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We compute dijet production in deep inelastic scattering at low x in the dipole formalism at next-to-
eikonal accuracy. We calculate the contributions induced by single photon exchange of either longitudinal
or transverse polarization. We include all types of corrections to the eikonal approximation in the gluon
background field: (i) finite longitudinal width of the target, (ii) interaction of the quark-antiquark pair with
the subleading (transverse) component of the background field, and (iii) dynamics of the target which is
encoded in the z−-coordinate dependence of the background field. The final expressions for the dijet cross
section are written as the sum of a “generalized eikonal” contribution (where the longitudinal momentum
pþ exchange between the target and the incoming quark-antiquark pair is allowed since the average z−

dependence of the background field is kept) and explicit next-to-eikonal corrections that involve decorated
dipole and quadrupole operators.

DOI: 10.1103/PhysRevD.107.074016

I. INTRODUCTION

In the high-energy limit hadronic collisions are conven-
iently described by the effective theory called color glass
condensate (CGC) (see Refs. [1–3] for recent reviews and
references therein). The CGC effective theory relies on the
gluon saturation phenomena that is reached at sufficiently
high energies in the Regge-Gribov limit, where the increase
in the energy is provided by the decrease of the longitudinal
momentum fraction (Bjorken x) carried by the interacting
partons. In this limit, the gluon density of the interacting
hadrons increases rapidly with the increasing energy. The
rapid increase in the gluon density of the scattering hadrons
slows down due to the nonlinear interactions of the emitted
gluons at sufficiently high energies, causing the aforemen-
tioned gluon saturation phenomenon which is characterized
by a dynamical scale referred to as saturation momentum
Qs. Gluon saturation ideas were initially studied through
nonlinearities of the classical Yang-Mills field theory
in [4–6] and the nonlinear functional evolution equation,
Balitsky-Kovchegov/Jalilian–Marian-Iancu-McLerran-
Wiegert-Leonidov-Kovner (BK-JIMWLK) equation, derived
in [7–18].
Within the CGC effective theory, one of the most

frequently used observables to study the gluon saturation
effects is deep inelastic scattering (DIS) on a dense target
since it provides a clean environment to probe gluon

saturation. DIS related observables are routinely computed
in the dipole factorization [19,20] where the incoming
lepton emits a virtual photon that splits into a quark-
antiquark pair. Then, the quark-antiquark pair is scattered
on the dense target. The interaction between the quark-
antiquark pair is described within the CGC framework, and
the rescatterings off the dense target are encoded in the
Wilson lines. On the other hand, the splitting of the photon
to the quark-antiquark pair is computed perturbatively.
Even though the gluon saturation phenomenon has shown

its hints in experimental data from theRelativistic Heavy Ion
Collider (RHIC) in the USA, the Large Hadron Collider
(LHC) at CERN, and HERA at DESY, no consensus has yet
been reached concerning the discovery of the gluon satu-
ration. One of the main features of the upcoming Electron-
Ion Collider (EIC) in the USA is to provide a cleaner
environment to study the saturation effects than at the LHC,
but at lower colliding energies. Moreover, it will provide a
much higher luminosity than HERA, allowing the study of
less inclusive and more discriminating observables. Despite
the lower colliding energy, saturation effects should be
enhanced at EIC compared to HERA thanks to the use of
nuclear targets. Therefore, for saturation sensitive observ-
ables, a more precise theoretical framework is needed to
fully benefit from the EIC. This precision can be provided
either by performing the calculation of the observables at
higher orders in coupling constant αs or by improving the
kinematical approximations adopted in the standard CGC
calculations.
Over the past ten years, we have witnessed a great effort

to compute the next-to-leading order (NLO) corrections to
the DIS related observables in the CGC. Computations of
inclusive DIS for massless quarks [21–27] and its fit to
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HERA data [28], as well as inclusive DIS for massive
quarks [29–31] and its fit to HERA data [32], diffractive
structure functions [33], diffractive dijet production in DIS
[34–36], exclusive light [37,38] and heavy [39,40] vector
meson production in DIS, inclusive dijet [41–43] and
photonþ dijet production in DIS [44], inclusive [45,46]
and diffractive [47] dihadron, single inclusive hadron [48]
production in DIS have been performed at NLO accuracy
(or partial NLO in some of the cases).
On the other hand, as mentioned previously, another

way of increasing the precision of the calculations in the
saturation framework is to improve the adopted kinematical
approximations. The key approximation used in the CGC
framework is the eikonal one, and in general it amounts to
accounting for the contributions that are leading in collision
energy and neglecting all the energy suppressed terms in the
calculation of the observables. More precisely, from the
point of view of the highly boosted target that is described by
the background fieldAμ

aðxÞ, eikonal approximation amounts
to adopting the following three assumptions: (i) the back-
ground field is localized in the longitudinal directions
(around xþ ¼ 0), (ii) only the leading component of the
background field (which in our setup corresponds to the “−”
component) is taken into account during the interaction of
the projectile parton with the target and other components of
the background field of the target (transverse and “þ”
components that are suppressed by the Lorentz boost factor)
are neglected, and (iii) the dynamics of the target is
neglected, which amounts to assuming that the background
target field is independent of the x− coordinate due to
Lorentz time dilation. These three assumptions together give
the well-known shock wave approximation, and in this case
the background field of the target has the form

Aμ
aðx−; xþ;xÞ ≈ δμ−δðxþÞA−

a ðxÞ: ð1Þ

While eikonal approximation is reliable for the LHC
energies and the computations adopting this approximation
are quite successful to describe the experimental data, for
energies at RHIC and the future EIC, energy suppressed
corrections can become sizable and thus should be included
in order to increase the precision of phenomenological
studies. This idea motivated a lot of studies that aim to go
beyond the eikonal approximation in the CGC framework
by relaxing all three assumptions listed above. Initially, in
Refs. [49,50] subeikonal corrections that stem from con-
sidering a finite width target are computed for the gluon
propagator and its application to single inclusive gluon
production, and various spin asymmetries in central pA
collisions were studied at next-to-next-to-eikonal accuracy.
In Refs. [51,52], it was shown that these corrections can be
attributed to the modifications of the Lipatov vertex in pp
collisions. The effects of subeikonal corrections on the
azimuthal harmonics for pp [53] and for pA [54,55]
collisions were also investigated. Recently, next-to-eikonal

(NEik) corrections that are related with the transverse
component of the background field [56] and the dynamics
of the target [57] have been computed for scalar and quark
propagators. Apart from the aforementioned works that
focus on the derivation of the subeikonal corrections to the
parton propagators and their applications to observables, in
[58–69] quark and gluon helicity evolutions have been
computed at next-to-eikonal accuracy. In [70,71] helicity
dependent extensions of the CGC at next-to-eikonal accu-
racy have been studied. In [72,73] subeikonal corrections to
both quark and gluon propagators have been calculated in
the high-energy operator product expansion (OPE) formal-
ism, and applied to study the polarized structure function g1
at low x. Moreover, rapidity evolution of transverse momen-
tumdependent parton distributions (TMDs) that interpolates
between the low and moderate energies is studied in
[74–78]. A similar idea is pursued in [79,80] to study the
interpolation between the low and moderate values of x for
the unintegrated gluon distributions. Finally, an approach
based on longitudinal momentum exchange between the
projectile and the target during the interaction has been
followed in [81–83] to study the subeikonal effects. The
effects of subeikonal corrections are also studied in the
context of orbital angular momentum in [84,85].
In the single photon exchange approximation, the DIS

process can be expressed as the product of a leptonic tensor,
encoding the virtual photon emission by the incoming
lepton, and a hadronic tensor, encoding the interaction of
the virtual photon with the target. Integrating over the
azimuthal angle of the scattered lepton, the hadronic tensor
is projected into two scalar functions as

dσlþtarget→l0þdijetþX

dxBjdQ2dP:S:
¼ αem

πxBjQ2

��
1 − yþ y2

2

�

×
dσγ�T→dijet

dP:S:
ðxBj; Q2Þ

þ ð1 − yÞ dσγ
�
L→dijet

dP:S:
ðxBj; Q2Þ

�
: ð2Þ

Let us denote kμl the momentum of the incoming lepton,
qμ the momentum of the exchanged virtual photon (so that
kμl − qμ is the momentum of the scattered lepton), and Pμ

tar
the momentum of the target. Then, the usual Lorentz
invariant variables for DIS are defined as follows. The
Mandelstam s variable for the lepton-target collision is
s ¼ ðkl þ PtarÞ2, the photonvirtuality isQ2 ¼ −q2 > 0, and
the Bjorken variable is xBj ¼ Q2=ð2Ptar · qÞ. Finally, the
inelasticity variable y is defined as y ¼ ð2Ptar · qÞ=s ¼
Q2=ðsxBjÞ. In Eq. (2), dP:S: is the Lorentz invariant phase
spacemeasure for the produced hadronic final state (the dijet
in our example). The two scalar functions appearing in
Eq. (2) can be interpreted as cross sections for the virtual
photon–target subprocess, in which the photon has either a
transverse or longitudinal polarization. The aim of this paper

ALTINOLUK, BEUF, CZAJKA, and TYMOWSKA PHYS. REV. D 107, 074016 (2023)

074016-2



is to calculate these two cross sections at NEik accuracy and
at leading order in the QCD coupling αs, in which the
produced quark and antiquark are identified as jets.
The outline of this paper is as follows. In Sec. II, we write

the S-matrix elements for the virtual photon to dijet
processes in terms of propagators in the background field
of the target. At NEik accuracy, there are two contributions
to these S-matrix elements, with the photon splitting to
quark-antiquark pair occurring either before or inside the
target. In Sec. III, we recall our earlier results on the NEik
corrections to the quark propagator through the whole
target, and calculate the quark propagator from inside to
after the target at eikonal accuracy. Sections IV and V
are devoted to the calculation of the contribution to the
S-matrix with photon splitting inside the target and before
the target, respectively. Then, Secs. VI and VII are devoted
to the calculation of dijet production cross sections from
longitudinal and transverse virtual photons, respectively,
appearing in Eq. (2). Finally, the summary and outlook are
provided in Sec. VIII. The detailed Dirac algebra calcu-
lations required to obtain the cross section are presented in
Appendix A. In Appendix B, we explain how to calculate
the cross section for scattering processes off a dynamical
background field (with dependence on the z− light-cone
coordinate), generalizing the standard formula for the static
background field case.

II. REDUCTION FORMULA FOR THE S-MATRIX
AND INTEGRATED PROPAGATORS

A. LSZ-type reduction formula

Let us consider the process in which a virtual photon
of momentum q and polarization λ splits into a quark of
momentum k1 and an antiquark of momentum k2, in the
presence of a gluon background fieldAμðxÞ representing the
target. The S-matrix element for that process can be obtained
following the Lehmann-Symanzik-Zimmermann (LSZ)
approach. The first nonzero contribution to the S-matrix
is at order e in QED, due to the photon splitting vertex.
Moreover, that process does not require QCD interactions
beyond the scattering with the background field. We are
interested in the lowest order contribution in perturbation
theory in a possibly strong background field, which is then of
order eg0 at the S-matrix level, with gAμðxÞ resummed to all
orders. At this order, the S-matrix can be written as1

Sq1q̄2←γ� ¼
Z

d4zϵλμðqÞe−iq·zh0jdoutð2Þboutð1Þ

∶Ψ̄ðzÞð−ieefγμÞΨðzÞ∶j0i: ð3Þ

In Eq. (3), boutð1Þ and doutð2Þ are the annihilation operators
for the outgoing quark and antiquark in the asymptotic free
Fock space, whereas ϵλμðqÞe−iq·z accounts for the incoming
virtual photon, and the normal-ordered current operator
comes from the photon splitting vertex. The quark field
ΨðzÞ in Eq. (3) is a quantum field in a modified interaction
picture, in such a way that the evolution of ΨðzÞ is
generated by a Hamiltonian quadratic in the quantum
fields, but with terms of any order in the background field.
Hence, not only the free limit of the theory but also the
interactions of quantum particles with the background field
contributes to the evolution of ΨðzÞ. Only the interactions
between quantum particles are removed from the evolution
of ΨðzÞ in this picture with respect to the Heisenberg
picture. Moreover, we assume that the background field
alone cannot lead to pair creation or pair annihilation of
quantum particles. Then, the only possible contribution to
the expectation value in Eq. (3) factorizes as

h0jdoutð2Þboutð1Þ∶Ψ̄ðzÞð−ieefγμÞΨðzÞ∶j0i
¼ h0jboutð1ÞΨ̄ðzÞj0ið−ieefγμÞh0jdoutð2ÞΨðzÞj0i: ð4Þ

Assuming that the background field decays fast enough at
large xþ, the annihilation operators boutð1Þ and doutð2Þ can
be expressed in terms of the quark field Ψ in the same
modified interaction picture as [56]

boutð1Þ ¼ limxþ→þ∞

Z
d2x

Z
dx−eiǩ1·xūð1ÞγþΨðxÞ; ð5Þ

doutð2Þ ¼ limyþ→þ∞

Z
d2y

Z
dy−eiǩ2·yΨ̄ðyÞγþvð2Þ: ð6Þ

Finally, the Feynman quark propagator in the gluon
background field is defined in terms of the field Ψ in that
picture as

SFðx; yÞ ¼ h0jTðΨðxÞΨ̄ðyÞÞj0i
¼ θðx0 − y0Þh0jΨðxÞΨ̄ðyÞj0i
− θðy0 − x0Þh0jΨ̄ðyÞΨðxÞj0i; ð7Þ

where the implicit spinor indices and color indices of the
fields are not contracted, and where the minus sign in
the second term is due to the Fermi-Dirac statistics for the
quarks. Hence, one has

h0jΨðxÞΨ̄ðzÞj0i ¼ SFðx; zÞ for xþ → þ∞;

h0jΨ̄ðyÞΨðzÞj0i ¼ −SFðz; yÞ for yþ → þ∞: ð8Þ

1We use the metric signature ðþ;−;−;−Þ. We use xμ for a
Minkowski 4-vector. In a light-cone basis we have xμ ¼ ðxþ;x; x−Þ
where x� ¼ ðx0 � x3Þ= ffiffiffi

2
p

and x denotes a transverse vector with
components xi. We will also use the notations x ¼ ðxþ;xÞ and
k ¼ ðkþ;kÞ. Finally we introduce the on-shell momentum ǩμ ¼
ðkþ;k; ǩ−Þ constructed from k ¼ ðkþ;kÞ, with by definition ǩ− ¼
ðk2 þm2Þ=ð2kþÞ for a quark ofmassm.We also use the condensed
notations uð1Þ≡ uðk1; h1Þ and vð2Þ≡ vðk2; h2Þ for the Dirac
spinors, where h1 or h2 is the light-front helicity.
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All in all, one arrives at the expression

Sq1q̄2←γ� ¼ limxþ;yþ→þ∞

Z
d2x

Z
dx−

Z
d2y

Z
dy−eiǩ1·xeiǩ2·y

× ϵλμðqÞ
Z

d4ze−iq·zūð1ÞγþSFðx; zÞð−ieefγμÞð−SFðz; yÞÞγþvð2Þ; ð9Þ

for the S-matrix element at lowest order eg0 but with the
interactions with the background field resummed to all
orders.
For convenience, we define the reduced quark and

antiquark propagators

S̃qFðzÞ ¼ limxþ→þ∞

Z
d2x

Z
dx−eiǩ1·xūð1ÞγþSFðx; zÞ;

ð10Þ

S̃q̄FðzÞ ¼ limyþ→þ∞

Z
d2y

Z
dy−eiǩ2·yð−1ÞSFðz; yÞγþvð2Þ;

ð11Þ

so that the S-matrix element can be written as

Sq1q̄2←γ� ¼ −ieefϵλμðqÞ
Z

d4ze−iq·zS̃qFðzÞγμS̃q̄FðzÞ: ð12Þ

B. Vacuum case

As a preliminary, let us consider the vacuum limit of
Eq. (9), corresponding to the absence of the background
field. No particle production is expected in that case, if the
photon is spacelike, but it is instructive to check why this is
the case in our setup. In the absence of a background field,
the quark propagators involved in Eq. (9) reduce to the
standard Feynman propagator in vacuum

S0;Fðx; yÞ ¼
Z

d4p
ð2πÞ4 e

−iðx−yÞ·p iðpþmÞ
ðp2 −m2 þ iϵÞ : ð13Þ

In the vacuum, the reduced quark propagator (10) is
then

S̃q0;FðzÞ ¼ limxþ→þ∞

Z
d2x

Z
dx−eik1·x

Z
d4p
ð2πÞ4 e

−iðx−zÞ·pūð1Þγþ ið=pþmÞ
ðp2 −m2 þ iϵÞ

¼ limxþ→þ∞eik
þ
1
z−e−ik1·zeiǩ

−
1 x
þ
Z

d4p
ð2πÞ4 ð2πÞ

3δð3Þðp − k1Þe−iðxþ−zþÞp−
ūð1Þγþ ið=̌pþmÞ

ðp2 −m2 þ iϵÞ : ð14Þ

Indeed, due to the presence of the γþ, the term in p−γþ drops from p. We can then replace p by p̌ to emphasize that
the numerator is independent of p−. The integration over p− thus only receives a simple pole contribution, and one
obtains

S̃q0;FðzÞ ¼ limxþ→þ∞eik
þ
1
z−e−ik1·zeiǩ

−
1 x
þ
e−iðxþ−zþÞǩ

−
1 ½θðxþ − zþÞθðkþ1 Þ − θðzþ − xþÞθð−kþ1 Þ�ūð1Þγþ

ð=̌k1 þmÞ
2kþ1

¼ eiǩ1·z
θðkþ1 Þ
2kþ1

ūð1Þ½fγþ; =̌kg − ð=̌k1 −mÞγþ�

¼ eiǩ1·z ūð1Þ; ð15Þ

using the identity ūð1Þðǩ1 −mÞ ¼ 0, and dropping θðkþ1 Þ because the condition kþ1 > 0 for the produced quark is already
implicitly present in the definition of the observable.
Similarly, for the antiquark reduced propagator (11), one finds in the vacuum case

S̃q̄0;FðzÞ ¼ limyþ→þ∞

Z
d2y

Z
dy−eiǩ2·y

Z
d4p0

ð2πÞ4 e
−iðz−yÞ·p0 ð−1Þ ið=p0 þmÞ

ðp02 −m2 þ iϵÞ γ
þvð2Þ

¼ eiǩ2·z vð2Þ: ð16Þ
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Now we can compute the vacuum contribution to the
S-matrix element as

Sq1q̄2←γ�jvac¼−ieefϵλμðqÞ
Z

d4ze−iq·zS̃qF0ðzÞγμS̃q̄F0ðzÞ

¼−ieefϵλμðqÞð2πÞ4δð4Þðq− ǩ1− ǩ2Þūð1Þγμvð2Þ:
ð17Þ

Hence, we obtain the 4-momentum conservation ǩμ1 þ
ǩμ2 ¼ qμ in addition to the on-shell conditions ǩ21 ¼ m2 and
ǩ22 ¼ m2 and to the requirements kþ1 > 0 and kþ1 > 0 for
produced particles. From all of these relations, it is possible
to calculate the virtuality of the incoming photon as

q2 ¼ 2qþðǩ−1 þ ǩ−2 Þ − q2

¼ 2qþ
�ðk2

1 þm2Þ
2kþ1

þ ðk
2
2 þm2Þ
2kþ2

�
− q2: ð18Þ

Introducing the notations

z≡ kþ1
qþ
¼ 1 −

kþ2
qþ

;

K≡ k1 − zq ¼ −k2 þ ð1 − zÞq; ð19Þ

with the positivity of kþ1 and kþ2 implying 0 < z < 1, one
finds from Eq. (18)

q2 ¼ ðK
2 þm2Þ

zð1 − zÞ > 0; ð20Þ

meaning that the photon is timelike. However, the photon is
always spacelike (q2 < 0) in a DIS process. Hence, the
condition q2 < 0 is not compatible with the 4-momentum
conservation ǩμ1 þ ǩμ2 ¼ qμ and the other requirements, so
that the vacuum contribution (17) to the S-matrix element
vanishes in that case. We have simply checked the obvious
statement that there cannot be a DIS process (including
particle production) without interaction with the target.

