PHYSICAL REVIEW D 107, 074020 (2023)

Gap equations of background field invariant refined Gribov-Zwanziger
action proposals and the deconfinement transition

David Dudal'*" and David Vercauteren

3.4,%

'KU Leuven Campus Kortrijk—Kulak, Department of Physics,
Etienne Sabbelaan 53 bus 7657, 8500 Kortrijk, Belgium
*Ghent University, Department of Physics and Astronomy, Krijgslaan 281-S9, 9000 Gent, Belgium
YInstitute of Research and Development, Duy Tan University, Da Nang 550000, Vietnam
4Faculty of Natural Sciences, Duy Tan University, Da Nang 550000, Vietnam

® (Received 9 February 2023; accepted 24 March 2023; published 18 April 2023; corrected 5 May 2023)

In earlier work, we set up an effective potential approach at zero temperature for the Gribov-Zwanziger
model that takes into account not only the restriction to the first Gribov region as a way to deal with the
gauge fixing ambiguity, but also the effect of dynamical dimension-two vacuum condensates. Here, we
investigate the model at finite temperature in presence of a background gauge field that allows access to the
Polyakov loop expectation value and the Yang-Mills (de)confinement phase structure. This necessitates
paying attention to Becchi-Rouet-Stora-Tyutin and background gauge invariance of the whole construct.
We employ two such methods as proposed elsewhere in literature: one based on using an appropriate
dressed, Becchi-Rouet-Stora-Tyutin invariant, gluon field by the authors and one based on a Wilson-loop
dressed Gribov-Zwanziger auxiliary field sector by Kroff and Reinosa. The latter approach outperforms the
former in estimating the critical temperature for N = 2, 3 as well as correctly predicting the order of the

transition for both cases.
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I. INTRODUCTION

It is well accepted from nonperturbative Monte Carlo
lattice simulations that SU(N) Yang-Mills gauge theories
in the absence of fundamental matter fields undergo a
deconfining phase transition at a certain critical temper-
ature [1,2]. This transition corresponds to the breaking of a
global Z center symmetry when the Euclidean temporal
direction is compactified on a circle, with a circumference
proportional to the inverse temperature [3,4]. The vacuum
expectation value of the Polyakov loop [5] serves as an
order parameter for this symmetry and has as such inspired
an ongoing research activity into its dynamics, see for
example [6-10].

Even in the presence of dynamical quark degrees of
freedom (which explicitly break the center symmetry) the
Polyakov loop remains the best observable to capture the
crossover transition, see Ref. [11,12] for ruling lattice QCD
estimates. Since the transition temperature is of the order of
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the scale at which these gauge theories (which include
QCD) become strongly coupled, it is a highly challenging
endeavor to get reliable estimates for the Polyakov loop
correlators, including its vacuum expectation value, ana-
lytically. This is further complicated by the nonlocal nature
of the loop. These features highlight the sheer importance
of lattice gauge theories to allow for a fully nonperturbative
computational framework. Nonetheless, analytical takes
are still desirable to offer a complementary view at the same
physics, in particular as lattice simulations do also face
difficulties when the physically relevant small quark mass
limit must be taken, next to the issue of potentially
catastrophic sign oscillations at finite density [13,14].

Over the last two decades, a tremendous effort has been
put into the development and application of functional
methods to QCD, including the respective hierarchies of
Dyson-Schwinger and functional renormalization group
equations [15-33] as well as variational approaches based
on the Hamiltonian formulation or on N-particle-irreduc-
ible effective actions [34—40] or alternatives [41]. These
methods are quite successful in describing the vacuum
properties of the theory as well as various aspects at finite
temperature and/or density. They all rely, in one way or
another, on the decoupling behavior of gluons in the
Landau gauge as dictated by results from lattice simula-
tions [42-49]. More recently, a more phenomenological
approach has been put forward based on the Curci-Ferrari
model [10,50-54].
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https://orcid.org/0000-0002-4640-2385
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.074020&domain=pdf&date_stamp=2023-05-05
https://doi.org/10.1103/PhysRevD.107.074020
https://doi.org/10.1103/PhysRevD.107.074020
https://doi.org/10.1103/PhysRevD.107.074020
https://doi.org/10.1103/PhysRevD.107.074020
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

DAVID DUDAL and DAVID VERCAUTEREN

PHYS. REV. D 107, 074020 (2023)

One particular way to deal with nonperturbative physics
at the level of elementary degrees of freedom is by dealing
with the Gribov issue [55,56]: the fact that there is no
unique way of selecting one representative configuration of
a given gauge orbit in covariant gauges [57]. As there is
also no rigorous way to deal properly with the existence of
gauge copy modes in the continuum path integral quan-
tization procedure, in this paper we will use a well-tested
formalism available to partially deal with the issue, which is
known as the Gribov-Zwanziger (GZ) formalism: an
approximate restriction of the path integral to a smaller
subdomain of gauge fields [55,58,59] for which at least the
infinitesimal gauge copies are dealt with. Its effectiveness is
usually tested by looking at the ghost propagator, whose
expectation value relates to the inverse of the Faddeev-
Popov operator, and the latter should be positive when the
infinitesimal copies are excluded. The positiveness of the
ghost propagator is the standard way of checking, a pos-
teriori, whether gauge copies are in some way taken into
account, and also when approaches other than the GZ
formalism are considered.

This approach was first proposed for the Landau and the
Coulomb gauges. It long suffered from a serious drawback:
its concrete implementation seemed to be inconsistent with
BRST (Becchi-Rouet-Stora-Tyutin) invariance [60-62] of
the gauge-fixed theory, which clouded its interpretation as a
gauge (fixed) theory. Only more recently did we realize
how to overcome this complication to get a BRST-invariant
restriction of the gauge path integral. As a bonus, the
method also allowed the generalization of the Gribov-
Zwanziger approach to the linear covariant gauges,
amongst others [63—66].

Another issue with the original Gribov-Zwanziger
approach was that some of its major leading-order pre-
dictions did not match the corresponding lattice output. In
the case of the Landau gauge, the Gribov-Zwanziger
formalism by itself predicts, at tree level, a gluon propa-
gator vanishing at momentum p =0, next to, more
importantly, a ghost propagator with a stronger than
1/p? singularity for p — 0. Although the latter fit well
in the Kugo-Ojima confinement criterion [67], it was at
odds with large volume lattice simulations [68,69]. By now,
several analytical takes exist on this, all compatible,
qualitatively and/or quantitatively, with lattice data, not
only for elementary propagators but also for verti-
ces [23,24,31,33,41,50,51,56,63-66,70-108].

In the Gribov-Zwanziger formalism in particular, the
situation can be remedied by incorporating the effects of
certain mass dimension-two condensates, the importance of
which was already stressed before in papers like [109—113].
For the Gribov-Zwanziger formalism, this idea was first put
on the table in [70,71] with the condensate (pp — @w) (the
fields here are Gribov localizing ghosts, see Sec. II). Later,
a self-consistent computational scheme was constructed
in [76] based on the effective action formalism for local

composite operators developed in [112,114], the renorm-
alization of which was proven in [115]. This construction is
more natural with condensates like (@), (@ @), and (p@).
As the most promising candidate for a full description of
the vacuum in this so-called refined Gribov-Zwanziger
approach, the condensate (p@) was considered in [116] at
zero temperature; this paper was meant as a jumping board
for the present one. In the present work we consider both
this last condensate and (pgp — @w).

In [117], the authors found that introducing a gluon
background field into the Gribov-Zwanziger formalism
(which is necessary to compute the vacuum expectation
value of the Polyakov loop) is not as straightforward as one
may naively be led to believe. A correct formalism was
proposed in [117], with a competing formalism later
proposed by Kroff and Reinosa in [118]. In the present
work, we again consider both these formalisms.

The structure of the paper is as follows. In Sec. II, we
briefly sketch the original Gribov-Zwanziger approach at
zero temperature in the Landau gauge, followed by a short
reminder how to make this BRST invariant in Sec. IIL
Section IV deals with adding an appropriate background
gauge to couple the Polyakov loop to the model and we
summarize several approaches to do this in a BRST and
background invariant fashion. In Sec. V, the addition
of the dimension-two condensates is done, followed by
preparatory computations at zero temperature in Sec. VI,
needed to come to our finite temperature predictions
in Sec. VII. We end with conclusions in Sec. VIIL
Several technical results are relegated to a series of the
Appendices, including a constructive proof of a statement
made in [118].

II. A BRIEF OVERVIEW OF THE GRIBOV-
ZWANZIGER FORMALISM

Let us start by giving a short overview of the Gribov-
Zwanziger framework [55,58,59,119]. As already men-
tioned in the Introduction, the basic Gribov-Zwanziger
action arises from the restriction of the domain of
integration in the Euclidean functional integral to the
Gribov region €, which is defined as the set of all gauge
field configurations fulfilling the Landau gauge, 9,A; = 0,
and for which the Faddeev-Popov operator M =

—0,(0,86° — gf*cAS) is strictly positive, namely
Q = {A;0,A; = 0, M = —0,(9,6” — gf*"*A;) > 0}.
The boundary 0Q of the region Q is the (first) Gribov
horizon.

One starts with the Faddeev-Popov action in the Landau

gauge

Sep = Sym + Sig (1a)
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where Syy and Sy, denote, respectively, the Yang-Mills
and the Landau gauge-fixing terms, namely

1
Sym = Z/ddXszsz (lb)

SLe = /ddx(b“f)ﬂf‘ﬁ + EaaﬂDﬁbe)’ (1c)

where (¢“, ¢?) are the Faddeev-Popov ghosts, b“ is the
Lagrange multiplier implementing the Landau gauge,
Db = (579, — gf**°AS) is the covariant derivative in
the adjoint representation of SU(N), and Fj, denotes the
field strength:

Fy, =9,A; —9d,A} + gf“bCAfjA;‘. (1d)

Following [55,58,59,119], the restriction of the domain of
integration in the path integral is achieved by adding an
additional term H(A), called the horizon term, to the
Faddeev-Popov action Sgp. This H(A) is given by the
following nonlocal expression:

H(A7) = & / dxdy AL (x) M ()] (x, )
X AL (y). 2)

where M~! stands for the inverse of the Faddeev-Popov
operator. The partition function can then be written
as [55,58,59,119]

ZGZ:/[DADCDE'DI?]E_SFP
Q
_ / (DADCDEDB]e- S P HAL=avAN-1)  (3)

where V is the Euclidean space-time volume. The param-
eter y has the dimension of a mass and is known as the
Gribov parameter. It is not a free parameter of the theory.
It is a dynamical quantity, being determined in a self-
consistent way through a gap equation called the horizon
condition [55,58,59,119], given by

(H(A.7))z = dV(N2 -1), (4)

where the notation (- - -), means that the vacuum expect-
ation value is to be evaluated with the measure defined in
Eq. (3). An equivalent all-order proof of Eq. (4) can be
given within the original Gribov no-pole condition frame-
work [55] by looking at the exact ghost propagator in an
external gauge field [120].

