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Starting from the hypothesis that the Tþ
cc discovered at LHCb is aD�þD0=D�0Dþ hadronic molecule, we

consider the partial width of its heavy quark spin partner, the T�þ
cc as a D�þD�0 shallow bound state,

decaying into the D�Dπ final states including the contributions of the D�D and D�π final state interaction
by using a nonrelativistic effective field theory. Because of the existence of the Tþ

cc pole, the I ¼ 0 D�D
rescattering can give a sizeable correction up to about 40% to the decay widths considering only the tree
diagrams, and the D�π rescattering correction is about 10%. The four-body partial widths of the T�þ

cc into
DDππ are also explicitly calculated, and we find that the interference effect between different intermediate
D�Dπ states is small. The total width of the T�þ

cc is predicted to be about 41 keV.

DOI: 10.1103/PhysRevD.107.074029

I. INTRODUCTION

Recently, a double-charm exotic candidate, the Tþ
cc with

probable quantum numbers IðJPÞ ¼ 0ð1þÞ, was discovered
by the LHCb Collaboration in the D0D0πþ invariant mass
distribution [1,2]. The difference between its mass and
the D0D�þ threshold, δm, and its decay width, Γ, were
obtained in two different models. A fit using a relativistic
P-wave two-body Breit-Wigner function with a Blatt-
Weisskopf form factor gave [1,2]

δmBW ¼ −273� 61� 5þ11
−14 keV;

ΓBW ¼ 410� 165� 43þ18
−38 keV; ð1Þ

while a unitarized Breit-Wigner profile showed [2]1

δmpole ¼ −360� 40þ4
−0 keV;

Γpole ¼ 48� 2þ0
−14 keV: ð2Þ

Both results demonstrate the closeness of the Tþ
cc mass to the

DD� threshold, and therefore the Tþ
cc is an excellent can-

didate of a hadronic molecule, as analyzed in Refs. [3–8].
Based on the assumption that the Tþ

cc is a DD� molecular
state with respect to the heavy quark spin symmetry
(HQSS) [9–11], the T�þ

cc , as a cousin of the Tþ
cc, is predicted

as a D�þD�0 hadronic molecule with the quantum numbers
IðJPÞ ¼ 0ð1þÞ in Refs. [3,12]. In particular, the mass of the
T�þ
cc relative to the D�D� threshold is predicted to be B ¼

2mD� −mT�
cc
¼ ð503� 40Þ keV in Ref. [3], which is called

the binding energy of the T�þ
cc in the following. As a heavy-

quark-spin partner of the Tþ
cc, the T�þ

cc is plausible to be
observed in the strong decay process T�

cc → D�Dπ, whose
partial width can be calculated in a nonrelativistic effective
field theory called the XEFT [13–28].
The XEFT was first constructed in Ref. [13] to syste-

matically study the properties of the exotic Xð3872Þ
[29,30], also known as χc1ð3872Þ, including the effects of
dynamic pions. With a mass coinciding with the D0D̄�0
threshold,2 the Xð3872Þ is assumed to be a hadronic
molecule composed of D0D̄�0 þ c:c: with an extremely
small binding energy, and thus the elementary degrees of
freedom, the D, D�, D̄, D̄�, and π, are all treated
nonrelativistically in the XEFT. The decay width of
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1An analysis of the LHCb data with the full DDπ three-
body effects taken into account gives δmpole ¼ −356þ39

−38 keV and
Γpole ¼ ð56� 2Þ keV [3].

2The recently updated difference between theD0D̄�0 threshold
and the mass of the Xð3872Þ is δmXð3872Þ ¼ mD0 þmD�0 −
mXð3872Þ ¼ ð0.01� 0.14Þ MeV in Ref. [31], and δmXð3872Þ ¼
ð0.12� 0.13Þ MeV in Ref. [32]; the values of the Xð3872Þ mass
in both measurements were determined from a Breit-Wigner fit.
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Xð3872Þ → D0D̄0π0 was calculated to the next-to-leading
order (NLO) in Ref. [13] by using the XEFTand the leading
order (LO) results are consistent with those in Ref. [33],
which exploits the universal behavior of the long-range
D0D̄�0 þ c:c: part of theXð3872Þwave functionwith a small
binding energy. The π0D0, π0D̄0, and D0D̄0 rescattering
effects, which were neglected in Ref. [13], were shown to be
significant at NLO [25] in the XEFT calculation of the
Xð3872Þ → D0D̄0π0 partial width as it doubles the uncer-
tainty of the partial width as a function of the Xð3872Þ
binding energy predicted in Ref. [13]. Since the mass of the

Tð�Þþ
cc is very close to the thresholds of Dð�ÞD� and Dð�ÞDπ,

the XEFT is also valid for the study of the Tð�Þþ
cc properties.

The partial widths for the decays Tþ
cc → D0D0πþ,DþD0π0,

and DþD0γ were calculated in Refs. [34,35] by using the
XEFT, and the total width obtained therein is close to the
value given in Eq. (2) extracted from fitting the experimental
data with a unitarized Breit-Wigner model [2]. The calcu-
lation of the T�

cc → D�Dπ decay widths in the XEFT can be
helpful for searching the T�þ

cc in the D�Dπ invariant mass
distributions.
In this paper, we assume that the T�þ

cc is a D�þD�0
shallow bound state with a binding energy B ¼ ð503�
40Þ keV predicted in Ref. [3], and use the XEFT to
calculate the partial decay widths of T�þ

cc → D�þD0π0,
D�0Dþπ0, and D�0D0πþ, including the corrections from
the D�π and D�D final state interactions (FSIs). Due to
the existence of the Tþ

cc, the S-wave isoscalar D�D
rescattering can give a sizeable contribution (about
20% ∼ 40%) to the T�þ

cc decay width at LO, despite that
the T�

cc → Tccπ is isospin breaking. Since the D� in the
final state is unstable, it is reconstructed experimentally
in the Dπ or Dγ final state. In the former case, the D�Dπ
decay modes become the DDππ ones and different D�Dπ
intermediate states can interfere. Thus, we also calculate
the 4-body decay widths for T�þ

cc → DþD0π0π0 and
D0D0πþπ0, and show that they can be well approximated
by the 3-body decay widths multiplying the D� → Dπ
branching fractions.
This paper is organized as follows. In Sec. II, we

introduce the XEFT effective Lagrangian for the charmed
mesons and pions, and the power countings of the
Feynman diagrams in the T�

cc → D�Dπ processes. The
amplitudes and partial decay rates of the T�

cc → D�Dπ
including the corrections from the D�π and D�D FSIs in
the XEFT are derived in Sec. III, and the numerical
results for the partial decay widths of the T�þ

cc → D�Dπ
are shown in Sec. IV. The 4-body decay T�

cc → DDππ
including the corrections from the D�π and D�D FSIs are

given in Sec. V. Finally, all the results are summarized in
Sec. VI. Some derivations and expressions are relegated
to appendices.

II. EFFECTIVE LAGRANGIAN
AND POWER COUNTING

In this section, we introduce the effective Lagrangian
for the decays of the T�þ

cc and the power counting rules of
the diagrams in the decay processes. As a heavy-quark-spin
partner of the Tþ

cc, the T�þ
cc is predicted as an S-wave

isoscalar D�þD�0 shallow bound state with JP ¼ 1þ and a
binding energy B ¼ ð503� 40Þ keV [3]. With such a
binding energy, the upper bounds of the typical momentum
and velocity of the D� mesons in the T�þ

cc bound state are
pD� ∼ γ ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffi

2μD�B
p ≲ 33 MeV and vD� ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B=ð2μD�Þp ≲

0.02, respectively, where μD� is the reduced mass of
D�þ and D�0, and therefore the nonrelativistic approxima-
tion is valid for the D� and D mesons. The maximum
kinetic energy of the emitted pion in the T�

cc decays is

Epπ ¼
m2

T�
cc
− ðmD þmD� Þ2 þm2

π

2mT�
cc

−mπ ≃ 3.4 MeV; ð3Þ

which leads to the upper bounds of the typical momentum
and velocity of the emitted pion to be pπ ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mπEpπ

p ≲
31 MeV and vπ ≃ pπ=mπ ≲ 0.22. Here mT�

cc
, mD,mD� , and

mπ are the masses of T�
cc, D, D�, and π, respectively.

Clearly, the pions can also be treated nonrelativistically in
the T�

cc → D�Dπ and T�
cc → DDππ decays.