C. General structure of the S-matrix element

Let us now consider the process of dijet production inDIS
at low x, with a gluon background field representing the
target. Physically, the gluon field strength of the target
should decay faster than any power for zþ → �∞ due to
confinement along the longitudinal direction. For simplicity,
we assume this background field strength to have a finite
support of length Lþ along zþ, allowing us to define the
range from −∞ to −Lþ=2 as before the target, the range
from −Lþ=2 to þLþ=2 as inside the target, and the range
fromþLþ=2 toþ∞ as after the target.Moreover, we choose
a gauge in which not only the field strength but also the
gauge field is vanishing outside of the target, for example the
light-cone gauge Aþ ¼ 0. The S-matrix element from
Eq. (12) can then be split into three contributions as

Sq1q̄2←γ� ¼ −ieefϵλμðqÞ
Z

d2z
Z

dz−
Z

−Lþ=2

−∞
dzþe−iq·zS̃qFðzÞαδγμS̃q̄FðzÞδβ

− ieefϵλμðqÞ
Z

d2z
Z

dz−
Z

Lþ=2

−Lþ=2
dzþe−iq·zS̃qFðzÞαδγμS̃q̄FðzÞδβ

− ieefϵλμðqÞ
Z

d2z
Z

dz−
Z þ∞

Lþ=2
dzþe−iq·zS̃q0;FðzÞαδγμS̃q̄0;FðzÞδβ; ð21Þ

according to the region in which the photon splitting
happens. In the third term, the photon crosses the medium
and splits afterwards. At the LO accuracy in QED that we
are considering here, the photon does not interact with the
gluon field, so this third term is a vacuum contribution. By
contrast, the first two terms in Eq. (21) contain both
vacuum and medium-induced contributions. As we have
recalled in the previous subsection, the total vacuum
contribution is zero. Hence, we can subtract the total
vacuum contribution region by region from the S-matrix
element and obtain

Sq1q̄2←γ� ¼ Sbefq1q̄2←γ� þ Sinq1q̄2←γ� ; ð22Þ

where

Sbefq1q̄2←γ� ¼ −ieefϵλμðqÞ
Z

d2z
Z

dz−
Z

−Lþ=2

−∞
dzþe−iq·z

× ½S̃qFðzÞγμS̃q̄FðzÞ − eiðǩ1þǩ2Þ·z ūð1Þγμvð2Þ�; ð23Þ

Sinq1q̄2←γ� ¼ −ieefϵλμðqÞ
Z

d2z
Z

dz−
Z

Lþ=2

−Lþ=2
dzþe−iq·z

× ½S̃qFðzÞγμS̃q̄FðzÞ − eiðǩ1þǩ2Þ·z ūð1Þγμvð2Þ� ð24Þ

are the medium-induced contributions corresponding to
photon splitting before (see Fig. 1 left panel) or inside (see
Fig. 1 right panel) the target, respectively.
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D. Power counting beyond the eikonal approximation

Since the aim of this study is the calculation of the first
subleading corrections beyond the eikonal approximation,
the NEik corrections, let us remind the reader how we
define the power counting in the high-energy limit in order
to have an unambiguous definition of the NEik corrections.
This issue has been discussed in depth in Ref. [57], and we
will provide here only a short reminder.
The high-energy limit of a collision process can be

understood, for example, as the limit of the infinite Lorentz
boost of the target. In that case, one can classify contri-
butions according to their scaling with the Lorentz boost
factor γt of the target.

Scaling of the background field: Under a large active
boost of the target along the x− direction, the compo-
nents of the background field strength are transformed
following the standard Lorentz transformation rules
for tensors. In light-cone coordinates, the tensor
components are enhanced by a factor γt for each
upper “−” or lower “þ” index under such a boost, and
are suppressed by a factor 1=γt for each lower “−” or
upper “þ” index. Hence, the components of the
background field strength scale as

F−j ∝ γt ≫ 1; ð25Þ

F ij ∝ðγtÞ0 ¼ 1; ð26Þ

F−þ ∝ðγtÞ0 ¼ 1; ð27Þ

Fþj ∝
1

γt
≪ 1; ð28Þ

under a large boost of the target along the x− direction.
These transformation rules can be extended to the
background gauge field of the target, resulting in the
following scaling:

A−ðxÞ ∝ γt ≫ 1; ð29Þ

AjðxÞ ∝ ðγtÞ0 ¼ 1; ð30Þ

AþðxÞ ∝ 1

γt
≪ 1: ð31Þ

Scaling of derivatives: All the components of the
momenta associated with the projectile photon or the
produced jets are defined to be invariant under a large
boost of the target. By contrast, components of the
momenta associated with the target, or equivalently
derivatives acting on the background field, follow the
same scaling rules based on the counting of “þ” and
“−” indices. Indeed, the action of a partial derivative on
a tensor leads to a higher rank tensor, so that

∂−F μν ∝
1

γt
F μν ≪ F μν; ð32Þ

∂þF μν ∝ γtF μν ≫ F μν; ð33Þ

∂iF μν ∝ðγtÞ0F μν; ð34Þ

and similar rules apply for partial derivative acting
on the background gauge field. Moreover, due to the
scaling rules of the components of the background
gauge field given in Eqs. (29), (30), and (31),
background covariant derivatives follow the scaling
rules as partial derivatives when acting on the
background field.

Scaling of the width of the target: Since the back-
ground field strength F μνðxÞ represents a hadronic or
nuclear target subject to confinement, it should decay
faster than a power for xþ → �∞. Hence, the profile
of F μνðxÞ along xþ has a finite width that we note as
Lþ. Under a large boost of the target along the x−

direction, that width scales as

Lþ ¼ O

�
1

γt

�
ð35Þ

due to Lorentz contraction. In particular, in the limit of
infinite boost, F μνðxÞ becomes a shock wave of
vanishing width along the xþ direction. For the
purpose of power counting, the finite width Lþ of

FIG. 1. Contributions to dijet production in DIS at next-to-eikonal accuracy: photon splitting into a qq̄ pair before reaching the target
(left panel) and photon splitting inside the target (right panel).
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F μνðxÞ can be assimilated as a finite support for
F μνðxÞ along the xþ. In a generic gauge where
A−ðxÞ ≠ 0 [for example, the light-cone gauge
AþðxÞ ¼ 0], the background gauge field AμðxÞ has
a finite width of OðLþÞ along the xþ direction, which
becomes a shock wave in the infinite boost limit.
Therefore, each integration over the position x of a
background field strength or gauge field insertion is
effectively restricted to the small width Lþ along the
xþ direction, and it can thus be counted as a
suppression by a factor of Lþ or equivalently of
1=γt at large γt.

With these power counting rules, eikonal and NEik con-
tributions to propagators can be defined as follows:

(i) In the eikonal approximation, only the leading
component A−ðxÞ of the gauge field is kept.
Because of its enhancement (29) with γt, each power
of A−ðxÞ compensates the suppression due to the
integration over its xþ coordinate. Hence, multiple
insertions of A−ðxÞ have to be resummed in the
eikonal approximation, leading to the Wilson lines
describing the interaction of each parton in the
projectile with the target in the CGC formalism in
the eikonal approximation. Because of the para-
metrically small Lþ width of the target, each A−ðxÞ
insertion in a Wilson line has the same transverse
position x in the eikonal approximation. Finally,
expandingA−ðxÞ as a series in x−, each further term
comes with an extra ∂− acting on the background
field, and is thus further suppressed by an extra 1=γt
factor under large boosts. Therefore, in the eikonal
approximation only the zeroth order term in this
gradient expansion is kept, so that the x− depend-
ence of A−ðxÞ is neglected.

(ii) Going from eikonal to NEik accuracy for a
propagator, one includes contributions that are sup-
pressed by one power of 1=γt at large γt compared to
the eikonal contribution. Such terms arise as follows:
(a) by replacing an enhancedA−ðxÞ insertion with a

nonenhanced AjðxÞ insertion,
(b) or by accounting for the transverse motion of the

projectile parton over the duration Lþ of the
interaction with the target, and

(c) or by including terms with one ∂x− derivative
acting on the background field in the gradient
expansion of A−ðxÞ in x−.

In practice, when calculating a cross section, one may
encounter technical difficulties when squaring the ampli-
tude if the gradient expansion of all A−ðxÞ insertions is
performed around a fixed value of x− such as x− ¼ 0. To
bypass this issue, one can instead perform the gradient
expansion of all A−ðxÞ insertions around a common value
of x− and write the amplitude (or S-matrix) as an integral
over that variable. This amounts to resumming a subset of
noneikonal corrections together with the eikonal term, and
one obtains what we refer to as generalized eikonal
approximation.
In this study, the aim is to calculate the dijet production

in DIS, including all types of NEik corrections in the gluon
background field of the target. In the contribution (23) to
the S-matrix element, the photon splits at light-cone time zþ
before the medium, outside of the background field. Hence,
the integration over zþ does not bring a suppression at large
γt in that case. To calculate both the eikonal and NEik terms
in the contribution (23) to the S-matrix element, one should
thus include both eikonal and NEik terms in the reduced
propagators S̃qFðzÞ and S̃q̄FðzÞ.
By contrast, in the contribution (24) to the S-matrix

element, the photon splits at light-cone time zþ inside the
medium, so that the integration over zþ brings a suppres-
sion by a factor Lþ, and thus 1=γt. Hence, the expression
(24) does not contribute at eikonal accuracy, and starts
contributing only at NEik accuracy. To calculate the NEik
terms in contribution (24) to the S-matrix element, we
should thus restrict ourselves to the eikonal expression for
the reduced propagators S̃qFðzÞ and S̃q̄FðzÞ.

III. QUARK PROPAGATOR IN GLUON
BACKGROUND FIELD AND EIKONAL

EXPANSION

The quark propagator in the gluon background field has
been studied at NEik accuracy in Refs. [56,57], in particular
the case of propagator from before to after the target. We
will remind the reader of the results of these studies in this
section. In Sec. III B, we will also calculate explicitly the
quark propagator from inside to after the target at eikonal
accuracy, required in order to evaluate contribution (24)
with photon splitting inside the target.
The quark propagator in a background field with only the

A− component is

SFðx; yÞβαjpureA−;Eik ¼ 1βαδð3Þðx − yÞγþ
Z

dkþ

2π

i
2kþ

e−ik
þðx−−y−Þ þ

Z
d3p

ð2πÞ3
Z

d3k
ð2πÞ3 e

−ix·p̌þiy·ǩ
Z

dz−eiz
−ðpþ−kþÞ

×
Z

d2ze−iz·ðp−kÞ
ð=̌pþmÞ
2pþ

γþfθðxþ − yþÞθðpþÞθðkþÞUFðxþ; yþ; z; z−Þβα

− θðyþ − xþÞθð−pþÞθð−kþÞU†
Fðyþ; xþ; z; z−Þβαg

ð=̌kþmÞ
2kþ

ð36Þ
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at eikonal accuracy, but with an overall z− dependence
retained in the Wilson lines for further convenience. This
corresponds to what we call the generalized eikonal
approximation for the propagator. The first term on the
right-hand side of Eq. (36) corresponds to an instantaneous
quark exchange. By contrast, the two terms in the bracket
correspond, respectively, to the propagation of a quark or of
an antiquark in the background field. Here, the z− depen-
dent Wilson line is defined as

UFðxþ; yþ; z; z−Þ≡ Pþ exp
�
−ig

Z
xþ

yþ
dzþA−ðzÞ

�
; ð37Þ

where Pþ denotes ordering of color matrices along the zþ
direction. In the following, when the z− dependence of the
Wilson line is dropped, it corresponds to evaluating
Eq. (37) at z− ¼ 0, such that

UFðxþ; yþ; zÞ≡ UFðxþ; yþ; z; z− ¼ 0Þ: ð38Þ

The expression (36) contains the full eikonal result for any
kinematics, provided the background field only has a A−

component. By contrast, if the background field has
transverse components Aj as well, new contributions to
the quark propagator arise already at eikonal accuracy if at
least one of the end points x or y is inside the medium. Such
contributions will be derived in Sec. III B.

A. Propagators from before to after the medium
at NEik accuracy

If we restrict ourselves to propagation through the whole
medium, with y before and x after (respectively, x before
and y after) the support of the background field, the
transverse components Aj only matter at NEik accuracy,
and the first term in the bracket in Eq. (36) [respectively, the
second term in the bracket in Eq. (36)] gives the entire
result at eikonal accuracy. In such cases, the full NEik
corrections were calculated in Refs. [56,57]. For the case of
quark propagating through the whole medium, meaning
xþ > Lþ=2 and yþ < −Lþ=2, one has2

SFðx; yÞ ¼
Z

d3p

ð2πÞ3
Z

d3k
ð2πÞ3 θðp

þÞθðkþÞe−ix·p̌eiy·ǩ
Z

dz−eiz
−ðpþ−kþÞ

Z
d2ze−iz·ðp−kÞ

×
ð=̌pþmÞ
2pþ

γþ
�
UFðz; z−Þ −

ðpj þ kjÞ
2ðpþ þ kþÞ

Z Lþ
2

−Lþ
2

dzþ
�
UF

�
Lþ

2
; zþ; z; z−

�
Dzj
↔

UF

�
zþ;−

Lþ

2
; z; z−

��

−
i

ðpþ þ kþÞ
Z Lþ

2

−Lþ
2

dzþ
�
UF

�
Lþ

2
; zþ; z; z−

�
Dzj
 	

Dzj
	!

UF

�
zþ;−

Lþ

2
; z; z−

��

þ ½γi; γj�
4ðpþ þ kþÞ

Z Lþ
2

−Lþ
2

dzþUF

�
Lþ

2
; zþ; z; z−

�
gt · F ijðzÞUF

�
zþ;−

Lþ

2
; z; z−

�� ð=̌kþmÞ
2kþ

þOðNNEikÞ; ð39Þ

and for the case of antiquark propagating through the whole medium, meaning yþ > Lþ=2 and xþ < −Lþ=2, one has

SFðx; yÞ ¼
Z

d3p

ð2πÞ3
Z

d3k
ð2πÞ3 θð−p

þÞθð−kþÞe−ix·p̌eiy·ǩ
Z

dz−eiz
−ðpþ−kþÞ

Z
d2ze−iz·ðp−kÞ

×
ð=̌pþmÞ
2pþ

γþ
�
−U†

Fðz; z−Þ −
ðpj þ kjÞ
2ðpþ þ kþÞ

Z Lþ
2

−Lþ
2

dzþ
�
U†
F

�
zþ;−

Lþ

2
; z; z−

�
Dzj
↔

U†
F

�
Lþ

2
; zþ; z; z−

��

−
i

ðpþ þ kþÞ
Z Lþ

2

−Lþ
2

dzþ
�
U†
F

�
zþ;−

Lþ

2
; z; z−

�
Dzj
 	

Dzj
	!

U†
F

�
Lþ

2
; zþ; z; z−

��

þ ½γi; γj�
4ðpþ þ kþÞ

Z Lþ
2

−Lþ
2

dzþU†
F

�
zþ;−

Lþ

2
; z; z−

�
gt · F ijðzÞU†

F

�
Lþ

2
; zþ; z; z−

�� ð=̌kþmÞ
2kþ

þOðNNEikÞ: ð40Þ

In the above formulas we use the notation

Dzμ
	!≡ ∂zμ

	!þ igt ·AμðzÞ; ð41Þ

2In the case of Wilson lines traversing the whole medium, in order to avoid unnecessary cluttering, we adopt the compact notation
UFðz; z−Þ≡ UFðLþ2 ;− Lþ

2
; z; z−Þ, and similarly we will use the notation UFðzÞ≡ UFðLþ2 ;− Lþ

2
; zÞ.
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Dzμ
 	 ≡ ∂zμ

 	 − igt ·AμðzÞ; ð42Þ

Dzμ
↔≡ Dzμ

	!
− Dzμ
 	 ¼ ∂zμ

↔þ 2igt ·AμðzÞ; ð43Þ

F a
μνðzÞ≡ ∂zμAa

νðzÞ − ∂zνAa
μðzÞ − gfabcAb

μðzÞAc
νðzÞ ð44Þ

for the background covariant derivatives and field strength,
where ta are the SUðNcÞ generators in the fundamental
representation. Note that in Eqs. (39) and (40), the overall
z− dependence of the Wilson lines is kept, so that in
particular, the first term in the bracket in both equations
corresponds to the generalized eikonal approximation of
the propagator.

B. Propagators from inside to after the medium
at eikonal accuracy

To evaluate the inside contribution (24) to the S-matrix
element, we need the quark propagator SFðx; yÞ from inside
to after the medium at eikonal accuracy, in the outgoing
quark kinematics xþ > Lþ=2 and −Lþ=2 < yþ < Lþ=2,
as well as in the outgoing antiquark kinematics yþ > Lþ=2
and −Lþ=2 < xþ < Lþ=2. Let us first focus on the
former case. From Eq. (36), one can read off the quark
propagator in pure A− background at eikonal accuracy in
the inside-after quark kinematics xþ > Lþ=2 and
−Lþ=2 < yþ < Lþ=2, and find

SFðx; yÞβαjIA;qpureA−;Eik ¼
Z

d3p

ð2πÞ3
Z

d3k
ð2πÞ3 θðp

þÞθðkþÞe−ix·p̌eiy−kþ−iy·k ð=̌pþmÞ
2pþ

γþ
ð=̌kþmÞ
2kþ

×
Z

dz−eiz
−ðpþ−kþÞ

Z
d2ze−iz·ðp−kÞUFðxþ; yþ; z; z−Þβα: ð45Þ

In Eq. (45), we have dropped the phase factor eiy
þǩ− since it would contribute only beyond eikonal accuracy, because

jyþj < Lþ=2. Expressing the Dirac structure of that contribution as

ðp̌þmÞγþðǩþmÞ ¼ ðp̌þmÞ½fγþ; ǩg − ðǩ −mÞγþ� ¼ ðp̌þmÞ½2kþ − ðp̌ −mÞγþ − ðǩ − p̌Þγþ�
¼ ðp̌þmÞ½2kþ − ðkþ − pþÞγ−γþ þ ðki − piÞγiγþ�; ð46Þ

thanks to the identity ðp̌þmÞðp̌ −mÞ ¼ ðp̌2 −m2Þ ¼ 0, one obtains

SFðx; yÞβαjIA;qpureA−;Eik ¼
Z

d3p

ð2πÞ3
Z

d3k
ð2πÞ3

θðpþÞ
2pþ

θðkþÞe−ix·p̌eiy−kþ−iy·k
Z

dz−eiz
−ðpþ−kþÞ

Z
d2ze−iz·ðp−kÞ

× ð=̌pþmÞ
�
1þ ðp

þ − kþÞ
2kþ

γ−γþ þ ðp
i − kiÞ
2kþ

γþγi
�
UFðxþ; yþ; z; z−Þβα

¼
Z

d3p

ð2πÞ3
Z

d3k
ð2πÞ3

θðpþÞ
2pþ

θðkþÞe−ix·p̌eiy−kþ−iy·k
Z

dz−eiz
−ðpþ−kþÞ

Z
d2ze−iz·ðp−kÞ

× ð=̌pþmÞ
�
1þ γ−γþ

2kþ
i ∂z−
	! −

γþγi

2kþ
i ∂zi
	!�

UFðxþ; yþ; z; z−Þβα: ð47Þ

As explained in Sec. II C, the z− dependence of the background field and of UFðxþ; yþ; z; z−Þ is parametrically slow for a
highly boosted target due to Lorentz time dilation. For that reason, the term in ∂z−UFðxþ; yþ; z; z−Þ is a NEik correction. To
evaluate Eq. (24) at NEik accuracy, we need the propagator (47) only at strict eikonal accuracy. In Eq. (47), it is thus safe to
neglect the term in ∂z−UFðxþ; yþ; z; z−Þ. Moreover, the whole dependence of UFðxþ; yþ; z; z−Þ on z− can be neglected as
well. It is then possible to perform the integral over z− in addition to the integral over k. One finds

SFðx; yÞβαjIA;qpureA−;Eik ¼
Z

d3p

ð2πÞ3
Z

dkþ

2π

θðpþÞ
2pþ

θðkþÞe−ix·p̌eiy−kþ2πδðpþ − kþÞ
Z

d2ze−iz·pδð2Þðz − yÞ

× ð=̌pþmÞ
�
1 −

γþγi

2kþ
i ∂zi
	!�

UFðxþ; yþ; zÞβα; ð48Þ

and finally

SFðx; yÞβαjIA;qpureA−;Eik ¼
Z

d3p

ð2πÞ3
θðpþÞ
2pþ

e−ix·p̌eiy
−pþe−iy·pð=̌pþmÞ

�
1 −

γþγi

2pþ
i ∂yi
	!�

UFðxþ; yþ; yÞβα: ð49Þ
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In addition to this pure A− contribution, the quark
propagator in that inside-after kinematics also receives
an eikonal contribution from single interaction with the
transverse components of the gauge field. In general,
the contribution to the propagator due to single insertion
of the transverse field is

δSFðx; yÞjsingleA⊥ ¼
Z

d4wSFðx; wÞjpureA− ½−igγjta�

×Aa
j ðwÞSFðw; yÞjpureA− : ð50Þ

Naively, because of the integration over wþ restricted to the
inside region, in whichAa

j ðwÞ is nontrivial, the contribution
(50) seems to be a NEik correction. However, because of
the instantaneous term present in the propagator in the pure
A− field (36), this integration can be removed, and an
eikonal contribution can indeed be obtained3 from Eq. (50),
with the transverse gauge field inserted either at wþ ¼ xþ
or at wþ ¼ yþ. In the inside-after kinematics xþ > Lþ=2
and −Lþ=2 < yþ < Lþ=2 under consideration, the gauge
field vanishes at xþ but not at yþ, so that Eq. (50) provides
an eikonal contribution

δSFðx; yÞjIA;qsingleA⊥;Eik ¼
Z

d4wSFðx; wÞjIA;qpureA−;Eik½−igγjta�Aa
j ðwÞSFðw; yÞjpureA−;instant:

¼
Z

d4w
Z

d3p

ð2πÞ3
θðpþÞ
2pþ

e−ix·p̌eiw
−pþe−iw·pð=̌pþmÞ

��
1 −

γþγi

2pþ
i ∂wi
	!�

UFðxþ; wþ;wÞ
�

× ½−igγjta�Aa
j ðwÞδð3Þðw − yÞγþ

Z
dqþ

2π

i
2qþ

e−iq
þðw−−y−Þ; ð51Þ

where we have neglected the w− dependence of the Aa
j , following the eikonal approximation. In Eq. (51), the term

containing the ∂wi derivative comes with a factor γþγiγjγþ ¼ γþγþγiγj ¼ 0, and thus disappears. Performing the integration
over w, and then over qþ, one finds

δSFðx; yÞjIA;qsingleA⊥;Eik ¼
Z

d3p

ð2πÞ3
θðpþÞ
2pþ

e−ix·p̌eiy
−pþe−iy·pðp̌þmÞð−1Þ γ

þγj

2pþ
UFðxþ; yþ; yÞ½gt ·AjðyÞ�: ð52Þ

The full quark propagator at NEik accuracy in the inside-
after kinematics with outgoing quark, xþ > Lþ=2 and
−Lþ=2 < yþ < Lþ=2, is then the sum of the expressions
(49) and (52), which can be written as

SFðx; yÞjIA;qEik ¼
Z

d3p

ð2πÞ3
θðpþÞ
2pþ

e−ix·p̌ð=̌pþmÞUFðxþ; yþ; yÞ

×

�
1 −

γþγi

2pþ
iDyi
 	�

eiy
−pþe−iy·p: ð53Þ

We emphasize that the propagator contributions given in
Eqs. (49) and (52) are of order ðγtÞ0 according to the power
counting rules introduced in Sec. II D and therefore
corresponding to eikonal order.