Although the horizon term H(A, y) in Eq. (2) is nonlocal,
it can be cast in local form by means of the introduction

of a set of auxiliary fields (@3, ws’, @3, i), where

(@4, i) are a pair of bosonic fields and (@2, w4”) are

anticommuting. It is not difficult to show that the partition
function Zg; in Eq. (3) can be rewritten as [58,59,119]

Zoz = / (D] e-5e419], (5)

where @ accounts for the quantizing fields, A, ¢, ¢, b, @, o,
@, and @, while Sg,[®] is the Yang-Mills action plus gauge
fixing and Gribov-Zwanziger terms in its localized version,

SGZ = SYM + ng + SO + S},, (68_)

with
So = / (@ (=3, D)l — @0 (—3, DI )aoke).  (6b)

S, =79 [ dsr Ayl + al) - Vv = 1), (69
It can be seen from (3) that the horizon condition (4) takes

the simpler form

o€,
0]/2

=0, (7)

which is called the gap equation. The quantity &, (y) is the
vacuum energy defined by

eV =Zg,. (8)

The local action Sgz in Eq. (62a) is known as the Gribov-
Zwanziger action. It has been shown to be renormalizable
to all orders [58,59,70,71,76,119,121,122]. There are
several issues with this action, though:

(1) Its BRST invariance is softly broken. This has found

a solution in [65] through the A" formalism; this is
reviewed in Sec. III.

(2) The propagators of both gluons and ghosts are not in
agreement with the lattice. This is remedied in the
refined Gribov-Zwanziger formalism, which adds
local composite operators (LCOs). This is reviewed
in Sec. V.

III. BRST-INVARIANT GLUON FIELD A"

For a BRST-invariant formalism, it turns out to be most
straightforward to introduce BRST-invariant projections of
the gluon fields. This section gives a quick overview of the
construction, which will be generalized in the following
sections.

We start from the Yang-Mills action in a linear covariant
gauge and in d Euclidean space dimensions:

SLC = SYM + Sa’ (93)
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where S, is now the gauge-fixing term in the linear
covariant gauges:

S, = / d'x <g bb* + ib*0,A% + éaaﬂD,‘:"c”) (9b)

with a as the gauge parameter. As we are eventually
interested in imposing the Gribov restriction and introduc-
ing the dimension-two gluon condensate <Aﬁ) while pre-
serving BRST invariance, we need a BRST invariant
version of the Ay field. In order to construct this, we insert
the following unity into the path integral [123,124]:

1=N / [DED DDy e, (10a)

5, / dx(iv9, (AN + 79,(DM)@yP).  (10b)

where A" is a normalization and (D")4” is the covariant
derivative containing only the composite field (Ah)l‘j.
This local but nonpolynomial composite field object is

defined as

(AM), = KT A, b+ ém‘aﬂh, (10c)

h = e'% = 9T, (10d)
where the 7 are the generators of the gauge group SU(N).
The &4 are similar to Stueckelberg fields, while #* and 77¢
are additional (Grassmannian) ghost and antighost fields.
They serve to account for the Jacobian arising from the
functional integration over 7 to give a Dirac delta func-
tional of the type 6(d, (A")%). That Jacobian is similar to the
one of the Faddeev-Popov operator, and is supposed to be
positive, which amounts to removing a large class of
infinitesimal Gribov copies, see Ref. [63]. In mere pertur-
bation theory, this is not the case, but the restriction to the
Gribov region to be discussed will be sufficient to ensure it
dynamically [55,58].

Expanding (10c), one finds an infinite series of local
terms:

a a a abc c_ 9 rabe ¢
(A" = Al = 0,8 —gf " Aj¢ —Efb £h9,& +--. (11)

The unity (10a) can be used to stay within a local setup for
an on-shell nonlocal quantity (A")¢ that can be added to
the action. Notice that the multiplier 7z¢ implements
o (Ah)z = 0 which, when solved iteratively for £*

1 ! 1
&= ?aﬂAﬂ + 19? [aﬂAM’azavAu] ey (123)

gives the (transversal) on-shell expression

9,0, . 1
(Ah)/t: <5/w_ gz > <AD+19[AD,¥0,1A,1] +"'>, (12b)

clearly showing the nonlocalities in terms of the inverse
Laplacian. One can see that A" — A when Aj is in the
Landau gauge d,A7 = 0. We refer to, e.g., [10,63,123-126]
for more details. It can be shown that A" is gauge invariant
order per order, which is sufficient to establish BRST
invariance. We will have nothing to say about large gauge
transformations.

Mark that (A")¢ is formally the value of Af that
(absolutely) minimizes the functional

/ dIxALAY (13)

under (infinitesimal) gauge transformations 5A¢ = D% w",
see, e.g., [63,125,126]. As such,

/ddx(Ah)Z(Ah)l’j = min

gauge orbit

/ dixAgAL.  (14)

In practice, we are only (locally) minimizing the functional
via a power series expansion (11) coming from infinitesi-
mal gauge variations around the original gauge field A,
whereas the extremum being a minimum is accounted for if
the Faddeev-Popov operator (second order variation that is)
is positive. This is discussed in [63].

This field A” can be used to construct a BRST-invariant
modification of the Gribov-Zwanziger formalism. To do so,
one replaces S, in (6b) with

Sop =[xl (-0, (DN e = i (<0, (DN k).
(15a)

where D" is the covariant derivative with A" instead of A,
and one replaces S, in (6¢) with

S = 1 / dx fobe (AR (g + ) — V(NP = 1),
(15b)

The action Sz, =Sym+ 8o+ S5+ Son + S, enjoys the fol-
lowing exact BRST invariance, sSgz, = 0 and s> = 0 [63]:

a _ _pnab,.b a __ Q abc b .c
sAy = =Dy’c?, sc —2f c’cc,
sc¢ = ib?, sb? =0,
spal =0, sof? =0,
~ab __ —ab _
sa)/‘j =0, srp}’j =0,
a __ h\a __
set =0, s(A )ﬂ =0,
shil = —igc®(T4)khki, (16)
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IV. INCLUDING THE POLYAKOV LOOP

Our aim is to investigate the confinement/deconfinement
phase transition of Yang-Mills theory. The standard way to
achieve this goal is by probing the Polyakov loop order
parameter,

1 io [P
P = Ntr<Pelgj;) dIAO(I,x)>’ (17)

where P denotes path ordering, needed in the non-Abelian
case to ensure the gauge invariance of P. In analytical
studies of the phase transition involving the Polyakov loop,
one usually imposes the so-called Polyakov gauge on
the gauge field, in which case the time-component A,
becomes diagonal and independent of (imaginary) time:
(A, (x)) = (Ag)y0, With (Ag) belonging to the Cartan
subalgebra of the gauge group. In the SU(2) case for
instance, the Cartan subalgebra is one-dimensional and
can be chosen to be generated by 73 =¢°/2, so that
(Ad) = 64 (A3) = 63 (A,). More details on Polyakov
gauge can be found in [6,127,128]. Besides the trivial
simplification of the Polyakov loop, when imposing the
Polyakov gauge, it turns out that the quantity (A,) becomes
a good alternative choice for the order parameter instead of
P, see Ref. [127] for an argument using Jensen’s inequality
for convex functions, see also [129-131]. For other argu-
ments based on the use of Weyl chambers and within other
gauges (see below), see Refs. [52,132,133].

As explained in [127,129,134], in the SU(2) case at
leading order we then simply find, using the properties of
the Pauli matrices,

_ o dn)
’P—cos?, (18)

where we defined

r= gﬂon (19)

with f as the inverse temperature. This way, r ==z
corresponds to the “unbroken symmetry phase” (confined
or disordered phase), equivalent to (P) = 0; while r # =
(modulo 27) corresponds to the “broken symmetry phase”
(deconfined or ordered phase), equivalent to (P) # 0. Since
P « e~F/T with T the temperature and F the free energy of
a heavy quark, it is clear that in the unbroken phase (where
the center symmetry is manifest: (P) = 0), an infinite
amount of energy would be required to free a quark. The
broken/restored symmetry referred to is the Z, center
symmetry of a pure gauge theory (no dynamical matter in
the fundamental representation). With a slight abuse of
language, we will refer to the quantity r as the Polyakov
loop hereafter.

It is however a highly nontrivial job to actually com-
pute r. An interesting way around was worked out

in [127,129,134], where it was shown that similar consid-
erations apply in Landau-DeWitt gauges, a generalization of
the Landau gauge in the presence of a background. The
background needs to be seen as a field of gauge-fixing
parameters and, as such, can be chosen at will a priori.
However, specific choices turn out to be computationally
more tractable while allowing one to unveil more easily the
center-symmetry breaking mechanism. For the particular
choice of self-consistent backgrounds that are designed to
coincide with the thermal gluon average at each temperature,
it could be shown that the background becomes an order
parameter for center symmetry as it derives from a center-
symmetric background effective potential. An important
assumption for this procedure to work is the underlying
BRST invariance of the action, see Refs. [10,134]).