The elementary degrees of freedom in the effective
Lagrangian are the nonrelativisticD� andDmesons, which
are written as isodoublets of the pseudoscalar and vector
fields [13]

H ¼
�
D0

Dþ

�
; H� ¼

�
D�0

D�þ

�
; ð4Þ

and the pions, which are in the isospin adjoint representa-
tion,

π ¼
�

π0
ffiffiffi
2

p
πþffiffiffi

2
p

π− −π0

�
: ð5Þ

The LO XEFT effective Lagrangian for the Tþ
cc has been

given in Ref. [34]. As an analogy, the XEFT Lagrangian we
use for the T�þ

cc as a heavy-quark-spin partner of the Tþ
cc

reads [13,36]
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L ¼ H�†
i

�
i∂0 þ ∇2

2mH�

�
H�i þH†

�
i∂0 þ ∇2

2mH

�
H þ 1

2

�
π†
�
i∂0 þ ∇2

2mπ
þ δ

�
π

�

− C0ðH�T
i τ2H�iÞ†ðH�T

i τ2H�iÞ − C1ðH�T
i τ2τaH�iÞ†ðH�T

i τ2τaH�iÞ

þ ḡ
Fπ

ffiffiffiffiffiffiffiffiffi
2mπ

p ðH†
∂iπH�i þ H:c:Þ þ C0D

2
ðHTτ2H�

i Þ†ðHTτ2H�iÞ þ
C1

2
π

6mπ
ðπτ1H�

i Þ†ðπτ1H�iÞ

þ
C3

2
π

12mπ

���
πτ3 þ

1

2
hπτ3i

�
τ1H�

i

	†��
πτ3 þ

1

2
hπτ3i

�
τ1H�i

	

þ3

��
πτ3 −

1

2
hπτ3i

�
H�

i

	†��
πτ3 −

1

2
hπτ3i

�
H�i

	

; ð6Þ

where mH,mH� , and mπ are the masses of the H, H�, and π
particles, respectively3; δ ¼ Δ −mπ ≃ 7 MeV with Δ ¼
mD�0 −mD0 comes from the shift of the residual mass from
the D� kinetic term [13] and is related to a small scale
μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 −m2

π

p
≃

ffiffiffiffiffiffiffiffiffiffiffi
2mπδ

p
≈ 45 MeV appearing in the pion

propagator [13,25]; the pion decay constant is taken as
Fπ ¼ 92.2 MeV, and τa with a ¼ 1; 2; 3 are the Pauli
matrices in the isospin space, in which the traces ðhiÞ act.
Notice that in Eq. (6), both pions and Dð�Þ mesons are
nonrelativistic particles, which means the π operator
annihilates and the π† operator creates the π quanta, so
as the Dð�Þ and Dð�Þ† [13], and one has

π† ¼
� ðπ0Þ† ffiffiffi

2
p ðπ−Þ†ffiffiffi

2
p ðπþÞ† −ðπ0Þ†

�
; H† ¼

� ðD0Þ†
ðDþÞ†

�T

;

H�† ¼
� ðD�0Þ†
ðD�þÞ†

�T

: ð7Þ

The first line of Eq. (6) includes the kinetic terms for the
charmed mesons and pions. The second line contains the
contact interactions of the D�þ and D�0, where the term
with C0 mediates the D�D� scattering in the I ¼ 0 channel,
and the term with C1 mediates the scattering in the I ¼ 1
channel. The first term in the third line is the same term in
Ref. [34] which couples the charmed mesons to pions

derived from the heavy hadron chiral perturbation theory
(HHχPT), and the coupling constant ḡ ≃ 0.27,4 is deter-
mined from the updated D�þ decay width [30]. The second
term in the third line is the contact interaction for D�D →
D�D with I ¼ 0, and the resummation effect of the
coupling C0D shown in Fig. 1 needs to be considered
[25] due to the existence of the Tþ

cc shallow bound state.
The resummation effect is equivalent to replacing C0D with
the near-threshold T-matrix [37]

C0D → TDD� ¼ −
2π

μD

1

−1=aþ ip
; ð8Þ

where μD is the reduced mass of D�þðD�0Þ and D0ðDþÞ,
p ¼ jp⃗D� − p⃗Dj=2 is the relative momentum between
D�þðD�0Þ and D0ðDþÞ in the D�D center-of-mass (c.m.)
frame, and the D�þD0ðD�0DþÞ scattering length a is set to
be a ¼ ½−ð6.72þ0.36

−0.45Þ − ið0.10þ0.03
−0.03Þ� fm [3]. Here we ne-

glect the isospin breaking effect in the I ¼ 0 D�D → D�D
rescattering, which is a higher order effect [38]. There is no
isovector state like the Tþ

cc found near the D�D threshold,
so there should be no near-threshold pole singularity in
the I ¼ 1 scattering amplitude for D�D → D�D; thus, the
isovector DD� FSI should be much weaker than the
isoscalar one and is neglected in our calculation. The last
two terms with C1

2
π and C3

2
π are the D�π → D�π contact

interactions for I ¼ 1
2

and I ¼ 3
2
, respectively, where

C1
2
π ¼ 25.2 GeV−1, C3

2
π ¼ −6.8 GeV−1 are derived by

FIG. 1. Resumming the D�D rescattering diagrams. The single thin lines represent the DþðD0Þ, the double lines represent the
D�0ðD�þÞ, and the dashed lines represent the π0ðπþÞ.

3Here we use the physical masses for D�þ and D�0, Dþ and
D0, πþ and π0. In this way, the isospin violating effects due to the
mass splitting for mesons within the same isospin multiplet are
included. 4Notice that ḡ is related to the g in Ref. [34] by ḡ ¼ g=2.
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matching to the D�π scattering lengths given in Ref. [39]
(for detailed derivations, see Appendix A).
The square of effective coupling between the T�þ

cc

hadronic molecule and the D�þD�0 components can be
derived from the residue of the D�þD�0 scattering ampli-
tude at the T�þ

cc pole as [36,40,41]

g20 ¼
2πγ

μ2D�
; ð9Þ

and thus the effective Lagrangian for the T�þ
cc coupling to

D�þD�0 can be written as

L0 ¼
g0ffiffiffi
2

p εijkT
�þ;i
cc D�þ;jD�0;k; ð10Þ

where εijk is the 3-dimensional antisymmetric Levi-Civita
tensor.
With the above Lagrangians in Eqs. (6) and (10), the LO

amplitude for the T�
cc → D�Dπ including the effects of the

D�D andD�π FSIs are shown in Fig. 2. Here we only show
the diagrams for the decay T�þ

cc → D�þD0π0, and there are
also similar diagrams for the T�þ

cc → D�0Dþπ0 and the
T�þ
cc → D�0D0πþ, except that no D�0D0 FSI diagram is

included in the T�þ
cc → D�0D0πþ as it only contains D�D

pair with I ¼ 1.

In the following, we will give a brief power counting to
the contributions of all these diagrams. The power counting
for the decays of the Xð3872Þ has been given in detail in
Refs. [13,25,42], and the discussions here for the T�

cc →
D�Dπ are similar. The relevant small momenta involved in
the decays of the T�þ

cc are fpD; pD� ; pπ; γ; μg, which are at
the same order and denoted by Q to be the power counting
scale. In the decay diagrams, each pion vertex contributes at
OðQÞ, and each nonrelativistic propagator contributes at
OðQ−2Þ. As the nonrelativistic energy counts as OðQ2Þ,
each loop integral is of OðQ5Þ. The Cπ contact term is
related to the Dπ contact term in Ref. [25] via the HQSS
and therefore Cπ is of the same order as the Dπ vertex in
Ref. [25], i.e., OðQ0Þ. As the I ¼ 0 contact interaction
between the D� and D, the C0D should be replaced with
TDD� in Eq. (8) due to the near threshold Tþ

cc pole, and
contribute at OðQ−1Þ [13,36]. For the diagrams in Fig. 2,
the amplitude from the diagram in Fig. 2(a) scales as
OðQ=Q2Þ ¼ OðQ−1Þ since there are one nonrelativistic
propagator and one P-wave pion vertex which gives a
factor of pπ ∼OðQÞ. The isospin breaking diagrams
in Figs. 2(b) and 2(c) also scale as OðQ−1Þ for the
decays T�þ

cc → D�þD0π0, T�þ
cc → D�0Dþπ0 considering

the resummation effect (with C0D replaced by TDD� which
has a near-threshold Tcc pole) and can contribute at LO; if

FIG. 2. Feynman diagrams for calculating the partial decay width of T�þ
cc → D�þD0π0. The circled cross is the T�þ

cc state, the single
thin lines represent the DþðD0Þ, the double lines represent the D�0ðD�þÞ, and the dashed lines represent the π0ðπþÞ.
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one uses isospin averaged masses for all the involved
mesons, the contributions of these diagrams vanish. Isospin
breaking effects are enhanced due to the presence of the Tþ

cc

pole which is located much closer to the D�þD0 threshold
than to the D�0Dþ one. The amplitudes from diagrams in
Figs. 2(d) and 2(e) scale as OðQ0Þ and can only contribute
at NLO.

