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We use the two-flavor Linear Sigma Model with quarks to study the phase structure of isospin
asymmetric matter at zero temperature. The meson degrees of freedom provide the mean field chiral and
isospin condensates on top of which we compute the effective potential accounting for constituent quark
fluctuations at one-loop order. Using the renormalizability of the model, we absorb the ultraviolet
divergences into suitable counterterms that are added respecting the original structure of the theory. These
counterterms are determined from the stability conditions which require the effective potential to have
minima in the condensates directions at the classical values, as well as the transition from the noncondensed
to the condensed phase to be smooth as a function of the isospin chemical potential. We use the model to
study the evolution of the condensates as well as the pressure, energy and isospin densities and the sound
velocity as functions of the isospin chemical potential. The approach does a good average description up to

isospin chemical potentials values not too large as compared to the vacuum pion mass.

DOI: 10.1103/PhysRevD.107.074027

I. INTRODUCTION

Multiple implications of the remarkably rich phase
structure of Quantum Chromodynamics (QCD) have been
extensively explored over the past years. QCD at finite
density is usually characterized by the baryon pp and the
isospin y; chemical potentials. Nature provides us with
physical systems at finite baryon densities with nonzero y;
in the form of isospin asymmetric matter, for example,
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compact astrophysical objects such as neutron stars.
Because of this, along with the imminent arrival of new
generation relativistic heavy-ion collision experiments at
the FAIR [1] and NICA [2] facilities, the study of the phase
structure in the temperature 7' and the chemical potentials
up and p; has become an ideal subject of scrutiny within the
heavy-ion and astroparticle physics communities [3,4].

A typical T — up — p; phase diagram is anticipated to
be full of rich phase structures [5]. However, from the
theoretical perspective, systems with finite pp are not
straightforwardly accessible to the first-principle methods
of lattice QCD (LQCD), due to the well-known fermion
determinant sign problem [6,7]. Hence, studies on the
up — i; plane have been performed mainly using low
energy effective models. These models have revealed the

Published by the American Physical Society


https://orcid.org/0000-0003-3929-9209
https://orcid.org/0000-0002-3058-7258
https://orcid.org/0000-0003-4461-7494
https://orcid.org/0000-0001-8764-835X
https://orcid.org/0000-0002-7241-2843
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.074027&domain=pdf&date_stamp=2023-04-20
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://doi.org/10.1103/PhysRevD.107.074027
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

ALEJANDRO AYALA et al.

PHYS. REV. D 107, 074027 (2023)

existence of an exciting phase structure that includes
Gapless Pion Condensates (GPC), a Bose-Einstein
Condensed (BEC) phase with gaped single particle exci-
tations, a BEC-BCS crossover, etc. [8,9].

On the other hand, LQCD calculations for vanishing and
even small up do not suffer from the sign problem. These
calculations have predicted the existence of a superfluid
pion condensate phase for high enough y; [10-15]. At zero
temperature, they show that a second order phase transition
at a critical isospin chemical potential (corresponding to
the vacuum pion mass) separates the hadron from the
pion condensate phase [14]. In addition to LQCD, these
phases are also found using chiral perturbation theory
(yPT) [16-31], Hard Thermal Loop perturbation theory
[32], the Nambu-Jona-Lasinio (NJL) model [9,33-48] and
its Polyakov loop extended version [49,50], the quark
meson model (QMM) [51-54] and other low energy
effective models exploiting functional Renormalization
Group studies [55]. Calculations using a LQCD equation
of state for finite u; have investigated the viability of the
existence of pion stars, with a pion condensate as the
dominant core constituent [24,56]. Since LQCD calcula-
tions with u; #0,up = u, =T =0 can be carried out
without being hindered by the sign problem, they can be
used as a benchmark to test effective model predictions. For
example, recently, the NJL model has been used in this
domain and it has been found that results agree exception-
ally well with LQCD results [57,58].

