ξ2Þð4ξk⊥ · Δ⊥ − ð1 − xÞΔ2⊥ Þ� ð21Þ
H1;2 ¼ −β½2m2ð1 − ξ2Þð4ξk2⊥ − ð1 − xÞk⊥ · Δ⊥ Þ� ð22Þ

H1;3 ¼
α

ð1 − xÞ3k⊥ · Δ⊥
½4ðk⊥ · Δ⊥ Þðx − ξ2Þð1 − ξ2Þk2⊥ þ 2ð1 − xÞ2ξð3þ ξ2Þðk1Δ2 − k2Δ1Þk⊥ · Δ⊥

þ ð1 − xÞðx − ξ2Þð4ξðk21Δ2
1 þ k22Δ2

2Þ − ð1 − xÞΔ2⊥ ðk⊥ · Δ⊥ ÞÞ þ ξð1 − xÞ2ð4ðk21Δ2
2 þ k22Δ2

1Þ
− ξð1 − xÞΔ2⊥ ðk1Δ2 − k2Δ1ÞÞ − 8ð1 − xÞð1 − 2xþ ξ2Þξk1k2Δ1Δ2� ð23Þ

H1;4 ¼
β

k⊥ · Δ⊥
½m2ξΔ2⊥ ð2ð1þ ξ2Þk⊥ · Δ⊥ þ 4ðk1Δ2 − k2Δ1Þ − ð1 − xÞξΔ2⊥ Þ� ð24Þ

H1;5 ¼ −β½m2ð2ξð3þ ξ2Þk⊥ · Δ⊥ þ 8ξðk1Δ2 − k2Δ1Þ − ð1 − xÞð1þ ξ2ÞΔ2⊥ � ð25Þ

H1;6 ¼
β

k⊥ · Δ⊥
½m2ð4ξk2⊥ ðk⊥ · Δ⊥ − ðk2Δ1 − k1Δ2ÞÞ − ð1 − xÞðk21ðΔ2

1 þ ξ2Δ2
2Þ

þ k22ðξ2Δ2
1 þ Δ2

2ÞÞ − ð1 − xÞð1 − ξ2Þk1k2Δ1Δ2Þ� ð26Þ
H1;7 ¼ −β½m2ð1 − ξ2Þð2ð1þ ξ2Þk⊥ · Δ⊥ − ð1 − xÞξΔ2⊥ Þ� ð27Þ
H1;8 ¼ β½m2ð1 − ξ2Þð2ð1þ ξ2Þk2⊥ − ð1 − xÞξk⊥ :Δ⊥ Þ�: ð28Þ
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We define the functionDðk⊥ ; xÞ, and αðx; ξ; k2⊥ ;Δ2⊥ ; k⊥ ·
Δ⊥ Þ as

Dðk⊥ ;xÞ¼
�
m2−

m2þk2⊥
x

−
k2⊥
1−x

�

and αðx;ξ;k2⊥ ;Δ2⊥ ;k⊥ ·Δ⊥Þ¼
N

Dðq⊥ ;yÞD�ðq0⊥ ;x0Þðx2−ξ2Þ
ð29Þ

where N ¼ g2Cf

2ð2πÞ3 with the strong coupling constant g

and color Cf. We again suppress the arguments of
αðx; ξ; k2⊥ ;Δ2⊥ ; k⊥ · Δ⊥ Þ and write it simply as α. Intro-
ducing another function β as

β≡ α

ð1 − xÞðk2Δ1 − k1Δ2Þ
: ð30Þ

We express the form of GTMDs in a more convenient form,
in terms of β, that will be helpful to compare with the
GTMDs results of the limit ξ → 0. One can also rewrite the
GTMDs results by separating the vanishing and nonvan-
ishing terms at the zero skewness limit as