III. DIFFERENTIAL DECAY RATE OF T�
cc → D�Dπ

In this section, we give all the decay amplitudes of T�
cc →

D�Dπ in Fig. 2, including the processes T�þ
cc → D�þD0π0,

T�þ
cc → D�0Dþπ0, and T�þ

cc → D�0D0πþ, and give the
partial differential decay rates including the effects of
D�D and D�π rescattering. The Breit-Wigner form of
the D� propagator, GD� ðpÞ, is used to include the con-
tribution of the D� self-energy, i.e.,

GD� ðpÞ ¼ i

p0
D� −mD� − p⃗2

D�
2mD� þ i ΓD�

2

; ð11Þ

where D� denotes D�þ or D�0, p ¼ ðp0
D� ; p⃗D� Þ is the

4-momentum of the D�, ΓD�þ ¼ 83.4 keV, and ΓD�0 ¼
55.3 keV is settled by isospin symmetry [43].

A. Partial decay rate of T�+
cc → D� +D0π0

First, we consider the partial decay rate of
T�þ
cc → D�þD0π0. The LO amplitude from the tree diagram

in Fig. 2(a) reads

iAa ¼
−g0ḡμD�ffiffiffiffiffiffiffiffi
mπ0

p
Fπ

1

p⃗2
D�þ þ γ2 − iμD�ΓD�0

× εijkϵ
iðT�þ

cc Þϵj�ðD�þÞpk
π0
; ð12Þ

where p⃗D�þ is the three-momentum of the externalD�þ, p⃗π0

is the three-momentum of the final state π0, and the ϵiðT�þ
cc Þ

and ϵjðD�þÞ are the polarization vectors of the T�þ
cc and

D�þ, respectively.
The LO amplitude from the D�þD0=D�0Dþ rescattering

diagrams in Figs. 2(b) and 2(c) reads

iAbc ¼
g0ḡ

2
ffiffiffiffiffiffiffiffi
mπ0

p
Fπ

f−C0D1Ibðpπ0Þ − C0D1exIcðpπ0Þg

× εijkϵ
iðT�þ

cc Þϵj�ðD�þÞpk
π0
; ð13Þ

where C0D1 ¼ þ 1
2
C0D and C0D1ex ¼ − 1

2
C0D are the

contact interactions for the D�þD0 → D�þD0 and the
D�0Dþ → D�þD0, respectively, and C0D needs to be
replaced by TDD� considering the resummation effect
due to the existence of the nearby Tcc pole, and the exact
form of the 3-point scalar loop integral IðpÞ is given in
Appendix B [25,44], with the masses of the three particles
in the loop represented by m1, m2, and m3. Here m1, m2,
and m3 are taken to be the masses of D�0, D�þ, and D0 in

the integral Ibðpπ0Þ appearing in Fig. 2(b), and the masses
of D�þ, D�0, and Dþ in the integral Icðpπ0Þ appearing in
Fig. 2(c), respectively.
The NLO amplitude from the D�π rescattering diagrams

in Figs. 2(d) and 2(e) is

iAde ¼
g0ḡ

4m3=2
π Fπ

f−Cπ1½Ið1Þd ðpDÞ − IdðpDÞ�

−
ffiffiffi
2

p
Cπ1ex½Ið1Þe ðpDÞ þ IeðpDÞ�g

× εijkϵ
iðT�þ

cc Þϵj�ðD�þÞpk
D0 ; ð14Þ

where the couplings Cπ1 ¼ 2
3
C3

2
π þ 1

3
C1

2
π ¼ 4.1 GeV−1 and

Cπ1ex ¼ −
ffiffi
2

p
3
C3

2
π þ

ffiffi
2

p
3
C1

2
π ¼ 15.1 GeV−1 are the contact

interactions for the D�þπ0 → D�þπ0 and the D�0πþ →
D�þπ0, respectively, and the 3-point vector loop integral
Ið1ÞðpÞ is given in Appendix B [25,44], with the masses of
the three particles in the loop represented by m1, m2, and
m3; see Eq. (B1). Here m1, m2, and m3 are taken to be the
masses of D�0, D�þ, and π0 in the integrals IdðpDÞ and

Ið1Þd ðpDÞ appearing in Fig. 2(d), and the masses of D�þ,
D�0, and πþ in the integrals IeðpDÞ and Ið1Þe ðpDÞ appearing
in Fig. 2(e), respectively.
The decay rate is given by

dΓ ¼ 2M2E12E22E3

1

2M
1

2jþ 1

X
spins

jAj2dΦ3; ð15Þ

where the overall factor comes from the normalization of
nonrelativistic particles, with M being the mass of the
initial particle, E1, E2, and E3 being the energies of three
finial-state particles in the T�

cc rest frame, respectively, j is
the total spin of the initial particle, and there is a sum over
all the polarizations of the final state particles. Here the
three-body phase spaceZ

dΦ3 ¼
Z

1

32π3
1

4E1E2

djp⃗1j2djp⃗2j2; ð16Þ

is derived in Appendix C 1, where p⃗1 and p⃗2 are the three-
momenta for two of the final state particles.
The NLO partial differential rate for the T�þ

cc →
D�þD0π0 including the corrections from the D�D, D�π
rescattering reads

dΓT�þ
cc →D�þD0π0

dp2
D0dp2

D�þ
¼ 1

3

mπ0

16π3
X
spins

jAa þAbcj2

þ 1

3

mπ0

16π3
2Re

�X
spins

ðAa þAbcÞ ×A�
de

	
;

ð17Þ
where the second term includes the correction of the D�π
rescattering, which is the interference term between the
amplitudes at LO and NLO.
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B. Partial decay rate of T�+
cc → D�0D+π0

For the decay T�þ
cc → D�0Dþπ0, the LO amplitude from

the tree diagram in Fig. 2(a) reads

iAa2 ¼ −
g0ḡμD�ffiffiffiffiffiffiffiffi
mπ0

p
Fπ

1

p⃗2
D�0 þ γ2 − iμD�ΓD�þ

× εijkϵ
iðT�þ

cc Þϵj�ðD�0Þpk
π0
; ð18Þ

where p⃗D�0 is the three-momentum of the external D�0, and
the ϵjðD�Þ is the polarization vector of the D�. The LO
amplitude from the D�þD0=D�0Dþ rescattering diagrams
in Figs. 2(b) and 2(c) is

iAbc2 ¼
g0ḡ

2
ffiffiffiffiffiffiffiffi
mπ0

p
Fπ

½−C0D2I2bðpπ0Þ − C0D2exI2cðpπ0Þ�

× εijkϵ
iðT�þ

cc Þϵj�ðD�0Þpk
π0
; ð19Þ

where C0D2 ¼ 1
2
C0D and C0D2ex ¼ − 1

2
C0D are the con-

tact interactions for the D�0Dþ → D�0Dþ and the
D�þD0 → D�0Dþ, respectively, and C0D needs to be
replaced by TDD� considering the resummation effect,
and the masses m1, m2, and m3 in the loop integrals
I2bðpπ0Þ appearing in Fig. 2(b) and I2cðpπ0Þ appearing in
Fig. 2(c) are taken to be the masses of D�þ, D�0, and Dþ

and the masses of D�0, D�þ, and D0, respectively.
The NLO amplitude from the D�π rescattering diagrams

in Figs. 2(d) and 2(e) is

iAde2 ¼
g0ḡ

4m3=2
π Fπ

f−Cπ2½Ið1Þ2d ðpDþÞ − I2dðpDþÞ�

þ
ffiffiffi
2

p
Cπ2ex½Ið1Þ2e ðpDþÞ þ I2eðpDþÞ�g

× εijkϵ
iðT�þ

cc Þϵj�ðD�0Þpk
Dþ ; ð20Þ

where Cπ2 ¼ 2
3
C3

2
π þ 1

3
C1

2
π ¼ 4.1 GeV−1 and Cπ2ex ¼ffiffi

2
p
3
C3

2
π −

ffiffi
2

p
3
C1

2
π ¼ −15.1 GeV−1 are the contact inter-

actions for D�0π0 → D�0π0 and D�þπ− → D�0π0, respec-
tively; m1, m2, and m3 are the masses of D�þ, D�0, and π0

in the loop integrals I2dðpDþÞ and Ið1Þ2d ðpDþÞ appearing in
Fig. 2(d), and are the masses ofD�0,D�þ, and π− in the loop

integrals I2eðpDþÞ and Ið1Þ2e ðpDþÞ appearing in Fig. 2(e).
The NLO partial differential rate for the T�þ

cc →
D�0Dþπ0 including the corrections from the D�D and
D�π rescattering is

dΓT�þ
cc →D�0Dþπ0

dp2
Dþdp2

D�0
¼ 1

3

mπ

16π3
X
spins

jAa2 þAbc2j2

þ 1

3

mπ

16π3
2Re

�X
spins

ðAa2 þAbc2Þ×A�
de2

	
;

ð21Þ

where the second term includes the correction of the D�π
rescattering, which is the interference term between the
amplitudes at LO and NLO.