In the presence of a gluon background field, the total
gluon field is split into the background and the quantum
fluctuations. We use the notation

af = At + AL, (20)

where ay; is the full gluon field, Afj is the background
(which will correspond to the Polyakov loop), and Ay are
the quantum fluctuations around the background.
Furthermore will write D3’ = 60, — gf**“Af, for the
covariant derivative using only the background field A.

The gauge is fixed by replacing Sy, in (Ic) by

Spaw — / dx(boDE (A + AD)

+ E”l_),’j"(DZ” - gf””dAjf)c“). (21)

Two ways to add a background field to the Gribov-
Zwanziger formalism have appeared in the literature:
one that introduces a gauge-invariant background field
(Ah)z [117,135], and one that ensures background gauge
invariance by introducing nonlocal Wilson lines in the
action [118]. We give a short review of both approaches in
the subsections below.

A. A" approach

In the A" approach, the action is S, = Syym + Spaw +
Sorawn + SyLawn + SLaws With

SoLawn = /ddx(@’ﬂd(l_)h)zb(Dh)zC%d

- @;d (Dh)gb(Dh)gCa);d), (22a)
mm:m/MW%m—www+w>
— dV(N? = 1)y*, (22b)
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Stawn = / dx(iz (D)t (ah)h — (AM)?)

+7°(D")? (D" )ene). (22¢)

In these expressions, a” is a transversal projection of the
gluon field, (D")% = 5*°0, — gf***(a"); is the covariant
derivative using this a" field, and D" is the covariant
derivative containing A", the background in the minimal
Landau gauge [i.e., in the absolute minimum of (23)]].
Notice that, when coupling the gauge transformed gauge
field a” to the localizing auxiliary fields (@, @), we used
a" — A", This is because we are only interested in imposing
the Gribov condition on the quantum fields, which are the
fields we integrate over. This way the series of a” — A"
starts at first order in the quantum gauge fields. For the
rationale hereof, see Ref. [117]. Furthermore, mark that this
approach applies the Gribov construction to the operator
—(D")4b(D")be. The proof that this is sufficient is analo-
gous to the one given in [117] and is for our case worked
out in Appendix A.

Let us start with the background and put it in the minimal
Landau gauge. This means we minimize

/ dix AdAS (23)

over the gauge orbit. If [for SU(2)] we start from a constant
A} =rT/g, then this means we need to bring r to a
value —27 < r < 2z. The case for more that two colors
is analogous.

The quantum fields are to be put in the Landau back-
ground gauge. To construct (Ah)Z, we will use the back-
ground in its minimal Landau gauge form (A"), such that
we will require (D")e%(aj — (A")P) = 0. This can be
obtained from the minimization of

/ dx(at — (A")9)(at — (AM)2). (24)

This corresponds to the recipe used in [117], with the
important remark that for this paper we still worked at
T =0 with constant background fields A" in mind,
effectively leading to A" = 0. At T > 0 and for the type
of background gauge fields that interests us here, this is no
longer true.

In [135], the case was made to keep working with a”
coming from minimizing [ @, as this leads to both BRST
and background gauge invariance of the Gribov-Zwanziger

'"Mark that any gll‘j = 6,06“rT /g for i in the Casimir obeys the
Landau gauge d,A; = 0, but this is not the minimal Landau
gauge aimed for.

action. This is true, but a price is paid: the classical
(background) sector enters the Gribov construction, not
only the quantum fields. It is not yet clear how the approach
outlined in [135] would deal with the terms that are linear in
the quantum fields and which will enter the effective action
due to this setup. We will therefore not consider the
framework of [135] for what follows.

To minimize (24), let us work in a series in the
quantum field. Starting from ay we can perform a gauge
transform

a, — hia,h +émaﬂh, (25)

where a, = ajz?/2. Expand the matrix of the gauge
transform as h = hy + hy + ---, where h is the gauge
transform matrix bringing A% to (Ah),‘j, h is first order in
the quantum fields, and so on. Going to first order in the
quantum fields, we have that

al — Al = Ak +éij(hghl) 4o (26)
Applying the gauge condition yields

i 1 .
—hih, = ——= Dli(hiAho) + -+ -, (27)
g Dh

and some more algebra gives

_ -1 -
ah— Al — <5”D—D2D%Dﬁ)(h$Abho)+---. (28)

We thus see that a” is attained by first gauge transforming
Aj; using the adjoint of the gauge transform that set the
background A;’ equal to its lowest value, after which a
certain projection operator must be applied.

Let us now look at what the result (28) entails for
the physics of the theory. We can always do a background
gauge transformation on Aﬂ, Ay, C, ¢, and b using the
gauge matrix /. This will have the effect that all background
gauge fields Au in the parts Syy and Spgqw become Al;
the parts Sorawn, SyLaws» and Sj, remain unchanged as the
gluon fields there appear in invariant combinations.
Finally, once we have imposed the Landau-DeWitt gauge
through S;qw [see Ref. (21)], the projection operator
in (28) will simplify to a unit operator and we have
that a® — Ah > A, + .

It remains to discuss the BRST and background gauge
invariance of (28), order per order in the quantum fields.
Intuitively, it is clear that we will find a BRST invariant ah,
since it corresponds to the minimum along the gauge orbit
and BRST transformations correspond to local gauge

074020-6
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transformations. To be more concrete, in the current case
we have the following BRST symmetry generated by the
operator s:

sA? =0,

a _ _pnab,.b
i sAﬂ_ Dﬂc,

1
sct = ng“bccbcc, §¢4 = —ib4, (29)
and all other transformations zero.” This transformation
gives, to leading order in the quantum fields

s(hjA,h®) = —h{(D,c)hy = —hi(D,c)ho + - -
= —Dli(hichy). (30)

such that (28) is indeed invariant.

Showing background gauge invariance is straightfor-
ward: transforming the background with some adjoint
matrix U needs to be undone by hy — U'h so as to keep
(Ah);‘ at its minimal value. This then requires a gauge
transform with U on Ay, ¢, c¢, b?, ¢ n¢ and 7*
transforming as matter fields (® — UT®U) while the
Gribov ghosts ¢g?, %, ®i’, and @i’ remain invariant.

One easily verifies that this then leaves the action invariant.

B. Kroff-Reinosa approach

In the Kroff-Reinosa (KR) approach, the action is
Sy = Sym + Sraw + Sokr + S,kr With

Soxw = [ d'a(de DY DI g57 — e D DIa). (319
S,kr = 729/ dixfe<lag — Adl(@p + Pb°)
—dV(N? - 1)y*. (31b)
The hatted quantities here are defined as
~ P ! Ae( I\ Te b
bt (x) = e (x)(Pe'? e AT (31)

for ®@ equal to ¢ or w, and the Hermitian adjoint hereof for
@ and @. The path C connects the point x to some arbitrary
and constant point x(, which (for the constant backgrounds
we consider) does not influence the dynamics in any
way [118]. Under gauge transformations of the back-
ground, the hatted quantities transform as matter fields
with only one index, as the path-ordered exponential

’In [136], a nonzero transformation of the background gauge
field sA, = Q, with €, an auxiliary background ghost field was
used, but this is not necessary for our purposes here. It merely
served to simplify the algebraic discussion and proof of renor-
malizability of [136]. The physical case is recovered when

Qi — 0, such that (a")% is invariant.

in (31c) absorbs the background gauge transformation of
the second index. This ensures the background invariance
of the action.

In practice, the effect of the Wilson line in (31c) is rather
technical to work out, but when the dust settles and one
integrates out the (@, ¢) fields, one obtains the gluon
propagator term

1 ab
292(N2 - 1)}’45,4;/ (——DZ> ) (32)

as was used in [137]. The structure constants that usually
flank the inverse Faddeev-Popov operator in this term are
absent, which greatly simplifies the computations.

Kroff and Reinosa also proposed to introduce color-
dependent Gribov parameters:

(Y0P + yen (80 — P7))AL, (33)

where P?’ is a projection operator on the “neutral” sub-
space of color space (in the terminology of [118]), see
Appendix B for the explicit construction of this nontrivial
operator, which we did not find in [118]. We will not
consider the nondegenerate case, where there are N2 -1
different Gribov parameters, but only the partially degen-
erate case, where all the Gribov parameters in the “charged”
subspace are taken equal and denoted y,.

In [118], the authors note the loss of BRST invariance.
As we already stressed the importance of this BRST
invariance to ensure that a physical (background) effective
potential can be computed [10,134], let us spend a few
words here to show that the Kroff-Reinosa construction can
be recast in a BRST-invariant formulation. On shell and in
the Landau-DeWitt gauge, this will effectively collapse
back to (31a), a posteriori granting credit to the approach
of [118]. The construction again relies on the definition of a
BRST-invariant A" field. However, given that the Kroff-
Reinosa setup is already manifestly invariant under
gauge transformations of the background, the A, used in
the previous subsection is spurious. [Remember that, in the
Kroff-Reinosa setup, the auxiliary fields transforms in the
biadjoint. So using the construct (28) is not an option here,
since it does not transform under background transforma-
tions.] This means we need an approach similar to the one
used in [10].

As such, we minimize

/ dix(ag — A9)? = / dix(A%)? (34)

under infinitesimal gauge transformations Say = 6A; =
Di’@" to find a field (A")¢ (and the background does
not transform, see Refs. [138,139] for more details). Then
in Syxkg we make the replacement DD — D"D" where
(D")ab is the covariant derivative containing Ag + (A")¢.
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This makes this part of the action BRST invariant. The part
S,kr already transforms correctly.

V. BRST-INVARIANT CONDENSATES

This section presents a short review of the LCO
formalism as proposed in [112] modified in the presence
of a background field and the Gribov horizon.