In this work we study another effective QCD model, the
Linear Sigma Model with quarks (LSMq), extended to
consider a finite y; to describe the properties of strongly
interacting systems with an isospin imbalance. The LSMq is
a renormalizable theory that explicitly implements the QCD
chiral symmetry. It has been successfully employed to study
the chiral phase transition at finite 7" and pp [59-62], as well
as in the presence of a magnetic field [63—72]. The Linear
Sigma Model has been used at finite y;, albeit considering
the meson degrees of freedom as an effective classical
background, in the Hartree or Hartree-Fock approximations
within the Cornwall-Jackiw-Tomboulis formalism [73]. In
contrast, in the LSMq mesons are treated as dynamical
fields able to contribute to quantum fluctuations. Part of the
reason for other models to avoid considering mesons as
dynamical fields, for example the QMM, is that when
mesons become true quantum fields and chiral symmetry is
only spontaneously broken, their masses are subject to
change as a result of medium effects. During this change,
the meson square masses can become zero or even negative.
At zero temperature, this drawback is avoided by consid-
ering an explicit symmetry breaking term that provides
pions with a vacuum finite mass. At finite temperature, the
plasma screening effects need to also be included.

In this work we use the LSMq to describe the evolution
of the chiral and isospin (pion) condensates, as well as
thermodynamical quantities such as pressure, isospin and

energy densities and the sound velocity at zero temperature
and finite y;. We restrict ourselves to considering only the
effects of fermion quantum fluctuations, reserving for a
future work the inclusion of meson quantum fluctuation
effects. We make use of the renormalizability of the LSMq
and describe in detail the renormalization procedure which
is achieved by implementing the stability conditions. The
results thus obtained are valid for the case where 47 is small
compared to the sum of the squares of the chiral and isospin
condensates multiplied by the square of the boson-fermion
coupling constant g.

The work is organized as follows: In Sec. II we write the
LSMq Lagrangian using degrees of freedom appropriate to
describe an isospin imbalanced system. We work with an
explicit breaking of the chiral symmetry introducing a
vacuum pion mass and expanding the charged pion fields
around the values of their condensates. The effective
potential is constructed by adding to the tree-level potential
the one-loop contribution from the fermion degrees of
freedom. Renormalization is carried out by introducing
counterterms to enforce that the tree-level structure of the
effective potential is preserved by loop corrections. We first
work out explicitly the treatment in the condensed phase to
then work out the noncondensed phase. In Sec. III we study
the condensates evolution with y; as well as that of the
pressure, isospin and energy density and the sound velocity,
and compare to recent LQCD results. We finally summarize
and conclude in Sec. IV. We reserve for a follow-up work
the computation of the meson quantum fluctuations as well
as finite temperature effects. The Appendix is devoted to
the explicit computation of the one-loop fermion contri-
bution to the effective potential.

II. LSMq AT FINITE ISOSPIN CHEMICAL
POTENTIAL

The LSMq is an effective theory that captures the
approximate chiral symmetry of QCD. It describes the
interactions among small-mass mesons and constituent
quarks. We start with a Lagrangian invariant under
SU(2), x SU(2)g chiral transformations,

1 - R B
£ =>(0,07 +5 (9,7 + %((;2 +#) = 5(P + )
+ Wyt o — igy T - By — giyo, (1)

where 7 = (71, 7,,73) are the Pauli matrices,

va=(3) @)

is a SU(2), p doublet, ¢ is a real scalar field and 7 =
(7, 7o, m3) is a triplet of real scalar fields. 73 corresponds
to the neutral pion whereas the charged ones are repre-
sented by the combinations
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1 1

.= ﬁ(”l + imy), T =7§(ﬂ1 —im). (3)

The parameters a®, 2, and g are real and positive definite.
Equation (1) can be written in terms of the charged and
neutral-pion degrees of freedom as

2

! a
L= 5 [(aﬂa)z + (0;4710)2] + 6,,ﬂ_6”7z+ + ?(62 + 77,'(2))

A
+a’n_m, — 1 (6* +4o’n_n, +20°n} + dnn’

+An_m 7} + x§) + ipdy — giryo — gy (timy
+ T+ T3m)y, (4)

where we introduced the combination of Pauli matrices

= (ny in). T =—(n—ir). (5)

V2 V2

The Lagrangian in Eq. (4) possesses the following sym-
metries: A SU(N,.) global color symmetry, a SU(2), x
SU(2)g chiral symmetry and a U(1); symmetry. The
subindex of the latter emphasizes that the conserved charge
is the baryon number B. A conserved isospin charge can be
added to the LSMq Hamiltonian, multiplied by the isospin
chemical potential y;. The result is that the Lagrangian gets
modified such that the ordinary derivative becomes a
covariant derivative [74]