C. Partial decay rate of T�+
cc → D�0D0π +

For the decay T�þ
cc → D�0D0πþ, the LO amplitude from

the tree diagram in Fig. 2(a) reads

iAa3 ¼
2g0ḡμD�ffiffiffiffiffiffiffiffiffiffiffi
2mπþ

p
Fπ

1

p⃗2
D�0 þ γ2 − iμD�ΓD�þ

× εijkϵ
iðT�þ

cc Þϵj�ðD�0Þpk
πþ ; ð22Þ

where p⃗πþ is the three-momentum of the final state πþ.
There are no terms with I ¼ 0 in the D�0D0 rescattering
that can be related to the Tþ

cc and thus there is no LO
contribution from the D�0D0 rescattering.
The NLO amplitude from the D�π rescattering diagrams

in Figs. 2(d) and 2(e) is

iAde3 ¼
g0ḡ

4m3=2
π Fπ

n ffiffiffi
2

p
Cπ3½Ið1Þ3d ðpD0Þ − I3dðpD0Þ�

þ Cπ3ex½Ið1Þ3e ðpD0Þ þ I3eðpD0Þ�
o

× εijkϵ
iðT�þ

cc Þϵj�ðD�0Þpk
D0 ; ð23Þ

where Cπ3 ¼ 1
3
C3

2
π þ 2

3
C1

2
π ¼ 14.4 GeV−1 and Cπ3ex ¼

−
ffiffi
2

p
3
C3

2
π þ

ffiffi
2

p
3
C1

2
π ¼ 15.1 GeV−1 are the contact inter-

actions for the D�0πþ → D�0πþ and the D�þπ0 →
D�0πþ, respectively, and the masses m1, m2, and m3 are
the masses of D�þ, D�0, and π0 in the loop integrals

I3dðpD0Þ and Ið1Þ3d ðpD0Þ appearing in Fig. 2(d), and are the
masses of D�0, D�þ, and π0 in the loop integrals I3eðpDþÞ
and Ið1Þ3e ðpDþÞ appearing in Fig. 2(e).
The NLO partial differential rate for the T�þ

cc →
D�0D0πþ including the corrections from the D�D and
D�π rescattering is

dΓT�þ
cc →D�0D0πþ

dp2
D0dp2

D�0
¼ 1

3

mπ

16π3
X
spins

jAa3j2

þ 1

3

mπ

16π3
2Re

�X
spins

Aa3 ×A�
de3

	
; ð24Þ

where again the second term includes the correction of the
D�π rescattering, which is the interference term between
the amplitudes at LO and NLO.

IV. PARTIAL DECAY WIDTHS FOR T�
cc → D�Dπ

In this section, we give the partial decay widths for the
decays T�

cc → D�Dπ. Table I shows the decay widths with
the binding energy of the T�

cc being B ¼ ð503� 40Þ keV.
The second column of Table I is the decay width only
including the contribution from the tree-level diagram
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denoted by ΓTree. The third column is the LO decay width
including the tree-level and the D�D rescattering contri-
butions marked by ΓLO. One sees that the isoscalar D�D
rescattering which contains a Tcc pole indeed increases the
results by about 36% and 15% for T�þ

cc → D�þD0π0 and
D�0Dþπ0. TheD�0D0 is an isovector system; since no near-
threshold isovector double-charm tetraquark state has
been found, the D�0D0 rescattering for T�þ

cc → D�0D0πþ
remains an NLO effect, thus ΓLO ¼ ΓTree in the last row of
Table I. The fourth column of Table I is the decay width

considering the NLO corrections only from the D�π
rescattering represented by ΓNLO, which should be regarded
as the final predictions in this work. The D�π rescattering
reduces the LO decay widths by about 12%, 9%, and
3% for the three decays T�þ

cc → D�þD0π0, D�0Dþπ0, and
D�0D0πþ, respectively.
Since the binding energy of the T�þ

cc is uncertain, we
further give the partial width of T�

cc → D�Dπ with the
binding energy varying from 0.01 MeV to 0.80 MeV in
Fig. 3, where the red dashed lines show the decay widths
from the tree-level diagram, the blue dot-dashed lines show
the LO decay width including the tree-level and the D�D
rescattering contributions, and the black solid lines show
the decay width including the corrections from the D�π
rescattering to the LO results. To see the contributions of
the D�D and D�π rescattering to the decay widths more
clearly, the corrections from the D�D and D�π FSIs with
the binding energy being 0.01 ∼ 0.80 MeV are demon-
strated by the blue dot-dashed lines and black solid lines in
Fig. 4, respectively.
Summing up these three-body partial decay widths leads

to the result for the total width of the T�þ
cc to be

ΓðT�þ
cc Þ ¼ ð41� 2Þ keV: ð25Þ

FIG. 3. Partial decay widths of the T�
cc → D�Dπ versus the binding energy of the T�þ

cc .

TABLE I. Partial decay widths of the T�þ
cc with a binding energy

B ¼ ð503� 40Þ keV. “Tree” contains the contributions from the
tree-level diagrams, “LO” is the LO decay width which includes
the contributions from the tree-level and D�D rescattering
diagrams, “NLO” is the decay width which includes the correc-
tions from the D�π rescattering to the ΓLO. Since no isovector
D�D rescattering is considered, ΓLO ¼ ΓTree in the last row. The
errors come from that of the predicted binding energy B.

Γ [keV] Tree LO NLO

Γ½T�þ
cc → D�þD0π0� 12.8þ0.6

−0.5 17.4� 0.7 15.3þ0.7
−0.6

Γ½T�þ
cc → D�0Dþπ0� 8.0� 0.4 9.2� 0.5 8.3þ0.5

−0.4
Γ½T�þ

cc → D�0D0πþ� 18.2� 0.9 18.2� 0.9 17.6� 0.9

FIG. 4. Corrections from the D�D and D�π FSIs to the LO partial decay widths of T�
cc → D�Dπ versus the binding energy of T�þ

cc .
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V. PARTIAL DECAY WIDTHS FOR T�
cc → DDππ

Since the D� mesons are resonances, they need to be
reconstructed through the Dπ or Dγ final state in exper-
imental analysis. In the former case, theD� will continue to
decay into the Dπ, and the stable (against decays through
strong and electromagnetic interactions) final states that T�

cc

decays into are the D0Dþπ0π0 and D0D0π0πþ. Since the
D�þD0π0 can decay into the same four-body final states
as D�0Dþπ0 and D�0D0πþ, the three processes T�þ

cc →
D�þD0π0, D�0Dþπ0, and D�0D0πþ can interfere. There-
fore, in the following, we will calculate the decay widths of
the T�þ

cc → D0Dþπ0π0 and D0D0π0πþ. We will show that
the interference between the intermediate three-body states

FIG. 5. Feynman diagrams for calculating the partial decay width of T�þ
cc → D�Dπ → D0Dþπ0π0. The circled cross is the T�þ

cc state,
the single thin lines represent the DþðD0Þ, the double lines represent the D�0ðD�þÞ, and the dashed lines represent the π0ðπþÞ.
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is small, and it is a good approximation that we consider
only the 3-body D�Dπ final states to calculate the T�

cc
decay width.
The diagrams for the four-body decays T�þ

cc →
D0Dþπ0π0 and T�þ

cc → D0D0π0πþ are shown in Figs. 5
and 6, respectively. The amplitudes for all the diagrams are
collected in Appendix D.