A. Dimension-two gluon condensate
A BRST analysis [10] (for BRST in the background
gauge, see for example [136,140]) shows that, for the
LCO formalism to stay renormalizable, the dimension-two
operator
(@ — AL)? (35)

4

should be used. First, the source terms
al 1J n_ gny ] J? 36
X 5 (aﬂ - /4) _EC ( )

are added to the action with J the source used to couple the
operator to the theory. The term in J? is necessary here for
renormalizability of the generating functional of connected
diagrams W(J) and, subsequently, of the associated gen-
erating functional of 1PI diagrams I', known as the effective
action. Here ¢ is a new coupling constant whose determi-
nation we will discuss later. In the physical vacuum,
corresponding to J — 0, it should decouple again, at least
if we were to do the computations exactly. At (any) finite
order, { will be explicitly present, even in physical
observables, making it necessary to choose it as wisely
as possibly. Notice that { is not a gauge parameter as it in
fact couples to the BRST invariant quantity J°. Indeed, in a
BRST invariant theory, we expect the gauge parameter to
explicitly cancel order per order from physical observables,
a fact guaranteed by, e.g., the Nielsen identities [141],
which are in themselves a consequence of BRST invari-
ance [142]. Thanks to £, the Lagrangian remains multipli-
catively renormalizable (see Ref. [10]).

To actually compute the effective potential, it is compu-
tationally simplest to rely on Jackiw’s background field
method [143]. Before integrating over any fluctuating
quantum fields, a Legendre transform is performed, so
that formally ¢ = 1 (al! — A")> — {J. Plugging this into the
Legendre transformation between I" and W, we find that we
could just as well have started from the original path
integral with the following unity inserted into it*:

L [ dix(o ;a@_‘zzzz
I—N/[Do]ezf Sarv Gt (37)

*We normalize o like in [76].

with A/ as an irrelevant constant. This is equivalent
to a Hubbard-Stratonovich transformation, see for in-
stance [112,124], and it also evades the interpretational
issues for the energy when higher-than-linear terms in the
sources are present. Of course, if we could integrate the
path integral exactly, then this unity would not change a
thing. The situation only gets interesting if the perturbative
dynamics of the theory assign a nonvanishing vacuum
expectation value to o. As such, this ¢ field allows us to
include potential nonperturbative information through its
vacuum expectation value. In the case without a back-
ground, ¢ does indeed condense and a vacuum with (¢) # 0
is preferred.

For the record, BRST invariance is ensured if we assign
so = —s(} (al — A)?), which implies off shell that s¢ = 0
thanks to the BRST invariance of a,},’ - Afj.

It is evident that { can be interpreted as a genuine new
coupling constant. Therefore, we now have two coupling
constants, ¢ and ¢, with ¢> running as usual: that is,
independently of ¢. This makes our situation suitable for
the Zimmermann reduction of couplings program [144],
see also [145] for a recent overview. In this program, one
coupling (£ in our case) is reexpressed as a series in the
other (here ¢?), so that the running of ¢ controlled by £(g?)
is then automatically satisfied, see also [124]. More
specifically, ¢(g?) is determined such that the generating
functional of connected Green functions, W(]), obeys a
standard, linear renormalization group equation [112].

This selects one consistent coupling ¢(g?) from a whole
space of allowed couplings, and it is also the unique choice
compatible with multiplicative renormalizability [112].
Given that ¢ should, in principle, not affect physics, we
can safely rely here on this special choice, already made
earlier in, e.g., [112]. This choice seems also to be a natural
one from the point of view of the loop expansion of the
background potential to be used below. In the MS scheme,
one finds [112,146]

N>-1/9 &N 161
==+ =5—+0(" ). (38
C="oN (13+167r2 52 tOU )) (38a)
2
B g°N 13 5
Ze=1-133-T0(). (38b)
Ng? 35
Z,=1- —= 2
J o2 6e O(g°), (38¢)

where Ze, Z; are the renormalization factors of g”JZ, J,
respectively.

B. Refined Gribov-Zwanziger action

In [70,71,76], it was noticed that the Gribov-Zwanziger
formalism in Landau gauge is disturbed by nonperturbative
dynamical instabilities caused by the formation of
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dimension-two condensates, (A9A4), (piPpil — 0P wil),
and/or (paP¢a®), which are energetically favored. Similar
features were later noticed in the maximal Abelian gauge
Gribov-Zwanziger formulation [101,147]. This led to the
refined Gribov-Zwanziger formalism that explicitly takes
the effects of these condensates into account.

The construction for the localizing-ghost condensates is
analogous to that for the dimension-two gluon condensate.
For the couplings and renormalization factors involved, we
refer to the literature, see, e.g., [10,112,116] and references
therein.

The original proposal for the refinement to the Gribov-
Zwanziger formalism [71] used the symmetric condensate
<(pﬂ 92" — @3 wi?). This condensate has the advantage that
it is 1mmed1ately finite and strictly speaking no source-
squared term [in the vein of the last term of (36)] is
necessary. As a result, however, the gap equation for the
condensate has no nonperturbative solutions. The Hubbard-
Stratonovich transformation becomes useless here and as a
result, there is no ““classical” quadratic part for the potential
for the condensate. We will circumvent this issue in the
following section.

Using instead the philosophy of the approach starting
from the analogon of (37) does not run into this problem,
though, at the cost of introducing one truly new free
coupling. In the following, we will call this approach the
“symmetric” case.

Later approaches [76] focused on the condensate
(@i @sP). The T =0 case was fully explored in [116],
which can be immediately used as the starting point for the
study of the Polyakov loop. In the following, this approach
will be called the “pg” case.

VI. ZERO TEMPERATURE JUMPING BOARD

A. Relevant parts of action

To compute the effective action at first order in the
quantum corrections, we need the background part
(classical part) and the quadratic terms of the action (of
which we will need the trace logarithm to compute the first-
order quantum corrections).

The first term of the semiclassical perturbation series
consists of the background terms. We only consider back-
grounds with Fj, = 0, such that these background terms
will only come from the LCO parts and from the Gribov-
Zwanziger action. First we review some of the relevant
formulas, which can be found in the literature.

From the Gribov-Zwanziger action we get, with the Z
factors restored and in the more general renormalization
scheme of [116],

24 )+8( )e‘ (39)

—dV(N*=1)Z%*, Z,=

In d =4 — ¢, this gives

1 - 1 i
SLCO:/d“xL 2+—o( —Al?2 4+ — (a,';—A,';)2)2}.

2/¢ 8¢
(41)
To add the p¢ condensate, we need instead
S _ d4 1 1 2 Ah
A+pp = X z i 2\/70'1(61 - )
| ¢ _ X i
- mffz(q)ﬁl’ - 27: (a,’} - Aﬁ)z)
1 -
+gpllaf = AL2P
1 ¢ _ X i
Rl A C/RY DN BT

The background part with the renormalization factors
restored is just

1 1 13 Ng*> 2
d*x|— o2 2 Z=1+—-—2 =
/ x[zzfl 27, 2]’ 6 Gne
35 Ng*> 2
R s = 43
“ 12 (4n)% € (43)

In the symmetric case we can just generalize the normal
LCO case (because there is no mixing):

Som= [ x| ot 3 -

+ / d4x[;0%—\}302(¢(ﬂ—@60) 2ﬁ((ﬂ(ﬂ ww)z]
(44)

Here, f is a new (free) coupling constant that will require
determination. This £ cannot be fixed from renormaliza-
tion-group requirements as is the case with ¢, this due to the
aforementioned lack of quadratic divergences after intro-
ducing the symmetric condensate. This means f is a
nonrunning parameter that can be freely chosen; we
determine a value for it in Appendix C.

The background part with the Z factors restored is just

1 1 13 Ng? 2
4 Zl=1+—"7""=. (4
/d [2246‘ +2"2}’ C T S e

We can now write down the background and quadratic
parts for the cases we consider in this paper. At zero
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temperature, the gluon background field does not yet need
to be included.

The full background part (classical part) in the @@
case is

2(N?-1) 3 N¢* Ng> 3 Ng* 2
& - - b e
/ x{ NG < 8(an) " (an)  d(4n)e

1 a a i a Ha
Ut =30 +ai"). Vil =3 (@i" = @), (47b)

(NS}

The full background part (classical part) in the sym-
metric case is

2 2 2
/d4x _2(N 21) 1_3 N922+b0 Ngz+3 N922 "
Ng 8(4r) (4r)*  4(4rm)*e

9N2—1< 13 Ng? 2) P 2
+ 1+ 2m4 9N~ -1 13 Ng=2\ , B, .,
1 —M*|, 48
26 N292 2 6 (47) ‘ "6 Ng 6@ 2 (482)
24(N-—1) 35 Ng~ 2
_ 1— M|, 46
35 Ng? ( 12 (4x)? e) ] (462)  yhere
where we defined = NG, o 1 o — 13 ];,gz -
\/(? leading 9 N" -1
* = 2Ng**, (46b) el (ash)
=—o0,.
\/B 2
m? — L o, = E Ng’ o, The quadratic part of the action is
\/z leading ON*—-1""
1 1
/ 35 N /ddx <—A“ (—5 ,0% + (1 - —)0 6U>A§ + ¢4
1‘42 = # 0y, = Eﬁdz. (46(:) 2 . g 5 :
% T eading + USRUL + VPRV — b P — 2p2gf e AULe
2
The quadratic part of the action is + m7 A2 — M2(U2 + V2 - cbw)), (49a)
dd lAa S 02 1 1 0.0. |A¢ where
HCAN + _E uwOu | Ay
~a 2 .a ab 32 rrab ab 32y7ab =ab 32 - ab 1 _a a i a _a
Tt F U U™ + ViPo' Vil — wpn oo usb :E((sz + @), Vb = E((Pﬂb —@ib).  (49b)
2
— 2P g P AGUL + AT~ MP(UP + VZ)), (47a)
B. Effective actions at zero temperature
where The logarithmic trace of the operators is
|
ltr ln<6ab(5/w(p2 + mZ) - (1 - %)pypu) _2729faef5/w )
2 —2p2gf?<ds,, =255, (p* + M?)
d
— (N? = 1)tr In(p?) + E(N2 —1)%tr In(p? + M?) — d(N? = 1)*tr In(p? + sM?)
1 2 1 p*+ M?
=—(N>=1)(d-Dtrl 2 24— == (N?> = Dtr In(p?) +d(N* = 1)*tr In-5——, 50
SO =@ (g2t e = ) + v - e BN 0

where we took the limit & — 0, and s =0 for the {p¢
approach and s = 1 for the symmetric approach. The first
tr In can be rewritten as

(N?> = 1)(d = 1)(tr In(p? + z..)