0, > D, =0, +ius), 0 —D'=0—ius. (6)

As a result, Eq. (4) is modified to read as

1 2
ﬁ=%@#+@mﬂ+mmmm+%w+@

A
+a*n_m, — 1 (6* + 4o’n_n, +20°n} + dnn’

+An_m mf + 7§) + idy — gipo + upTsyow
—igpy (Tomy + Tm + Ty ()
Because of the spontaneous breaking of the chiral

symmetry in the Lagrangian given in Eq. (7), the ¢ field
acquires a nonvanishing vacuum expectation value,

oc—>o0+ 0.
To make better contact with the meson vacuum properties
and to include a finite vacuum pion mass, m,, we can add
an explicit symmetry breaking term in the Lagrangian such

that

L—L =L+ h(c+). (8)

The constant & is fixed by requiring that the model
expression for the neutral vacuum pion mass squared in
the noncondensed phase, Eq. (11b), corresponds to m3.
Recall that in the noncondensed phase, the tree-level

potential is

a2

Viee = —71)2 —|—Z1J4 — ho.

The condensate v, is obtained from

dvtree

e (A3 —a*v—h)
v

:O,

V=1
or
vo(Avg — a*) = h.
The quantity in between parentheses, according to
Eq. (11b), is precisely the square of the vacuum pion
mass, m3. Therefore
h = m3uv,.
Also, notice that

a? +mf = a* + Wwj — a* = M},

or
a* + m}
Vo = 2
This yields
a* +m3
h = 2 0’
mg p
= Mg f r. ©)

where in the second line we have used the Partially
Conserved Axial Current statement to identify m3f, with
the small symmetry breaking term represented in the LSMq
by h, with f, the pion decay constant. Equation (9)
provides a relation for the model parameters @ and A in
terms of f.

Before diving into the formalism details, here we first
pause to discuss the symmetry properties of the theory.
Notice that the introduction of p; and s modifies the
structure of the effective Lagrangian given in Eq. (8). In the
presence of a finite u;, the U(1)p x SU(2), x SU(2),
symmetry is reduced to U(1)z x U(1);,, x U(1),x for
h =0, and to U(1)z x U(1),, for h # 0, thereby represent-
ing the explicit breaking of the chiral symmetry [75].
The notation also emphasizes that the third component of
the isospin charge, /5, corresponds to the generator of the
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remaining symmetry U(1) 1, Since in the present work we
are interested in the dynamics of the pion fields, further
simplifications in the pseudoscalar channels can be obtained
using the ansatz (yiyst3y) = 0 combined with (&iysd) =
(diysu)* # 0 [9]. This further breaks the residual U(1),,
symmetry and corresponds to a Bose-Einstein condensation
of the charged pions. Then, the charged pion fields can be
referred from their condensates as

. A .
7z+—>ﬂ+—|——e’9, T > a +——e (10)

V2 V2

where the phase factor 6 indicates the direction of the U(1),,

symmetry breaking. We take € = x for definitiveness. The
shift in the sigma field produces that the fermions and neutral
bosons acquire masses given by

my = guv (11a)
m2, = Av* — a* + AA? (11b)
m2 = 300? — a® + AA2. (11c)

The charged pions also acquire masses. However, in the
condensed phase (A # 0) they need to be described in terms
of the 7, , fields [76]. Since for our purposes pions are not
treated as quantum fluctuations, hereby we just notice that,
as a consequence of the breaking of the U(1), symmetry,
one of these fields becomes a Goldstone boson. In the
absence of the explicit symmetry breaking term in the
Lagrangian of Eq. (8), this mode’s mass would vanish.
However, a finite /& prevents this mode from being massless.