Following the same steps, one can also calculate the
quark propagator at eikonal accuracy in the inside-after
kinematics with outgoing antiquark, meaning yþ > Lþ=2
and −Lþ=2 < xþ < Lþ=2. One finds

SFðx; yÞjIA;qEik ¼
Z

d3k
ð2πÞ3 ð−1Þ

θð−kþÞ
2kþ

eiy·ǩe−ix
−kþeix·k

×

�
1 −

γþγi

2kþ
iDxi
	!�

U†
Fðyþ; xþ;xÞð=̌kþmÞ:

ð54Þ

IV. PHOTON SPLITTING INSIDE THE MEDIUM

To calculate the contribution to the S-matrix element
at NEik accuracy from the diagram with photon
splitting inside the target (see Fig. 1 right panel),
Eq. (24), we need the expression for the reduced propa-
gators S̃qFðzÞ and S̃qFðzÞ at eikonal accuracy when the vertex
location zμ is inside the target, meaning −Lþ=2 <
zþ < Lþ=2. In the case of the reduced quark propagator
S̃qFðzÞ, it simply amounts to insert the expression (53) into
the definition (10) as

3Because the Dirac structure of the instantaneous contribution
to the propagator is simply γþ, we would get γþγjγþ ¼ 0 in the
case of two instantaneous propagators separated by a transverse
field insertion. Because of this observation, there is no eikonal
contribution to the quark propagator in inside-after kinematics
with more than one transverse gauge field insertion.
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S̃qFðzÞjInEik ¼ limxþ→þ∞

Z
d2x

Z
dx−eiǩ1·xūð1ÞγþSFðx; zÞjIA;qEik

¼ θðkþ1 Þ
2kþ1

ūð1Þγþðǩ1 þmÞUFðþ∞; zþ; zÞ
�
1 −

γþγi

2kþ1
iDzi
 	�

eiz
−kþ

1 e−iz·k1

¼ UF

�
Lþ

2
; zþ; z

�
uð1Þ

�
1 −

γþγi

2kþ1
iDzi
 	�

eiz
−kþ

1 e−iz·k1 ; ð55Þ

using the identity uð1Þðǩ1 −mÞ≡ ūðk1; h1Þðǩ1 −mÞ ¼ 0. The Heaviside θðkþ1 Þ can be dropped since the produced quark
has by definition kþ1 > 0. Moreover, since the gauge field is assumed to vanish outside of the target, it does not matter if the
end point of the Wilson line is taken at þ∞ or at þLþ=2.
Similarly, inserting the expression (54) into the definition (11), one finds the reduced antiquark propagator at eikonal

accuracy from zμ inside the target as

S̃q̄FðzÞjInEik ¼ limyþ→þ∞

Z
d2y

Z
dy−eiǩ2·yð−1ÞSFðz; yÞjIA;q̄Eik γþvð2Þ

¼ eiz
−kþ

2 e−iz·k2

�
1þ γþγj

2kþ2
iDzj
	!�

vð2ÞU†
F

�
Lþ

2
; zþ; z

�
: ð56Þ

Now, we can calculate the contribution to the S-matrix from photon splitting inside the target by inserting the expressions
(55) and (56) into Eq. (24), and dropping the zþ dependent phase factors, which would contribute only at NNEik accuracy
in the S-matrix and cross section. Hence,

Sinq1q2←γ� ¼ −ieefϵλμðqÞ
Z

d2z
Z

dz−eiz
−ðkþ

1
þkþ

2
−qþÞ

Z
Lþ=2

−Lþ=2
dzþūð1Þ

�
−e−iðk1þk2−qÞ·z γμ

þ UF

�
Lþ

2
; zþ; z

��
1 −

γþγi

2kþ1
iDzi
 	�

e−iðk1þk2−qÞ·z γμ
�
1þ γþγj

2kþ2
iDzj
	!�

U†
F

�
Lþ

2
; zþ; z

��
vð2Þ

¼ −ieefϵλμðqÞ2πδðkþ1 þ kþ2 − qþÞ
Z

d2z
Z

Lþ=2

−Lþ=2
dzþuð1ÞUF

�
Lþ

2
; zþ; z

�

×

�
−
γþγiγμ

2kþ1
iDzi
 	

e−iðk1þk2−qÞ·z þ e−iðk1þk2−qÞ·z γμγþγj

2kþ2
iDzj
	!

þ γþγiγμγþγj

ð2kþ1 Þð2kþ2 Þ
Dzi
 	

e−iðk1þk2−qÞ·z Dzj
	!�

U†
F

�
Lþ

2
; zþ; z

�
vð2Þ: ð57Þ

The color structure from the second term can be simplified as�
UF

�
Lþ

2
; zþ; z

�
Dzj
	!

U†
F

�
Lþ

2
; zþ; z

��
¼ 1

2

�
UF

�
Lþ

2
; zþ; z

�
ðDzj
	!

− Dzj
 	ÞU†

F

�
Lþ

2
; zþ; z

��

þ 1

2

�
UF

�
Lþ

2
; zþ; z

�
ðDzj
	!þ Dzj

 	ÞU†
F

�
Lþ

2
; zþ; z

��

¼ 1

2

�
UF

�
Lþ

2
; zþ; z

�
Dzj
↔

U†
F

�
Lþ

2
; zþ; z

��

þ 1

2
∂zj

�
UF

�
Lþ

2
; zþ; z

�
U†
F

�
Lþ

2
; zþ; z

��

¼ 1

2

�
UF

�
Lþ

2
; zþ; z

�
Dzj
↔

U†
F

�
Lþ

2
; zþ; z

��
ð58Þ

and similarly one gets for the first term
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�
UF

�
Lþ

2
; zþ; z

�
Dzj
 	

U†
F

�
Lþ

2
; zþ; z

��
¼ −

1

2

�
UF

�
Lþ

2
; zþ; z

�
Dzj
↔

U†
F

�
Lþ

2
; zþ; z

��
: ð59Þ

Using these relations, one arrives at

Sinq1q2←γ� ¼ −ieefϵλμðqÞ2πδðkþ1 þ kþ2 − qþÞ
Z

d2ze−iðk1þk2−qÞ·z
Z

Lþ=2

−Lþ=2
dzþ

×

��
i

4kþ1
ūð1Þγþγjγμvð2Þ þ i

4kþ2
ūð1Þγμγþγjvð2Þ

��
UF

�
Lþ

2
; zþ; z

�
Dzj
↔

U†
F

�
Lþ

2
; zþ; z

��

þ gμþ

2kþ1 k
þ
2

uð1Þγþγiγjvð2Þ
�
UF

�
Lþ

2
; zþ; z

�
Dzi
 	

Dzj
	!

U†
F

�
Lþ

2
; zþ; z

���
; ð60Þ

where the covariant derivatives now act only on the Wilson
lines, within the square brackets, and not on the phase
factor.
In light-cone gauge, both the longitudinal and the

transverse polarization vectors obey ϵþλ ðqÞ ¼ 0. Hence,
the last term in the bracket in Eq. (60) cannot contribute
to the scattering processes.

A. Longitudinal photon case

In light-cone gauge, the longitudinal polarization vector
can be chosen as

ϵλμðqÞ→ ϵLμ ðqÞ≡ Q
qþ

gþμ : ð61Þ

Upon inserting this polarization vector in Eq. (60), the first
two Dirac structures vanish as well, due to the identities
γþγþ ¼ 0 and fγþ; γjg ¼ 0. Therefore, in the case of a

longitudinally polarized photon, the inside contribution to
the S-matrix element vanishes at NEik order:

Sinq1q2←γ�L
¼ 0þOðNNEikÞ: ð62Þ

B. Transverse photon case

For a transverse photon, the two possible polarization
vectors in light-cone gauge can be written as

ϵþλ ðqÞ ¼ 0;

ϵiλðqÞ ¼ εiλ;

ϵ−λ ðqÞ ¼
qiεiλ
qþ

; ð63Þ

in terms of two-dimensional polarization vectors εiλ that are
momentum independent. Upon inserting these polarization
vectors in Eq. (60), one gets

Sinq1q̄2←γ�T
¼ eefεiλ2πδðkþ1 þ kþ2 − qþÞ

�
−

1

4kþ1
ūð1Þγþγjγivð2Þ − 1

4kþ2
ūð1Þγiγþγjvð2Þ

�

×
Z

d2ze−iðk1þk2−qÞ·z
Z

Lþ=2

−Lþ=2
dzþ

�
UF

�
Lþ

2
; zþ; z

�
Dzj
↔

U†
F

�
Lþ

2
; zþ; z

��
: ð64Þ

It is convenient to extract the parts of the Dirac structures that are either symmetric or antisymmetric under the exchange of i
and j. Then, one finds

Sinq1q2←γ�T
¼ eefεiλ2πδðkþ1 þ kþ2 − qþÞ qþ

4kþ1 k
þ
2

ūð1Þγþ
�ðkþ2 − kþ1 Þ

qþ
δij þ 1

2
½γi; γj�

�
vð2Þ

×
Z

d2ze−iðk1þk2−qÞ·z
Z

Lþ=2

−Lþ=2
dzþ

�
UF

�
Lþ

2
; zþ; z

�
Dzj
↔

U†
F

�
Lþ

2
; zþ; z

��
; ð65Þ

where, as a reminder, the covariant derivative acts only on the Wilson lines, within the square brackets, and not on the phase
factor.
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V. PHOTON SPLITTING BEFORE THE MEDIUM

It remains now to calculate the contribution (23) to the S-matrix, in which the photon splits before the target, at NEik
accuracy (see Fig. 1 left panel). For that purpose, we should first calculate the reduced quark and antiquark propagators
S̃qFðzÞ and S̃qFðzÞ at NEik accuracy, using the results of Sec. III.

A. Calculation of the reduced propagators from before to after the medium

When the photon splits before the target, we use, for the quark propagator in the formula (10), the expression (39). Then
we get

S̃qFðzÞ ¼ limxþ→þ∞

Z
d2x

Z
dx−eik1·xūð1Þγþ

Z
d3p

ð2πÞ3
Z

d3k
ð2πÞ3

Z
dv−eiv

−ðpþ−kþÞθðkþÞθðpþÞe−ix·p̌eiz·ǩ

×
ð=̌pþmÞ
2pþ

γþ
Z

d2ve−iv·ðp−kÞ
�
UFðv; v−Þ þ

1

pþ þ kþ

Z Lþ
2

−Lþ
2

dvþ
�
UF

�
Lþ

2
; vþ; v; v−

�

×

�½γi; γj�
4

gt · F ijðvÞ −
ðpj þ kjÞ

2
Dvj
↔

− iDvj
 	

Dvj
	!�

UF

�
vþ;−

Lþ

2
; v; v−

��� ðǩþmÞ
2kþ

: ð66Þ

Next we use γþðp̌þmÞγþ ¼ 2pþγþ and integrate over x and x− to get ð2πÞ2δð2Þðk1 − pÞ and 2πδðpþ − kþ1 Þ. Performing
the integration over p we obtain

S̃qFðzÞ ¼ uð1Þγþ
Z

d3k
ð2πÞ3 θðk

þÞeiz·ǩ
Z

dv−eiv
−ðkþ

1
−kþÞ

Z
d2ve−iv·ðk1−kÞ

�
UFðv; v−Þ

þ 1

kþ1 þ kþ

Z Lþ
2

−Lþ
2

dvþ
�
UF

�
Lþ

2
; vþ; v; v−

��½γi; γj�
4

gt · F ijðvÞ −
ðkj

1 þ kjÞ
2

Dvj
↔

− iDvj
 	

Dvj
	!�

× UF

�
vþ;−

Lþ

2
; v; v−

��� ð=̌kþmÞ
2kþ

; ð67Þ

where we used eix
þðǩ−1−p̌−Þ → eix

þðǩ−1−ǩ−1 Þ ¼ 1.
For the antiquark propagator in the formula (11) we use the expression (40). We have

S̃qFðzÞ ¼ limyþ→þ∞

Z
d2y

Z
dy−eik2·y

Z
d3p

ð2πÞ3
Z

d3k
ð2πÞ3

Z
dw−eiw

−ðpþ−kþÞθð−pþÞθð−kþÞe−iz·p̌eiy·ǩ

×
ð=̌pþmÞ
2pþ

γþ
Z

d2we−iw·ðp−kÞ
�
U†
Fðw; w−Þ − 1

pþ þ kþ

Z Lþ
2

−Lþ
2

dwþ
�
U†
F

�
wþ;−

Lþ

2
;w; w−

�

×

�½γi; γj�
4

gt · F ijðwÞ −
ðpj þ kjÞ

2
Dwj

↔
− iDwj
 		

Dwj
		!�

U†
F

�
Lþ

2
; wþ;w; w−

��� ð=̌kþmÞ
2kþ

γþvð2Þ: ð68Þ

Since γþ commutes with ½γi;γj�, we can use γþðǩþmÞγþ¼2kþγþ. We also integrate over y and y− and get ð2πÞ2δð2Þðk2þkÞ
and 2πδðkþ þ kþ2 Þ. Then we perform integration over k and obtain

S̃qFðzÞ ¼
Z

d3p

ð2πÞ3 θð−p
þÞθðkþ2 Þ

Z
dw−eiw

−ðpþþkþ
2
Þe−iz·p̌

ð=̌pþmÞ
2pþ

Z
d2we−iw·ðpþk2Þ

�
U†
Fðw; w−Þ

þ 1

kþ2 − pþ

Z Lþ
2

−Lþ
2

dwþ
�
U†
F

�
wþ;−

Lþ

2
;w; w−

��½γi; γj�
4

gt · F ijðwÞ −
ðpj − kj

2Þ
2

Dwj

↔
− iDwj
 		

Dwj
		!�

× U†
F

�
Lþ

2
; wþ;w; w−

���
γþvð2Þ; ð69Þ

where we used eiy
þðǩ−þǩ−2 Þ → eiy

þð−ǩ−2þǩ−2 Þ ¼ 1.
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B. Before contribution to the S-matrix: General photon polarization

Let us make the first steps in the calculation of the diagram with photon splitting before the target without specifying the
photon polarization. Inserting the propagators (67) and (69) into Eq. (23) we get

Sbefq1q2←γ� ¼ −ieefϵλμðqÞ
Z

d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞ

Z
d2z

Z
dz−

Z
−Lþ=2

−∞
dzþe−iz·ðq−ǩþp̌Þ

×
Z

dv−eiv
−ðkþ

1
−kþÞ

Z
dw−eiw

−ðkþ
2
þpþÞ

Z
d2ve−iv·ðk1−kÞ

Z
d2we−iw·ðpþk2Þūð1Þγþ

�
UFðv; v−Þ

þ 1

kþ1 þ kþ

Z Lþ
2

−Lþ
2

dvþUF

�
Lþ

2
; vþ; v; v−

��½γi; γj�
4

gt · F ijðvÞ −
ðkj

1 þ kjÞ
2

Dvj
↔

− iDvj
 	

Dvj
	!�

× UF

�
vþ;−

Lþ

2
; v; v−

�� ð=̌kþmÞ
2kþ

γμ
ð=̌pþmÞ
2pþ

�
U†
Fðw; w−Þ þ 1

kþ2 − pþ

Z Lþ
2

−Lþ
2

dwþU†
F

�
wþ;−

Lþ

2
;w; w−

�

×

�½γi0 ; γj0 �
4

gt · F i0j0 ðwÞ −
ðpj0 − kj0

2 Þ
2

Dwj0
↔

− iDwj0
 		

Dwj0
		!�

U†
F

�
Lþ

2
; wþ;w; w−

��

× γþvð2Þ þ ieefϵλμðqÞuð1Þγμvð2Þ
Z

d2z
Z

dz−
Z

−Lþ=2

−∞
dzþe−iz·ðq−ǩ1−ǩ2Þ: ð70Þ

The integrals over the location zμ of the photon splitting vertex before the target can be performed explicitly: the unrestricted
integrations over z and z− enforce the conservation of the transverse and þ components of the momentum at the vertex,
whereas the integrations over zþ are of the form

Z
−Lþ=2

−∞
dzþe−izþE− ¼ i

ðE− þ iϵÞ e
iL
þ
2
E−
; ð71Þ

with E− ¼ ðq− − ǩ− þ p̌−Þ, except in the vacuum subtraction term, in which E− ¼ ðq− − ǩ−1 − ǩ−2 Þ. We thus obtain

Sbefq1q̄2←γ� ¼ −ieefϵλμðqÞ
Z

d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq − kþ pÞ i

ðq− − ǩ− þ p̌− þ iϵÞ e
iL
þ
2
ðq−−ǩ−þp̌−Þ

×
Z

dv−eiv
−ðkþ

1
−kþÞ

Z
dw−eiw

−ðkþ
2
þpþÞ

Z
d2ve−iv·ðk1−kÞ

Z
d2we−iw·ðpþk2Þūð1Þγþ

�
UFðv; v−Þ

þ 1

kþ1 þ kþ

Z Lþ
2

−Lþ
2

dvþUF

�
Lþ

2
; vþ; v; v−

��½γi; γj�
4

gt · F ijðvÞ −
ðkj

1 þ kjÞ
2

Dvj
↔

− iDvj
 	

Dvj
	!�

× UF

�
vþ;−

Lþ

2
; v; v−

�� ð=̌kþmÞ
2kþ

γμ
ð=̌pþmÞ
2pþ

�
U†
Fðw; w−Þ þ 1

kþ2 − pþ

Z Lþ
2

−Lþ
2

dwþU†
F

�
wþ;−

Lþ

2
;w; w−

�

×

�½γi; γj�
4

gt · F ijðwÞ −
ðpj − kj

2Þ
2

Dwj

↔
− iDwj
 		

Dwj
		!�

U†
F

�
Lþ

2
; wþ;w; w−

��

× γþvð2Þ þ ieefϵλμðqÞuð1Þγμvð2Þð2πÞ3δð3Þðq − k1 − k2Þ
i

ðq− − ǩ−1 − ǩ−2 þ iϵÞ e
iL
þ
2
ðq−−ǩ−1−ǩ−2 Þ: ð72Þ

The expression (72) contains effects beyond the eikonal approximation of various types and origins: decorations on the
Wilson line associated with the quark or with the antiquark, phase factor dependent on the target width Lþ, and dependence
on v− or w− of the background field andWilson lines. Since our aim is to calculate the S-matrix element and cross section at
NEik accuracy, we only need to extract the NEik correction associated with each noneikonal effect separately. We would
need to take into account two noneikonal effects simultaneously only in order to calculate the observable at NNEik accuracy
and beyond.
First, let us consider the contribution to the expression (72) with decorations inserted on the quark Wilson line, but not on

the antiquark Wilson line, which is
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Sbefq1q̄2←γ� jdec onq ¼ −ieefϵλμðqÞ
Z

d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq− kþpÞ i

ðq− − ǩ−þ p̌−þ iϵÞe
iL
þ
2
ðq−−ǩ−þp̌−Þ

×
Z

dv−eiv
−ðkþ

1
−kþÞ

Z
dw−eiw

−ðkþ
2
þpþÞ

Z
d2ve−iv·ðk1−kÞ

Z
d2we−iw·ðpþk2Þūð1Þγþ 1

kþ1 þ kþ

×
Z Lþ

2

−Lþ
2

dvþ
�
UF

�
Lþ

2
; vþ;v; v−

��½γi; γj�
4

gt ·F ijðvÞ−
ðkj

1þkjÞ
2

Dvj
↔

− iDvj
 	

Dvj
	!�

UF

�
vþ;−

Lþ

2
;v; v−

��

×
ð=̌kþmÞ
2kþ

γμ
ð=̌pþmÞ
2pþ

U†
Fðw;w−Þγþvð2Þ: ð73Þ

Because of the integration over the vþ at which the decorations are inserted, the contribution (73) only starts at NEik
accuracy. We can thus neglect in that expression any further noneikonal effect: the phase factor dependent on Lþ, and the
dependence on v− and w− of the background field and Wilson lines. The latter allows us to perform the integrations over v−

and w− analytically and to obtain4

Sbefq1q2←γ� jdec on q ¼ 2πδðkþ1 þ kþ2 − qþÞ ð−iÞeefϵλμðqÞ
Z

d3k
ð2πÞ3 2πδðk

þ − kþ1 Þ
Z

d3p

ð2πÞ3 ð2πÞ
3δð3Þðq − kþ pÞ

×
1

2kþ1

i

ðq− − ǩ− þ p̌− þ iϵÞ
Z

d2ve−iv·ðk1−kÞ
Z

d2we−iw·ðpþk2Þūð1Þ
Z Lþ

2

−Lþ
2

dvþ
�
UF

�
Lþ

2
; vþ; v

�

×

�½γi; γj�
4

gt · F ijðvÞ −
ðkj

1 þ kjÞ
2

Dvj
↔

− iDvj
 	

Dvj
	!�

UF

�
vþ;−

Lþ

2
; v

�
U†
FðwÞ

�

× γþ
ð=̌kþmÞ
2kþ

γμ
ð=̌pþmÞ
2pþ

γþvð2Þ: ð74Þ

Similarly, one can extract from Eq. (72) the NEik contribution associated with decorations inserted on the antiquark Wilson
line, and simplify it into