χ1;jðx; ξ;k2⊥ ;Δ2⊥ ;k⊥ · Δ⊥ Þ
¼ χ̂1;jðx; ξ;k2⊥ ;Δ2⊥ ;k⊥ · Δ⊥ Þ
þ ξf1;jðx; ξ;k2⊥ ;Δ2⊥ ;k⊥ · Δ⊥ Þ ð31Þ

where, χ1;j ≡ fF1;j; G1;j; H1;jg with j ¼ 1;…; 4 for F1;j,
G1;j and j ¼ 1;…; 8 for H1;j. The GTMDs expressions
obtained are long and complicated. The results for zero
skewness are not immediately obvious from these expres-
sions. To get the results immediately for zero skewness, we
can separate the vanishing and nonvanishing terms of
GTMDs in the limit ξ → 0. So, Eq. (31) is not some
special factorization, but just writing the same expression
of GTMDs as the sum of vanishing and nonvanishing terms
in ξ → 0 limit. The motivation is to obtain the GTMDs for
zero skewness in just one step. For example, the GTMD
F1;4 can be written as

F1;4 ¼
α

ð1 − xÞ ½2m
2ð1þ xÞð1 − ξ2Þ�

¼ α

ð1 − xÞ ½2m
2ð1þ xÞ� þ α

ð1 − xÞ ½−2m
2ð1þ xÞξ2�

¼ F 1;4 þ ξf1;4:

Now if we take ξ → 0 limit, second term simply vanishes
and we have F1;4 ¼ F 1;4 ¼ α

ð1−xÞ ½2m2ð1þ xÞ�. In the first

term F 1;4, ξ dependence comes only from the factor
Dðq⊥ ; yÞD�ðq0⊥ ; x0Þðx2 − ξ2Þ in the denominator (ab-
sorbed in α), which reduces to Dðq⊥ ÞD�ðq0⊥ Þx2. All the
GTMDs [Eqs. (13)–(28)] satisfy the definite symmetry

relations mentioned in [18]. That is, under the operation
ξ → −ξ and k⊥ → −k⊥ , α becomes þα, and β becomes
−β, implying that

X�ðx;ξ;k2⊥ ;Δ2⊥ ;k⊥ ·Δ⊥Þ¼þXðx;−ξ;k2⊥ ;Δ2⊥ ;−k⊥ ·Δ⊥Þ

for the GTMDs F1;1; F1;3; F1;4; G1;1; G1;2; G1;4; H1;2;
H1;3; H1;4; H1;6; H1;7, and

X�ðx;ξ;k2⊥ ;Δ2⊥ ;k⊥ ·Δ⊥Þ¼−Xðx;−ξ;k2⊥ ;Δ2⊥ ;−k⊥ ·Δ⊥Þ

for the GTMDs F1;2; G1;3; H1;1; H1;5; H1;8.
To illustrate the numerical results for nonzero skewness,

we concentrate on those GTMDs which have some phy-
sical implications at certain limit, e.g., F1;2; F1;4; G1;1, and
H1;1. The three-dimensional variation in the x;Δ2⊥ plain of
F1;2; F1;4 GTMDs for unpolarized dressed quark system are
shown in the Figs. 1(a) and 1(b) respectively. The trans-
verse momentum of the struck quark is fixed along x-axis
(k⊥ ¼ 0.2î GeV) and Δ⊥ is chosen along the y-axis. This
particular choices of transverse directions are made aiming
to avoid contribution from the k⊥ · Δ⊥ terms in Eq. (13).
We also fixed the longitudinal momentum transfer at
ξ ¼ 0.2, and choose the mass of bare quark to be
3.3 MeV. We noticed that, the distribution is negative
and the peak shifts toward higher value of x with the
increasing Δ2⊥ . At the TMDs limit, Δ⊥ ¼ 0, ξ ¼ 0, the
GTMDs F1;2 reduces to the Sivers TMDs that plays crustal
role in the spin-transverse momentum correlation which
leads to the breaking of axial symmetry and provide left-
right axial shifting in the transverse momentum plain.
Figure 1(b) shows the three-dimensional variation for
F1;4 GTMD. The distribution is positive and becomes
flatten at higher values of Δ2⊥ . At the limit ξ ¼ 0, F1;4