A. Condensed phase

In the condensed phase the tree-level potential, extracted
from Eqgs. (7) and (8), can be written as

a’ 2 n Ao T
Viee = —— (v + A%) + = (v* + A?) — Uy A° = ho.
2 4 2
(12)

The fermion contribution to the one-loop effective
potential becomes

> vi=-2N / 'k [E% + E] (13)
f=ud a ‘ (2”)3 4 v

with (see the Appendix)

2 1/2

By ={ (R +mrm) + 282}, (14)
2 1/2

Ed = {(,/k2+m]%—ﬂ,) ~|—ng2} . (14b)

where we chose that

Ha = Hi
Hy = —H- (15)

Equation (13) is ultraviolet divergent. Ultraviolet diver-
gences are a common feature of loop vacuum contributions.
However, since Eq. (13) depends on p;, this divergence
needs to be carefully treated given that matter contributions
cannot contain ultraviolet divergences. To identify the
divergent terms, we work in the approximation whereby
the fermion energies, Eq. (14), are expanded in powers of
u3/1g*(v* + A?)]. Considering terms up to O(u}), we
obtain

! 2 2 2A2 g A?
S EL =2\ /K +mi 4 gA +(k2+mj%+ng2)3/2

f=ud

pi4(k* + m3) g A% — g* A%
4K+ m2 + FA2)T

+0().  (16)

Notice that the ultraviolet divergent part corresponds only
to the first and second terms on the right-hand side of
Eq. (16). In this approximation, and up to terms of order 47,
the expression for the leading fermion contribution to the
one-loop effective potential is given by

1 d3k /1.2 2 2 A2

f=u.d
Hig A >
(K + m? + g A%)3/?

(17)

This expression can be readily computed using dimen-
sional regularization in the MS scheme, with the result (see
the Appendix)

47,2 242 2/
g (v*+A%)*[1 3 AN /g
Vi=oN 2 — 7 |4+ 4]
f;d f © (4n)? €+2+ n v? + A?
g uiA? 1 A/
— 2N —+1 , 18
¢ (4n)? €+ n v 4+ A? (18)

where N, = 3 is the number of colors, A is the dimensional
regularization ultraviolet scale and the limit ¢ — 0 is to be
understood. The explicit computation of Eq. (18) is
described also in the Appendix. Notice that Eq. (18)
contains an ultraviolet divergence proportional to u7A2.
Since a term with this same structure is already present in
the tree-level potential, Eq. (12), it is not surprising that this
ultraviolet divergence can be handled by the renormaliza-
tion procedure with the introduction of a counterterm with
the same structure, as we proceed to show.
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To carry out the renormalization of the effective potential
up to one-loop order, we introduce counterterms that
respect the structure of the tree-level potential and deter-
mine them by accounting for the stability conditions. The
latter are a set of conditions satisfied by the tree-level
potential and that must be preserved when considering loop
corrections. These conditions require that the position of
the minimum in the v and A directions remains the same as
the tree-level potential ones. Notice that this approach is
different from the one followed in Ref. [77], where the
counterterms are determined by requiring the finiteness of
the propagator and the four-point boson vertex. As aresult a
shift of the onset of pion condensation happens when the
coupled equations that determine the condensates receive
loop corrections.

The tree-level minimum in the v, A plane is found from

av,
— T = [I? = (a®> =20 v —h =0 19
e = o = (@ = aso ]| (192)
v,
e A2 — (@ — M + a? =0. (1%
T = i P )| (190)

Notice that Eq. (19b) admits a real, nonvanishing solution,
only when

Ui > —a® =mj, (20)

which means that a nonzero isospin condensate is devel-
oped only when, for positive values of the isospin chemical
potential, the latter is larger than the vacuum pion mass.
This is what we identify as the condensed phase. The
simultaneous solutions of Eq. (19) are

h
Vo =3, (213)
Hy
2 2 2
Hi b a
A= /L= += 21b
0 P /f) + 2 ( )

Hereafter, we refer to the expressions in Eq. (21) as the
classical solution.

The effective potential, up to one-loop order in the
fermion fluctuations, including the counterterms, can be
written as

oA
Veff = Vtree + z v} - Z (Uz + A2)2
f=u,d
0 o
+7a(v2 + A?) +§A2y%. (22)
The counterterms 04 and 6 are determined from the gap
equations

oV

— =, (23a)
ov V9, A¢

aVeff

— =0. (23b)
0A 9,89

These conditions suffice to absorb the infinities of Eq. (18).
The counterterm da is determined by requiring that the
slope of Vs vanishes at u; = my,

9 Veff

=0, 24
n (24)

Hi=myg

or in other words, that the transition from the noncondensed
to the condensed phase be smooth. The resulting effective
potential is also A independent. This can be seen by noticing
that the coefficients of the 1/¢ terms are common to those
of the In(A?) terms. Since the counterterms cancel the 1/e
divergence, they also cancel the In(A?) dependence.