Sbefq1q2←γ� jdec on q̄¼ 2πδðkþ1 þkþ2 −qþÞð−iÞeefϵλμðqÞ
Z

d3k
ð2πÞ3 2πδðk

þ−kþ1 Þ
Z

d3p

ð2πÞ3 ð2πÞ
3δð3Þðq−kþpÞ

×
1

2kþ2

i

ðq− − ǩ−þ p̌−þ iϵÞ ūð1Þγ
þ ð=̌kþmÞ

2kþ
γμ
ð=̌pþmÞ
2pþ

γþ
Z

d2ve−iv·ðk1−kÞ
Z

d2we−iw·ðpþk2Þ
Z Lþ

2

−Lþ
2

dwþ

×

�
UFðvÞU†

F

�
wþ;−

Lþ

2
;w

��½γi;γj�
4

gt ·F ijðwÞ−
ðpj−kj

2Þ
2

Dwj

↔
− iDwj
 		

Dwj
		!�

U†
F

�
Lþ

2
;wþ;w

��
vð2Þ: ð75Þ

After extracting from Eq. (72) the contributions (74) and (75) of decorations on the quark or antiquark Wilson lines, the
leftover is

Sbefq1q2←γ� − Sbefq1q̄2←γ� jdec on q − Sbefq1q̄2←γ� jdec on q̄ ¼ −ieefϵλμðqÞ
Z

d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq − kþ pÞ

×
i

ðq− − ǩ− þ p̌− þ iϵÞ e
iL
þ
2
ðq−−ǩ−þp̌−Þūð1Þγþ ð=̌kþmÞ

2kþ
γμ
ð=̌pþmÞ
2pþ

γþvð2Þ

×
Z

d2ve−iv·ðk1−kÞ
Z

d2we−iw·ðpþk2Þ
Z

dv−eiv
−ðkþ

1
−kþÞ

Z
dw−eiw

−ðkþ
2
þpþÞ

× UFðv; v−ÞU†
Fðw; w−Þ þ ieefϵλμðqÞūð1Þγμvð2Þð2πÞ3δð3Þðq − k1 − k2Þ

×
i

ðq− − ǩ−1 − ǩ−2 þ iϵÞ e
iL
þ
2
ðq−−ǩ−1−ǩ−2 Þ: ð76Þ

4Note that in this case θðkþÞ ¼ θðkþ1 Þ ¼ 1 and θð−pþÞ ¼ θðkþ2 Þ ¼ 1, since kþ1 > 0 and kþ2 > 0 by definition for the produced particles.
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Noting that

Z
d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq − kþ pÞ i

ðq− − ǩ− þ p̌− þ iϵÞ e
iL
þ
2
ðq−−ǩ−þp̌−Þ

× ūð1Þγþ ðǩþmÞ
2kþ

γμ
ðp̌þmÞ
2pþ

γþvð2Þ
Z

d2ve−iv·ðk1−kÞ
Z

d2we−iw·ðpþk2Þ
Z

dv−eiv
−ðkþ

1
−kþÞ

Z
dw−eiw

−ðkþ
2
þpþÞ

¼
Z

d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq − kþ pÞ i

ðq− − ǩ− þ p̌− þ iϵÞ e
iL
þ
2
ðq−−ǩ−þp̌−Þ

× ūð1Þγþ ðǩþmÞ
2kþ

γμ
ðp̌þmÞ
2pþ

γþvð2Þð2πÞ3δð3Þðk − k1Þð2πÞ3δð3Þðpþ k2Þ

¼ ð2πÞ3δð3Þðq − k1 − k2Þ
i

ðq− − ǩ−1 − ǩ−2 þ iϵÞ e
iL
þ
2
ðq−−ǩ−1−ǩ−2 Þūð1Þγþ ðǩ1 þmÞ

2kþ1
γμ
ð−ǩ2 þmÞ
ð−2kþ2 Þ

γþvð2Þ

¼ ð2πÞ3δð3Þðq − k1 − k2Þ
i

ðq− − ǩ−1 − ǩ−2 þ iϵÞ e
iL
þ
2
ðq−−ǩ−1−ǩ−2 Þūð1Þγμvð2Þ; ð77Þ

it is possible to rewrite Eq. (76) as

Sbefq1q̄2←γ� − Sbefq1q̄2←γ� jdec on q − Sbefq1q̄2←γ� jdec on q̄ ¼ −ieefϵλμðqÞ
Z

d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq − kþ pÞ

×
i

ðq− − ǩ− þ p̌− þ iϵÞ e
iL
þ
2
ðq−−ǩ−þp̌−Þūð1Þγþ ð=̌kþmÞ

2kþ
γμ
ð=̌pþmÞ
2pþ

γþvð2Þ

×
Z

d2ve−iv·ðk1−kÞ
Z

d2we−iw·ðpþk2Þ
Z

dv−eiv
−ðkþ

1
−kþÞ

×
Z

dw−eiw
−ðkþ

2
þpþÞ½UFðv; v−ÞU†

Fðw; w−Þ − 1�: ð78Þ

Expanding the Lþ dependent phase factor at small target width Lþ, one finds the contribution linear in Lþ to be

Sbefq1q̄2←γ� jLþ phase ¼ −ieefϵλμðqÞ
Z

d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq − kþ pÞ ūð1Þγþ ðǩþmÞ

2kþ
γμ
ðp̌þmÞ
2pþ

γþvð2Þ

× ð−1ÞL
þ

2

Z
d2ve−iv·ðk1−kÞ

Z
d2we−iw·ðpþk2Þ

Z
dv−eiv

−ðkþ
1
−kþÞ

×
Z

dw−eiw
−ðkþ

2
þpþÞ½UFðv; v−ÞU†

Fðw; w−Þ − 1�: ð79Þ

The contribution (78) starts at NEik accuracy due to the overall Lþ factor. We can thus neglect the dependence of theWilson
lines on v− or w− in that case and find

Sbefq1q̄2←γ� jLþ phase¼2πδðkþ1 þkþ2 −qþÞð−iÞeefϵλμðqÞ
Z

d3k
ð2πÞ3 2πδðk

þ−kþ1 Þ
Z

d3p

ð2πÞ3 ð2πÞ
3δð3Þðq−kþpÞ

×ð−1ÞL
þ

2
ūð1Þγþð=̌kþmÞ

2kþ
γμ
ð=̌pþmÞ
2pþ

γþvð2Þ
Z

d2ve−iv·ðk1−kÞ
Z

d2we−iw·ðpþk2Þ½UFðvÞU†
FðwÞ−1�: ð80Þ

Subtracting the contribution (80) as well from Eq. (78), one has at NEik accuracy
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Sbefq1q̄2←γ� −Sbefq1q̄2←γ� jdec onq−Sbefq1q̄2←γ� jdec on q̄−Sbefq1q̄2←γ� jLþ phase

¼−ieefϵλμðqÞ
Z

d3k
ð2πÞ3 θðk

þÞ
Z

d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq−kþpÞ i

ðq− − ǩ−þ p̌−þ iϵÞ ūð1Þγ
þ ð=̌kþmÞ

2kþ
γμ
ð=̌pþmÞ
2pþ

γþvð2Þ

×
Z

d2ve−iv·ðk1−kÞ
Z

d2we−iw·ðpþk2Þ
Z

dv−eiv
−ðkþ

1
−kþÞ

Z
dw−eiw

−ðkþ
2
þpþÞ½UFðv;v−ÞU†

Fðw;w−Þ−1�: ð81Þ

In Eq. (81), the only leftover effect beyond the eikonal approximation is the dependence on v− or w− of the Wilson lines.
Using the change of variables ðv−; w−Þ↦ ðb−; r−Þ defined as

b− ¼ ðv
− þ w−Þ
2

; r− ¼ ðw− − v−Þ ð82Þ

so that

w− ¼ b− þ r−

2
; v− ¼ b− −

r−

2
; ð83Þ

and Taylor expanding the Wilson lines around b−, one findsZ
dv−eiv

−ðkþ
1
−kþÞ

Z
dw−eiw

−ðkþ
2
þkþ−qþÞ½UFðv; v−ÞU†

Fðw; w−Þ − 1�

¼
Z

db−eib
−ðkþ

1
þkþ

2
−qþÞ

Z
dr−eir

−½kþ−1
2
ðkþ

1
−kþ

2
þqþÞ�

�
UF

�
v; b− −

r−

2

�
U†
F

�
w; b− þ r−

2

�
− 1

�

¼
Z

db−eib
−ðkþ

1
þkþ

2
−qþÞ

Z
dr−eir

−½kþ−1
2
ðkþ

1
−kþ

2
þqþÞ�

�
½UFðv; b−ÞU†

Fðw; b−Þ − 1�

−
r−

2
ð∂b−UFðv; b−ÞÞU†

Fðw; b−Þ þ
r−

2
UFðv; b−Þð∂b−U†

Fðw; b−ÞÞ þOðNNEikÞ
�

¼ 2πδ

�
kþ −

1

2
ðkþ1 − kþ2 þ qþÞ

�Z
db−eib

−ðkþ
1
þkþ

2
−qþÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�

−
i
2
2πδ0

�
kþ −

1

2
ðkþ1 − kþ2 þ qþÞ

�Z
db−eib

−ðkþ
1
þkþ

2
−qþÞ½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ� þOðNNEikÞ

¼ 2πδ

�
kþ −

1

2
ðkþ1 − kþ2 þ qþÞ

�Z
db−eib

−ðkþ
1
þkþ

2
−qþÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�

−
i
2
2πδ0

�
kþ −

1

2
ðkþ1 − kþ2 þ qþÞ

�
2πδðkþ1 þ kþ2 − qþÞ½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0 þOðNNEikÞ: ð84Þ

Indeed, each derivative along the− direction acting on aWilson line provides an extra power suppression in the high-energy
limit. In the last step of Eq. (84), in the second term, which starts only at NEik order due to the derivative in b−, we have
neglected the overall b− of the color object after taking the derivative, since it would matter only at NNEik accuracy. By
contrast, in the first term in (84) we have kept the dependence of the Wilson lines on the average b− instead of expanding it,
in order to facilitate the calculation on the cross section. This corresponds to the generalized eikonal approximation at the
S-matrix level. Hence, at NEik accuracy, one finds two contributions in the expression (81), corresponding to the two terms
in Eq. (84). First, we have the generalized eikonal contribution

Sbefq1q̄2←γ� jGen Eik ¼ −ieefϵλμðqÞ
Z

d2v
Z

d2w
Z

db−eib
−ðkþ

1
þkþ

2
−qþÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�

×
Z

d3k
ð2πÞ3 θðk

þÞ2πδ
�
kþ −

1

2
ðkþ1 − kþ2 þ qþÞ

�Z
d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq − kþ pÞ

× e−iv·ðk1−kÞe−iw·ðpþk2Þ i

ðq− − ǩ− þ p̌− þ iϵÞ ūð1Þγ
þ ð=̌kþmÞ

2kþ
γμ
ð=̌pþmÞ
2pþ

γþvð2Þ; ð85Þ
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which contains the dependence of the Wilson lines on a common b− as the only leftover effect beyond the strict eikonal
approximation. Second, we have an explicit NEik correction5

Sbefq1q2←γ� jdyn target ¼ 2πδðkþ1 þ kþ2 − qþÞð−iÞeefϵλμðqÞ
Z

d2v
Z

d2w½UFðv; b−Þ ∂b−
↔

U†
Fðw; b−Þ�jb−¼0

×
Z

d3k
ð2πÞ3 θðk

þÞð−1Þ i
2
2πδ0ðkþ − kþ1 Þ

Z
d3p

ð2πÞ3 θð−p
þÞð2πÞ3δð3Þðq − kþ pÞ

× e−iv·ðk1−kÞe−iw·ðpþk2Þ i

ðq− − ǩ− þ p̌− þ iϵÞ ūð1Þγ
þ ðǩþmÞ

2kþ
γμ
ð=̌pþmÞ
2pþ

γþvð2Þ: ð86Þ

As a reminder, the − axis in light-cone coordinates can be interpreted as the longitudinal direction for the right-moving
projectile and as the time direction for the left-moving target. If the target background field is dynamical, meaning z−

dependent, the quark and antiquark from the projectile will probe a different value of the field not only because of their
transverse separation w − v but also because of their longitudinal separation r− ¼ w− − v−. The contribution (86) is then
the NEik correction induced by the tidal-like force exerted by the dynamical background field on the quark and antiquark
due to their longitudinal separation r−.
All in all, we have written the S-matrix element for the before diagram at NEik accuracy as

Sbefq1q̄2←γ� ¼ Sbefq1q̄2←γ� jGen Eik þ Sbefq1q̄2←γ� jdec on q þ Sbefq1q̄2←γ� jdec on q̄ þ Sbefq1q̄2←γ� jLþ phase þ Sbefq1q̄2←γ� jdyn target þOðNNEikÞ; ð87Þ

with the generalized eikonal contribution given in Eq. (85), and the four types of further NEik corrections given,
respectively, by Eqs. (74), (75), (80), and (86).
Most of these contributions contain the same energy denominator, which is

ðq− − ǩ− þ p̌− þ iϵÞ ¼ ðq
2 −Q2Þ
2qþ

−
ðk2 þm2Þ

2kþ
þ ðp

2 þm2Þ
2pþ

þ iϵ; ð88Þ

introducing as usual the photon virtuality Q2 ≡ −qμqμ. Using the momentum conservation constraint p ¼ k − q at the
photon splitting vertex, valid for all these contributions, one finds

ðq− − ǩ− þ p̌− þ iϵÞ ¼ ðq
2 −Q2Þ
2qþ

−
ðk2 þm2Þ

2kþ
−
ððq − kÞ2 þm2Þ

2ðqþ − kþÞ þ iϵ

¼ −
Q2

2qþ
−

qþ

2kþðqþ − kþÞ
��

k −
kþ

qþ
q
�

2

þm2

�
þ iϵ: ð89Þ

Since the real part of this energy denominator cannot change sign, the þiϵ has no effect and can always be dropped. Using
the expression (89) in the generalized eikonal contribution (85), one has

Sbefq1q̄2←γ� jGen Eik ¼ eefϵλμðqÞ
Z

d2v
Z

d2w
Z

db−eib
−ðkþ

1
þkþ

2
−qþÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�

×
1

2qþ

Z
d3k
ð2πÞ3 θðk

þÞθðqþ − kþÞ2πδ
�
kþ −

1

2
ðkþ1 − kþ2 þ qþÞ

�
e−iv·ðk1−kÞe−iw·ðk2þk−qÞ

×
ūð1Þγþð=̌kþmÞγμð=̌k − =qþmÞγþvð2Þ
½ðk − kþ

qþ qÞ2 þm2 þ kþðqþ−kþÞ
ðqþÞ2 Q2�

: ð90Þ

Similarly, one obtains

5Note that due to the choice of the light-cone gauge Aþ ¼ 0, the ordinary derivative ∂b−
↔

can equivalently be written as a covariant

derivative Db−
↔

.

ALTINOLUK, BEUF, CZAJKA, and TYMOWSKA PHYS. REV. D 107, 074016 (2023)

074016-18



Sbefq1q̄2←γ� jdyn target ¼ 2πδðkþ1 þ kþ2 − qþÞeefϵλμðqÞ
Z

d2v
Z

d2w½UFðv; b−Þ ∂b−
↔

U†
Fðw; b−Þ�jb−¼0

×
ð−iÞ
4qþ

Z
d3k
ð2πÞ3 θðk

þÞθðqþ − kþÞ2πδ0ðkþ − kþ1 Þe−iv·ðk1−kÞe−iw·ðk2þk−qÞ

×
ūð1ÞγþðǩþmÞγμðǩ − =qþmÞγþvð2Þ
½ðk − kþ

qþ qÞ2 þm2 þ kþðqþ−kþÞ
ðqþÞ2 Q2�

ð91Þ

from Eq. (86) and

Sbefq1q̄2←γ� jLþ phase ¼ 2πδðkþ1 þ kþ2 − qþÞ eefϵλμðqÞ
Z

d2v
Z

d2w½UFðvÞU†
FðwÞ − 1�

×
ð−iÞLþ
8kþ1 k

þ
2

Z
d3k
ð2πÞ3 2πδðk

þ − kþ1 Þe−iv·ðk1−kÞe−iw·ðk2þk−qÞ ūð1ÞγþðǩþmÞγμðǩ − qþmÞγþvð2Þ ð92Þ

from Eq. (80). Then, from Eq. (74), one finds

Sbefq1q̄2←γ� jdec on q ¼ 2πδðkþ1 þ kþ2 − qþÞ eefϵλμðqÞ
Z

d2v
Z

d2w
1

4qþkþ1

Z Lþ
2

−Lþ
2

dvþ
Z

d3k
ð2πÞ3 2πδðk

þ − kþ1 Þ

× ūð1Þ
�
UF

�
Lþ

2
; vþ; v

��½γi; γj�
4

gt · F ijðvÞ −
ðkj

1 þ kjÞ
2

Dvj
↔

− iDvj
 	

Dvj
	!�

UF

�
vþ;−

Lþ

2
; v

�
U†
FðwÞ

�

×
γþð=̌kþmÞγμð=̌k − =qþmÞγþvð2Þ
½ðk − kþ

qþ qÞ2 þm2 þ kþðqþ−kþÞ
ðqþÞ2 Q2�

e−iv·ðk1−kÞe−iw·ðk2þk−qÞ: ð93Þ

At this stage, let us note that the third line in Eq. (93) is identical to the k dependent factor in the integrand of the generalized
eikonal contribution (90) or in the integrand of Eq. (91). By contrast, in Eq. (93) there is an extra dependence on k in the
bracket in the second line. For later convenience, let us eliminate this extra dependence on k. Since k appears both in the v
and in the w dependent phase factors, this extra k can be traded for a derivative in v or for a derivative in w or for a
combination of both. All of these choices would lead to equivalent results, related to each other via integration by parts.
Choosing to trade k for a derivative in w, one arrives at

Sbefq1q2←γ� jdec onq ¼ 2πδðkþ1 þ kþ2 −qþÞeefϵλμðqÞ
Z

d2v
Z

d2w
1

4qþkþ1

Z Lþ
2

−Lþ
2

dvþ
Z

d3k
ð2πÞ3 2πδðk

þ− kþ1 Þ

× ūð1Þ
��

UF

�
Lþ

2
;vþ;v

��½γi;γj�
4

gt ·F ijðvÞ−
ðkj

1 −kj
2þqjÞ
2

Dvj
↔

− iDvj
 	

Dvj
	!�

UF

�
vþ;−

Lþ

2
;v

�
U†
FðwÞ

�

þ i
2

�
UF

�
Lþ

2
; vþ;v

�
Dvj
↔

UF

�
vþ;−

Lþ

2
;v

�
ð∂wjU†

FðwÞÞ
��

×
γþð=̌kþmÞγμð=̌k−=qþmÞγþvð2Þ�
ðk− kþ

qþqÞ2þm2þ kþðqþ−kþÞ
ðqþÞ2 Q2

�e−iv·ðk1−kÞe−iw·ðk2þk−qÞ: ð94Þ

To obtain more compact expressions, let us introduce the notations

Uð1ÞF;jðvÞ ¼
Z Lþ

2

−Lþ
2

dvþUF

�
Lþ

2
; vþ; v

�
Dvj
↔

UF

�
vþ;−

Lþ

2
; v

�
; ð95Þ

Uð2ÞF ðvÞ ¼
Z Lþ

2

−Lþ
2

dvþUF

�
Lþ

2
; vþ; v

�
Dvj
 	

Dvj
	!

UF

�
vþ;−

Lþ

2
; v

�
; ð96Þ

DIS DIJET PRODUCTION AT NEXT-TO-EIKONAL ACCURACY … PHYS. REV. D 107, 074016 (2023)

074016-19



Uð3ÞF;ijðvÞ ¼
Z Lþ

2

−Lþ
2

dvþUF

�
Lþ

2
; vþ; v

�
gt · F ijðvÞUF

�
vþ;−

Lþ

2
; v

�
ð97Þ

for the decorated Wilson lines appearing at NEik accuracy. Their Hermitian conjugate is

Uð1Þ†F;j ðvÞ ¼ −
Z Lþ

2

−Lþ
2

dvþU†
F

�
vþ;−

Lþ

2
; v

�
Dvj ↔U†

F

�
Lþ

2
; vþ; v

�
; ð98Þ

Uð2Þ†F ðvÞ ¼
Z Lþ

2

−Lþ
2

dvþU†
F

�
vþ;−

Lþ

2
; v

�
Dvj
 	

Dvj
	!