N[ =

+tr In(p? 4 z_) — tr In(p? + M?)), (51)

[
where

Ty = % (m2 +M* + i\/4,14 - (m? - M2)2). (52)

Computing the trace in d = 4 — ¢ dimensions gives
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3 25 .
(@2 (24D) R R el T T
—Zilnz_—g—zzlné—;—l—M‘*lnA_/I—;). (53) 2ty 2 an_—izi"'Zgl Z+Z—+ Z_ln
Y24 )23 Y24 + ﬁZ - ﬂ2 2 ﬁ4 2 Z_
Given (544d)
2 2 b b0 gh A5 (2 — M2
Gt -M m* =247, (54a) an—Jr = 2 arctan \/ d z(sz ) ) (54e)
7 m
2072 4 g4
7y = m~M* + 17, 54b
* (54) we get the following for the trace:
|
3 2 5\ 1 m*M* + 2
- N? -1 oM+ ) s (mt M -2 In———
i@ )((m )<€+6> g (m )i
aF — 2 M2
+ (m2+M2)\/4/14 - M?)? arctan\/ - +M2 M) +M4ln?>
3 2 5 1. mm*+ 24
=— N2 -1 4t S
] .
/14 _M2 2 1 2M2 —1—),4
+ (m* + M?) \/4/14 (m* — M?)? arctan\/ Z-TMZ ) —§M4lan>. (55)
The last tr In is
2 2 4 2
+M 2M 2 M
A(N? = 1) 222 = (1= )d(N? = 1) In(p? + M?) = — =) (N2 =12(Z41-In= ). (56
(¥ = 1Pt — (1= a4 0) = - (=0 -0 (1 -m ) 6o
In the @@ approach we have
2(N>-1) 3 Ng Ng? 9 N?-1 24 (N? - 1)?
. (m2,M* 0 =-"— 2 (1-=—2_+p P A St AV V
o ) N ( 8 @) T an)? 26 N 35 Ng
3 5 1, mM>+ 2
— N2 -1 Y- In————
e ><<m (63 - )
VAt - M?)? 1 m>M?* + 2*
+(m? +M2)\/4/14 — M?)? arctan - +M2 _§M4 lnM4>
2M* M?
e _ln__2>_ -
n Jz
In the symmetric approach we get instead
-1) 3N Ng 9 N> -1 p
Fym(m 2,7ty = - 2=V () 3 Ng P sl
sym(m ) Ngz 8( ) ( )2 +26 NgZ m +2
1 m?M? + 3
- —22%) —In———
L Gttt - )
FL “M2 1 m2M? + )4
+(m* + M? \/414 (m* — M?)? arctan\/ 2+M2 ) —§M4lnT). (58)
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In order to determine the free parameters (b, i, ¢°, )
and the zero-temperature condensates (m3, M3, A3), we
have the following constraints:

(1) Gribov gap equation 2 (mg, Mg, A3) = 0,

(2) LCO gap equation for A% condensate

I (3, M3, 4) =0,
(3) LCO gap equation for Gribov ghost condensate
o (M3 78) = 0

(4) Renormalization 4r)

group 3% :%ln/@_—z, with
Agis = 0224 GeV in SU@3) and 0331 GeV in

SU(2) [148,149], and

(5) Two pole masses:

L\/4x = (m? — M),
In the {p¢ approach this gives six constraints for six
degrees of freedom. In the symmetric approach there is
one more free parameter (f3), leaving us with the freedom to
choose ji* to one of the scales in the logarithms. These
scales are not too different from one another; we choose
B =VmPM? 4+ 3 = /X + 3.

The gluon propagator has poles at the values
P2 =xo%iyg; in SUB) we have [150] xo = 0.261 GeV?
and y, = 0.465 GeV?, and in SU(2) we have [151] x, =
0.29 GeV? and y, = 0.66 GeV?>.

In the pg approach we find [116] for SU(3): by = —3.42,
i =0.31 GeV; and for SUQ2): by = —1.6, p = 0.37 GeV.

The symmetric approach is worked out in Appendix C.

—

Xo =3(m* +M?), yo=

VIIL. FINITE TEMPERATURE

To reduce clutter in the subsequent subsections, let us
introduce the following shorthands:

P2 = (2an + xr)*T? + p2, (59a)

dsp =2

I(A,r,T) = T/ sIn(1 = 2e= VP8 cos r
(27)
+ e 2VPHAIT), (59b)
d3p 52
1(A,0,T) = ZT/ (1= VI, (s
o)

A. Trace logarithms

With a constant background (A%)" = 5%38,0rT/g
(=27 < r < 2x) in SU(2), we have that

D =0, + ixrTé,, (60)

where we used the conventions in Appendix D 1. As such
the eigenvalues of —D7 are PZ. In SU(2), the last two tr Ins
in (50) thus give the finite-temperature correction

<_%_ 12(1 _s)> (1(0,r,T)+1(0,0,T) + 1(0,—r,T))

+12(1=s)(I(M?,r,T) + 1(M?,0,T) + I(M?,—r,T))

_ <_%— 12(1 —s)) <21(0’ rT) _ﬂgz)

+12(1 = 5) (2 (M?, 1, T) + 1(M2,0.T)), (61)

where we used the symmetry of I(A,r,T) under
r— —r.

In SU(3), charge conjugation invariance implies [118] it
is enough to consider the background (Aﬁ)” = 6“35”0 rT/g
(=27 < r < 2x). With the conventions in Appendix D 2,
D! evaluates to

Vig: 0y, (62a)
V0, + irTd,, (62b)
V3 i0, + % T80, (62¢)
Viid, F %"T@o- (62d)

This allows us to compute the finite-temperature cor-
rection to the last two trlns in (50) in SU(3):

(-i —32(1 - s)> <21(0, 0,T) + 10, r, T) + 1(0,—r, T) + 21 <O,r,T> + 21<0, —%, T))

2
+32(1-) (21(M2,0, T) 4+ I(M2, r,T) + I(M?, —r,T) +2I (M%%, T) y (M2, —%,T))

= 2(—%—32(1 —s)) (—%H(o,r,n +21<0,%,T>>

+64(1—s) (I(MZ, 0.7) + I(M?,r.T) + 21 <M2, % , T) ) . (63)
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The gluon trace logarithm [the first trace in the last line
of (50)] is more complicated. In the A” approach, the
Gribov term is, at finite temperature, replaced with

b /14 /14 > 1 od db
86" pz+1v12_)5””zvfm<1ﬂ+1v12> Jee. (64)

To evaluate this, we use (D6) for SU(2) and (D12) for
SU@3).

In SU(2), the eigenvalues of the quadratic gluon operator
[the analogon of the first term of the last line of (50)] are

[T (R and
* 2\PL+M> Pi+M?)

2 1 1
P2+m2+—( + ) 65
0 2\P2, +M> P2+ M (63)

For the trace logarithm, this gives % times

1n<(P2i + m?)(P% + M?)(P} + M?)

14
+3(Pi + M?* + P} +M2)>

+1In <(Pg +m?)(P%, + M?)(P%, + M?)

4

A
+5 (P + M2+ P2 +M2)>

—2In(P3 + M?) = 2In(PL + M?), (66)

where the indices “+” need to be summed over. The terms
on the last line give (after multiplication with % and taking
the trace)

—9try_oIn(=0* +M?)—61(M?,r,T)-31(M?,0,T). (67)

What is left are three sixth-order polynomials in n.* In order
to deal with them, we use (E4). This is straightforward to
implement numerically, but does considerably slow down
the computations.

In SU(3), the eigenvalues of the gluon propagator are

v 1 1
v3:P(2)+m2+—< 5 +
P

3 M P2 4+ M
1 1 1 1 >
+= += : (68a)
2P%, M 2P+ M?

*The second one, from the r = 0 state, is actually a third-order
polynomial in n2, which can be factored, but handling this one
numerically as well saves handwork and does not waste relatively
that much more time doing numerics.

I 1
Vg: PG+ m*+— + (68Db)

1
2 P%H/z"'M2 le/z "‘Mz)’

4
Vli:Pgtl+m2+/1< 21 T2 : 2t 1 2)*
3\P+M P+ M P, M

(68¢)

A4 1 1 1
VI, Vg Pil/2+m2+§<P8+M2+§Pil+M2

+

1 1 1 )
+ ! . (68d)
Pil/z + M? 2P2¢l/2+M2

The trace logarithm now gives polynomials up to tenth
order, for which we again use (E4), and the denominators
lead to the subtraction

d-1
-- <6tr In(P2 + M2) + 4tr In(P2, + M?)

+ 7tr In (Pi, + Mz))
2
= —2trp_gIn(=0* + M?) —91(M?,0,T)

—120(M%,r,T) — 211<M2,;,T>. (69)

In the Kroff-Reinosa approach, the Gribov term is, at
finite temperature, replaced with

a4 a4

— 8,00 ———.
P* 4+ M?

5017
p2 4 M2 22

O

(70)

This gives the following instead: For SU(2) % times

i 2
In (P2 bt ——— |+ (Pi+m’+ 55—,
<i+m +P2i+M2>+ <°+m +P3+M2>

(71)
and for SU(3) % times
2 2 ! 2 2 ¢
2 2 /14
+21n<Pi%+m +W> (72)
2

To compute this, we see that
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4

2 2
trln(P,—i—m +m

=try_oIn p2+m2+/17
T= p2+M2

where

(2 + 2 & i /44 = (m? - M2, (73)

N[ =

i+ =

B. Extremization

Once we have computed the effective action, we solve
the gap equation to find the Gribov parameter 1 and
minimize with respect to the condensates. The Gribov
gap equation corresponds to finding a maximum, which
means the final solution will be a saddle point in the four-
dimensional space of the parameters. This complicates
numerical minimization.

In order to find this saddle point, we found it most
straightforward to use iteration. Starting from seed values
for the parameters (obtained from extrapolating from
previous data obtained at, for example, lower temperature),
we first maximize with respect to the Gribov parameter,
then minimize with respect to the other parameters,
maximize with respect to the Gribov parameter again,
etc. until successive steps do not lead to significant changes
any longer. Then we move on to the next value of the
temperature.