contributes to the correlation between quark orbital angular
momentum(OAM) and spin of the system given by

lqz ¼ −
Z

dxd2k⊥
k2⊥
m2

F14: ð32Þ

If lqz > 0, quark OAM tends to align along the spin of the
system and for lqz < 0 they are tending to anti-align. The
numerical integration was performed over the k⊥ . Ideally,
the upper limit of k⊥ integration should be infinite. But
according to the standard practice of numerical integration,
we took an upper cutoff and chose the upper and lower limit
of k⊥ integration as Q and 0, respectively. In our model the
lqz ¼ −0.125074 for Q ¼ 5 GeV, Q is large scale involved
in the process, which indicates that the quark OAM is
antialign to the spin of the dressed quark system.
Figure 2(a) shows the x;Δ2⊥ variation of G1;1 at ξ ¼ 0.2,

k⊥ ¼ 0.2ĵ GeV. This is one of the GTMDs at leading twist
corresponding to the longitudinally polarized dressed quark
system. Again the peak of the distribution goes to the large
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x region for higher value of Δ2⊥ . Comparing the analytical
results of Eqs. (16) and (17), we find that the relation
F1;4 ¼ −G1;1 is still valid for nonvanishing skewness in
other words the model dependent result F1;4 ¼ −G1;1 is
also satisfied even for the finite longitudinal momentum
transfer to the process [30]. The GTMD G1;1 also provides
the correlation between quark spin and OAM by

Cq
z ¼

Z
dxd2k⊥

k2⊥
m2

G11; ð33Þ

at zero skewness limit. For Cq
z > 0 quark spin and OAM

lends to align and they are antialigned for Cq
z < 0. In this

model we have found a antiparallel correlation between
quark spin and OAM with strength Cq

z ¼ −0.125074 for
Q ¼ 5 GeV. H1;1 is one of the GTMDs found for trans-
versely polarized dressed quark system and is shown in
Fig. 2(b) for ξ ¼ 0.2, k⊥ ¼ 0.2ĵ GeV and Δ⊥ is along ŷ.

For this transverse axes choice, the term containing the dot
product k⊥ · Δ⊥ will vanish in Eq. (21). This kind of terms
leads to a dipolar distribution in the transverse momentum
plain as shown in the [42] for the ξ ¼ 0 limit. The TMD
limit of this distribution provides the Boer-Mulders TMDs.

A. GTMDs in limit ξ → 0

GTMDs of unpolarized and longitudinally polarized
quark in the dressed quark model has already been
calculated for ξ ¼ 0 limit [30] and it is important to obtain
the GTMDs in the limit ξ → 0 to ensure or check the
results’ correctness. Our results agree with the results of
[30] for unpolarized and longitudinally polarized case
(F1;i; G1;i). There are no previous results for transversely
polarized quarks (H1;i) for ξ → 0 limit in this model. Thus
for completeness, we list up the results of the GTMDs H1;i

corresponding to the transversely polarized dressed quark
system at ξ → 0 limit as

FIG. 2. GTMDs (a) G1;1, and (b) H1;1 as function of x and Δ2⊥ for fixed values of ξ ¼ 0.2 and k⊥ ¼ 0.2î GeV.

FIG. 1. GTMDs (a) F1;2, and (b) F1;4 as function of x and Δ2⊥ for fixed values of ξ ¼ 0.2 and k⊥ ¼ 0.2î GeV.
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H1;1 ¼
2m2NΔ2⊥