B. Noncondensed phase

In the noncondensed phase, 0 < py; < mg, the only
allowed solution for Eq. (19b) is A = 0. For this case,
Eq. (19a) becomes a cubic equation in v. The only real
solution is

(\ﬁ DTHEIE = 4d503 + 9h/12> /3

(18)%/32
(2/3)1/3(12
(\/5 TR — 40513 + 9h/12>

Vg =

73 (25)

In the limit when £ is taken as small, one gets

a h
Do = 7 + R (26)
an approximation that sometimes is considered. However,
hereafter we work instead with the full expression given
by Eq. (25).

The effective potential V23" up to one-loop order can
be obtained from the corresponding one in the condensed
phase, by setting A = 0. Therefore, we can write

A a? 5 5
Vg%ncond = 17_)4 —7’[)2 - hU —Z/U4 +E1)2
4,4 2
gt |1 3 A
2N —4+=-+Inl—=—]]. 27
Ty [€+2+ n<gzvz>] @)

In this case, only two conditions are needed to stabilize the
vacuum. We take these as the requirement that the position
and curvature of V2% remain at its classical value when
evaluated at 9, namely,
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aVanncond
e 28
. (28a)
02 vnoncond
(;ffz =30} — d?, (28b)
v 7

from where the counterterms &;, d, can be determined.
Therefore, in the noncondensed phase, in addition to
A =0, the v condensate is simply given by the constant
7y given in Eq. (25). As for the case of the condensed
phase, in the noncondensed phase the effective potential is
ultraviolet finite as well as A independent.

III. THERMODYNAMICS OF THE
CONDENSED PHASE

Armed with the expressions for the effective potential, we
can now proceed to study the dependence of the condensates
as well as of the thermodynamical quantities as functions of
uy. Since the y; dependence in the noncondensed phase is
trivial, we concentrate on the description of the behavior of
these quantities in the condensed phase.

The model requires fixing three independent parameters:
the boson self-coupling 4, the boson-fermion coupling g,
and the mass parameter a. For this purpose, notice that from
Eq. (11) in vacuum we have

m2 —3m3 = 30} — a* — 3003 + 3a* = 24,

or
m2 — 3mj
a—=1\———-.
2
Also
my My
g = ——= — s
20) fJT

and 1 is obtained from Eq. (9) as

L m-mg
2f7

For m, =235 MeV, m, =400 MeV, m; = 140 MeV,
and f, =93 MeV, one readily obtains 1=8.12,
a =225 MeV, and g = 2.53. The phase space for these
parameters is limited since, for certain combinations, the
gap equation conditions in the »-A plane become saddle
points rather than global minima. A more exhaustive search
in the parameter space to optimize the parameter choice
will be discussed elsewhere.

Figure 1 shows the v and A condensates as functions of
the scaled variable y;/m. The behavior is qualitatively as

012

0.10
0.08
0.06
0.04

0.02|

0.00+ : ——
0.0 0.5 1.0 1.5 2.0

Mr/mg
FIG. 1. v and A condensates as functions of the scaled variable

ur/mg. For pu; > mg, the v condensate decreases while the A
condensate increases.

0.70 — 1QcD24x32 A
06; —  1QCcD32%x48 s
0.5 -------- Tree Level R

ﬂ‘o I ’l

§ 041 -.-. - Oneloop 7

< E

03f ---e- SU(2) NJL
0.2} XPT
0.1} :
0Qb—et :

1.0 1.2 1.4 1.6 1.8 2.0
Hi/mg

FIG.2. Normalized pressure as a function of the scaled variable
ur/mg. Shown are the tree-level and one-loop fermion improved
pressures compared to the results from Refs. [31,57] together
with the LQCD results from a private communication with the
authors of Refs. [78,79].

expected: for yu; > my, the v condensate decreases while the
A condensate increases.