This iteration is sometimes unstable, and may diverge.
We found this can be cured by “damping” the change in
the Gribov parameter 1 in successive steps. If A2 is the
previous value (of the square) and A2 the newly obtained
one, we use

al’ + A2

a+1 (74)

for the next value of 4>. Taking a = 1 often leads to fast
convergence for low temperatures. In the deconfined
phases, taking a = 10 or some such generally ensures
convergence.

C. Results in @@ case

With the @@ approach in SU(2) with the Polyakov loop
in the A" approach we still did not find any phase transition
even at T = 1.3 GeV [see Fig. l(c)],5 while 1 goes to zero

°In the @¢ approach, the renormalization scale j is usually
held fixed to its zero temperature value. For temperatures higher
than this value, we took zz = T instead, but keeping j fixed did
not give qualitatively different results.

) =tr In(P? +z,) +tr In(P? + z_) — tr In(P2 + M?),

4
) + 1z T) + 1(ze n, T) = I(M2, 7, T),  (73a)

around 0.32 GeV [see Fig. 1(a)]. In the KR approach the
same happens: A goes to zero around 0.34 GeV [see
Fig. 2(a)], while the Polyakov loop still signals confine-
ment around 7 = 1.3 GeV [see Fig. 2(c)].

This shows that the Gribov parameter is not really an
order parameter for confinement in this case. The discrep-
ancy is due to the difference in mass between ¢ and w:
these fields are supposed to have their determinants cancel,
which does not happen here. If these determinants were to
cancel, A — 0 would bring us back to the Curci-Ferrari-type
model considered in [10], where confinement is recovered
for T = 0.32 GeV. Without this cancellation of the two
determinants, M? increases without bound [see Figs. 1(b)
and 2(b)] (while m? shows only a modest increase) and this
seems to drive r to x.

To conclude, it appears that the p¢ case is flawed and
does not describe the physics well. Due to these short-
comings, we did not bother to investigate the (more
involved) SU(3) theory.

D. Results in symmetric case: A" approach

In the A" approach for the symmetric case, the deter-
minants of the ¢ and @ propagators cancel, such that r is
not constant anymore. It turns out, however, that r starts
increasing in value the moment temperature is switched on,
see Figs. 3(a) and 4(b). A value of r higher than its
confining value (called “overconfining” in the following)
suggests the Polyakov loop itself is negative, or the quark
free energy has an imaginary part.

For SU(2), this overconfining minimum persist for all the
temperature values we investigated. For 7 > 0.40 GeV, we
found a second “normal” deconfining solution. However,
the energy in this minimum remains higher than the energy
in the overconfining minimum, and the situation shows no
signs of improving with increasing temperature, see
Fig. 3(b). Given the difficulty of finding this deconfining
minimum, we cannot rule out the existence of additional
minima. The second-order phase transition one expects in
SU(2), where the confining minimum spontaneously
“rolls” into the deconfining minimum, certainly does not
happen though.

For SU(3) as well, the Polyakov loop does not remain in
its symmetric point r = 47 /3 already at low temperatures,
see Fig. 4(b). Instead it goes up to 5.58 at 7" = 0.335 GeV.
This time we do find a transition at 7. = 0.335 GeV, see
Fig. 4(c), and r is good and well below 47/3 after the
transition, signaling deconfinement. The Gribov parameter
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FIG. 1. Some of the results obtained in the A" approach for the @¢ case in SU(2). As the numerics are quite heavy, we did the
computation for a smaller selection of temperatures. Panel (a) shows the Gribov parameter 4, which goes to zero at 7 =~ 0.32 GeV. Not
shown is the Polyakov loop r, which is equal to 7 throughout. Panel (b) shows how the (p¢@) condensate (proportional to the mass
parameter M?) starts a rapid increase after 4 has gone to zero. (Points for temperatures beyond 0.50 GeV fall outside the plot.) Also not
shown is m, which does not vary all that much in the temperature range shown. Panel (c) finally shows the potential of the Polyakov loop

r (keeping the other parameters fixed to the values they have in the minimum of the potential) for 7 = 1.3 GeV, showing clearly that
r = x is still the minimum.
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FIG.2. Some of the results obtained in the KR approach for the p¢ case in SU(2). Panel (a) shows the Gribov parameter A, which goes
to zero at T ~ 0.34 GeV. Not shown is the Polyakov loop r, which is equal to = throughout. Panel (b) shows how the {p¢) condensate
(proportional to the mass parameter M?) starts a rapid increase after A has gone to zero. Also not shown is m, which does not vary all that
much in the temperature range shown. Panel (c) finally shows the potential of the Polyakov loop r (keeping the other parameters fixed to
the values they have in the minimum of the potential) for 7 = 1.3 GeV, showing clearly that » = 7 is still the minimum.

6r v GeV*
0.006 |

N
0.004 [ N

0.002 [

015 020 025 030 035 040\ 045
~ —-0.002 [

1 —-0.004 [

L L L L T/GeV —0.006 -
0.0 0.1 0.2 0.3 0.4

(a) (b)

FIG. 3. Some of the results obtained in the A” approach for the symmetric case in SU(2) for the two minima we found: the
“overconfining” minimum (r > #) in a full line and the deconfining minimum in a dashed line. Not shown are Gribov parameter and the
dimension-two condensates, which do not vary much and also do not differ much between the two vacua. Panel (a) shows the Polyakov
loop r as a function of temperature. Already at very small temperature, » > 7, which implies the quark free energy has an imaginary part.
Panel (b) shows the energy in the minima. The “overconfining” vacuum is preferred for the entire temperature range.
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FIG. 4. Some of the results obtained in the A” approach for the symmetric case in SU(3) for the two minima we found: the
“overconfining” minimum (r > 4z/3 = 4.19) with dots and the deconfining minimum in plus signs. Again the numerics are quite
heavy, so we did the computation for a smaller selection of temperatures. Panel (a) shows the Gribov parameter, which jumps to higher
values when entering the deconfined phase. Not shown are the dimension-two condensates, which do not vary much and also do not
differ much between the two vacua. Panel (b) shows the Polyakov loop r as a function of temperature. Already at very small
temperatures, r > 4z /3, which implies the quark free energy has an imaginary part. Panel (c) shows the energy in the minima with inset

enlarged on the transition.

A goes up when going through the transition, as seen in
Fig. 4(a).

We can conclude that the A" approach also has some
flaws, indicated by the Polyakov loop r increasing in value
rather than staying constant during what we would expect
to be the confining phase. Furthermore we did not find any
deconfined phase for SU(2) in the temperature range we
investigated (until 7 = 0.46 GeV), and the trends in the
vacuum energies do not suggest a deconfined phase will
soon be found for higher temperatures. Finally, the tran-
sition we did find for SU(3) is at a temperature much higher
than found in other works. A lattice computation (see
Table 6 in [1], taking for the string tension a typical value of
Vo =0.44 GeV, see Ref. [152] for more details) gives
T. = 0.28 GeV; other approaches usually find even lower
values, see Table 6.1 in [133] for a selection.

One might speculate that the fact the above results are
deviating so from what is expected, is related to the

AlGeV
0.8F

06

0.4

02F

TIGeV
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0.05 0.10 0.15

FIG. 5.

observation made in [118]: in principle, when we go on
shell in the & sector via the 7 equation of motion, the / field
must evidently be periodic, but up to a Z, twist. As of now,
we have not been able to find a way to deal with the twisted
sectors in the path integral, and we must restrict ourselves
to a fixed twist sector.

E. Results in symmetric case: KR approach

In the KR approach, the results are better. We find a
second-order phase transition at 7. = 0.34 GeV for SU(2),
see Fig. 5(b). This is not too far from the lattice result in
Table 6in [1]: 0.31 GeV. For SU(3), we found the transition
at T. = 0.310 GeV [see Fig. 6(b)] and of first order [see
Fig. 6(b)], again not too far from the lattice result of
0.28 GeV [1]. The Gribov parameter A again goes up
when going through the SU(3) transition, as seen in
Fig. 6(a). In Fig. 7, we show the gluon propagator dressing

3.0

251

20
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! ! ! TIGeV
0.20 0.25 0.30
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1 1 1
0.00 0.05 0.10 0.15

Some of the results obtained in the KR approach for the symmetric case in SU(2). Not shown are the dimension-two

condensates, which do not vary much and also do not change much through the transition. Panel (a) shows the Gribov parameter 4 and
(b) shows the Polyakov loop r as a function of temperature. The second-order transition at 7. = 0.34 GeV is clear in the

sudden drop in r.

074020-16



GAP EQUATIONS OF BACKGROUND FIELD INVARIANT ... PHYS. REV. D 107, 074020 (2023)

ViGev*

.
NGev 0.0084

06 0.0082

ne
0 2 0.0080 -

02 1 0.0078 |

TIGeV

0.05 0.10 0.15 0.20 0.25 0.30

(a) (b) (©

FIG. 6. Some of the results obtained in the KR approach for the symmetric case in SU(3) for the two minima we found: the confining
minimum (r = 4z/3 = 4.19) in a full line and the deconfining minimum in a dashed line. The deconfining minimum is very shallow
right above the transition temperature, making the numerics very unstable. (Minimization often ends up in the confining minimum.) This
has resulted in a small gap in the data. Not shown are the dimension-two condensates, which do not vary much and also do not change
much through the transition. Panel (a) shows the Gribov parameter 1 and (b) shows the Polyakov loop r as a function of temperature.
Panel (c) shows the vacuum energy. Extrapolating the vacuum energy of the deconfined minimum gives a first-order transition

temperature at 7, = 0.310 GeV.
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FIG. 7.
temperatures for SU(2) (a) and SU(3) (b).

function® at vanishing Matsubara frequency » as a function
of the spatial momentum |p| for various temperatures. The
gluon propagator seems to behave quite smoothly when
increasing the temperature and when going through the
transition; a similar behavior was found in [153] also. The
gluon propagator at leading order is impacted only by
changes in the condensates and the Gribov parameter, and
these are modest.