D�ðq0⊥ ÞDðq⊥ Þx2ðk2Δ1 − k1Δ2Þ
; ð34Þ

H1;2 ¼
2m2Nk⊥ · Δ⊥

D�ðq0⊥ ÞDðq⊥ Þx2ðk2Δ1 − k1Δ2Þ
; ð35Þ

H1;3 ¼
Nð4k2⊥ − ð1 − xÞ2Δ2⊥ Þ
D�ðq0⊥ ÞDðq⊥ Þð1 − xÞ3x ; ð36Þ

H1;4 ¼ 0; ð37Þ

H1;5 ¼
m2NΔ2⊥

D�ðq0⊥ ÞDðq⊥ Þx2ðk2Δ1 − k1Δ2Þ
; ð38Þ

H1;6 ¼ −
m2Nk⊥ · Δ⊥

D�ðq0⊥ ÞDðq⊥ Þx2ðk2Δ1 − k1Δ2Þ
; ð39Þ

H1;7 ¼ −
2m2Nk⊥ · Δ⊥

D�ðq0⊥ ÞDðq⊥ Þx2ð1 − xÞðk2Δ1 − k1Δ2Þ
; ð40Þ

H1;8 ¼
2m2Nk2⊥

D�ðq0⊥ ÞDðq⊥ Þx2ð1 − xÞðk2Δ1 − k1Δ2Þ
: ð41Þ

In the limit ξ → 0, the second term of GTMDs vanishes
with contribution only coming from the first term, where
the factor ðx2 − ζ2Þ is replaced by x2 in the denominator.
The factor Dðq⊥ ; yÞD�ðq0⊥ ; x0Þ present in α also changes
accordingly to Dðq⊥ ; xÞD�ðq0⊥ ; xÞ which can be simply
written as Dðq⊥ ÞD�ðq0⊥ Þ.

V. WIGNER DISTRIBUTION IN SIGMA SPACE

Wigner distribution contains the information on the
momentum space ðx; k⊥ Þ as well as the position equiva-
lent spaces σ; b⊥ , and thus is useful to investigate the
nonperturbative structures of a system. The transverse
impact parameter b⊥ is Fourier conjugate to the transverse
momentum transfer D⊥ ¼ Δ⊥ =ð1 − ξ2Þ [61–64] and
longitudinal boost invariant space variable σ ¼ 1

2
b−Pþ

is the Fourier conjugate to the longitudinal momentum

transfer ξ [44,45]. The Wigner distribution in the transverse

impact parameter space Wν½Γ�
½λ00λ0�ðx; ξ; b⊥ ; p⊥ Þ can be

found from the Fourier integration of GTMDs correlator
of Eq. (9) over D⊥ . Note that at ξ ¼ 0 limit, D⊥ ¼ Δ⊥ .
For this dressed quark system, quark and gluon Wigner
distributions in transverse impact parameter space

Wν½Γ�
½λ00λ0�ðx; ξ; b⊥ ; p⊥ Þ is extensively studied in this model

for ξ ¼ 0 limit only [30,41,42]. In this work, we concen-
trate on the Wigner distribution in the boost invariant

longitudinal space Wν½Γ�
½λ00λ0�ðx; σ;Δ⊥ ; p⊥ Þ which is found

from the Fourier integration of Eq. (9) over the skewness ξ.
The quark sector is presented in this section only and the
gluon sector is beyond the scope of this work and kept
reserved for the future works. Recently some works came
out addressing the boost invariant longitudinal position
space [40,65] and have attracted major attention of the
community. The Wigner distribution in longitudinal impact
parameter (σ) space is defined as

ρ½Γ�ðx; σ;Δ⊥ ; k⊥ ; SÞ ¼
Z

ξmax

0

dξ
2π

eiσ·ξW½Γ�ðx; ξ;Δ⊥ ; k⊥ ; SÞ

ð42Þ

where upper limit of the integration is restricted by the
energy transfer t to the system as

ξmax ¼
−t
2m2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

−t

r
−1

!
; and − t¼ 4ξ2m2þΔ2⊥

1− ξ2
:

ð43Þ

Here S is the polarization of the dressed quark system state.
The different polarization projection of Wigner distribu-
tions are denoted by the symbol ρX;Y , where X and Y
represent the polarization of dressed quark state and the
struck quark respectively and the subscripts X; Y ¼ U, L, T
for the unpolarized, longitudinally polarized and transverse
polarization respectively. For the different polarization
combination of X and Y, the Wigner distributions reads as