Figure 2 shows the normalized pressure, defined as the
negative of the effective potential referred from its value at
Uy = myg, as a function of the scaled variable y;/m, and
divided by mg. Shown are the results obtained by using the
tree-level and the fermion one-loop corrected effective
potentials, compared to the results from a SU(2) NJL
model [57], a SU(2) yPT [31], and the LQCD results from
Refs. [78,79]. The yPT results consist of a leading order
(LO) and a next to leading order (NLO) calculations. The
NLO ones depend on low energy constants. We show both
results with a yellow band [31]. The LQCD results from
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Lar . Tree Level

12y - One loop

10} -.... SU2) NIL )
‘”g 08! YPT ",—‘ o

04} — LQCD 243x32 |

021 — LQCD 32%x48 1

00 : ' '

1.0 12 14 1.6 1.8

oy /my

FIG. 3. Normalized isospin density as a function of the scaled
variable y;/my. Shown are the tree-level and one-loop fermion
improved effective potentials compared to a recent SU(2) NJL
calculation [57], two-flavor yPT [31], and the LQCD results from
Refs. [78,79].

Refs. [78,79] were obtained using simulations with three
dynamical flavors at physical quark masses. The labels
243 x 32 and 323 x 48 refer to the lattice sizes in the space
and time directions. The lattice spacing of the former is a ~
0.22 fm and for the latter @ ~ 0.15 fm. The pion mass used
in the LQCD calculation is my = 135 MeV. However,
notice that since we report the results as functions of the
scaled variable y;/my, these can be safely compared to the
LQCD results. Notice that the one-loop improved calculation
does a better description than the tree-level one and that
deviations from the LQCD result appear for y; = 1.5ms,.

Figure 3 shows the normalized isospin density,
n; = dP/dy,;, divided by m(3) as a function of the scaled
variable p;/m, compared to results obtained using the tree-
level potential as well as to the results from Ref. [57] together
with the LQCD results from Refs. [78,79]. Notice that the
one-loop improved calculation is close to the NJL one up to
uy ~ 1.5mg but the latter does a better job describing the
LQCD results for y; = 1.5m,. However, it is fair to say that
none of the current calculations reproduce the change of
curvature that seems to be present in the LQCD result.

Figure 4 shows the normalized energy density, €/mj,
with e defined as

€=—P+nuy,

as a function of the scaled variable yu;/m, compared to the
results from Ref. [57] together with the LQCD results from
Refs. [78,79]. Although the change in curvature shown by
the LQCD results is not described by the present calcu-
lation, it is fair to say that neither the NJL calculation
captures such trend. The one-loop improved calculation
does a better average description of the LQCD result
although deviations appear for y; = 1.5my,.

1al LQCD 243x32
1o = LQCD32*x48
1.0 ARCIITLLEE Tree Level ,«"

s o 8 ..... - Oneloop ,/‘:/’

s Of /:/’

> R SUR)NJL 2“2

[ £
0.6 : VPT 2
0.4}
0.2}
0.0 7 —1 " " A P " el
1.0 1.2 1.4 1.6 1.8
Hi/my

FIG. 4. Normalized energy density as a function of the scaled
variable y;/m(. Shown are the tree-level and one-loop fermion
improved effective potentials compared to the results from
Refs. [31,57] together with the LQCD results from Refs. [78,79].

L5y ... Tree level o -
----- - One loop e g 7
----- SUQNIL . z
1 .0 K ;".' o
< XPT 7 -2
§ ’,': :' ~
i — LQCD 24°x32
05 Q -
> — LQCD 323x48

%00 02 03 04

Py/mgy*

0.1 05

FIG.5. Equation of state, pressure vs energy density. Shown are
the tree-level and one-loop fermion improved effective potentials
compared to the results from Refs. [31,57] together with the
LQCD results from Refs. [78,79].

Figure 5 shows the equation of state, pressure vs energy
density, compared to the results from Ref. [57] together
with the LQCD results from Refs. [78,79]. Notice that
for the latter, the vacuum pion mass is taken as
my = 135 MeV. As can be seen, the initial increasing
trend of LQCD results is properly described by the low-
energy models considered. Given that the accuracy of our
results is limited to the low y; domain, the NJL calculation
does a better description of the LQCD results.