U†
F

�
Lþ

2
; vþ; v

�
; ð99Þ

Uð3Þ†F;ijðvÞ ¼
Z Lþ

2

−Lþ
2

dvþU†
F

�
vþ;−

Lþ

2
; v

�
gt · F ijðvÞU†

F

�
Lþ

2
; vþ; v

�
: ð100Þ

With these notations, the expression (94) becomes

Sbefq1q2←γ� jdec on q ¼ 2πδðkþ1 þ kþ2 − qþÞ eefϵλμðqÞ
1

4qþkþ1

Z
d2v

Z
d2w

Z
d3k
ð2πÞ3 2πδðk

þ − kþ1 Þe−iv·ðk1−kÞe−iw·ðk2þk−qÞ

× ūð1Þ
�½γi; γj�

4
Uð3ÞF;ijðvÞ − iUð2ÞF ðvÞ þ Uð1ÞF;jðvÞ

�
−
ðkj

1 − kj
2 þ qjÞ
2

þ i
2
∂wj

��
U†
FðwÞ

×
γþð=̌kþmÞγμð=̌k − =qþmÞγþvð2Þ
½ðk − kþ

qþ qÞ2 þm2 þ kþðqþ−kþÞ
ðqþÞ2 Q2�

: ð101Þ

Following the same steps, one can rewrite the contribution with decoration on the antiquark Wilson line (75) as

Sbefq1q̄2←γ� jdec on q̄ ¼ 2πδðkþ1 þ kþ2 − qþÞeefϵλμðqÞ
Z

d2v
Z

d2w
1

4qþkþ2

Z Lþ
2

−Lþ
2

dwþ
Z

d3k
ð2πÞ3 2πδðk

þ − kþ1 Þ

× e−iv·ðk1−kÞe−iw·ðk2þk−qÞ ūð1Þγþð=̌kþmÞγμð=̌k−=qþmÞγþ
½ðk− kþ

qþ qÞ2þm2þ kþðqþ−kþÞ
ðqþÞ2 Q2�

×

��
UFðvÞU†

F

�
wþ;−

Lþ

2
;w

��½γi; γj�
4

gt ·F ijðwÞ þ
ðkj

2 −kj
1þ qjÞ
2

Dwj

↔
− iDwj
 		

Dwj
		!�

U†
F

�
Lþ

2
;wþ;w

��

−
i
2

�
ð∂vjUFðvÞÞU†

F

�
wþ;−

Lþ

2
;w

�
Dwj

↔
U†
F

�
Lþ

2
;wþ;w

���
vð2Þ; ð102Þ

or, using the notations (98), (99), and (100),

Sbefq1q2←γ� jdec on q̄ ¼ 2πδðkþ1 þ kþ2 − qþÞ eefϵλμðqÞ
1

4qþkþ2

Z
d2v

Z
d2w

×
Z

d3k
ð2πÞ3 2πδðk

þ − kþ1 Þ
ūð1Þγþð=̌kþmÞγμð=̌k − =qþmÞγþ
½ðk − kþ

qþ qÞ2 þm2 þ kþðqþ−kþÞ
ðqþÞ2 Q2�

e−iw·ðk2þk−qÞ

×

�
UFðvÞ

�½γi; γj�
4

Uð3Þ†F;ijðwÞ − iUð2Þ†F ðwÞ þ
�
i
2
∂vj
 	 −

ðkj
2 − kj

1 þ qjÞ
2

�
Uð1Þ†F;j ðwÞ

��
vð2Þe−iv·ðk1−kÞ: ð103Þ

C. Before contribution to the S-matrix: Longitudinal photon polarization

Let us now evaluate our general expressions (90), (91), (92), (101), and (103), in the case of an incoming longitudinal
photon. Introducing the longitudinal polarization vector in light-cone (LC) gauge given in (61), one finds
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ϵLμ ðqÞγþð=̌kþmÞγμð=̌k − =qþmÞγþ ¼ Q
qþ

γþð=̌kþmÞγþð=̌k − =qþmÞγþ ¼ Q
qþ
fγþ; =̌kgγþf=̌k − =q; γþg

¼ −
4kþðqþ − kþÞ

qþ
Qγþ: ð104Þ

Inserting this result into Eq. (92)

Sbefq1q̄2←γ�L
jLþ phase ¼ 2πδðkþ1 þ kþ2 − qþÞ eef

Z
d2v

Z
d2w½UFðvÞU†

FðwÞ − 1� ð−iÞL
þ

8kþ1 k
þ
2

×
Z

d3k
ð2πÞ3 2πδðk

þ − kþ1 Þe−iv·ðk1−kÞe−iw·ðk2þk−qÞ ð−1Þ 4k
þðqþ − kþÞ

qþ
Qūð1Þγþvð2Þ

¼ 2πδðkþ1 þ kþ2 − qþÞeefQūð1Þγþvð2Þ iL
þ

2qþ

Z
d2v

Z
d2w½UFðvÞU†

FðvÞ − 1�δð2Þðv − wÞe−iv·ðk1þk2−qÞ

¼ 0: ð105Þ
To calculate the cross section, it is sufficient to know the S-matrix element for q ¼ 0. Hence, we will assume q ¼ 0 from

now on, for simplicity. Then, inserting the expression (104) into (90) and taking q ¼ 0, one obtains

Sbefq1q̄2←γ�L
jGen Eik ¼ −2Qeefūð1Þγþvð2Þ

Z
d2ve−iv·k1

Z
d2we−iw·k2

Z
db−eib

−ðkþ
1
þkþ

2
−qþÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�

×
Z

d3k
ð2πÞ3 θðk

þÞθðqþ − kþÞ2πδ
�
kþ −

1

2
ðkþ1 − kþ2 þ qþÞ

�
kþðqþ − kþÞ
ðqþÞ2

eik·ðv−wÞ

½k2 þm2 þ kþðqþ−kþÞ
ðqþÞ2 Q2�

¼ −2Q
eef
2π

ūð1Þγþvð2Þ ðq
þ þ kþ1 − kþ2 Þðqþ þ kþ2 − kþ1 Þ

4ðqþÞ2 θðqþ þ kþ1 − kþ2 Þθðqþ þ kþ2 − kþ1 Þ
Z

d2ve−iv·k1

×
Z

d2we−iw·k2K0ðQ̂jw − vjÞ
Z

db−eib
−ðkþ

1
þkþ

2
−qþÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�; ð106Þ

using the relation

Z
d2k
ð2πÞ2

e−ik·r

ðk2 þ ΔÞ ¼
1

2π
K0ð

ffiffiffiffi
Δ
p
jrjÞ; ð107Þ

where KαðzÞ is the modified Bessel function of the second kind. In Eq. (106), we have introduced the notation

Q̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ ðq

þ þ kþ1 − kþ2 Þðqþ − kþ1 þ kþ2 Þ
4ðqþÞ2 Q2

s
: ð108Þ

Similarly, in the longitudinal photon case, Eq. (101) becomes

Sbefq1q̄2←γ�L
jdec on q ¼ 2πδðkþ1 þ kþ2 − qþÞ eef

2π
ð−1ÞQ kþ2

ðqþÞ2
Z

d2ve−iv·k1

Z
d2we−iw·k2K0ðQ̄jw − vjÞ

× ūð1Þγþ
�½γi; γj�

4
Uð3ÞF;ijðvÞ − iUð2ÞF ðvÞ þ Uð1ÞF;jðvÞ

�ðkj
2 − kj

1Þ
2

þ i
2
∂wj

��
U†
FðwÞvð2Þ ð109Þ

and Eq. (103)

Sbefq1q̄2←γ�L
jdec on q̄ ¼ 2πδðkþ1 þ kþ2 − qþÞ eef

2π
ð−1ÞQ kþ1

ðqþÞ2
Z

d2ve−iv·k1

Z
d2we−iw·k2K0ðQ̄jw − vjÞ

× ūð1Þγþ
�
UFðvÞ

�½γi; γj�
4

Uð3Þ†F;ijðwÞ − iUð2Þ†F ðwÞ þ
�
i
2
∂vj
 	 −

ðkj
2 − kj

1Þ
2

�
Uð1Þ†F;j ðwÞ

��
vð2Þ; ð110Þ
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where Q̄ is defined as6

Q̄≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þQ2

kþ1 k
þ
2

ðqþÞ2

s
: ð111Þ

Finally, integrating by part in kþ, Eq. (91) leads to

Sbefq1q̄2←γ�L
jdyn target ¼ 2πδðkþ1 þ kþ2 − qþÞiQeefūð1Þγþvð2Þ

Z
d2ve−iv·k1

Z
d2we−iw·k2 ½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0

×
Z

d3k
ð2πÞ3 2πδðk

þ − kþ1 Þeik·ðv−wÞ ð−∂kþÞ
�
θðkþÞθðqþ − kþÞ

ðkþðqþ−kþÞðqþÞ2 Þ
½k2 þm2 þ kþðqþ−kþÞ

ðqþÞ2 Q2�

�

¼ 2πδðkþ1 þ kþ2 − qþÞiQeefūð1Þγþvð2Þ
Z

d2ve−iv·k1

Z
d2we−iw·k2 ½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0

×
ðkþ1 − kþ2 Þ
ðqþÞ2

Z
d2k
ð2πÞ2 e

ik·ðv−wÞ ½k2 þm2�
½k2 þ Q̄2�2

¼ 2πδðkþ1 þ kþ2 − qþÞiQ eef
2π

ūð1Þγþvð2Þ ðk
þ
1 − kþ2 Þ
ðqþÞ2

Z
d2ve−iv·k1

Z
d2we−iw·k2

×

�
K0ðQ̄jw − vjÞ − ðQ̄

2 −m2Þ
2Q̄

jw − vjK1ðQ̄jw − vjÞ
�
½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0; ð112Þ

discarding zero mode contributions at kþ1 ¼ 0 or kþ2 ¼ 0, which would not contribute to the cross section of dijet production
in the experimentally meaningful range. In the last step of Eq. (112), we have used both the relation (107) and

Z
d2k
ð2πÞ2

e−ik·r

ðk2 þ ΔÞ2 ¼
1

4π

jrjffiffiffiffi
Δ
p K1ð

ffiffiffiffi
Δ
p
jrjÞ: ð113Þ

In summary, in the longitudinal photon polarization case, the S-matrix element at NEik accuracy is given by

Sq1q̄2←γ�L
¼ Sbefq1q̄2←γ�L

jGen Eik þ Sbefq1q̄2←γ�L
jdec on q þ Sbefq1q̄2←γ�L

jdec on q̄ þ Sbefq1q̄2←γ�L
jdyn target; ð114Þ

where explicit expressions for each contribution are given in Eqs. (106), (109), (110), and (112). We remind the reader that
the contribution (105) vanishes, as well as the contribution from photon splitting inside the target (62).
By contrast, the strict eikonal approximation for the S-matrix element can be obtained from the generalized

eikonal contribution (106) by neglecting the b− dependence of the Wilson lines. In such a way, one recovers the standard
result

Sbefq1q̄2←γ�L
jStrict Eik ¼ 2πδðkþ1 þ kþ2 − qþÞð−2ÞQeef

2π
ūð1Þγþvð2Þ k

þ
1 k
þ
2

ðqþÞ2
Z

d2ve−iv·k1

×
Z

d2we−iw·k2K0ðQ̄jw − vjÞ½UFðvÞU†
FðwÞ − 1�: ð115Þ

D. Before contribution to the S-matrix: Transverse photon polarization

Let us now consider the case of transverse photon polarization, with polarization vectors as given in (63). The part of the
Dirac structure associated with the photon splitting before the target is then

6Note that Q̂, as defined in Eq. (108), collapses to Q̄ if kþ1 þ kþ2 ¼ qþ, which is the case in most terms, apart from the generalized
eikonal contribution (106). Still, we keep a separate notation for Q̄, since that quantity is the one commonly used in the literature about
dipole factorization for DIS processes in the eikonal limit.
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γþð=̌kþmÞ=ϵλðqÞð=̌k − =qþmÞγþ ¼ γþ½kþγ− − kjγj þm�
�
−εiλγi þ εiλ

qi

qþ
γþ

�
½ðkþ − qþÞγ− − ðkl − qlÞγl þm�γþ

¼ γþ½−kjγj þm�½−εiλγi�ðkþ − qþÞγ−γþ þ γþkþγ−½−εiλγi�½−ðkl − qlÞγl þm�γþ

þ γþkþγ−
�
εiλ

qi

qþ
γþ

�
ðkþ − qþÞγ−γþ

¼ εiλγ
þ
�
2ðqþ − kþÞ½−kjγj þm�γi þ 2kþγi½ðkj − qjÞγj þm� − 4kþðqþ − kþÞ

qþ
qi

�

¼ 2qþεiλγ
þ
��ðqþ − 2kþÞ

qþ
δij þ ½γ

i; γj�
2

��
kj −

kþ

qþ
qj

�
þmγi

�
: ð116Þ

Inserting the result (116) into the expression Eq. (90) for the generalized eikonal contribution, and taking q ¼ 0, one finds

Sbefq1q̄2←γ�T
jGen Eik ¼ eef

Z
d2ve−iv·k1

Z
d2we−iw·k2

Z
db−eib

−ðkþ
1
þkþ

2
−qþÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�

×
1

2qþ

Z
d3k
ð2πÞ3 θðk

þÞθðqþ − kþÞ2πδ
�
kþ −

1

2
ðkþ1 − kþ2 þ qþÞ

�
e−ik·ðw−vÞ

½k2 þm2 þ kþðqþ−kþÞ
ðqþÞ2 Q2�

× 2qþεiλūð1Þγþ
��ðqþ − 2kþÞ

qþ
δij þ ½γ

i; γj�
2

�
kj þmγi

�
vð2Þ

¼ eef
2π

εiλθðqþ þ kþ1 − kþ2 Þθðqþ þ kþ2 − kþ1 Þ
Z

d2ve−iv·k1

Z
d2we−iw·k2

×

�
−i
ðwj − vjÞ
jw − vj Q̂K1ðQ̂jw − vjÞūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
vð2Þ

þ K0ðQ̂jw − vjÞmūð1Þγþγivð2Þ
�Z

db−eib
−ðkþ

1
þkþ

2
−qþÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�; ð117Þ

using the identities (107) and

Z
d2k
ð2πÞ2

e−ik·r

ðk2 þ ΔÞk
j ¼ ð−iÞ

2π

rj

jrj
ffiffiffiffi
Δ
p

K1ð
ffiffiffiffi
Δ
p
jrjÞ: ð118Þ

In the same way, in the transverse photon case and for q ¼ 0, the contribution (101) becomes

Sbefq1q̄2←γ�T
jdeconq¼2πδðkþ1 þkþ2 −qþÞeefεiλ

1

2kþ1

Z
d2ve−iv·k1

Z
d2we−iw·k2

Z
d2k
ð2πÞ2

e−ik·ðw−vÞ

½k2þQ̄2�ūð1Þγ
þ

×

�½γl;γm�
4

Uð3ÞF;lmðvÞ−iUð2ÞF ðvÞþUð1ÞF;lðvÞ
�ðkl

2−kl
1Þ

2
þ i
2
∂wl

��
U†
FðwÞ

��ðkþ2 −kþ1 Þ
qþ

δijþ½γ
i;γj�
2

�
kjþmγi

�
vð2Þ

¼2πδðkþ1 þkþ2 −qþÞeef
2π

εiλ
1

2kþ1

Z
d2ve−iv·k1

Z
d2we−iw·k2 ūð1Þγþ

×

�½γl;γm�
4

Uð3ÞF;lmðvÞ−iUð2ÞF ðvÞþUð1ÞF;lðvÞ
�ðkl

2−kl
1Þ

2
þ i
2
∂wl

��
U†
FðwÞ

×

�
−i
ðwj−vjÞ
jw−vj Q̄K1ðQ̄jw−vjÞ

�ðkþ2 −kþ1 Þ
qþ

δijþ½γ
i;γj�
2

�
þK0ðQ̄jw−vjÞmγi

�
vð2Þ; ð119Þ

and the contribution (103) becomes
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Sbefq1q̄2←γ�T
jdec on q̄ ¼ 2πδðkþ1 þ kþ2 − qþÞ eefεiλ

1

2kþ2

Z
d2ve−iv·k1

Z
d2we−iw·k2

Z
d2k
ð2πÞ2

e−ik·ðw−vÞ

½k2 þ Q̄2� ūð1Þγ
þ

×

��ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
kj þmγi

��
UFðvÞ

�½γl; γm�
4

Uð3Þ†F;lmðwÞ − iUð2Þ†F ðwÞ

þ
�
i
2
∂vl
 	 −

ðkl
2 − kl

1Þ
2

�
Uð1Þ†F;l ðwÞ

��
vð2Þ

¼ 2πδðkþ1 þ kþ2 − qþÞ eef
2π

εiλ
1

2kþ2

Z
d2ve−iv·k1

Z
d2we−iw·k2

× ūð1Þγþ
�
−i
ðwj − vjÞ
jw − vj Q̄K1ðQ̄jw − vjÞ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
þ K0ðQ̄jw − vjÞmγi

�

×

�
UFðvÞ

�½γl; γm�
4

Uð3Þ†F;lmðwÞ − iUð2Þ†F ðwÞ þ
�
i
2
∂vl
 	 −

ðkl
2 − kl

1Þ
2

�
Uð1Þ†F;l ðwÞ

��
vð2Þ: ð120Þ

As a reminder, in Eqs. (119) and (120), the covariant and the ordinary derivatives only act within the square bracket on the
Wilson lines.
Using the expression (116), the contribution (92) can be simplified for the transverse photon and q ¼ 0 as

Sbefq1q̄2←γ�T
jLþ phase ¼ 2πδðkþ1 þ kþ2 − qþÞ eefεiλ

Z
d2ve−iv·k1

Z
d2we−iw·k2 ½UFðvÞU†

FðwÞ − 1�

×
ð−iÞLþqþ
4kþ1 k

þ
2

Z
d2k
ð2πÞ2 e

−ik·ðw−vÞ ūð1Þγþ
��ðkþ2 − kþ1 Þ

qþ
δij þ ½γ

i; γj�
2

�
kj þmγi

�
vð2Þ

¼ 2πδðkþ1 þ kþ2 − qþÞ eefεiλ
Z

d2ve−iv·k1

Z
d2we−iw·k2 ½UFðvÞU†

FðwÞ − 1�

×
ð−iÞLþqþ
4kþ1 k

þ
2

Z
d2k
ð2πÞ2 ūð1Þγþ

��ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
i
2
ð∂wj
	! − ∂vj

	!Þ þmγi
�
vð2Þ e−ik·ðw−vÞ

¼ 2πδðkþ1 þ kþ2 − qþÞ eefεiλ
Z

d2ve−iv·k1

Z
d2we−iw·k2

ð−iÞLþqþ
4kþ1 k

þ
2

δð2Þðw − vÞ

× ūð1Þγþ
��ðkþ2 − kþ1 Þ

qþ
δij þ ½γ

i; γj�
2

��
−
i
2
ð∂wj
	! − ∂vj

	!Þ − ðkj
2 − kj

1Þ
2

�
þmγi

�
vð2Þ ½UFðvÞU†

FðwÞ − 1�

¼ 2πδðkþ1 þ kþ2 − qþÞ eefεiλ
ð−1ÞLþqþ
8kþ1 k

þ
2

ūð1Þγþ
�ðkþ2 − kþ1 Þ

qþ
δij þ ½γ

i; γj�
2

�
vð2Þ

×
Z

d2ve−iv·ðk1þk2Þ ½UFðvÞ ∂vj
↔

U†
FðvÞ�; ð121Þ

where, in the final expression, the partial derivative acts only within the square bracket on the Wilson lines.
Using Eq. (116) and taking q ¼ 0, the contribution (91) associated with the dynamics of the target can be evaluated as