ρUYðx; σ;Δ⊥ ; k⊥ Þ ¼
1

2
½ρ½Γ�ðx; σ;Δ⊥ ; k⊥ ;þêzÞ þ ρ½Γ�ðx; σ;Δ⊥ ; k⊥ ;−êzÞ� ð44Þ

ρLYðx; σ;Δ⊥ ; k⊥ Þ ¼
1

2
½ρ½Γ�ðx; σ;Δ⊥ ; k⊥ ;þêzÞ − ρ½Γ�ðx; σ;Δ⊥ ; k⊥ ;−êzÞ� ð45Þ

ρiTYðx; σ;Δ⊥ ; k⊥ Þ ¼
1

2
½ρ½Γ�ðx; σ;Δ⊥ ; k⊥ ;þêiÞ − ρ½Γ�ðx; σ;Δ⊥ ; k⊥ ;−êiÞ� ð46Þ

Each of the above equations Eqs. (44)–(46) is a composite form of three Wigner distributions corresponding to the three
different polarization of quark Y ¼ fU;L; Tg corresponding gamma structures Γ ¼ fγþ; γþγ5; σþjγ5g respectively. In
Eqs. (46), the flouting index i ¼ x̂; ŷ represent the direction of the transversely polarized dressed quark system in the
transverse plane. The details expressions of spin dependent Wigner distributions are listed in the Appendix A. One can also
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find the pretzelocity Wigner distribution when quark and dressed quark both are transversely polarized but in the mutually
orthogonal direction and defined as

ρ⊥ j
TT ðx; σ;Δ⊥ ; k⊥ Þ ¼

1

2
ϵij⊥ ½ρ½σ

þjγ5�ðx; σ;Δ⊥ ; k⊥ ;þêiÞ − ρ½σþjγ5�ðx; σ;Δ⊥ ; k⊥ ;−êiÞ�: ð47Þ

Here �êi is the polarization vector corresponding to the transverse polarization of the target state and can be expressed as
the superposition of the longitudinal polarization vector þêz, and −êz,

j � êii ¼
1ffiffiffi
2

p ðj þ êzi � j − êziÞ ð48Þ

Wigner distribution are defined as the Fourier transform of the most general quark-quark correlator of Eq. (9). Using the
bilinear decomposition of Eqs. (A1)–(A3), ρXY can further be parameterized in terms of different GTMDs [40]. Here we list
up the four of them ρUU; ρLL; ρTT , and ρ⊥

TT in terms of GTMDs which read as

ρUUðx; σ; t; k⊥ Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p F1;1 ð49Þ

ρLLðx; σ; t; k⊥ Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
2ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p G1;4 ð50Þ

ρjTTðx; σ; t; k⊥ Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξϵij⊥ ð−1Þj
�

1

2m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ðki⊥Δi⊥H1;1 þ ðΔi⊥ Þ2H1;2Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
H1;3 þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
m2

ðkj⊥ Þ2H1;4 þ
1

m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p kj⊥Δ
j
⊥ ðð1 − ξ2ÞH1;5 − ξH1;7Þ

þ 1

m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ðΔj
⊥ Þ2ðð1 − ξ2ÞH1;6 − ξH1;8Þ

�
ð51Þ

ρ⊥ j
TT ðx; σ; t; k⊥ Þ ¼

Z
ξmax

0

dξ
2π

eiσ·ξϵij⊥
�
−

1

2m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ki⊥Δ
j
⊥ ðH1;1 − 2ð1 − ξ2ÞH1;5Þ