Figure 6 shows the square of the speed of sound, ¢?, as a
function of the scaled variable y;/m,. Shown are the one-
loop results compared to the results from Ref. [57] together
with the LQCD results from Refs. [78,79]. The apparent
peak in the LQCD results is not reproduced by any model.
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Mp/mg

FIG. 6. Square of the speed of sound as a function of the scaled
variable y;/my. Shown are the tree-level and one-loop fermion
improved effective potentials compared to recent SU(2) NIJL,
xPT and the LQCD results from Refs. [78,79]. The conformal
bound is shown as a horizontal line.

However, notice that for the range of shown y; values, the
one-loop improved result is above, although closer to the
conformal bound, shown as a horizontal line at ¢z = 1/3.

Figure 7 also shows c2, this time as a function of €/m{
compared with results from Ref. [57] together with the
LQCD results from Refs. [78,79]. Although for lower
values of the energy density the tree-level line lies below all
other curves, after crossing the conformal bound, the one-
loop improved result remains closer to the latter.

1.0}
........ Tree Level
08l - - - One Loop
..... NIL SUQ) -
«, 06 XPT
& ~
04} Gl
ol ‘:‘;;‘.’_—f: s LQCD 243x32 |
B —— LQCD 323x48

0. S
00 02 04 05 08 10 12
e/mo*

FIG. 7. Square of the speed of sound as a function of the scaled
energy density. Shown are the tree-level and one-loop fermion
improved effective potentials compared to recent SU(2) NIJL,
xPT and the LQCD results from Refs. [78,79]. The conformal
bound is shown as a horizontal line.

IV. SUMMARY AND CONCLUSIONS

In this work we have used the LSMq, with two
constituent quark flavors, to study the phase structure of
isospin asymmetric matter at zero temperature. The meson
degrees of freedom are taken as providing the mean field
on top of which we include quantum constituent quark
fluctuations at one-loop order. We have used the renorm-
alization of the LSMq to absorb the ultraviolet divergences
with the addition of counterterms that respect the original
structure of the theory. An interesting aspect of the method
is that it allows the proper handling of the disturbing
u;-dependent ultraviolet divergence. The one-loop con-
stituent quark contributions are treated in the approxima-
tion whereby 7 is taken as small compared to ¢*(v> + A?)
and working up to O(u?). After determining the model
parameters, we have studied the evolution of the chiral and
isospin condensates as well as the pressure, energy and
isospin densities and the sound velocity. We have compared
the model results with a recent NJL calculation of the same
quantities and with LQCD data. The model does a good
description for u; < 1.5my, except perhaps for the sound
velocity for which it does not reproduce the peak seemingly
appearing in the LQCD calculations.

The results are encouraging and set the stage to explore
whether the method can be used to incorporate the effect of
meson fluctuations. The method also lends itself to include
in the description higher powers of u7 as well as finite
temperature effects. We are currently exploring these avenues
and will report on the findings elsewhere in the near future.
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APPENDIX: ONE-LOOP CONSTITUENT QUARK
CONTRIBUTION TO THE EFFECTIVE
POTENTIAL

The thermodynamic potential accounting for the con-
stituent quark contribution at one-loop order is given by

Vi=iV-'In(Z}), (A1)

where
In(Z}) = In (det{(S5)}), (A2)
and V is the space-time volume. Also here, S;} is the

inverse propagator of the two light-constituent quark
species. Therefore, we are bound to compute the determi-
nant of a matrix M of the form

(A B)
M = ,
CcC D

where A, B, C, D can be thoughtof as p X p, p X g, ¢ X p,

and g x ¢ complex matrices, respectively. When A and D
are invertible, the determinant of M is given by

(A3)

det{(M)} = det{(A)} det{(D — CA™'B)}, (A4)

det{(M)} = det{(D)} det{(A — BD~'C)}. (AS)
Equation (A4) can be written as
det{(M)} = det{(A)} det{(D — CA™'B)}

=det{(A)} det{(C~'C)} det{(D — CA~'B)}

= det{(-C?’A'BC'A+ CDC'A)},  (A6)

whereas Eq. (AS5) as

det{(M)} = det{(D)} det{(A — BD™'C)}
= det{(D)} det{(C~'C)} det{(A — BD™'C)}
— det {(—~CB + CAC-'D)}. (A7)

For our purposes, B =C = igAy>. Thus, from Egs. (A6)
and (A7), we obtain

det{(M)} = det{(-C* + CDC~'A)}, (A8)
det{(M)} = det{(—C* + CAC™'D)}. (A9)