Sbefq1q̄2←γ�T
jdyn target ¼ 2πδðkþ1 þ kþ2 − qþÞeefεiλ

Z
d2ve−iv·k1

Z
d2we−iw·k2 ½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0

×
ð−iÞ
2

Z
d3k
ð2πÞ3 θðk

þÞθðqþ − kþÞ2πδ0ðkþ − kþ1 Þ
e−ik·ðw−vÞ

½k2 þm2 þ kþðqþ−kþÞ
ðqþÞ2 Q2�

× ūð1Þγþ
��ðqþ − 2kþÞ

qþ
δij þ ½γ

i; γj�
2

�
kj þmγi

�
vð2Þ
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¼ 2πδðkþ1 þ kþ2 − qþÞeefεiλ
Z

d2ve−iv·k1

Z
d2we−iw·k2 ½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0

×
ð−iÞ
2

Z
d2k
ð2πÞ2 e

−ik·ðw−vÞð−1Þ∂kþ
�

θðkþÞθðqþ − kþÞ
½k2 þm2 þ kþðqþ−kþÞ

ðqþÞ2 Q2�

× ūð1Þγþ
��ðqþ − 2kþÞ

qþ
δij þ ½γ

i; γj�
2

�
kj þmγi

�
vð2Þ

�




kþ¼kþ

1

¼ 2πδðkþ1 þ kþ2 − qþÞ eef
2π

εiλ

Z
d2ve−iv·k1

Z
d2we−iw·k2 ½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0

× ūð1Þγþ
�
−
ðwi − viÞQ̄
jw − vjqþ K1ðQ̄jw − vjÞ − iðkþ2 − kþ1 ÞQ2jw − vj

4ðqþÞ2Q̄ K1ðQ̄jw − vjÞmγi

−
ðkþ2 − kþ1 ÞQ2

4ðqþÞ2 ðwj − vjÞK0ðQ̄jw − vjÞ
�ðkþ2 − kþ1 Þ

qþ
δij þ ½γ

i; γj�
2

��
vð2Þ; ð122Þ

thanks to the identities (113), (118), andZ
d2k
ð2πÞ2

e−ik·r

ðk2 þ ΔÞ2 k
j ¼ ð−iÞ

4π
rjK0ð

ffiffiffiffi
Δ
p
jrjÞ: ð123Þ

In Eq. (122) we have once again discarded the terms obtained by acting with ∂kþ on θðkþÞ or θðqþ − kþÞ, which are zero
modes kþ1 ¼ 0 or kþ2 ¼ 0, irrelevant for DIS dijet production.
All in all, at NEik accuracy, the S-matrix element for qq̄ production from a transverse photon is given by

Sq1q̄2←γ�T
¼Sbefq1q̄2←γ�T

jGenEikþSbefq1q̄2←γ�T
jdec onqþSbefq1q̄2←γ�T

jdec onq̄þSbefq1q̄2←γ�T
jLþ phaseþSbefq1q̄2←γ�T

jdyn targetþSinq1q̄2←γ�T
; ð124Þ

where explicit expressions for each contribution coming from the photon splitting before reaching the target are given in
Eqs. (117), (119), (120), (121), and (122). The expression for the contribution coming from the photon splitting inside the
target is given in Eq. (65).
Again, the strict eikonal approximation for the S-matrix element is obtained from the generalized eikonal contribution

(117) by neglecting the b− dependence of the Wilson lines. In such a way, one recovers the standard result

Sbefq1q̄2←γ�T
jStrict Eik ¼ 2πδðkþ1 þ kþ2 − qþÞeef

2π
εiλ

Z
d2ve−iv·k1

Z
d2we−iw·k2 ½UFðvÞU†

FðwÞ− 1�

×

�
−i
ðwj − vjÞ
jw− vj Q̄K1ðQ̄jw− vjÞūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δijþ ½γ
i; γj�
2

�
vð2Þ þK0ðQ̄jw− vjÞmūð1Þγþγivð2Þ

�
:

ð125Þ

VI. NEik DIS DIJET PRODUCTION CROSS
SECTION VIA LONGITUDINAL PHOTON

A. Relations between S-matrix, amplitude, and cross
section beyond eikonal accuracy

In standard CGC framework, where the observables are
computed in the eikonal approximation, the background
field does not depend on x−. Because of that, no light-cone
“þ” momentum can be exchanged with the target. In this
case, the scattering amplitude can be defined as

Sq1q̄2←γ�L
jx− indep ¼ ð2qþÞ2πδðkþ1 þ kþ2 − qþÞiMq1q̄2←γ�L

;

ð126Þ

by factorizing out the obtained Dirac delta function. Then,
as discussed in Appendix B 4, the cross section is obtained
by squaring this amplitude and including the correct
prefactor, as

dσγ�L→q1q̄2

dP:S:






x− indep

¼ ð2qþÞ2πδðkþ1 þ kþ2 − qþÞ

×
X
hel;col

jMq1q̄2←γ�L
j2; ð127Þ

where the two-particle phase space is defined as

dP:S: ¼ d2k1

ð2πÞ2
dkþ1

2kþ1 ð2πÞ
d2k2

ð2πÞ2
dkþ2

2kþ2 ð2πÞ
; ð128Þ
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and the summation in Eq. (127) is over the colors and light-
front helicities of the produced quark and antiquark.
When performing a strict expansion of the S-matrix

element into an eikonal contribution, a NEik contribution,
and so on, the gradient expansion of the background field
with respect to x− would be performed entirely. In that case,
not all the terms would be of the form (126): some NEik
corrections would include δ0ðkþ1 þ kþ2 − qþÞ instead. It is
not possible to calculate the contribution of such terms to
the cross section without introducing wave packets, which
is a major inconvenience. This is the motivation that has led
us to introduce the generalized eikonal approximation, in
which the dependence of the Wilson lines on a common x−

is kept at the S-matrix level.
Then, one should use the result derived in Appendix B 5

[for the scattering amplitude see Eq. (B19) and for the cross
section see Eq. (B29)] in the case of a x− dependent
background field. We mention that, at the accuracy con-
sidered in the present study, this modified procedure is
necessary only to compute the contribution of the squared
generalized eikonal amplitude to the cross section. For the
rest of the contributions that are explicitly NEik order, the
x− dependence of the background field can be neglected,
and one can go back to the standard procedure from eikonal
CGC to obtain the cross section.
Following this argument, the cross section at NEik

accuracy for the DIS dijet for a longitudinal photon can
be written as

dσγ�L→q1q̄2

dP:S:
¼ dσγ�L→q1q̄2

dP:S:
jGen Eik þ

dσγ�L→q1q̄2

dP:S:
jNEik corr

þOðNNEikÞ: ð129Þ

The generalized eikonal contribution to the cross section
is then given by

dσγ�L→q1q̄2

dP:S:
jGen Eik ¼ 2qþ

Z
dðΔb−ÞeiΔb−ðkþ1 þkþ2 −qþÞ

×
X
hel;col

��
MGen Eik

q1q̄2←γ�L

�
−
Δb−

2

��†

×MGen Eik
q1q̄2←γ�L

�
Δb−

2

��
; ð130Þ

where h� � �i stands for averaging over the background field
of the target. The S-matrix and the b− dependent scattering
amplitude MGen Eik

q1q̄2←γ�L
are related via

Sq1q̄2←γ�L
jGen Eik ¼ 2qþ

Z
db−eib

−ðkþ
1
þkþ

2
−qþÞiMGen Eik

q1q̄2←γ�L
ðb−Þ:

ð131Þ

The explicit NEik correction to the cross section in
Eq. (129) corresponds to the interference between the
generalized eikonal contribution (106) and the NEik
corrections [(109), (110), and (112) in the longitudinal
photon case]. In that case, and at the NEik accuracy, the
generalized eikonal contribution (106) can be replaced by
the strict eikonal contribution (115). Then, the x− depend-
ence of the background field can be dropped, and relations
of the type (126) and (127) can be used, leading to

dσγ�L→q1q̄2

dP:S:






NEik corr

¼ ð2qþÞ2πδðkþ1 þ kþ2 − qþÞ
X
hel;col

½hðMstrict Eik
q1q̄2←γ�L

Þ†MNEik corr
q1q̄2←γ�L

i þ hðMNEik corr
q1q̄2←γ�L

Þ†Mstrict Eik
q1q̄2←γ�L

i�

¼ ð2qþÞ2πδðkþ1 þ kþ2 − qþÞ
X
hel;col

2RehðMstrict Eik
q1q̄2←γ�L

Þ†MNEik corr
q1q̄2←γ�L

i: ð132Þ

B. Generalized eikonal contribution to the cross section for longitudinal photon

By comparing Eqs. (106) and (131), one can read off the b− dependent amplitude

iMGen Eik
q1q̄2←γ�L

ðb−Þ ¼ −Q
eef
2π

ūð1Þγþvð2Þ ðq
þ þ kþ1 − kþ2 Þðqþ þ kþ2 − kþ1 Þ

4ðqþÞ3 θðqþ þ kþ1 − kþ2 Þθðqþ þ kþ2 − kþ1 Þ

×
Z

d2ve−iv·k1

Z
d2we−iw·k2K0ðQ̂jw − vjÞ½UFðv; b−ÞU†

Fðw; b−Þ − 1�: ð133Þ

Inserting Eq. (133) into Eq. (130), one arrives at7

7Here we introduce a compact notation for the transverse coordinate integrals
R
x � � �≡

R
d2x � � �.
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dσγ�L→q1q̄2

dP:S:






Gen Eik

¼ 2qþ
Z

dðΔb−ÞeiΔb−ðkþ1 þkþ2 −qþÞ
�
eefQ

2π

�
2

θðqþ þ kþ1 − kþ2 Þθðqþ − kþ1 þ kþ2 Þ
kþ1 k

þ
2

2ðqþÞ6

× ðqþ þ kþ1 − kþ2 Þ2ðqþ − kþ1 þ kþ2 Þ2
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞK0ðQ̂jw0 − v0jÞK0ðQ̂jw − vjÞ

×

�
Tr

��
UF

�
w0;−

Δb−

2

�
U†
F

�
v0;−

Δb−

2

�
− 1

��
UF

�
v;
Δb−

2

�
U†
F

�
w;

Δb−

2

�
− 1

���
: ð134Þ

The required Dirac algebra has been performed in Appendix A; see Eq. (A7). The color operator in Eq. (134) can be split as�
Tr

��
UF

�
w0;−

Δb−

2

�
U†
F

�
v0;−

Δb−

2

�
− 1

��
UF

�
v;
Δb−

2

�
U†
F

�
w;

Δb−

2

�
− 1

���

¼
�
Tr

�
UF

�
w0;−

Δb−

2

�
U†
F

�
v0;−

Δb−

2

�
UF

�
v;
Δb−

2

�
U†
F

�
w;

Δb−

2

���

−
�
Tr

�
UF

�
w0;−

Δb−

2

�
U†
F

�
v0;−

Δb−

2

���
−
�
Tr

�
UF

�
v;
Δb−

2

�
U†
F

�
w;

Δb−

2

���
þ 1: ð135Þ

In the two dipole terms in the expression (135), the dependence on Δb− can be removed by using the invariance under
translations along x−, which is restored by the target average. Then, using the definitions

dðv;wÞ ¼
�

1

Nc
Tr½UFðvÞU†

FðwÞ�
�
; ð136Þ

Q

�
w0; v0; v;w;

Δb−

2

�
¼

�
1

Nc
Tr

�
UF

�
w0;

Δb−

2

�
U†
F

�
v0;

Δb−

2

�
UF

�
v;−

Δb−

2

�
U†
F

�
w;−

Δb−

2

���
; ð137Þ

one can rewrite the expression (134) as

dσγ�L→q1q̄2

dP:S:
jGen Eik ¼ Nc

αem
π

e2fQ
2θðqþ þ kþ1 − kþ2 Þθðqþ − kþ1 þ kþ2 Þ

kþ1 k
þ
2

ðqþÞ5 ðq
þ þ kþ1 − kþ2 Þ2ðqþ − kþ1 þ kþ2 Þ2

×
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞK0ðQ̂jw0 − v0jÞK0ðQ̂jw − vjÞ

×
Z

dðΔb−ÞeiΔb−ðkþ1 þkþ2 −qþÞ
�
Q

�
w0; v0; v;w;

Δb−

2

�
− dðw0; v0Þ − dðv;wÞ þ 1

�
ð138Þ

with αem ¼ e2=ð4πÞ.

C. Explicit NEik correction to the cross section for longitudinal photon

To obtain the NEik correction to the cross section from Eq. (132), we first need the strict eikonal amplitude, and
the full NEik correction to the amplitude beyond the generalized eikonal contribution. They are related to the corres-
ponding contribution to the S-matrix elements as in Eq. (126). From Eq. (115), we then find the strict eikonal
amplitude as

iMstrict Eik
q1q̄2←γ�L

¼ −Q
eef
2π

ūð1Þγþvð2Þ k
þ
1 k
þ
2

ðqþÞ3
Z

d2ve−iv·k1

Z
d2we−iw·k2K0ðQ̄jw − vjÞ½UFðvÞU†

FðwÞ − 1�: ð139Þ

The NEik correction to the amplitude can be written as

iMNEik corr
q1q̄2←γ�L

¼ iMdec on q
q1q̄2←γ�L

þ iMdec on q̄
q1q̄2←γ�L

þ iMdyn target
q1q̄2←γ�L

; ð140Þ

with the three terms obtained from Eqs. (109), (110), and (112) as
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iMdec on q
q1q̄2←γ�L

¼ −Q
eef
2π

kþ2
2ðqþÞ3

Z
d2ve−iv·k1

Z
d2we−iw·k2K0ðQ̄jw − vjÞ

× ūð1Þγþ
�½γi; γj�

4
Uð3ÞF;ijðvÞ − iUð2ÞF ðvÞ þ Uð1ÞF;jðvÞ

�ðkj
2 − kj

1Þ
2

þ i
2
∂wj

��
U†
FðwÞvð2Þ; ð141Þ

iMdec on q̄
q1q̄2←γ�L

¼ −Q
eef
2π

kþ1
2ðqþÞ3

Z
d2ve−iv·k1

Z
d2we−iw·k2K0ðQ̄jw − vjÞ

× ūð1Þγþ
�
UFðvÞ

�½γi; γj�
4

Uð3Þ†F;ijðwÞ − iUð2Þ†F ðwÞ þ
�
i
2
∂vj
 	 −

ðkj
2 − kj

1Þ
2

�
Uð1Þ†F;j ðwÞ

��
vð2Þ; ð142Þ

and

iMdyn target
q1q̄2←γ�L

¼ iQ
eef
2π

ūð1Þγþvð2Þ ðk
þ
1 − kþ2 Þ
2ðqþÞ3

Z
d2ve−iv·k1

Z
d2we−iw·k2

×
�
K0ðQ̄jw − vjÞ − ðQ̄

2 −m2Þ
2Q̄

jw − vjK1ðQ̄jw − vjÞ
�
½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0: ð143Þ

In the NEik corrections to the amplitude (141), (142), and (143), all the terms apart from the ones with a F ij decoration
have the same Dirac structure ūð1Þγþvð2Þ as the eikonal contribution (139). Hence, when calculating the overlap of these
NEik corrections with the strict eikonal amplitude in Eq. (132), the same structure as in Eqs. (A5)–(A7) will be encountered.
On the other hand, the terms with aF ij decoration (within U

ð3Þ†
F;ij ) will lead at the cross section level (132) to a different Dirac

structure, (A8), which is shown to vanish in Appendix A; see Eq. (A12). Hence, the terms with a F ij decoration do not
contribute to the cross section at NEik accuracy in the longitudinal photon case.
Then, the contribution of Eq. (141) at the cross section level is

dσγ�L→q1q̄2

dP:S:





dec on q

NEik corr
¼ ð2qþÞ2πδðkþ1 þ kþ2 − qþÞ8kþ1 kþ2 Q2

�
eef
2π

�
2 kþ1 k

þ
2

ðqþÞ3
kþ2

2ðqþÞ3

× 2Re
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞK0ðQ̄jw0 − v0jÞK0ðQ̄jw − vjÞ

× Tr

�
½UFðw0ÞU†

Fðv0Þ − 1�
�
−iUð2ÞF ðvÞ þ Uð1ÞF;jðvÞ

�ðkj
2 − kj

1Þ
2

þ i
2
∂wj

��
U†
FðwÞ

�
: ð144Þ

Similarly, the contribution from (142) at the cross section level is

dσγ�L→q1q̄2

dP:S:





dec on q̄

NEik corr
¼ ð2qþÞ2πδðkþ1 þ kþ2 − qþÞ8kþ1 kþ2 Q2

�
eef
2π

�
2 kþ1 k

þ
2

ðqþÞ3
kþ1

2ðqþÞ3

× 2Re
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞK0ðQ̄jw0 − v0jÞK0ðQ̄jw − vjÞ

× Tr

�
½UFðw0ÞU†

Fðv0Þ − 1�
�
UFðvÞ

�
−iUð2Þ†F ðwÞ þ

�
i
2
∂vj
 	 −

ðkj
2 − kj

1Þ
2

�
Uð1Þ†F;j ðwÞ

���
: ð145Þ

Finally, the contribution from (143) at the cross section level is

dσγ�L→q1q̄2

dP:S:





dyn target

NEik corr
¼ ð2qþÞ2πδðkþ1 þ kþ2 − qþÞ8kþ1 kþ2 Q2

�
eef
2π

�
2 kþ1 k

þ
2

ðqþÞ3
ðkþ1 − kþ2 Þ
2ðqþÞ3 2Reð−iÞ

×
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞ
�
K0ðQ̄jw − vjÞ − ðQ̄

2 −m2Þ
2Q̄

jw − vjK1ðQ̄jw − vjÞ
�

× K0ðQ̄jw0 − v0jÞTrh½UFðw0ÞU†
Fðv0Þ − 1�½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0i: ð146Þ
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To obtain more compact expressions, let us introduce the
following notations for decorated dipole and quadrupole
operators

dð1Þj ðv�;wÞ ¼
�

1

Nc
Tr½Uð1ÞF;jðvÞU†

FðwÞ�
�
; ð147Þ

dð2Þðv�;wÞ ¼
�

1

Nc
Tr½Uð2ÞF ðvÞU†

FðwÞ�
�
; ð148Þ

Qð1Þj ðw0;v0;v�;wÞ¼
�

1

Nc
Tr½UFðw0ÞU†

Fðv0ÞUð1ÞF;jðvÞU†
FðwÞ�

�
;

ð149Þ

Qð2Þðw0;v0;v�;wÞ¼
�

1

Nc
Tr½UFðw0ÞU†

Fðv0ÞUð2ÞF ðvÞU†
FðwÞ�

�
;

ð150Þ

with the star indicating the position of the decoration.
Moreover, for the case of ∂− acting on Wilson lines, we
define the following decorated dipole and quadrupole
operators:

d̃ðv�;w�Þ ¼
�

1

Nc
Tr½ðUFðv; b−Þ ∂−

↔
U†
Fðw; b−ÞÞjb−¼0�

�
;

ð151Þ

Q̃ðw0; v0; v�;w�Þ ¼
�

1

Nc
Tr½UFðw0ÞU†

Fðv0ÞðUFðv; b−Þ ∂−
↔

U†
Fðw; b−ÞÞjb−¼0�

�
: ð152Þ

With these definitions, the expression (144) can be simplified into

dσγ�L→q1q̄2

dP:S:





dec onq
NEik corr

¼ 2πδðkþ1 þ kþ2 −qþÞ8Nc
αem
π

e2fQ
2
ðkþ1 Þ2ðkþ2 Þ3
ðqþÞ5

× 2Re
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞK0ðQ̄jw0 − v0jÞK0ðQ̄jw− vjÞ

×

��ðkj
2−kj

1Þ
2

þ i
2
∂wj

�
½Qð1Þj ðw0;v0;v�;wÞ−dð1Þj ðv�;wÞ�− i½Qð2Þðw0;v0;v�;wÞ−dð2Þðv�;wÞ�

�
ð153Þ

and the expression (145) into

dσγ�L→q1q̄2

dP:S:





dec on q̄
NEik corr

¼ 2πδðkþ1 þ kþ2 − qþÞ8Nc
αem
π

e2fQ
2
ðkþ1 Þ3ðkþ2 Þ2
ðqþÞ5

× 2Re
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞK0ðQ̄jw0 − v0jÞK0ðQ̄jw− vjÞ

×

��
−
ðkj

2 −kj
1Þ

2
þ i
2
∂vj

�
½Qð1Þj ðv0;w0;w�;vÞ† − dð1Þj ðw�;vÞ†�− i½Qð2Þðv0;w0;w�;vÞ† − dð2Þðw�;vÞ†�

�
:

ð154Þ

Finally, the expression (146) can be simplified into

dσγ�L→q1q̄2

dP:S:





dyn target

NEik corr
¼ 2πδðkþ1 þ kþ2 − qþÞ8Nc

αem
π

e2fQ
2
ðkþ1 Þ2ðkþ2 Þ2ðkþ1 − kþ2 Þ

ðqþÞ5 2Reð−iÞ
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞ

× ½Q̃ðw0; v0; v�;w�Þ − d̃ðv�;w�Þ�K0ðQ̄jw0 − v0jÞ
�
K0ðQ̄jw − vjÞ − ðQ̄

2 −m2Þ
2Q̄

jw − vjK1ðQ̄jw − vjÞ
�
:

ð155Þ

All in all, the NEik correction to the cross section for a longitudinal photon beyond the generalized eikonal contribution
(138) is given by the sum of the contributions (153), (154), and (155).
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VII. NEik DIS DIJET PRODUCTION CROSS
SECTION VIA TRANSVERSE PHOTON

Let us now consider the case of DIS dijet production
initiated by a transverse photon. All the definitions and
relations introduced in Sec. VI A in the longitudinal photon
case are still valid in the transverse photon case, except that
we consider the transverse photon cross section to be
averaged over the two transverse polarizations.