The existence and orders of the transitions are in line
with expectations, now. The transition temperatures are still
on the high side, however. We tried playing with the scale
parameter i, but the results seem quite stable. We took ji”
equal to the value of m? at zero temperature (for which the
computations in Appendix C needed to be redone), which
gave a smaller value of ji* and thus a higher value of the
coupling constant ¢g*>. We found a transition temperature of
T.=0.35 GeV for SU(2): barely higher. With a higher

®At leading order, there is no difference yet between longi-
tudinal and transverse propagators.

T=0
T=0.310 GeV
----- - T=0.314 GeV

0.8 Riakty .
06
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0.0 0.5 1.0 15 20

(b)

Gluon propagator dressing function A at Matsubara frequency n = 0 as a function of the spatial momentum |p| for various

coupling constant one could expect the finite-temperature
corrections (which are all of first order in the coupling) to
become more important, thus speeding up the transition.
But changing f*> also modifies all the other zero-
temperature parameters that enter the theory, and this
seems to undo the effect.

In [118], Kroff and Reinosa also consider the introduc-
tion of different Gribov parameters in different color
directions. In their paper, they find that doing so has a
noteworthy impact on the transition temperature. We
therefore also considered what they call the ‘“partially
degenerate” approach, where a “neutral” Gribov parameter
7o 1s coupled to the gluon fields in the Casimir and a
“charged” one y, is coupled to the other modes. For SU(2)
the transition temperature comes down with about a fifth to
T. = 0.27 GeV (see Fig. 8), while for SU(3) the temper-
ature of the (first-order) phase transition is between
T = 0.264 and 0.284 GeV (see Fig. 9). Probably related
to the flatness of the potential, we are unable to find a
numerically more precise estimate of the transition temper-
ature for SU(3).
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FIG. 8. Some of the results obtained in the KR approach for the symmetric case in SU(2) for the partially degenerate approach to color-
dependent Gribov parameters. Not shown are the dimension-two condensates, which do not vary much and also do not change much
through the transition. Panel (a) shows the Gribov parameters 4, (upper line) and A, (lower line) and (b) shows the Polyakov loop r as a
function of temperature. The second-order transition is now at 7, = 0.27 GeV.
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FIG.9. Some of the results obtained in the KR approach for the symmetric case in SU(3) for the partially degenerate approach to color-
dependent Gribov parameters. Not shown are the dimension-two condensates, which do not vary much and also do not change much
through the transition. We did not manage to find solutions between 7" = 0.264 and 0.284 GeV, due to the potential being nearly flat. As
a result, we could only determine that the temperature of the (first-order) phase transition must be somewhere within that range. Panel
(a) shows the Gribov parameters 4, (upper line) and A, (lower line) and (b) shows the Polyakov loop r as a function of temperature.

Panel (c) shows the value of the effective potential.

VIII. CONCLUSIONS

In this paper we studied the refined Gribov-Zwanziger
action for SU(2) and SU(3) gauge theories with the
Polyakov loop coupled to it via the background field
formalism. Doing so, we were able to compute the finite-
temperature value of the Polyakov loop, the Gribov param-
eter, and the values of the dimension-two condensates
simultaneously at the leading one-loop approximation.

We used several approaches. First there are two candidates
for the Gribov auxiliary fields condensate that have been
investigated in the past: (pgp — @w) and {(@¢) [70,71,76].
The second one has enjoyed relatively more attention up to
now, but from our results it turns out that only the first one
(the more symmetric one) leads to phenomenologically
acceptable results at finite temperature, where the second
one does not. We furthermore used two different proposals to
add a gluon background field to the Gribov formalism. The
one proposed by the authors in [117] turns out to have issues,
whereas the one proposed by Kroff and Reinosa [118] gives
the best results.

The invariant field and KR approach are two, not
necessarily equivalent,7 ways of partially dealing with
the Gribov ambiguity at finite temperature. Both proposals
share three important features: they are background gauge
invariant, BRST invariant and reduce to the standard
Gribov-Zwanziger action in Landau gauge at zero temper-
ature. Notice that, to embed the KR approach in a BRST
invariant formalism, BRST invariant (dressed) fields are
also necessary, as discussed in the text.

A priori, we do not have a criterion to prefer one or
another. One could resort to the demand that the setup
should be renormalizable as well to allow controllable
computations, but as all proposals reduce to a renormaliz-
able model at vanishing temperature, this does not add any
extra information.

"We are unaware of any mapping, at the level of the path
integral, that would match both partition functions, thereby
ensuring at least formal equivalence.
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We can thus only use our (leading order) current results,
in which case the non-KR approach results in an imaginary
Polyakov loop, an unphysical finding in the current setup.
Indeed, although the heavy quark potential is known to
develop a complex piece [154], one does not expect this to
show up in the pure gauge case for which the quarks are
purely external (infinite mass).

From the point of view of physics, we found a second-
order deconfinement phase transition for SU(2) and a first-
order transition for SU(3), provided we used the symmetric
condensate (p¢ — @w) and the Kroff-Reinosa approach. Just
asin [137], the Gribov mass is nonzero at temperatures above
T., indicating that the gluon propagator still violates pos-
itivity and as such it rather describes a quasiparticle than a
“free” observable particle; see also [33,155] for more on this.

Several improvements on the current setup can be
proposed. First, one would expect the condensates to
develop electric-magnetic asymmetries at finite temper-
ature in the vein of [156,157]. This markedly complicates
the computations, and previous work has shown that the
results are not greatly impacted [10]. Another possibility is,
naturally, to go to two-loop order. The Kroff—Reinosa
approach is computationally the most elegant and simplest
one, and luckily it turned out to be the best one phenom-
enologically as well. This allows one to hope that a two-
loop computation would be tractable, although the two-
loop generalization of [118] without any extra condensates
is also still lacking. It would also be interesting to test in
practice the argument in [118] that the KR model is
renormalizable to two-loop order as well. A full BRST
based analysis of this feature to all orders looks too
ambitious given the presence of the nonlocal dressing
factors as in (31c). Furthermore, it remains an open
question how to split the path integration over the various
twisted sectors when the auxiliary Stueckelberg-like £ field
is brought on shell.
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APPENDIX A: PROOF OF SUFFICIENCY OF
GRIBOV CONSTRUCTION APPLIED TO -D/D"

In this section, we prove that the modification of the
Gribov-Zwanziger action as given in (22a) is sufficient to
remove infinitesimal Gribov copies in the Landau-DeWitt
gauge with background A, .

The Faddeev-Popov operator in the Landau background
gauge is —D4’D5¢. As shown in [117], however, basing the
Gribov construction on this operator leads to a breaking of
background gauge symmetry SAY = D4 with p¢ the
gauge parameter. In [117], the operator —d,(D")4” was

proposed. In the case at hand, however, we have a nonzero
(AM)4, such that we need to use —(D")4”(D")b¢. [In this
operator, the first covariant derivative contains the trans-
formed background (A”)¢, the second one contains the full
field (ah)l‘j.]

Let us now prove that this is correct. To do so, let us use a
shorthand notation from here on to avoid clutter of color
and Lorentz indices, writing —D"D" and D = 0 + a etc.
We want to prove that restricting the path integral to
configurations with —D"D" > 0 actually excludes (almost)
all Gribov copies related to the zero modes of the Faddeev-
Popov operator —DD. Given a configuration in the per-
missible space —D"D" > 0, assume the exists a zero mode
& of —=DD:

-DDé¢ = 0. (A1)
To prove that this implies £ = 0, we will assume £ can be
written as a series in the background & = >"% A&, [A].
We can rewrite the equation for £ as

—D'"D"'¢ + APDhE — ADE+ 0((a" — a)é) = 0. (A2)

Due to the assumed invertibility of —D" D", this means that

3 (—A"D"é + ADE - 9((a" — a)é)).  (A3)

=
In the limit A - 0, we have that A" — 0, such that
A" = O(A). Furthermore in the same limit the gauge
condition for a becomes identical to that for a, such that
also a" — a — 0. This means that the lowest-order term on
the right-hand side of (A3) is of at least one order in A
higher than &, which can never be equal to £ exceptif & = 0.
This concludes the proof that restricting the path integral to
configurations with —D"D" > 0 actually excludes all
Gribov copies related to the zero modes of the Faddeev-
Popov operator —DD that are expressible as a Taylor series
in the background field, i.e., that are continuous deforma-
tions around the zero background (standard Landau gauge).
This completes our proof.

APPENDIX B: THE PROJECTION
OPERATOR IN EQ. (33)

We want to construct [in the notations of [118], see
Eq. (26)] a background-gauge invariant equivalent to

yifrnAx (¢ + @) Under background gauge transforma-
tions, one has
5A4 = Dib (Bla)

SAY = —gf*emb AL, (B1b)
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and transformations analogous to (B1b) for ¢ and ¢.
In [118] the authors state that this is possible, but without
showing explicitly how. If the background is a constant and
the transformation brings it to another constant background
(for example a gauge rotation) then the expression show in
Eq. (26) in [118] is manifestly invariant provided we
remember to redefine the indices. (The Greek color indices
in [118] are defined with respect to the Casimir, where the
background is assumed to be in.) To get invariance under
general background transformations, we need to do
more work.
We need to define a projection operator P“* such that
faCdPabA,l: (90,6/1 + (p;d) <B2)
is invariant. If the background is in the minimal Landau
gauge, we want this projection operator to be equal to
P — A4Ab /A2 In that case, the projector will pick out
the color direction along the background, to which we
couple one of the y(s. For example in SU(2) there is only
one Casimir direction and we can therefore use
(roP™ + yen(6" = P*"))A}. (B3)
In order to write down such a projector, we search for a field
.Zl,‘j such that .Zlﬁ transforms as (B1b) under background
transformations (8A¢ = —gf**“w”AS) and also such that
ZlZ - A,’j whenever the background is in minimal Landau
gauge. Then,

aw _ AuA
pab = Ve (B4)
fits the bill:
) facd cAdAb +fbcha cAd
OPY = 5
A
_ _g(facd5be 4 5adfbce)wcpde
= 8(P™AL) = —gf*rcm’ PYIAL, (B5)
which is sufficient for our needs.
Take the ansatz
Al = (AM)e + X4, (B6a)
Expand the above in orders of A%:
Ah\a aﬂa’/ . a( A
(A );4 = 6/41/ - az (fn)u(A)7 (B6b)
n=1
X4 =" (G,)i(A). (Béc)
n=2

where the index n denotes the number of A,‘j fields. Given

that (A")¢ is invariant under 6A; = Dy"w", we get

5AL=0X0 =" Dl RGO (A)

S~ A
= 5(gn+l)u 1 1 = 5<gn)a I
— b H bed Ad —c H
7;()@ W(A)—gf Adw ; 510 A).
(B7)

Requiring 8.A% = —gf*°w’ A and equating order by

order in A% gives

~arot (5,20 ) L)
n=1
_gfabcwa(g
=4, R AT
= 0w 5/;; !(3) oAt > i@
o(G, d,0, -
(e [
- _ G, _
G o R S R). (B9

For n =1 one gets (with G; = 0):

5(92)y
5Ab

9,@" (B9)

- d,0,)\ -
(A) gfabcwb (5;11/ - 132”) AIC/

Given that

5 9,0, 9,0,\ .
aywbﬁf(aﬂy e )A (5,w— e )ayw =0, (BI0)

)AL with some expres-
gf*“w". An obvious

we only need to multiply (6, — a’(;f”
sion Y“? that obeys 0, w@” & Yo = —
solutions is Y?¢ = gf“bcg—ﬂ\i.