We explicitly compute both expressions. First, we use that
the standard spin projectors A, satisfy
ALy’ = As, (A10)

and

AP = Ay, (Al1)
with the projectors A defined as
1 PG kg
Ap=-(1£——77——]. Al2
=5 (127 (A12)

Next, we notice that A = S;' and D = S;'. Therefore,
working first in the absence of an isospin chemical
potential, for which

St=8S'=ky'-7- k- qu, (A13)
D, =-C?>+CDC'A
1
:2A2 'A5s—1_5 S—l
g-A% + (igAy”)Sy (igAy> P
= ¢ A = [k — (E)PIA- = [ko = (E{]A.,  (Al4)
and
D, =-C?>+ CAC™'D
:ngz—F]/SS;l SSJI
= PN = [ - (BN~ [~ (B)?)A..  (ALS)

Thus, using that A, + A_ =1 and defining E% =
(E1)? + ¢*A%, we have

Dy = ~(B~ (EJIA-~ (ko — (EDDA,.  (Al6)
D= ~(B~ (EDIA- - (B~ (EYDA,.  (A17)
and
det{(S)} = det{(D))} = det{(D2)}. (A1)
Note that
In(2}) = In (det{(5;))))
= Jin det{(Sh)})
= SIn(det{(D,D,)})
- %Tr[ln (D\D,)], (A19)
and since the product D, D, is given by
DDy = (K - (ES) (03— (B, (A20)

we get
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Z Tr[In (k3 — (E%)?)],

qud

(A21)

where the trace is taken in Dirac, color (factors of 4 and N,
respectively), and in coordinate spaces, namely,

n(zh)=2n, 3 / (x| In (K2 = (E2)2) )

q=u,d

—ZNCZ/d“/ —(E9)?).  (A22)

q=u,d
Therefore
In(2}) =2vN, Y /ﬂln (K2 — (EL)?).  (A23)
f Cq:u,d (271.)4 0 A .

In order to obtain a more compact expression, we integrate
and differentiate with respect to E% as follows:

n(21) = 2vN, 3 ‘”‘ B (a

Il( f)_ VNC,d Akz (Eq) ( )
q=u,

Performing a Wick rotation k, — ik,, we obtain

d*k E{
1N_4; E £
ln(Zf)—4zVNC E / / Ak2 (Eq)

q=u,d

(A25)

and integrating over k4 and EZ, in this order, we get

In(Z}) = 2iVN. > / (jﬂ]§3 E1, (A26)

q=u,d

with Re(E%)?] > 0. Therefore, the constituent quark
contribution to the effective potential at one-loop order
is given by

Vi =iv'in(Z}). (A27)
Thus,
Vi =_2N @k E? (A28)
fooTe e | o)A
q=u,

(A29)

and repeating the steps starting from Eq. (A14), we obtain
Eq. (A28), with the energies E}; and E”A’ given by Eq. (14).

We now proceed to the explicit computation of Eq. (13).
In the limit where u?/[g*(v* + A?)] is small, Eq. (A28) can
be written as in Eq. (17). We use dimensional regulariza-
tion. The first of the integrals on the right-hand side of
Eq. (17) is expressed as

1_d
&Pk F(— 3~ z) 1 -4
)3 \/kz + gzyz + g2A2 e d A3—d P 1 (gzvz + ngz) . (A30)
(47)°T (‘ 5)
Taking d — 3 — 2¢ and working in the MS scheme
A2 VE
A? > 4; , (A31)
where y is the Euler-Mascheroni constant, we get
d3k \/ (921}2 + gZAZ)Z 1 3 A2
R+ @r+ A > - |-+t In| 55— || A32
/(2n)3 T ea e 2n? e 2 MG ga (A32)
The second of the integrals on the right-hand side of Eq. (17) is expressed as
3_4d
Pk 1 I (5 - —)
3-d A33
/(2”)3 (2 + Po* + A% - (A33)
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Taking d — 3 — 2¢ and working in the MS scheme we get

/ Pk 1
—_
(271’)3 (k2 _|_921)2 +g2A2)3/2

from where the result of Eq. (18) follows.

(A34)

2 1 L1 A2
— n —
(47)? |e Gt + FPAa) |
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