With all the amplitudes, the decay rate for the four-body
decay T�

cc → DDππ is given by

dΓ½T�
cc → DDππ� ¼ 2M2E12E22E32E4

1

2SM
1

2jþ 1

×
X
spins

jA½T�
cc → DDππ�j2dΦ4; ð26Þ

FIG. 6. Feynman diagrams for calculating the partial decay width of T�þ
cc → D0D0π0πþ. The circled cross is the T�þ

cc state, the single
thin lines represent the DþðD0Þ, the double lines represent the D�0ðD�þÞ, and the dashed lines represent the π0ðπþÞ.
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where the overall factor comes from the normalization of
nonrelativistic particles, andEiði ¼ 1;…; 4Þ are the energies
of four finial-state particles in theT�

cc rest frame, respectively.
The symmetry factor S ¼ 2 comes from the identical π0π0 or
D0D0 particles in the final states. The four-body phase space
in Eq. (26) derived in Appendix C 2 reads

dΦ4ðP;p1;…; p4Þ ¼
1

ð8π2Þ4M
Z

M−m3−m4

m1þm2

d
ffiffiffiffiffiffi
s12

p

×
Z

M− ffiffiffiffiffi
s12

p

m3þm4

d
ffiffiffiffiffiffi
s34

p

×
Z

dΩ�
1dΩ0

3dΩjp⃗�
1jjp⃗0

3jjq⃗j; ð27Þ

where q⃗ is the three-momentum for the 1, 2 system in the rest
frame of the T�

cc, p⃗�
1 is the three-momentum of particle 1 in

the c.m. frame of particles 1 and 2, and p⃗0
3 is the three-

momentumof particle 3 in the c.m. frame of particles 3 and 4.
They are given by

jq⃗j ¼ λ1=2ðM2; s12; s34Þ
2M

; jp⃗�
1j ¼

λ1=2ðs12; m2
1; m

2
2Þ

2
ffiffiffiffiffiffi
s12

p ;

jp⃗0
3j ¼

λ1=2ðs34; m2
3; m

2
4Þ

2
ffiffiffiffiffiffi
s34

p ; ð28Þ

with λðx; y; zÞ≡ x2 þ y2 þ z2 − 2ðxyþ xzþ yzÞ. dΩ�
1 ¼

dφ�
1d cos θ

�
1 is the solid angle of particle 1 in the c.m. frame

of particles 1 and 2, dΩ0
3 ¼ dφ0

3d cos θ
0
3 is the solid angle of

particle 3 in the c.m. frame of particles 3 and 4, and dΩ is the
solid angle of the 1, 2 system in the rest frame of the decay
particle T�

cc; θ�1 is the angle between the directions of q⃗ and

p⃗�
1, and θ03 is the angle between k⃗ ¼ −q⃗ and p⃗0

3.
The differential decay rate for the T�þ

cc → DDππ up to
NLO including the D�D and D�π rescattering corrections
reads

dΓ½T�
cc → DDππ�

d
ffiffiffiffiffiffi
s12

p
d

ffiffiffiffiffiffi
s34

p

¼ 2mT�
cc
2p0

12p
0
22p

0
32p

0
4

1

4mT�
cc

1

3

1

ð8π2Þ4mT�
cc

× dΩ�
1dΩ0

3dΩjp⃗�
1jjp⃗0

3jjq⃗j

×

�X
spins

jALOj2 þ 2Re

�X
spins

ALO ×ANLO

	

; ð29Þ

where ALO is the LO amplitude including the contribution
from the tree-level andD�D rescattering diagrams,ANLO is
the NLO amplitude including only the D�π rescattering
diagrams. The second term in the curly brackets includes

TABLE II. Partial decay widths of the T�
cc → DDππ with a binding energy B ¼ ð503� 40Þ keV. The second column contains

the contributions from the tree-level diagrams, the third column is the LO decay width which includes the contributions from the
tree-level and D�D rescattering diagrams, and the fourth column is the decay width which includes the corrections from the D�π
rescattering to ΓLO.

Γ [keV] Tree LO NLO

Γ½T�þ
cc → D0Dþπ0π0� 8.3þ0.6

−0.3 10.5þ0.8
−0.4 9.8þ0.8

−0.4
Γ½T�þ

cc → D�þπD� × BrðD�þ → π0DþÞ þ Γ½T�þ
cc → D�πDþ� × BrðD�0 → π0D0Þ 9.1� 0.4 11.3� 0.5 10.1þ0.5

−0.4
Γ½T�þ

cc → D0D0π0πþ� 19.5þ1.3
−1.8 23.9þ0.1

−1.7 23.2þ0.1
−1.7

Γ½T�þ
cc → D�þπD� × BrðD�þ → πþD0Þ þ Γ½T�þ

cc → D�πþD� × BrðD�0 → π0D0Þ 20.4� 0.9 23.6� 1.1 21.7� 1.0

FIG. 7. Partial decay widths of the T�
cc → DDππ versus the binding energy of the T�þ

cc .
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FIG. 8. Partial decay widths of the T�
cc → DDππ and T�þ

cc → D�Dπ times the branch ratio of D� → Dπ versus the binding energy of
the T�þ

cc .
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the correction of the D�π rescattering, which is the
interference term between the amplitudes at LO and NLO.
Table II shows the decay widths with the binding

energy of the T�þ
cc being B ¼ ð503� 40Þ keV. The second

column includes only the contribution from the tree-level
diagram denoted by ΓTree. The third column lists the
LO decay widths, marked by ΓLO, including the tree-level
and the D�D rescattering contribution. The fourth column
lists the results up to NLO including corrections from the
D�π rescattering. For comparison, we also list the results
obtained by multiplying the three-body decays into D�Dπ
with the corresponding D� → Dπ branching fractions (and
thus the interference between different intermediate three-
body decays is neglected).
One can see that the difference between the results with

and without the interference between different intermediate
three-body D�Dπ is marginal. Thus, the T�

cc decay width
can be well approximated by summing over the 3-body
final state D�Dπ, given in Eq. (25).
As the binding energy of the T�

cc is uncertain, we give the
partial widths of T�

cc → DDππ varying the binding energy
from 0.01 MeV to 0.80 MeV in Fig. 7. To see the relations
between the 3-body decay T�

cc → D�Dπ and the 4-body
decay T�

cc → DDππ more clearly, we compare the partial
decay widths Γ½T�

cc → DDππ� and Γ½T�
cc → D�Dπ� ×

Br½D� → Dπ� in Fig. 8 and give their ratio in Fig. 9.
One can see that the difference between the decay widths
with and without the interference between the intermediate
3-body D�Dπ states is marginal for the T�

cc binding energy
larger than 200 keV, and the binding energy ð503�
40Þ keV predicted in Ref. [3] is within this region.

VI. SUMMARY

In this paper, we calculated the contributions of the D�D
and D�π rescattering to the partial decay widths of the

T�
cc → D�Dπ through the XEFT assuming that the T�þ

cc is a
D�þD�0 shallow bound state. We found that the I ¼ 0

D�þD0=D�0Dþ rescattering, which generates a Tþ
cc pole

just below the threshold, can contribute at LO and has a
sizeable impact on the partial widths of the T�þ

cc →
D�þD0π0 and T�þ

cc → D�0Dþπ0. The corrections from
the D�π rescattering to the LO result are marginal, at the
level of 10%. Being an isoscalar 1þ D�þD�0 molecular
state, the T�þ

cc should decay dominantly into the threeD�Dπ
channels calculated here. Since the D� may be recon-
structed from the Dπ final state, we also calculate the four-
body decay widths of T�þ

cc → DDππ. We find that the
interference effect between different intermediate D�Dπ
states is small and the T�

cc width can be well approximated
by summing over the D�Dπ partial widths for the T�

cc
binding energy larger than 200 keV. Taking the binding
energy ð503� 40Þ keV predicted in Ref. [3], the T�

cc width
is obtained as about 41 keV. The result reported here should
be useful for searching the T�þ

cc state at LHCb in the future.
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APPENDIX A: ISOSPIN PHASE CONVENTIONS
AND CONTACT INTERACTIONS

In this section, we give the isospin phase conventions in
our calculation and derive the couplings C3

2
π and C1

2
π in

Eq. (6) from the D�π scattering lengths. The isospin phase
conventions for D� and π are [25]

jπþi ¼ −j1;þ1i; jπ0i ¼ j1; 0i; jπ−i ¼ j1;−1i;

jD�þi ¼ jDþi ¼
���� 12 ;þ

1

2

�
; jD�0i ¼ jD0i ¼

���� 12 ;−
1

2

�
;