The cases for n > 1 are left as an exercise for the reader.
The final result is (to second order in the background field):

] 3,0,
'A/t:(‘sﬂv_ gz)
_ 10,0 0y

Ad — gfabe S, - vY Ab
X< v gf << VA D) 02> )az

‘ 2,0\ -,\ 0
+9 ““((5,,”— p )A,’j) a;Ac+

+>

(B11)
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APPENDIX C: FREE PARAMETERS IN THE
SYMMETRIC APPROACH

The free parameters of the p¢ approach at zero temper-
ature were computed in [116]. The symmetric approach has
not yet been done, so we work it out in this appendix.

The gap equation for A* is

5 4 4(4n)> 1, m*M? + 2
——=by— —slog———
6 3 3Ng> 2 i
m? + M? m? + M?
- arccot =0,
\/4/14—(m2—M2)2 \/4/14—(m2—M2)2

(C1)

or, after plugging in the renormalization group, the poles,
and our choice for ji?:

This gives by = —8.49 in SU(3) and —6.7 in SU(2).
2

The equation for m~ is

4/14—(m2—M2)2

2(m*M*+2%)
\/4/14—(m2—M2)2
,(1 6 (4n)? m*+M?
+m o b -
3 13¢N /4 —(m*>—M?)?
m?+M? 1 m2M2+/14
Ty 2 B

arccot

X arccot

) =0, (C3)

or, after plugging in the renormalization group, the poles,
and our choice for ji’:

2 2

Marccotx_o
Yo Yo
1 \/
+ m? < x02+ yo =Y arccot ) =0. (C4)
3TN v

This gives m? = 0.152 GeV? in SU(3) and 0.27 GeV? in
SU(2). Given that M? = 2x, —m?, we also find M? =
0.370 GeV? in SU(3) and 0.31 GeV2 in SU(2). Given that
M =x}+yi—m*M? we also find 2> = 0.478 GeV? in
SU(3) and 0.67 GeV? in SU(2).

The equation for M? is

m? 4—M2
VA - M?)?
Y (_ (47[)2 B 2+M2
3N?— 17 a0 = (m? = M?)?
m* + M? 1 m2M2+/14> 0

2(m2M2 + /14)

VAt -

a rccot

X arccot ——1n 7
VA= (m>-M?)? 2 M

(C5)
or, after plugging in the poles,

2 2
X5+ X
Yo Yo

2 xo 1. xg+y
+M2< 31572) ,H—— y—z Sn °M4°> 0. (C6)

This gives # = 0.0601 in SU(3) and 0.045 in SU(2).

APPENDIX D: CONVENTIONS
1. SU(?2)

We define isospin eigenstates as

i i 0
v, = ! 1 Vo= ! 1 v 0 (D1)
+ \/E ’ —_ \/i ’ 0
0 1
We then have that
1T=v,v +v.ovi 4 vavi, (D2a)
trA =V Av, +VviAV_ + ViAv;. (D2b)
If we define
Sab — i€ab3, aib — €abl _ i€ab2, atib — _eabl _ i€ab2,
(D3)
then we have the commutation relations
[s,a,] = ta,, [a,,a_] =2s, (D4)
and that
sv; =0, SV, = sV,, (D5a)
a,v,=0, a.vo=V2v,, a,v.=+2v, (D5b)
a_v,=+2v,, a.vy=v2v_, a.v_=0. (D5c)
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We also have

These obey the commutation relations:

1 1 ab [83, 38] =0, (D9a)
gice)edghde — (s(?s + §a+(9c1_ + Ea_0a+> . (D6)
[s5.ar] = *ay, [ss.ar] =0, (D9b)
1 V3
2. SUB3) [s3.87] = iiazi’ [ss. 87 = ijai (D9c)
The structure constants of the Lie algebra of SU(3) are 1 3
given by sai] = Fyah fswai =+ e (DY)
fis =1, (B7a)  [at.ar] =28, [af.a5] =s;+ Vs,
1 a5, a5] = =85 + V3ss, (DY)
f147:_f156:f246:f257:f345:_f367:§a (D7b) - - -
[a7.ay] =0, [a7.ay ] = —iay, (DOf)
3 + oat] — _int + 5F] —
Fan = o = 2. (D7) af.ai]= a3, [af.a]]=0. (D%)
37,851 =0.  [ay.a]] =—iaj.  (D%)
while all other f ;. not related to these by permutation are
zero. To avoid cluttered indices, define the matrices Next, define the following vectors:
(f)pe = fape- Now define the following operators:
Ve = 593, Vi = 598, (D10a)
s3 = if37 SS = ifg’ (Dga) 1 1
V)" = i £6%), ()" = o (ie %),
i:il_'2 i:i4_~5 i:i6_-7
aj f=ifs, & ff=if?, & fo=if’. . 1 ] ,
a _ _~ (:s5a a
(D8b) (v3)" = 7 (i6%° £ 577). (D10b)
|
We have the following operations:
S3 Sg al ay ay a; ay a;
V3 0 0 Vvl V2vy 53 V2 —5Vi -5V
0 0 0 0 — _
v V3 \/gvz \/gvi \/%V.%
v/ v 0 0 V2vs 0 vy vy 0
vy —vy 0 V2V, 0 vy 0 0 ivy
Vi 4y 0w 0 (v V) 0 ~ivf
vy —3v; =By vy 0 J5(vs+ V3vg) 0 —ivy 0
vi  —lv Byt —ivy 0 0 —ivy 0 L (—v3 + V3vg)
vy Ivy —@v; 0 —iv;y —iv} 0 L5 (—vs + V3vg) 0

As a result, the as function as ladder operators:

af: 0« vy < vy < Vv =0, 0«<v; <Vv; >0,

0<Vv] vy -0, 0« vg =0, (Dlla)

a5:0<«vy < (v3,v5) < vy >0, 0«vy<Vvi -0,

0«vy <V =0, (D11b)

ai: 0« vy < (v3,v5) Vi 50, 0«Vv; vy -0,

0V <vy =0, (Dllc)
where the plus operators work to the right and the minus
operators to the left.

Now consider the operator f,.,Of .. In the above
notations, this gives
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1 1
<s3Os3 + 530sg + Eai*(’)a; + 5a;(9aj> (D12)

ab

Assuming O% to be diagonal in the above basis, the
operator under consideration is also diagonal in the Vi
subspace with eigenvalues

1 1
Vli: Og+01i+502i+§0:':, (D13a)

1(4(91++4(’)1‘+(’)2++(’);+O3++(’)§ \/§(O;+Og—(’)3+—(’)g)>
A\ V305 10,07 - 05 '

In our case we will have that Oy + O; = OF + O3, such
that this part is also diagonal.

APPENDIX E: SUMS AT FINITE TEMPERATURE

In this appendix, all integrals and sums are assumed to be
part of suitably regularized multidimensional integrals,
such that we do not need to care about convergence.

Consider the most general (up to a multiplicative con-
stant) second-order polynomial z? + az + b with complex
conjugate (nonreal) roots. We have that

T ff In((22nT)?* + a(2znT) + b)

+oo
:/ —pln(p2+ap+b)
o 2T
+ TlIn(1 = e%+)(1 — e%-), (E1)
where z, = —$+iy\/b— “72, the roots of the polynomial. In

the case considered in this paper, the polynomials under
consideration are of the form (z + aT)? + 8. In this case
we find

T io In((27n + a)’T? + p)

n=—00

+o0 (]
= / Lin(p® +p)
e 21

+TIn(1 =2 VAT cosa+ e 2VPIT),  (E2)

1 3 1 1
Vi ZO3+ZOS+§OT+(’)§+EO% (D13b)

1 3 1 1
Vgcl 103 +108+50T+50§+03i (D13c)

In the v g subspace, the operator under consideration has
the following form:

(D14)
3(05 + 05 + 07 + 03)

where we performed a shift p - p — aT in the integral at
the right. Using the notation (59), we can write

d} +00 R
T/ (27:)’3 n;m In((27n + @)2T? + p2 + )

_ [ d'p 2 o
= [ G +)+1p.a.7)

(E3)

If we start from an arbitrary polynomial function P(z)
with two-by-two complex conjugate zeros and with the
coefficient of the term with highest power equal to one, we
have that

—+o0
T InP(2znT)

“+oo N ;
:/_oo ﬁlnP(p)—l—Tln <H(1—esg“(“(zﬂ))fz")>, (E4)

20

where the product goes over all zeros z; of the polynomial
P(z), and sgn(3J(zy)) is the sign of the imaginary part of the
zero. The roots of a polynomial can be easily found
numerically, making numeric evaluation straightforward.
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