A. Generalized eikonal contribution to the cross section
for transverse photon

In the transverse photon case, the dijet cross section at
NEik accuracy can be written as a sum of a generalized
eikonal contribution and an extra NEik correction, as in
Eq. (129) for the longitudinal photon case. The generalized
eikonal contribution is obtained as

dσγ�T→q1q̄2

dP:S:






Gen Eik

¼ 2qþ
Z

dðΔb−ÞeiΔb−ðkþ1 þkþ2 −qþÞ 1
2

X
λ

X
hel;col

��
MGen Eik

q1q̄2←γ�T

�
−
Δb−

2

��†
MGen Eik

q1q̄2←γ�T

�
Δb−

2

��
; ð156Þ

which includes an averaging over the polarization λ of the incoming transverse photon. The b− dependent amplitude
involved in Eq. (156) is defined in the same way as in Eq. (131) and can be read off from the generalized eikonal expression
from the S-matrix (117) in the transverse photon case. In such a way, one finds

iMGen Eik
q1q̄2←γ�T

ðb−Þ ¼ eef
2π

εiλ
1

2qþ
θðqþ þ kþ1 − kþ2 Þθðqþ þ kþ2 − kþ1 Þ

Z
d2ve−iv·k1

Z
d2we−iw·k2

×

�
−i
ðwj − vjÞ
jw − vj Q̂K1ðQ̂jw − vjÞūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
vð2Þ

þ K0ðQ̂jw − vjÞmūð1Þγþγivð2Þ
�
½UFðv; b−ÞU†

Fðw; b−Þ − 1�: ð157Þ

The two Dirac structures in Eq. (157) do not interfere at the cross section level, as shown in Appendix A [see Eqs. (A23) and
(A24)]. Their squares, summed over h1 and h2 and averaged over λ are obtained in Eqs. (A19) and (A21), respectively.
Using these results, the generalized eikonal cross section for the transverse photon is found to be

dσγ�T→q1q̄2

dP:S:






Gen Eik

¼ 2qþ
Z

dðΔb−ÞeiΔb−ðkþ1 þkþ2 −qþÞ
�
eef
2π

�
2 1

ð2qþÞ2 θðq
þ þ kþ1 − kþ2 Þθðqþ þ kþ2 − kþ1 Þ

×
Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞ
�
8kþ1 k

þ
2 m

2K0ðQ̂jw0 − v0jÞK0ðQ̂jw − vjÞ

þ 4kþ1 k
þ
2

�
1þ

�
kþ2 − kþ1

qþ

�
2
�
Q̂2 ðw0 − v0Þ · ðw − vÞ
jw0 − v0jjw − vj K1ðQ̂jw0 − v0jÞK1ðQ̂jw − vjÞ

�

×

�
Tr

��
UF

�
w0;−

Δb−

2

�
U†
F

�
v0;−

Δb−

2

�
− 1

��
UF

�
v;
Δb−

2

�
U†
F

�
w;

Δb−

2

�
− 1

���
: ð158Þ

Using the decomposition (135) of the color operator and the definitions (136) and (137), one gets

dσγ�T→q1q̄2

dP:S:






Gen Eik

¼ Nc
αem
π

e2f
2kþ1 k

þ
2

qþ
θðqþ þ kþ1 − kþ2 Þθðqþ þ kþ2 − kþ1 Þ

Z
v;v0;w;w0

eik1·ðv0−vÞeik2·ðw0−wÞ

×

�
2m2K0ðQ̂jw0 − v0jÞK0ðQ̂jw − vjÞ þ

�
1þ

�
kþ2 − kþ1

qþ

�
2
�

× Q̂2 ðw0 − v0Þ · ðw − vÞ
jw0 − v0jjw − vj K1ðQ̂jw0 − v0jÞK1ðQ̂jw − vjÞ

�

×
Z

dðΔb−ÞeiΔb−ðkþ1 þkþ2 −qþÞ
�
Q

�
w0; v0; v;w;

Δb−

2

�
− dðw0; v0Þ − dðv;wÞ þ 1

�
: ð159Þ

ALTINOLUK, BEUF, CZAJKA, and TYMOWSKA PHYS. REV. D 107, 074016 (2023)

074016-30



B. Explicit NEik correction to the cross section for transverse photon

The NEik correction to the transverse photon cross section beyond the generalized eikonal contribution is calculated in
the same way as in the longitudinal case, up to the averaging over λ, as

dσγ�T→q1q̄2

dP:S:






NEik corr

¼ ð2qþÞ2πδðkþ1 þ kþ2 − qþÞ 1
2

X
λ

X
hel;col

2RehðMstrict Eik
q1q̄2←γ�T

Þ†MNEik corr
q1q̄2←γ�T

i: ð160Þ

It amounts to calculating the interference between the strict eikonal amplitude and the NEik correction to the amplitude,
normalized as in Eq. (126). From Eq. (125), the strict eikonal amplitude for the transverse photon is found to be

iMstrict Eik
q1q̄2←γ�T

¼ eef
2π

εiλ
1

2qþ

Z
d2ve−iv·k1

Z
d2we−iw·k2 ½UFðvÞU†

FðwÞ − 1�

×

�
−i
ðwj − vjÞ
jw − vj Q̄K1ðQ̄jw − vjÞūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
vð2Þ þ K0ðQ̄jw − vjÞmūð1Þγþγivð2Þ

�
:

ð161Þ

By contrast, the NEik correction to the amplitude is the sum of five contributions

iMNEik corr
q1q̄2←γ�T

¼ iMin
q1q̄2←γ�T

þ iMdec on q
q1q̄2←γ�T

þ iMdec on q̄
q1q̄2←γ�T

þ iMLþ phase
q1q̄2←γ�T

þ iMdyn target
q1q̄2←γ�T

; ð162Þ

corresponding to the contributions (65), (119), (120), (121), and (122) to the S-matrix element, respectively. We thus have

iMin
q1q̄2←γ�T

¼ eefεiλ
1

8kþ1 k
þ
2

ūð1Þγþ
�ðkþ2 − kþ1 Þ

qþ
δij þ 1

2
½γi; γj�

�
vð2Þ

×
Z

d2ze−iðk1þk2Þ·z
Z

Lþ=2

−Lþ=2
dzþ

�
UF

�
Lþ

2
; zþ; z

�
DzjU

†
F

�
Lþ

2
; zþ; z

��
; ð163Þ

iMdec on q
q1q2←γ�T

¼ eef
2π

εiλ
1

2qþ
1

2kþ1

Z
d2ve−iv·k1

Z
d2we−iw·k2

× ūð1Þγþ
��½γl; γm�

4
Uð3ÞF;lmðvÞ − iUð2ÞF ðvÞ þ Uð1ÞF;lðvÞ

�ðkl
2 − kl

1Þ
2

þ i
2
∂wl
	!��

U†
FðwÞ

�

×

�
−i
ðwj − vjÞ
jw − vj Q̄K1ðQ̄jw − vjÞ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
þ K0ðQ̄jw − vjÞmγi

�
vð2Þ; ð164Þ

iMdec on q̄
q1q̄2←γ�T

¼ eef
2π

εiλ
1

2qþ
1

2kþ2

Z
d2ve−iv·k1

Z
d2we−iw·k2

× ūð1Þγþ
�
−i
ðwj − vjÞ
jw − vj Q̄K1ðQ̄jw − vjÞ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
þ K0ðQ̄jw − vjÞmγi

�

×

�
UFðvÞ

�½γl; γm�
4

Uð3Þ†F;lmðwÞ − iUð2Þ†F ðwÞ þ
�
i
2
∂vl
 	 −

ðkl
2 − kl

1Þ
2

�
Uð1Þ†F;l ðwÞ

��
vð2Þ; ð165Þ

iMLþ phase
q1q̄2←γ�T

¼ eefεiλ
ð−1ÞLþ
16kþ1 k

þ
2

ūð1Þγþ
�ðkþ2 − kþ1 Þ

qþ
δij þ ½γ

i; γj�
2

�
vð2Þ

Z
d2ze−iz·ðk1þk2Þ ½UFðzÞ ∂zj

↔
U†
FðzÞ�; ð166Þ

and
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iMdyn target
q1q̄2←γ�T

¼ eef
2π

εiλ
1

2ðqþÞ2
Z

d2ve−iv·k1

Z
d2we−iw·k2 ½UFðv; b−Þ ∂b−

↔
U†
Fðw; b−Þ�jb−¼0

× ūð1Þγþ
�
−
ðwi − viÞQ̄
jw − vj K1ðQ̄jw − vjÞ − iðkþ2 − kþ1 ÞQ2jw − vj

4qþQ̄
K1ðQ̄jw − vjÞmγi

−
ðkþ2 − kþ1 ÞQ2

4qþ
ðwj − vjÞK0ðQ̄jw − vjÞ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

��
vð2Þ: ð167Þ

The contributions (163) and (166) to the amplitude contain the same two Dirac structures as the generalized eikonal
contribution (157). Their contributions at the cross section level can then be obtained thanks to the relations (A19), (A21),
(A23), and (A24), as

dσγ�T→q1q̄2

dP:S:





in
NEik corr

¼ 2πδðkþ1 þ kþ2 − qþÞNcαeme2f

�
1þ

�
kþ2 − kþ1

qþ

�
2
�
2ReðiÞ

Z
z;v0;w0

eik1·ðv0−zÞeik2·ðw0−zÞ

×
ðw0j − v0jÞ
jw0 − v0j Q̄K1ðQ̄jw0 − v0jÞ

Z
Lþ=2

−Lþ=2
dzþ

�
1

Nc
Tr½UFðw0ÞU†

Fðv0Þ − 1�

×

�
UF

�
Lþ

2
; zþ; z

�
Dzj
↔

U†
F

�
Lþ

2
; zþ; z

���
ð168Þ

and

dσγ�T→q1q2

dP:S:





Lþ phase
NEik corr

¼ 2πδðkþ1 þ kþ2 − qþÞNcαeme2f

�
1þ

�
kþ2 − kþ1

qþ

�
2
�
2Reð−iÞL

þ

2

Z
z;v0;w0

eik1·ðv0−zÞeik2·ðw0−zÞ

×
ðw0j − v0jÞ
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�
1

Nc
Tr½UFðw0ÞU†

Fðv0Þ − 1�½UFðzÞ ∂zj
↔

U†
FðzÞ�

�
: ð169Þ

The Dirac algebra for the contribution of (164) at the cross section level can be performed as well using the relations
(A19), (A21), (A23), and (A24), except for the terms involving the longitudinal chromomagnetic background field F lm,
which require instead the relations (A29), (A30), (A31), and (A33). Then, one finds

dσγ�T→q1q̄2

dP:S:





dec on q

NEik corr
¼ 2πδðkþ1 þ kþ2 − qþÞNc

αem
π

e2f
2kþ2
qþ

2Re
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×

���ðkj
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1Þ
2

þ i
2
∂wj

�
ðQð1Þj ðw0; v0; v�;wÞ − dð1Þj ðv�;wÞÞ − iðQð2Þðw0; v0; v�;wÞ − dð2Þðv�;wÞÞ

�

×

�
1

2

�
1þ

�
kþ2 − kþ1

qþ

�
2
� ðw0 − v0Þ · ðw − vÞ
jw0 − v0jjw − vj Q̄2K1ðQ̄jw0 − v0jÞK1ðQ̄jw − vjÞ

þm2K0ðQ̄jw0 − v0jÞK0ðQ̄jw − vjÞ
�
þ ðk

þ
1 − kþ2 Þ
qþ

ðw0i − v0iÞðwj − vjÞ
jw0 − v0jjw − vj Q̄2K1ðQ̄jw0 − v0jÞ

× K1ðQ̄jw − vjÞðQð3Þij ðw0; v0; v�;wÞ − dð3Þij ðv�;wÞÞ
�
; ð170Þ

using the notations (147), (148), (149), and (150), as well as

dð3Þij ðv�;wÞ ¼
�

1

Nc
Tr½Uð3ÞF;ijðvÞU†

FðwÞ�
�
; ð171Þ

Qð3Þij ðw0; v0; v�;wÞ ¼
�

1

Nc
Tr½UFðw0ÞU†

Fðv0ÞUð3ÞF;ijðvÞU†
FðwÞ�

�
: ð172Þ

In the calculation of the contribution of (165) at the cross section level, the Dirac algebra can be performed using the
relations (A19), (A21), (A23), and (A24), apart from the terms involving the longitudinal chromomagnetic background
field F lm, which led to the Dirac structures calculated in Eqs. (A39), (A40), (A41), and (A38). With all this, one finds
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dσγ�T→q1q̄2

dP:S:
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×
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�

×

��
−
ðkj

2 − kj
1Þ

2
þ i
2
∂vj

�
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jw0 − v0jjw − vj Q̄2K1ðQ̄jw0 − v0jÞK1ðQ̄jw − vjÞ½Qð3Þij ðv0;w0;w�; vÞ† − dð3Þij ðw�; vÞ†�

�
:

ð173Þ

Finally, using the relations (A7), (A12), (A19), (A21), (A23), (A24), and (A42), one gets the contribution corresponding to
(167) at the cross section level

dσγ�T→q1q̄2
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Z
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eik1·ðv0−vÞeik2·ðw0−wÞ
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1
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1þ
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2
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×
ðw0 − v0Þ · ðw − vÞ

jw0 − v0j Q̄K1ðQ̄jw0 − v0jÞQ2K0ðQ̄jw − vjÞ þm2Q2K0ðQ̄jw0 − v0jÞ jw − vj
Q̄

K1ðQ̄jw − vjÞ

þ 2
ðw0 − v0Þ · ðw − vÞ
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�
; ð174Þ

using the notations (151) and (152).
All in all, the NEik correction to the cross section for the

transverse photon beyond the generalized eikonal contri-
bution (159) is given by the sum of the contributions (168),
(169), (170), (173), and (174).

VIII. SUMMARY AND OUTLOOK

In this paper, we computed the DIS dijet production
cross section at next-to-eikonal accuracy in a dynamical
gluon background field in the color glass condensate
framework. The dijet production cross section is calculated
for both transverse and longitudinal polarizations of the
exchanged virtual photon, and all possible sources of next-
to-eikonal corrections are considered in a gluon back-
ground field. More specifically, we have accounted for the
corrections that stem from (i) the finite longitudinal width
of the target, (ii) the interaction of the quark-antiquark pair
with the subleading (transverse) component of the back-
ground field, and (iii) the dynamics of the gluon back-
ground which is encoded in the z− dependence of the
background field.
The cross sections for both transverse and longitudinal

photons are written as a generalized eikonal contribution

and explicit NEik corrections. The generalized eikonal
contribution includes the average z− dependence of the
background gluon field at the amplitude level. Therefore, it
goes beyond the strict eikonal approximation by including
“þ”-momentum exchange with the target. On the other
hand, explicit NEik contributions are independent of this
effect since it brings further power suppression at high
energy.
Beyond the generalized eikonal approximation, the z−

dependence of the background field provides a new type
of explicit NEik correction [Eqs. (155) for longitudinal
and (174) for transverse photon polarization] that encodes
the relative z− dependence of the quark and antiquark at
amplitude level. This correction gives a new type of
decorated dipole (151) and quadrupole (152) operators
that include a derivative of the Wilson lines along the “−”
light-cone direction.
An interesting observation regarding the NEik corrections

is the following. Contrary to the other kind of NEik
corrections, the one that involves the longitudinal
chromomagnetic field Fij of the target drops from the
longitudinal photon cross section identically. However, in
the transverse photon cross section it can give a nonvanishing
contribution.
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An immediate continuation of our work presented in this
manuscript is to study the so-called correlation limit of the
dijet production. In this limit, the produced jets fly almost
back-to-back in momentum space, and one can get access
to various types of gluon TMDs for dijet production in
different processes (see Ref. [86] for a review and refer-
ences therein). At eikonal accuracy, DIS dijet production
gives access to Weizsäcker-Williams TMDs in the corre-
lation limit. It would be very interesting to study this limit
beyond eikonal accuracy in order to understand and
establish how the CGC result together with its subeikonal
corrections can be equivalent to the TMD factorization
result together with its higher twist corrections.
Another interesting observable to study at NEik accuracy is

inclusive photonþ jet production at forward rapidity in
proton-nucleus collisions. Since the produced photon does
not rescatter on the target, this observable is expected to
provide a clean environment to study the interaction of the
quark probe with the dense target at a hadron collider. We are
planning to study both the cross section andphoton-jet angular
correlations for this process at NEik accuracy in the future.
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APPENDIX A: DIRAC ALGEBRA FOR THE
CROSS SECTION

In this appendix, we calculate the Dirac structures that
arise in the numerator at the cross section level, in the
calculation of the DIS dijet at NEik accuracy, using the
standard relations

fγμ; γνg ¼ 2gμν; ðA1Þ

ðγμÞ† ¼ γ0γμγ0; ðA2ÞX
h1¼�1

2

uð1Þūð1Þ ¼ ǩ1 þm; ðA3Þ

X
h2¼�1

2

vð2Þv̄ð2Þ ¼ ǩ2 −m: ðA4Þ

In particular, from Eq. (A1), one finds γþγþ ¼ 0 and
fγþ; γjg ¼ 0, which will be used constantly. Moreover,
since the Dirac matrices γμ are 4 × 4 matrices, the trace of
the corresponding identity matrix is TrD½1� ¼ 4.
In the calculation of the cross section induced by the

longitudinal photon in Sec. VI, most terms (apart from the
ones including Uð3ÞF;ij) lead to the Dirac numerator

N 1L ≡ X
h1;h2¼�1

2

ðūð1Þγþvð2ÞÞ†ūð1Þγþvð2Þ: ðA5Þ

Using the relations (A1)–(A4), one finds

N 1L ¼
X

h1;h2¼�1
2

v̄ð2Þγþuð1Þūð1Þγþvð2Þ

¼ TrD½γþðǩ1 þmÞγþðǩ2 −mÞ�
¼ TrD½γþfǩ1; γþgǩ2� ¼ ð2kþ1 ÞTrD½γþǩ2�: ðA6Þ

Hence, using the cyclicity of the trace,

N 1L¼ð2kþ1 ÞTrD
�fγþ; =̌k2g

2

�
¼ð2kþ1 Þ

ð2kþ2 Þ
2

TrD½1�¼8kþ1 k
þ
2 :

ðA7Þ

The other Dirac numerator encountered in the calculation
of the longitudinal photon cross section, corresponding to

the contribution containing Uð3ÞF;ij, is

N 2L ≡ X
h1;h2¼�1

2

ðūð1Þγþvð2ÞÞ†ūð1Þγþ½γi; γj�vð2Þ: ðA8Þ

In the same way, one gets

N 2L ¼
X

h1;h2¼�1
2

v̄ð2Þγþuð1Þūð1Þγþ½γi; γj�vð2Þ ¼ TrD½γþð=̌k1 þmÞγþ½γi; γj�ð=̌k2 −mÞ�

¼ TrD½γþf=̌k1; γþg½γi; γj�=̌k2� ¼ ð2kþ1 ÞTrD½γþ½γi; γj�=̌k2�

¼ ð2kþ1 ÞTrD
�fγþ; =̌k2g

2
½γi; γj�

�
¼ ð2kþ1 Þ

ð2kþ2 Þ
2

TrD½½γi; γj��: ðA9Þ
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However, due to the cyclicity of the trace,

TrD½γiγj� ¼ TrD

�fγi; γjg
2

�
¼ 4gij ¼ −4δij; ðA10Þ

so that

TrD½½γi; γj�� ¼ 0; ðA11Þ

and thus

N 2L ¼ 0: ðA12Þ

In the transverse photon case, the amplitude contains two
types of Dirac structures in eikonal and NEik terms,
excluding for the moment the contributions in Uð3ÞF;lm, and
the NEik contribution from the target dynamics (167).
At cross section level, one has then to calculate the squares
of these two structures as well as their interferences,
defined as

N 1T≡1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþ

�ðkþ2 −kþ1 Þ
qþ

δi
0j0 þ ½γ

i0 ;γj
0 �

2

�

×vð2ÞÞ†ūð1Þγþ
�ðkþ2 −kþ1 Þ

qþ
δijþ½γ

i;γj�
2

�
vð2Þ; ðA13Þ

N 2T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþγi

0
vð2ÞÞ†ūð1Þγþγivð2Þ;

ðA14Þ

N 3T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþγi

0
vð2ÞÞ†ūð1Þγþ

×

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
vð2Þ; ðA15Þ

N 4T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþ

×

�ðkþ2 − kþ1 Þ
qþ

δi
0j0 þ ½γ

i0 ; γj
0 �

2

�
vð2ÞÞ†ūð1Þγþγivð2Þ:

ðA16Þ

The transverse polarization vectors obey the completeness
relation X

λ

εi
0�
λ εiλ ¼ δi

0i: ðA17Þ

Then, using the same method as before, one finds

N 1T ¼
δi
0i

2

X
h1;h2¼�1

2

v̄ð2Þ
�ðkþ2 − kþ1 Þ

qþ
δi
0j0 þ ½γ

j0 ; γi
0 �

2

�
γþuð1Þūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
vð2Þ

¼ δi
0i

2
TrD

��ðkþ2 − kþ1 Þ
qþ

δi
0j0 þ ½γ

j0 ; γi
0 �

2

�
γþð=̌k1 þmÞγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
ð=̌k2 −mÞ

�

¼ δi
0i

2
ð2kþ1 ÞTrD

��ðqþ þ kþ2 − kþ1 Þ
qþ

δi
0j0 þ γj

0
γi
0
�
γþ

�ðqþ þ kþ2 − kþ1 Þ
qþ

δij þ γiγj
�
=̌k2

�

¼ kþ1
ð2kþ2 Þ
2

TrD

�
δi
0iγj

0
γi
0
γiγj þ 2

ðqþ þ kþ2 − kþ1 Þ
qþ

γj
0
γj þ ðq

þ þ kþ2 − kþ1 Þ2
ðqþÞ2 δj

0j
�

¼ kþ1 k
þ
2 TrD

�
δi
0iγj

0 fγi0 ; γig
2

γj þ 2
ðqþ þ kþ2 − kþ1 Þ

qþ
γj
0
γj þ ðq

þ þ kþ2 − kþ1 Þ2
ðqþÞ2 δj

0j
�

¼ kþ1 k
þ
2 TrD

�
2
ðkþ2 − kþ1 Þ

qþ
fγj0 ; γjg

2
þ ðq

þ þ kþ2 − kþ1 Þ2
ðqþÞ2 δj

0j
�

¼ 4kþ1 k
þ
2 δ

j0j
�
−2
ðkþ2 − kþ1 Þ

qþ
þ ðq

þ þ kþ2 − kþ1 Þ2
ðqþÞ2

�
; ðA18Þ

so that finally

N 1T ¼ 4kþ1 k
þ
2 δ

j0j
�
1þ ðk

þ
2 − kþ1 Þ2
ðqþÞ2

�
: ðA19Þ

Moreover,
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N 2T ¼
1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλv̄ð2Þγi