ðA1Þ
where the right-hand side represents states jI; I3i in the
isospin basis with I and I3 the isospin and its third
component, respectively. For the derivation of the contact
interactions between theD� andD, all the couplings can be
expressed in terms of two couplings, C0D with I ¼ 0 and
C1D with I ¼ 1. The jD�Di states can be expressed in terms
of the isospin basis as

jD�þD0i ¼
ffiffiffi
1

2

r
j1; 0i þ

ffiffiffi
1

2

r
j0; 0i; ðA2Þ

jD�0Dþi ¼
ffiffiffi
1

2

r
j1; 0i −

ffiffiffi
1

2

r
j0; 0i; ðA3Þ

jD�0D0i ¼ j1;−1i: ðA4Þ

The D�D amplitude can be written in terms of the
amplitudes with the total isospin I ¼ 1 and I ¼ 0 as

hD�þD0jTjD�þD0i ¼ 1

2
hD�DjTjD�DiI¼1

þ 1

2
hD�DjTjD�DiI¼0; ðA5Þ

hD�þD0jTjD�0Dþi ¼ 1

2
hD�DjTjD�DiI¼1

−
1

2
hD�DjTjD�DiI¼0; ðA6Þ

hD�0DþjTjD�0Dþi ¼ 1

2
hD�DjTjD�DiI¼1

þ 1

2
hD�DjTjD�DiI¼0; ðA7Þ

hD�0DþjTjD�þD0i ¼ 1

2
hD�DjTjD�DiI¼1

−
1

2
hD�DjTjD�DiI¼0; ðA8Þ

hD�0D0jTjD�0D0i ¼ hD�DjTjD�DiI¼1; ðA9Þ

which give the expressions of C0D1, C0D2, CD3, C0D1ex, and
C0D2ex in terms of C0D and C1D as

C0D1 ¼
1

2
C1D þ 1

2
C0D; ðA10Þ

C0D1ex ¼
1

2
C1D −

1

2
C0D; ðA11Þ

C0D2 ¼
1

2
C1D þ 1

2
C0D; ðA12Þ

C0D2ex ¼
1

2
C1D −

1

2
C0D; ðA13Þ

CD3 ¼ C1D: ðA14Þ

Here C1D is the D�D contact interaction with I ¼ 1 and is
neglected in our calculation as there is no isovector exotic
state like the Tcc near the D�D threshold, C0D1, C0D2, and
CD3 are the contact couplings for D�þD0 → D�þD0,
D�0Dþ → D�0Dþ, and D�0D0 → D�0D0, respectively,
and C0D1ex and C0D2ex are the contact couplings for
D�0Dþ → D�þD0 and D�þD0 → D�0Dþ, respectively.
For the derivation of the contact interactions between the

D� and π, all the couplings can be expressed in terms of two
couplings, C3

2
π with I ¼ 3

2
and C1

2
π with I ¼ 1

2
, and the two

couplings can be obtained by matching the D�π scattering
amplitude at the D�π threshold,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mD�2mπ2mD�2mπ

p CI
π

2mπ

¼ AI
D�πð

ffiffiffi
s

p ¼ mD� þmπÞ ¼ 8πðmD� þmπÞaID�π; ðA15Þ

where I ¼ 3
2
; 1
2
, and aID�π is the D�π scattering length with

isospin I. By using the central values of the scattering
lengths a3=2D�π ¼ a3=2Dπ ¼ −ð0.100� 0.002Þ fm and a1=2D�π ¼
a1=2Dπ ¼ 0.37þ0.03

−0.02 fm given in Ref. [39], we have

C3
2
π ¼ −6.8 GeV−1; ðA16Þ

C1
2
π ¼ 25.2 GeV−1: ðA17Þ

The jD�πi states can be expressed in terms of the isospin
basis as

−jD�0πþi ¼
ffiffiffi
1

3

r ���� 32 ;þ
1

2

�
þ

ffiffiffi
2

3

r ���� 12 ;þ
1

2

�
; ðA18Þ

jD�0π0i ¼
ffiffiffi
2

3

r ���� 32 ;−
1

2

�
þ

ffiffiffi
1

3

r ���� 12 ;−
1

2

�
; ðA19Þ
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jD�þπ0i ¼
ffiffiffi
2

3

r ���� 32 ;þ
1

2

�
−

ffiffiffi
1

3

r ���� 12 ;þ
1

2

�
; ðA20Þ

jD�þπ−i ¼
ffiffiffi
1

3

r ���� 32 ;−
1

2

�
−

ffiffiffi
2

3

r ���� 12 ;−
1

2

�
: ðA21Þ

The D�π amplitude can be written in terms of the
amplitudes with total isospin I ¼ 3

2
and I ¼ 1

2
as

hD�þπ0jTjD�þπ0i ¼ 2

3
hD�πjTjD�πiI¼3

2

þ 1

3
hD�πjTjD�πiI¼1

2
; ðA22Þ

hD�þπ0jTjD�0πþi ¼ −
ffiffiffi
2

p

3
hD�πjTjD�πiI¼3

2

þ
ffiffiffi
2

p

3
hD�πjTjD�πiI¼1

2
; ðA23Þ

hD�0π0jTjD�0π0i¼2

3
hD�πjTjD�πiI¼3

2
þ1

3
hD�πjTjD�πiI¼1

2
;

ðA24Þ

hD�0π0jTjD�þπ−i ¼
ffiffiffi
2

p

3
hD�πjTjD�πiI¼3

2

−
ffiffiffi
2

p

3
hD�πjTjD�πiI¼1

2
; ðA25Þ

hD�0πþjTjD�0πþi ¼ 1

3
hD�πjTjD�πiI¼3

2

þ 2

3
hD�πjTjD�πiI¼1

2
; ðA26Þ

hD�0πþjTjD�þπ0i ¼ −
ffiffiffi
2

p

3
hD�πjTjD�πiI¼3

2

þ
ffiffiffi
2

p

3
hD�πjTjD�πiI¼1

2
; ðA27Þ

which give the expressions of Cπ1, Cπ2, Cπ3, Cπ1ex, Cπ2ex,
and Cπ3ex in terms of C3

2
π and C1

2
π as

Cπ1 ¼
2

3
C3

2
π þ

1

3
C1

2
π ¼ 4.1 GeV−1; ðA28Þ

Cπ1ex ¼ −
ffiffiffi
2

p

3
C3

2
π þ

ffiffiffi
2

p

3
C1

2
π ¼ 15.1 GeV−1; ðA29Þ

Cπ2 ¼
2

3
C3

2
π þ

1

3
C1

2
π ¼ 4.1 GeV−1; ðA30Þ

Cπ2ex ¼
ffiffiffi
2

p

3
C3

2
π −

ffiffiffi
2

p

3
C1

2
π ¼ −15.1 GeV−1; ðA31Þ

Cπ3 ¼
1

3
C3

2
π þ

2

3
C1

2
π ¼ 14.4 GeV−1; ðA32Þ

Cπ3ex ¼ −
ffiffiffi
2

p

3
C3

2
π þ

ffiffiffi
2

p

3
C1

2
π ¼ 15.1 GeV−1: ðA33Þ

Here Cπ1, Cπ2, and Cπ3 are the contact interactions for
D�þπ0 → D�þπ0, D�0π0 → D�0π0, and D�0πþ → D�0πþ,
respectively, and Cπ1ex, Cπ2ex, and Cπ3ex are the contact
interactions for D�0πþ → D�þπ0, D�þπ− → D�0π0, and
D�þπ0 → D�0πþ, respectively.