−
1

2m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p Δi⊥Δ
j
⊥ ðH1;2 − 2ð1 − ξ2ÞH1;6 − ξH1;8Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
m2

ki⊥ k
j
⊥H1;4 þ

ξ

2m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p kj⊥Δi⊥H1;7

�
: ð52Þ

FIG. 3. The first moment of quark Wigner distribution in the σ-space for different values of −t. (a) when quark and dressed quark
system both are unpolarized ρUU and (b) longitudinally polarized ρLL.
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The explicit form of the GTMDs in this dressed quark
model are given in Eqs. (13)–(28). Using those GTMDs, the
numerical results of aboveWignerdistributions in theσ space
are shown in Figs. 3 and 4. Note that, the right-hand side
of Eqs. (50)–(52) (including GTMDs) are functions of
χ1;jðx; σ;Δ⊥ ; k⊥ Þ and we replace the argument Δ⊥ by t
using the relation between them as given in Eq. (43) and then
performed the Fourier transformation to σ-space. In Fig. 3,
we illustrated the distributions ρUU and ρLL as a function of σ
at fixed x ¼ 0.3 and k⊥ ¼ 0.2î GeV. These distributions
involves F1;1 and G1;1 when both struck quark and dressed
quark system are unpolarized and longitudinally polarized
respectively. The three plots in each subfigures are for
different values of −t ¼ 0.05; 0.1; 0.6 GeV2 and the corre-
sponding ξmax found from Eq. (V). We choseΔ⊥ ⊥ k⊥ and
reduces the contribution from the terms containingΔ⊥ · k⊥ .
The σ variation shows a oscillatory behavior that can be

considered as diffraction type pattern. This diffractionpattern
is found to be similar to the single slit diffraction of lights in
optics. The width and peak of the central maxima reduces
with the increasing value of −t and essentially the skewness
plays role analogues to the slit-width in single-slit diffraction
of optics.A similar pattern is reported forWigner distribution
in longitudinal boost invariant space in the other model
results for different process [40,65].
Figure 4 represent the σ-space variations for ρTT and ρ⊥

TT
that shows a similar diffraction pattern.

VI. CONCLUSION

In this work, we present leading twist GTMDs for
nonzero skewness and study Wigner distributions in the
boost-invariant longitudinal space in light-front dressed
quark model. Here we concentrate on the quark sectors and
investigated the distributions for different polarization
combination of struck quark and the dressed quark system.
We obtained the analytical expression for 16 GTMDs at
twist 2 for quark in the light-front dressed quark model at
nonzero skewness and discussed the numerical results of

few GTMDs which has physical significance at certain
limit. The obtained results for unpolarized and longitudi-
nally polarized quark in the limit ξ → 0 agrees with [30],
where the GTMDs has been calculated at zero skewness. At
the forward limit and ξ → 0, GTMDs F1;2 andH1;1 reduces
to Sivers and Boer-Mulders function, respectively. The
model result for both GTMDs F1;2 and H1;1 show that the
distribution peak shifts toward large x with the increase of
Δ2⊥ . The GTMDs F1;4 and G1;1 provides the spin-OAM
and spin-spin correlation among the struck quark and the
dressed quark system. The ξ dependence of GTMDs does
not make any difference to the orbital angular momentum
and spin-orbit correlation of quark as both the quantities
are defined for the limit ξ → 0. To include the effect of
skewness, one must modify the definition of orbital angular
momentum and spin-orbit correlations for nonzero skew-
ness from the first principle. However, the ξ dependent
expression of GTMDs are significant to define the Wigner
distribution of quarks in boost-invariant sigma space. A
total of 16 Wigner distributions have been defined depend-
ing on the polarization of quark and dressed quark. All the
Wigner distributions show an oscillatory pattern and a few
of them are analogous to the single slit diffraction pattern
found in optics. The light-front quark-diquark model has
obtained a similar result in boost-invariant longitudinal
space [40] for quark distribution inside a proton. This
diffraction pattern is not surprising as such behavior has
previously been seen for GPD in the σ-space. An essential
feature of dressed quark model is that it allows for studying
gluon behavior in a bound state and the gluon sector is
going to be presented in next work.
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FIG. 4. The first moment of quark Wigner distribution in the σ-space for different values of −t–(a) when quark and dressed quark
system both are transversely polarized ρxTT along x̂, (b) when quark and dressed quark system both are transversely polarized but they are
mutually perpendicular ρ⊥ x