0
γþuð1Þūð1Þγþγivð2Þ ¼ δi

0i

2
TrD½γi0γþð=̌k1 þmÞγþγið=̌k2 −mÞ�

¼ δi
0i

2
ð2kþ1 ÞTrD½γi

0
γþγi=̌k2� ¼

δi
0i

2
ð2kþ1 Þð−1Þ

ð2kþ2 Þ
2

TrD½γi0γi� ¼ −kþ1 k
þ
2 δ

i0ið−4Þδi0i; ðA20Þ

using Eq. (A10), so that

N 2T ¼ 8kþ1 k
þ
2 : ðA21Þ

Concerning the interference contribution, one finds

N 3T ¼
1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλv̄ð2Þγi

0
γþuð1Þūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
vð2Þ

¼ δi
0i

2
TrD

�
γi
0
γþð=̌k1 þmÞγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
ð=̌k2 −mÞ

�

¼ δi
0i

2
TrD

�
γi
0
γþ=̌k1γþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
=̌k2

�
: ðA22Þ

This is the trace of an odd number of γμ matrices, so that

N 3T ¼ 0: ðA23Þ

For the same reason, one has

N 4T ¼ 0: ðA24Þ

The two Dirac structures from the amplitude with a
transverse photon are thus not interfering after all. Note
that these calculations of N 1T , N 2T , N 3T , and N 4T have
been done without assuming kþ1 þ kþ2 ¼ qþ, so that they
are valid for the generalized eikonal contribution to the
cross section, in which kþ1 þ kþ2 can be different from qþ.
It remains now to evaluate the various Dirac structures

induced at the cross section level by the contributions in

Uð3ÞF;lm in the transverse photon amplitude; see Eqs. (164)
and (165). In the case of the F lm decoration inserted on the
quark line, at v, it is clear from Eq. (164) that one obtains at
the cross section level Dirac structures that are similar to
N 1T , N 2T , N 3T , and N 4T , but with ½γl; γm� inserted at the
right of ūð1Þγþ, as

N 10T≡1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþ

�ðkþ2 −kþ1 Þ
qþ

δi
0j0 þ ½γ

i0 ;γj
0 �

2

�

×vð2ÞÞ†ūð1Þγþ½γl;γm�
�ðkþ2 −kþ1 Þ

qþ
δijþ½γ

i;γj�
2

�
vð2Þ;

ðA25Þ

N 20T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþγi

0
vð2ÞÞ†ūð1Þγþ

× ½γl; γm�γivð2Þ; ðA26Þ

N 30T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþγi

0
vð2ÞÞ†ūð1Þγþ

× ½γl; γm�
�ðkþ2 − kþ1 Þ

qþ
δij þ ½γ

i; γj�
2

�
vð2Þ; ðA27Þ

N 40T≡1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþ

�ðkþ2 −kþ1 Þ
qþ

δi
0j0 þ ½γ

i0 ;γj
0 �

2

�

×vð2ÞÞ†ūð1Þγþ½γl;γm�γivð2Þ: ðA28Þ

Then,
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N 20T ¼
δi
0i

2
TrD½γi0γþð=̌k1 þmÞγþ½γl; γm�γið=̌k2 −mÞ� ¼ δi

0i

2
ð2kþ1 ÞTrD½γi

0
γþ½γl; γm�γi=̌k2�

¼ δi
0i

2
ð2kþ1 Þð−1Þ

ð2kþ2 Þ
2

TrD½γi0 ½γl; γm�γi� ¼ −kþ1 k
þ
2 δ

i0iTrD

�
½γl; γm� fγ

i; γi
0 g

2

�
¼ 2kþ1 k

þ
2 TrD½½γl; γm�� ¼ 0; ðA29Þ

thanks to Eq. (A11). Moreover,

N 30T ¼ 0; ðA30Þ

N 40T ¼ 0; ðA31Þ

since they both correspond to the trace of an odd number of γμ matrices, such asN 3T andN 4T . ConcerningN 10T , one finds

N 10T ¼
δi
0i

2
TrD

��ðkþ2 − kþ1 Þ
qþ

δi
0j0 þ ½γ

j0 ; γi
0 �

2

�
γþð=̌k1 þmÞγþ½γl; γm�

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
ð=̌k2 −mÞ

�

¼ δi
0i

2
ð2kþ1 ÞTrD

��ðkþ2 − kþ1 − qþÞ
qþ

δi
0j0 − γi

0
γj
0
�
γþ½γl; γm�

�ðkþ2 − kþ1 − qþÞ
qþ

δij − γjγi
�
=̌k2

�

¼ δi
0i

2
ð2kþ1 Þ

ð2kþ2 Þ
2

TrD

�
½γl; γm�

�ðkþ2 − kþ1 − qþÞ
qþ

δij − γjγi
��ðkþ2 − kþ1 − qþÞ

qþ
δi
0j0 − γi

0
γj
0
��

¼ kþ1 k
þ
2 TrD

�
½γl; γm�

�
δi
0iγjγiγi

0
γj
0 − 2

ðkþ2 − kþ1 − qþÞ
qþ

γjγj
0 þ ðk

þ
2 − kþ1 − qþÞ2
ðqþÞ2 δjj

0
��

¼ kþ1 k
þ
2 TrD

�
½γl; γm�

�
δi
0iγj
fγi; γi0 g

2
γj
0 − 2

ðkþ2 − kþ1 − qþÞ
qþ

γjγj
0 þ ðk

þ
2 − kþ1 − qþÞ2
ðqþÞ2 δjj

0
��

¼ −2
ðkþ2 − kþ1 Þ

qþ
kþ1 k

þ
2 TrD½½γl; γm�γjγj

0 �

¼ 16kþ1 k
þ
2 ðkþ1 − kþ2 Þ
qþ

½δj0lδjm − δjlδj
0m�; ðA32Þ

because, using the cyclicity of the trace,

TrD½½γl; γm�γjγj0 � ¼ TrD½γlfγm; γjgγj0 � − TrD½γlγjfγm; γj0g�
¼ −2δjmTrD½γlγj0 � þ 2δj

0mTrD½γlγj�
¼ 8½δj0lδjm − δjlδj

0m�: ðA33Þ

Finally, in the case of the F lm decoration inserted on the antiquark line, at w, it is clear from Eq. (164) that one obtains at
the cross section level Dirac structures that are similar to N 1T , N 2T , N 3T , and N 4T , but with ½γl; γm� inserted at the left of
vð2Þ as

N 100T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δi
0j0 þ ½γ

i0 ; γj
0 �

2

�
vð2ÞÞ†ūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
½γl; γm�vð2Þ; ðA34Þ

N 200T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþγi

0
vð2ÞÞ†ūð1Þγþγi½γl; γm�vð2Þ; ðA35Þ

N 300T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþγi

0
vð2ÞÞ†ūð1Þγþ

�ðkþ2 − kþ1 Þ
qþ

δij þ ½γ
i; γj�
2

�
½γl; γm�vð2Þ; ðA36Þ
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N 400T ≡ 1

2

X
λ

X
h1;h2¼�1

2

εi
0�
λ εiλðūð1Þγþ

×

�ðkþ2 − kþ1 Þ
qþ

δi
0j0 þ ½γ

i0 ; γj
0 �

2

�
× vð2ÞÞ†ūð1Þγþγi½γl; γm�vð2Þ: ðA37Þ

Using similar calculations or arguments than for N 10T,
N 20T , N 30T , and N 40T , one can arrive at the results

N 100T ¼
16kþ1 k

þ
2 ðkþ1 − kþ2 Þ
qþ

½δj0lδjm − δjlδj
0m�; ðA38Þ

N 200T ¼ 0; ðA39Þ

N 300T ¼ 0; ðA40Þ

N 400T ¼ 0: ðA41Þ

Finally, the NEik correction at the cross section level
associated with the contribution (167) of the dynamics of
the target can be evaluated using relations calculated so far
in this appendix, andX

h1;h2¼�1
2

ðūð1Þγþγivð2ÞÞ†ūð1Þγþvð2Þ

¼ TrD½γiγþðǩ1 þmÞγþðǩ2 −mÞ�
¼ ð2kþ1 ÞTrD½γiγþǩ2� ¼ 0; ðA42Þ

as a trace of three γμ matrices.

APPENDIX B: CROSS SECTION ON A x−
DEPENDENT BACKGROUND FIELD

To understand the relations among the S-matrix, the
amplitude, and the cross section for scattering on a x−

dependent background field, let us consider for simplicity a
scalar model.

1. Incoming wave packet

An incoming state with one on-shell scalar particle of
momentum kμin is

a†inðkinÞj0i; ðB1Þ

with the creation operator in the incoming free Fock space
normalized as

½ainðk0Þ; a†inðkÞ� ¼ ð2kþÞð2πÞ3δð3Þðk0 − kÞ: ðB2Þ

To avoid issues, one is led as usual to consider incoming
wave packets instead of pure momentum states, such as

jϕi ¼
Z

d4k
ð2πÞ4 2πδðk

2 −m2Þθðk0ÞϕðkÞa†inðkÞj0i

¼
Z

dkþ

2π

θðkþÞ
2kþ

Z
d2k
ð2πÞ2 ϕðkÞa

†
inðkÞj0i; ðB3Þ

with the normalization

hϕjϕi ¼ 1 ðB4Þ
or equivalently with the profile function ϕðkÞ normalized asZ

d4k
ð2πÞ4 2πδðk

2 −m2Þθðk0ÞjϕðkÞj2

¼
Z

dkþ

2π

θðkþÞ
2kþ

Z
d2k
ð2πÞ2 jϕðkÞj

2 ¼ 1: ðB5Þ

For simplicity, let us actually take a profile function that
factorizes as

ϕðkÞ ¼ ϕðþÞðkþÞϕð⊥ÞðkÞ; ðB6Þ
with the normalizationsZ

dkþ

2π

θðkþÞ
2kþ

jϕðþÞðkþÞj2 ¼ 1; ðB7Þ
Z

d2k
ð2πÞ2 jϕ

ð⊥ÞðkÞj2 ¼ 1: ðB8Þ

Let us assume that the wave packet is centered at
position x ¼ 0 in the transverse plane. Then, we can
introduce translations of this wave packet in the transverse
direction, in order to gain control on the impact parameter
of the collision that we will consider. The translation of
the wave packet in the transverse plane by a vector B is
performed thanks to the transverse momentum operator as

jϕBi≡ e−iB·P̂jϕi

¼
Z

dkþ

2π

θðkþÞ
2kþ

Z
d2k
ð2πÞ2 ϕðkÞe

−iB·ka†inðkÞj0i:

ðB9Þ

2. S-matrix

Let us consider the scattering of this wave packet on a
classical background field. For the final state, we will
simply take a Fock stateF in the outgoing asymptotic Fock
space

hF outj≡ h0j
�Y

f∈F
aoutðpfÞ

�
: ðB10Þ
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Then, the S-matrix element for the scattering of the incoming wave packet on the classical background field into F and
with an impact parameter B is

Sϕ→F ðBÞ≡ hF outjϕBi ¼
Z

dkþ

2π

θðkþÞ
2kþ

Z
d2k
ð2πÞ2 ϕðkÞe

−iB·khF outja†inðkÞj0i: ðB11Þ

The background field appears only implicitly in the mapping between the in and out Fock spaces.

3. Cross section: General formula

The fully differential cross section for this scattering is the integral over the impact parameter B of the square of the
S-matrix element. Hence

dσϕ→F

dP:S:ðF Þ≡
Z

d2BjSϕ→F ðBÞj2

¼
Z

dk0þ

2π

θðk0þÞ
2k0þ

Z
d2k0

ð2πÞ2 ϕðk
0Þ�

Z
dkþ

2π

θðkþÞ
2kþ

Z
d2k
ð2πÞ2 ϕðkÞ

Z
d2BeiB·ðk0−kÞ ðB12Þ

× h0jainðk0ÞjF outi hF outja†inðkÞj0i

¼
Z

dk0þ

2π

θðk0þÞ
2k0þ

ϕðþÞðk0þÞ�
Z

dkþ

2π

θðkþÞ
2kþ

ϕðþÞðkþÞ
Z

d2k
ð2πÞ2 jϕ

ð⊥ÞðkÞj2 ðB13Þ

×h0jainðk0þ;kÞjF outi hF outja†inðkþ;kÞj0i: ðB14Þ

Assuming that the profile function ϕð⊥ÞðkÞ is sharply peaked at some k ¼ kin and using its normalization relation (B8), one
finds

dσϕ→F

dP:S:ðF Þ ¼
Z

dk0þ

2π

θðk0þÞ
2k0þ

ϕðþÞðk0þÞ�
Z

dkþ

2π

θðkþÞ
2kþ

ϕðþÞðkþÞh0jainðk0þ;kinÞjF outihF outja†inðkþ;kinÞj0i: ðB15Þ

4. Cross section: Case of x− independent background field

If the background field is independent of x−, the whole problem is invariant under translations along x−, and the pþ

component of the momentum is conserved by the scattering. In that case, hF outja†inðkþ;kinÞj0i should be proportional to
δðkþ − pþF Þ, where pþF is the total light-cone momentum of the particles belonging to the final Fock stateF . By convention,
we can then define the scattering amplitude MF ðkþ;kinÞ via

hF outja†inðkþ;kinÞj0i ¼ ð2kþÞ2πδðkþ − pþF ÞiMF ðkþ;kinÞ; ðB16Þ

if F is not a one scalar Fock state like the initial state. Instead, if it is a one scalar Fock state as well, we should subtract the
“no scattering” contribution from (B16), as usual. Inserting that expression into Eq. (B15), one finds

dσϕ→F

dP:S:ðF Þ ¼
Z

dk0þ

2π

θðk0þÞ
2k0þ

ϕðþÞðk0þÞ�
Z

dkþ

2π

θðkþÞ
2kþ

ϕðþÞðkþÞð2k0þÞ2πδðk0þ − pþF Þð−iÞMF ðk0þ;kinÞ†

× ð2kþÞ2πδðkþ − pþF ÞiMF ðkþ;kinÞ

¼
Z

dkþ

2π
θðkþÞϕðþÞðkþÞ

Z
dk0þθðk0þÞϕðþÞðk0þÞ�δðk0þ − kþÞ2πδðkþ − pþF ÞMF ðk0þ;kinÞ†MF ðkþ;kinÞ

¼
Z

dkþ

2π

θðkþÞ
2kþ

jϕðþÞðkþÞj2ð2kþÞ2πδðkþ − pþF ÞjMF ðkþ;kinÞj2: ðB17Þ
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Assuming that the profile function ϕðþÞðkþÞ is sharply
peaked at some kþ ¼ kþin and using its normalization
relation (B7), one finds

dσϕ→F

dP:S:ðF Þ ¼ ð2k
þ
inÞ2πδðkþin − pþF ÞjMF ðkþin;kinÞj2: ðB18Þ

This is the standard expression used in CGC-type calcu-
lations, together with Eq. (B16).

5. Cross section: Case of background field
with x− dependence

If the background field depends on x− and thus breaks
invariance under translations along x−, one has in general
kþ ≠ pþF , so that the relation (B16) is not valid anymore. In
that case, it is convenient to Fourier transform with respect
to pþF − kþ as

hF outja†inðkþ;kinÞj0i ¼ 2kþ
Z

dz−eiz
−ðpþF−kþÞ

× iMF ðz−; kþ;kinÞ; ðB19Þ

where MF ðz−; kþ;kinÞ now does not depend on pþF (but
other choices of variables should be possible).
As a remark, in the limit of no x− dependence of the

background field, the z− dependence of MF ðz−; kþ;kinÞ
would disappear, and we would obtain

h< F outja†inðkþ;kinÞj0i→ ð2kþÞ2πδðpþF − kþÞ
× iMF ð0; kþ;kinÞ; ðB20Þ

and thus

MF ð0; kþ;kinÞ → MF ðkþ;kinÞ; ðB21Þ

by comparison with Eq. (B16).
Coming back to the case of a x− dependent background

field, one can insert the relation (B19) into (B15) and obtain

dσϕ→F

dP:S:ðF Þ ¼
Z

dk0þ

2π

θðk0þÞ
2k0þ

ϕðþÞðk0þÞ�
Z

dkþ

2π

θðkþÞ
2kþ

ϕðþÞðkþÞð2kþÞ
Z

dz−eiz
−ðpþF−kþÞ

× ð2k0þÞ
Z

dz0−e−iz
0−ðpþF−k0þÞMF ðz0−; k0þ;kinÞ†MF ðz−; kþ;kinÞ: ðB22Þ

With the change of variables ðz−; z0−Þ↦ ðx−; r−Þ, defined as

x− ¼ z− þ z0−

2
; ðB23Þ

r− ¼ z− − z0−; ðB24Þ

the cross section becomes

dσϕ→F

dP:S:ðF Þ ¼
Z

dk0þ

2π
θðk0þÞϕðþÞðk0þÞ�

Z
dkþ

2π

θðkþÞ
2kþ

ϕðþÞðkþÞð2kþÞ
Z

dr−eir
−ðpþF−

ðkþþk0þÞ
2
Þ

×
Z

dx−eix
−ðk0þ−kþÞMF ðx− −

r−

2
; k0þ;kinÞ†MF

�
x− þ r−

2
; kþ;kin

�
: ðB25Þ

At this stage, at first, it does not seem possible to get rid of
the wave packet profile function without further approx-
imations. Instead, we have to remember that here, we were
considering the cross section for scattering on a given
configuration of the background field. In CGC-type cal-
culations, it is necessary to take a statistical average over
the configurations of the classical background field, which
is supposed to be proportional to the quantum expectation

value in the “one target” state of the same quantity, now
considered to be a quantum operator.
Let us focus on the inclusive version of the studied

scattering. It means that we are not measuring anything in
the target fragmentation region, so that, for example, we
include both events in which the target breaks up and events
in which it stays intact. For such observables, the target
average is done at the cross section level as
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�
dσϕ→F

dP:S:ðF Þ
�
¼

Z
dk0þ

2π
θðk0þÞϕðþÞðk0þÞ�

Z
dkþ

2π

θðkþÞ
2kþ

ϕðþÞðkþÞð2kþÞ
Z

dr−eir
−ðpþF−

ðkþþk0þÞ
2
Þ

×
Z

dx−eix
−ðk0þ−kþÞ

�
MF ðx− −

r−

2
; k0þ;kinÞ†MF

�
x− þ r−

2
; kþ;kin

��
: ðB26Þ

In this averaging over field configurations, we are including configurations that can in particular have support anywhere
along z−. In such a way, there is an overall invariance under translations along the − direction which is restored by the target
average. In particular, we have�

MF

�
x− −

r−

2
; k0þ;kin

�†
MF

�
x− þ r−

2
; kþ;kin

��
¼

�
MF

�
−
r−

2
; k0þ;kin

�†
MF

�
r−

2
; kþ;kin

��
: ðB27Þ

Using this property, the integral over x− becomes trivial in Eq. (B26) and forces k0þ ¼ kþ. Then,�
dσϕ→F

dP:S:ðF Þ
�
¼

Z
dkþ

2π

θðkþÞ
2kþ

jϕðþÞðkþÞj2ð2kþÞ
Z

dr−eir
−ðpþF−kþÞ

�
MF

�
−
r−

2
; kþ;kin

�†
MF

�
r−

2
; kþ;kin

��
: ðB28Þ

We can now assume that the profile function ϕðþÞðkþÞ is sharply peaked at some kþ ¼ kþin and using its normalization
relation (B7), one obtains�

dσϕ→F

dP:S:ðF Þ
�
¼ 2kþin

Z
dr−eir

−ðpþF−kþinÞ
�
MF

�
−
r−

2
; kþin;kin

�†
MF

�
r−

2
; kþin;kin

��
: ðB29Þ

This expression is then the generalization of Eq. (B18) in the case of an arbitrary x− dependence of the background field.
Interestingly, it is valid only at the level of the target-averaged cross section, not for each configuration of the background
field as Eq. (B18).
In the case of a slow x− dependence of the background field we can then Taylor expandMF andM†

F in Eq. (B29) around
r− ¼ 0, and perform the integration over r− explicitly. At zeroth order, we would recover Eq. (B18), and at every following
order, we would get terms with derivatives of δðkþin − pþF Þ.
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