APPENDIX B: 3-POINT LOOP INTEGRALS

In the rest frame of the decay particle, the scalar 3-point
loop integral is ultraviolet (UV) convergent and can be
worked out as [44]

IðqÞ ¼ i
Z

ddl
ð2πÞd

1�
l0 −m1 −

⃗l 2

2m1
þ iϵ

�
M − l0 −m2 −

⃗l 2

2m2
þ iϵ

h
l0 − q0 −m3 −

ð⃗l−q⃗Þ2
2m3

þ iϵ
i

¼
Z

dd−1l
ð2πÞd−1

1�
b12 þ ⃗l 2

2μ12
− iϵ

h
b23 þ ⃗l 2

2m2
þ ð⃗l−q⃗Þ2

2m3
− iϵ

i

¼ 4μ12μ23

Z
dd−1l
ð2πÞd−1

1

ð⃗l2 þ c1 − iϵÞ
�⃗
l 2 − 2μ23

m3

⃗l · q⃗þ c2 − iϵ


¼ 4μ12μ23

Z
1

0

dx
Z

dd−1l
ð2πÞd−1

1

½⃗l 2 − ax2 þ ðc2 − c1Þxþ c1 − iϵ�2

¼ 4μ12μ23
ð4πÞðd−1Þ=2 Γ

�
5 − d
2

�Z
1

0

dx½−ax2 þ ðc2 − c1Þxþ c1 − iϵ�ðd−5Þ=2

¼ μ12μ23
2π

1ffiffiffi
a

p
�
tan−1

�
c2 − c1
2

ffiffiffiffiffiffiffi
ac1

p
�
þ tan−1

�
2aþ c1 − c2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðc2 − aÞp

�	
; ðB1Þ

where μij ¼ mimj=ðmi þmjÞ are the reduced masses, b12 ¼ m1 þm2 −M, b23 ¼ m2 þm3 þ q0 −M, and
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a ¼
�
μ23
m3

�
2

q⃗2; c1 ¼ 2μ12b12; c2 ¼ 2μ23b23 þ
μ23
m3

q⃗2: ðB2Þ

There is no pole for the spacetime dimension d ≤ 4, and we have taken d ¼ 4 in the last step of Eq. (B1).
We also need the vector integral which is defined as

qiIð1ÞðqÞ ¼
Z

d3 ⃗l
ð2πÞ3

li

ðb12 þ ⃗l 2

2μ12
− iϵÞ½b23 þ ⃗l 2

2m2
þ ð⃗l−q⃗Þ2

2m3
− iϵ�

; ðB3Þ

and Ið1ÞðqÞ can be expressed in terms of the scalar 2-point
and 3-point loop integrals as

Ið1ÞðqÞ ¼ μ23
am3

�
Bðc2 − aÞ − Bðc1Þ þ

1

2
ðc2 − c1ÞIðqÞ

	
;

ðB4Þ

where the two-point function BðcÞ ¼ 2μ12μ23ΣðcÞ, with
ΣðcÞ defined in the power divergence subtraction (PDS)
scheme [45] as

ΣðcÞ≡
�
ΛPDS

2

�
4−d Z dd−1l

ð2πÞd−1
1

⃗l2 þ c − iϵ
ðB5Þ

¼
�
ΛPDS

2

�
4−d

ð4πÞð1−dÞ=2Γ
�
3−d
2

�
ðc− iϵÞðd−3Þ=2 ðB6Þ

¼ 1

4π
ðΛPDS −

ffiffiffiffiffiffiffiffiffiffiffiffi
c − iϵ

p
Þ; ðB7Þ

where ΛPDS is the sharp cutoff to regulate the UV
divergence in the two-point scalar loop integral, and
Ið1ÞðqÞ is also UV convergent. When the particles in the
3-point integrals are unstable, e.g., considering the D� self-
energy contribution shown in Eq. (11), one needs to include
their widths by replacing

mk → mk − i
Γk

2
; k ¼ 1; 2; 3; ðB8Þ

and in the loop integrals IðqÞ and Ið1ÞðqÞ, one just makes
the replacements for c1 and c2 as

c1 → c1 − iμ12ðΓ1 þ Γ2Þ; c2 → c2 − iμ23ðΓ2 þ Γ3Þ:
ðB9Þ

APPENDIX C: PHASE SPACE

1. Three-body phase space

In this section, we derive the three-body phase space in
Eq. (16) in the rest frame of the initial particle. The three-
body phase space can be written as

Z
dΦ3ðP;p1; p2; p3Þ ¼

Z
ð2πÞ4δ4ðP − p1 − p2 − p3Þ

d3p⃗1

ð2πÞ32E1

d3p⃗2

ð2πÞ32E2

d3p⃗3

ð2πÞ32E3

¼
Z

1

ð2πÞ5 δðE − E1 − E2 − E3Þδ3ðp⃗1 þ p⃗2 þ p⃗3Þ
d3p⃗1

2E1

d3p⃗2

2E2

d3p⃗3

2E3

¼
Z

1

ð2πÞ5 δðE − E1 − E2 − E3Þ
jp⃗1jdjp⃗1j2dΩ1

4E1

jp⃗2jdjp⃗2j2dΩ12

4E2

1

2E3

; ðC1Þ

where P ¼ ðM; 0⃗Þ, d3p⃗1 ¼ jp⃗1j2djp⃗1jdΩ1, and d3p⃗2 ¼ jp⃗2j2djp⃗2jdΩ12. Here Ω12 is the solid angle between the moving
directions of particle 1 and particle 2, dΩ12 ¼ sin θ12dθ12dφ12, where θ12 is the angle between particles 1 and 2 and is
related to the three-momenta as

jp⃗3j2 ¼ jp⃗1j2 þ jp⃗2j2 − 2 cos θ12jp⃗1jjp⃗2j: ðC2Þ

The integration over θ12 in Eq. (C1) can be changed to the integration over E3 through

djp⃗3j2 ¼ 2jp⃗1jjp⃗2j sin θ12dθ12 ¼ 2E3dE3; ðC3Þ

and the three-body phase space reads
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Z
dΦ3ðP;p1; p2; p3Þ ¼

Z
1

ð2πÞ5 δðE − E1 − E2 − E3Þ
jp⃗1jjp⃗2j
16E1E2

dΩ1

djp⃗3j2
2jp⃗1jjp⃗2j

dφ12

1

2E3

djp⃗1j2djp⃗2j2

¼
Z

1

ð2πÞ5 δðE − E1 − E2 − E3Þ
jp⃗1jjp⃗2j
16E1E2

dΩ1

2E3dE3

2jp⃗1jjp⃗2j
dφ12

1

2E3

djp⃗1j2djp⃗2j2

¼
Z

1

32π3
1

4E1E2

djp⃗1j2djp⃗2j2; ðC4Þ

2. Four-body phase space

Here, we derive the four-body phase space using the
graphic method of Ref. [46]. In the graphic method, an
arbitrary n-body phase space can be easily reduced to a
product of two-body phase spaces by drawing intuitive
phase space graphs. Then it can be expressed in integrations
over any allowed invariant masses of interest with the
involved momenta being in any reference frame. The graph
for expressing the four-body phase space integration
over s12 ¼ p2

12 and s34 ¼ p2
34, where p12 ¼ p1 þ p2 and

p34 ¼ p3 þ p4, is shown in Fig. 10. The phase space
expression can be easily obtained by multiplying together
the following building blocks:

V1∶ dΦ2ðP;p12; p34Þ; V2∶ dΦ2ðp12;p1; p2Þ;
V3∶ dΦ2ðp34;p3; p4Þ;

“12”∶
ds12
2π

; “34”∶
ds34
2π

: ðC5Þ

Here we use the following two-body phase space in the c.m.
frame for simplicity.

dΦ2ðp;p1; p2Þ ¼ dΩ1

jp⃗1j
ð2πÞ24m ; ðC6Þ

where jp⃗1j is the magnitude of the three-momentum of
particle 1 in the c.m. frame of the initial state, dΩ1 ¼
d cos θ1dφ1 is the solid angle of particle 1 in the c.m. frame
of particles 1 and 2, and the integration region is given by
cos θ1 ∈ ½−1; 1� and φ1 ∈ ½0; 2πÞ.

With all the building blocks in Eq. (C5) and the two-
body phase space in Eq. (C6), one obtains the four-body
phase space,

dΦ4ðP;p1; p2; p3; p4Þ ¼
jp⃗00

12jjp⃗�
1jjp⃗0

3j
ð8π2Þ4M d

ffiffiffiffiffiffi
s12

p
d

ffiffiffiffiffiffi
s34

p

× dΩ00
12dΩ�

1dΩ0
3; ðC7Þ

where ðjp⃗00
12j;Ω00

12Þ≡ ðjq⃗j;ΩÞ is the three-momentum of the
final-state (1,2) particle system in the c.m. frame of the
initial state, ðjp⃗�

1j;Ω�
1Þ is the three-momentum of particle 1

in the c.m. frame of particles 1 and 2, and ðjp⃗0
3j;Ω0

3Þ is
the three-momentum of particle 3 in the c.m. frame of
particles 3 and 4. The integration regions of

ffiffiffiffiffiffi
s12

p
and

ffiffiffiffiffiffi
s34

p
are ½m1 þm2;M −m3 −m4� and ½m3 þm4;M − ffiffiffiffiffiffi

s12
p �,

respectively.

APPENDIX D: FOUR-BODY DECAY
AMPLITUDES

In this section, we show all the amplitudes for the
diagrams in Figs. 5 and 6 of the four-body T�

cc → πDπD
decays.