TT , struck quark is along x̂.
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APPENDIX A: BILINEAR DECOMPOSITION AND WIGNER DISTRIBUTIONS
AS THE FUNCTION OF GTMD

The quark-quark correlator are written in terms of bilinear decomposition as

W½γþ�
λ;λ0 ¼

1

2m
ūðp0; λ0Þ

�
F1;1 −

iσiþki⊥
Pþ F1;2 −

iσiþΔi⊥
Pþ F1;3 þ

iσijki⊥Δj⊥
m2

F1;4

�
uðp; λÞ; ðA1Þ

W½γþγ5�
λ;λ0 ¼ 1

2m
ūðp0; λ0Þ

�
−iϵij⊥ ki⊥Δj⊥

m2
G1;1 −

iσiþγ5ki⊥
Pþ G1;2 −

iσiþγ5Δi⊥
Pþ G1;3 þ iσþ−γ5G1;4

�
uðp; λÞ ðA2Þ

W½iσjþγ5�
λλ0 ¼ 1

2m
ūðp0; λ0Þ

�
−
iϵij⊥pi⊥

m
H1;1 −

iϵij⊥Δi⊥
m

H1;2 þ
miσjþγ5

Pþ H1;3 þ
pj

⊥ iσkþγ5pk⊥
mPþ H1;4

þ Δj
⊥ iσkþγ5pk⊥
mPþ H1;5 þ

Δj
⊥ iσkþγ5Δk⊥

mPþ H1;6 þ
pj

⊥ iσþ−γ5

m
H1;7 þ

Δj
⊥ iσþ−γ5

m
H1;8

�
uðp; λÞ: ðA3Þ

The explicit form of the Wigner distributions in the boost-invariant longitudinal space σ reads in terms of GTMDs as
for unpolarized quark,

ρUUðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p F1;1; ðA4Þ

ρULðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
−i

m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ϵij⊥ ki⊥Δ
j
⊥G1;1; ðA5Þ

ρjUTðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
−i

m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ϵij⊥ ½ki⊥H1;1 þ Δi⊥H1;2�; ðA6Þ

for longitudinal polarized quark,

ρLUðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
i

m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ϵij⊥ ki⊥Δ
j
⊥F1;4; ðA7Þ

ρLLðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
2ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p G1;4; ðA8Þ

ρjLTðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
2

m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ½kj⊥H1;7 þ Δj
⊥H1;8�; ðA9Þ

and for transversely polarized quark,

ρiTUðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
−i

2m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ϵij⊥
h
Δj

⊥ ðF1;1 − 2ð1 − ξ2ÞF1;3Þ

− 2ð1 − ζ2Þkj⊥F1;2 þ
ζ

m2
εkl⊥ kk⊥Δl⊥Δ

j
⊥F1;4

i
ðA10Þ

ρiTLðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξ
�

−1
2m3ð1 − ξ2Þ32 ϵ

ij
⊥ ϵkl⊥ kk⊥Δl⊥Δ

j
⊥G1;1

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
m

ki⊥G1;2 þ
1

m
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p Δi⊥ ðð1 − ξ2ÞG1;3 − ξG1;4Þ
�
; ðA11Þ
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ρjTTðx; σ;Δ⊥ ; k⊥Þ ¼
Z

ξmax

0

dξ
2π

eiσ·ξϵij⊥ ð−1Þj
�

1

2m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ðki⊥Δi⊥H1;1 þ ðΔi⊥ Þ2H1;2Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
H1;3 þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
m2

ðkj⊥ Þ2H1;4 þ
1

m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p kj⊥Δ
j
⊥ ðð1 − ξ2ÞH1;5 − ξH1;7Þ

þ 1

m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ðΔj
⊥ Þ2ðð1 − ξ2ÞH1;6 − ξH1;8Þ

�
: ðA12Þ

the pretzelocity Wigner distribution is given in Sec. V.