1. T�+
cc → π0D0π0D+ amplitudes

We first consider the decay T�þ
cc → π0D0π0Dþ. The LO

amplitude from the tree diagram in Fig. 5(a) reads

iATree½T�þ
cc → π0ðp1ÞD0ðp2Þπ0ðp3ÞDþðp4Þ�

¼ −ig0ḡ2

2
ffiffiffi
2

p
F2
πmπ0

1

q0 −mD�0 − q⃗ 2

2mD�0 þ i
ΓD�0
2

×
1

k0 −mD�þ − k⃗ 2

2mD�þ þ i ΓD�þ
2

ϵijkϵ
iðT�þ

cc Þpj
1p

k
3; ðD1Þ

with s12 ¼ q2, s34 ¼ k2, sij ¼ ðpi þ pjÞ2, i; j ¼ 1;…; 4.

Here pj
1 and pk

3 are the three-momenta of the two π0 in
the final states in the T�

cc rest frame, respectively, and
qμ ¼ ðq0; q⃗Þ, kμ ¼ ðk0; k⃗Þ are the four-momenta of the 1, 2
and 3, 4 two-particle systems in the T�

cc rest frame,
respectively. Considering the crossed-channel effects of
the two identical π0 in the final states, we also have

FIG. 10. Complete expanded graph for the four-body phase
space in terms of integrals over invariant masses squared s12 and
s34 using the graphic method proposed in Ref. [46]. The double
lines denote the invariant masses, the single lines denote the
particles and the vertices are the two-body phase spaces.
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iATree½T�þ
cc → π0ðp3ÞD0ðp2Þπ0ðp1ÞDþðp4Þ� ¼

ig0ḡ2

2
ffiffiffi
2

p
F2
πmπ0

1

l0 −mD�0 − ⃗l 2

2mD�0 þ i
ΓD�0
2

×
1

t0 −mD�þ − ⃗t 2
2mD�þ þ i ΓD�þ

2

ϵijkϵ
iðT�þ

cc Þpj
1p

k
3; ðD2Þ

where s23 ¼ l2, s14 ¼ t2, and lμ ¼ ðl0; ⃗l Þ, tμ ¼ ðt0; ⃗t Þ are the four-momenta of the 2, 3 and 1, 4 two-particle systems in the
T�
cc rest frame, respectively.
The LO amplitudes from the D�þD0=D�0Dþ rescattering diagrams in Figs. 5(b)–5(e) read

iAb½T�þ
cc → π0ðp1ÞD0ðp2Þπ0ðp3ÞDþðp4Þ� ¼

ig0ḡ2C0D1

2
ffiffiffi
2

p
F2
πmπ0

1

ðp0
3 þ p0

4Þ −mD�þ − ðp⃗3þp⃗4Þ2
2mD�þ þ i ΓD�þ

2

× ϵijkϵ
iðT�þ

cc Þpj
1p

k
3Iðp1Þ; ðD3Þ

iAb½T�þ
cc → π0ðp3ÞD0ðp2Þπ0ðp1ÞDþðp4Þ� ¼

−ig0ḡ2C0D1

2
ffiffiffi
2

p
F2
πmπ0

1

ðp0
1 þ p0

4Þ −mD�þ − ðp⃗1þp⃗4Þ2
2mD�þ þ i ΓD�þ

2

× ϵijkϵ
iðT�þ

cc Þpj
1p

k
3Iðp3Þ; ðD4Þ

iAc½T�þ
cc → π0ðp1ÞD0ðp2Þπ0ðp3ÞDþðp4Þ� ¼

ig0ḡ2C0D1ex

2
ffiffiffi
2

p
F2
πmπ0

1

ðp0
3 þ p0

4Þ −mD�þ − ðp⃗3þp⃗4Þ2
2mD�þ þ i ΓD�þ

2

× ϵijkϵ
iðT�þ

cc Þpj
1p

k
3Iðp1Þ; ðD5Þ

iAc½T�þ
cc → π0ðp3ÞD0ðp2Þπ0ðp1ÞDþðp4Þ� ¼

−ig0ḡ2C0D1ex

2
ffiffiffi
2

p
F2
πmπ0

1

ðp0
1 þ p0

4Þ −mD�þ − ðp⃗1þp⃗4Þ2
2mD�þ þ i ΓD�þ

2

× ϵijkϵ
iðT�þ

cc Þpj
1p

k
3Iðp3Þ; ðD6Þ

iAd½T�þ
cc → π0ðp1ÞD0ðp2Þπ0ðp3ÞDþðp4Þ� ¼

ig0ḡ2C0D2

2
ffiffiffi
2

p
F2
πmπ0

1

ðp0
1 þ p0

2Þ −mD�0 − ðp⃗1þp⃗ 2Þ2
2mD�0 þ i

ΓD�0
2

× ϵijkϵ
iðT�þ

cc Þpj
1p

k
3Iðp3Þ; ðD7Þ

iAd½T�þ
cc → π0ðp3ÞD0ðp2Þπ0ðp1ÞDþðp4Þ� ¼

−ig0ḡ2C0D2

2
ffiffiffi
2

p
F2
πmπ0

1

ðp0
2 þ p0

3Þ −mD�0 − ðp⃗ 2þp⃗3Þ2
2mD�0 þ i

ΓD�0
2

× ϵijkϵ
iðT�þ

cc Þpj
1p

k
3Iðp1Þ; ðD8Þ

iAe½T�þ
cc → π0ðp1ÞD0ðp2Þπ0ðp3ÞDþðp4Þ� ¼

ig0ḡ2C0D2ex

2
ffiffiffi
2

p
F2
πmπ0

1

ðp0
1 þ p0

2Þ −mD�0 − ðp⃗1þp⃗ 2Þ2
2mD�0 þ i

ΓD�0
2

× ϵijkϵ
iðT�þ

cc Þpj
1p

k
3Iðp3Þ; ðD9Þ

iAe½T�þ
cc → π0ðp3ÞD0ðp2Þπ0ðp1ÞDþðp4Þ� ¼

−ig0ḡ2C0D2ex

2
ffiffiffi
2

p
F2
πmπ0

1

ðp0
2 þ p0

3Þ −mD�0 − ðp⃗ 2þp⃗3Þ2
2mD�0 þ i

ΓD�0
2

× ϵijkϵ
iðT�þ

cc Þpj
1p

k
3Iðp1Þ; ðD10Þ

where pμ
1 ¼ ðp0

1; p⃗1Þ, pμ
2 ¼ ðp0

2; p⃗2Þ, pμ
3 ¼ ðp0

3; p⃗3Þ, and pμ
4 ¼ ðp0

4; p⃗4Þ are the four-momenta of the four final-state
particles in the rest frame of the T�

cc, respectively. The masses m1, m2 and m3 in the loop integrals IðpiÞ are taken to be the
masses ofD�0,D�þ, andD0 in Figs. 5(b) and 5(e), and the masses ofD�þ,D�0, andDþ in Figs. 5(c) and 5(d), respectively.
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The NLO amplitudes from the D�π rescattering diagrams considering the crossed-channel effects in Figs. 5(f)–5(i) are

iAf½T�þ
cc → π0ðp1ÞD0ðp2Þπ0ðp3ÞDþðp4Þ� ¼

−ig0ḡ2Cπ1

4
ffiffiffi
2

p
F2
πm2

π0

1

ðp0
3 þ p0

4Þ −mD�þ − ðp⃗3þp⃗4Þ2
2mD�þ þ i ΓD�þ

2

× ϵijkϵ
iðT�þ
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where the masses m1, m2, and m3 in the loop integrals Ið1ÞðpiÞ and IðpiÞ are taken to be the masses of D�0, D�þ, and π0 in
Fig. 5(f), the masses of D�þ, D�0, and πþ in Fig. 5(g), the masses of D�þ, D�0, and π0 in Fig. 5(h), and the masses of D�0,
D�þ, and π− in Fig. 5(i), respectively.
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2. T�+
cc → π0D0π +D0 amplitudes

For the decay T�þ
cc → D0D0π0πþ, the LO amplitude from the tree diagram in Fig. 6(a) reads
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and the other amplitude from the crossed-channel effects of the final-state identical D0 particles is
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The LO amplitudes from the D�þD0=D�0Dþ rescattering diagrams including the crossed-channel contributions in
Figs. 6(b) and 6(c) are
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Since the isospin of D�0D0 is 1 and no isospin vector double-charm tetraquark around the D�D threshold has been found,
the D�0D0 rescattering in Figs. 6(d) is not promoted to LO.
The NLO amplitudes from the D�π rescattering diagrams considering the crossed-channel effects in Figs. 6(e)–6(h) are
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