APPENDIX B: CALCULATION OF GTMDs

GTMDs F1;1; F1;2; F1;3; F1;4 can be derived as follows:
(i) For unpolarized quark, we have Γ ¼ γþ, and can use Eq. (10) to obtain the following combination of quark-quark

correlator

WðγþÞ
þþ þWðγþÞ

−− ¼ N
4k2⊥ ð1þ x2Þ þ 4m2ð1 − xÞ4 − ð1 − xÞ2ð1þ x2ÞΔ2⊥ þHðζÞffiffiffiffiffiffiffiffiffiffi

ð1−xÞ2
1−ζ2

q
Dðq⊥ ; yÞD�ðq0⊥ ; x0Þð1 − xÞ2ðx2 − ζ2Þ

; ðB1Þ

WðγþÞ
þþ −WðγþÞ

−− ¼ N
4ið1þ xÞðk1Δ2 − k2Δ1Þffiffiffiffiffiffiffiffiffiffi

ð1−xÞ2
1−ζ2

q
Dðq⊥ ; yÞD�ðq0⊥ ; x0Þðx2 − ζ2Þ

; ðB2Þ

WðγþÞ
þ− þWðγþÞ

−þ ¼ N
4imð2ð1þ xÞζk1 þ ð−1þ xÞxΔ1Þffiffiffiffiffiffiffiffiffiffi
ð1−xÞ2
1−ζ2

q
Dðq⊥ ; yÞD�ðq0⊥ ; x0Þðx2 − ζ2Þ

; ðB3Þ

WðγþÞ
þ− −WðγþÞ

−þ ¼ −N
4mð2ð1þ xÞζk2 þ ð−1þ xÞxΔ2Þffiffiffiffiffiffiffiffiffiffi
ð1−xÞ2
1−ζ2

q
Dðq⊥ ; yÞD�ðq0⊥ ; x0Þðx2 − ζ2Þ

: ðB4Þ

(ii) We can also use Eq. (A1), the bilinear decomposition of quark-quark correlator for unpolarized quark to get the
following

WðγþÞ
þþ þWðγþÞ

−− ¼ 2F11ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ; ðB5Þ

WðγþÞ
þþ −WðγþÞ

−− ¼ 2iðk1Δ2 − k2Δ1ÞF14

m2
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ; ðB6Þ

WðγþÞ
þ− þWðγþÞ

−þ ¼ iðm2Δ2F11 − 2m2ð1 − ξ2Þðk2F12 þ Δ2F13Þ þ ξΔ1ðk1Δ2 − k2Δ1ÞF14Þ
m3

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p ; ðB7Þ

WðγþÞ
þ− −WðγþÞ

−þ ¼ m2Δ1F11 − 2m2ð1 − ξ2Þðk1F12 þ Δ1F13Þ þ ξΔ2ðk2Δ1 − k1Δ2ÞF14

m3
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p : ðB8Þ

(iii) To obtain the above equations, we choose the Dirac spinors as

u↑ðpÞ ¼
1ffiffiffiffiffiffiffiffiffi
2pþp

0
BBB@

pþ þm

p1 þ ip2

pþ −m

p1 þ ip2

1
CCCA; ðB9Þ
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u↓ðpÞ ¼
1ffiffiffiffiffiffiffiffiffi
2pþp

0
BBB@

−p1 þ ip2

pþ þm

p1 − ip2

−pþ þm

1
CCCA: ðB10Þ

(iv) Using Eqs. (B1)–(B8), the GTMDs F1;1; F1;2;
F1;3; F1;4 can be obtained.

(v) The GTMDs G1;1; G1;2; G1;3; G1;4, and H1;1; H1;2;
H1;3; H1;4; H1;5; H1;6; H1;7; H1;8 can be derived
following the same procedure for Γ ¼ γþγ5 and
Γ ¼ iσjþγ5.
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