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We compute a one-loop electron-photon vertex with fully off-shell external momenta in an arbitrary
covariant gauge and space-time dimension. There exist numerous efforts in literature where a one-loop off-
shell vertex is calculated by employing the standard first-order Feynman rules in different covariant gauges
and space-time dimensions of interest. The tensor structure which decomposes this three-point vertex into
the components transverse and longitudinal to the photon momentum gets intertwined in this first-order
formalism. The Ward-Takahashi identity is explicitly invoked to untangle the two pieces and the results are
expressed in a preferred basis of 12 spin amplitudes. We propose a novel approach based upon an efficient
combination of the first- and second-order formalisms of quantum electrodynamics to compute this one-
loop vertex. Among some conspicuous advantages is the fact that this less known second-order formalism
separates the spin and scalar degrees of freedom of an electron interacting electromagnetically. More
noticeably, the longitudinal and transverse contributions naturally disentangle from the onset in our
approach. Moreover, this decomposition leads to identities between one-loop scalar Feynman integrals with
higher powers in the propagators and shifted space-time dimensions that can be used to prove the Ward-
Takahashi identity at one-loop order without the need to evaluate any Feynman integral. Additionally, this
natural decomposition allows us to establish the gauge independence of the Pauli form factor through
explicit cancellations of scalar Feynman integrals that depend on the gauge parameter. These cancellations
naturally lead to a compact expression for the Pauli form factor in arbitrary dimensions. Wherever
necessary and insightful, we make comparisons with earlier works.

DOI: 10.1103/PhysRevD.107.073008

I. INTRODUCTION

Solving any quantum field theory (QFT) is equivalent to
computing its Green’s functions. Three- and four-point
interaction vertices are the defining Green’s functions of
any QFT within the standard model of particle physics.
These vertices appear at the level of the Lagrangian. The
simplest three-point vertex in quantum electrodynamics
(QED) involves a photon interacting with a fermion, a
charged lepton (like electron), or a quark. Therefore, the
fermion-photon vertex not only orchestrates the dance of
events when purely electromagnetic interactions are
involved but it also plays a crucial role in unraveling the
internal structure of hadrons. Though this structure and

dynamics of hadrons are predominantly determined by
quantum chromodynamics (QCD), it is generally probed
through electromagnetic interactions of photons with elec-
trically charged quarks which compose all hadrons. One
such example is provided by hadron electromagnetic form
factors. The quark-photon vertex not only ensures charge
conservation at zero photon momentum transfer through
the vector Ward-Takahashi identity (WTI) but its labyrin-
thine details also explain how the asymptotic limit of these
form factors is faithfully approached for large momentum
transfer of the probing photons.
A popular approach to study nonperturbative effects in a

QFT in continuum is through the infinite set of Schwinger-
Dyson equations (SDEs) which constitute the defining
equations of motion of a QFT. Their intricate mathematical
structure is such that the SDE of the two-point Green’s
function is coupled to that of the three-point Green’s
function through an integral equation, the one of the
three-point function is in turn entangled with that of the
four-point function ad infinitum. Any practical attempt to
look for a nonperturbative solution is generally made by
proposing a reliable Ansatz for the relevant interaction
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vertices to truncate the infinite tower of these coupled
equations to a finite solvable number. It is only natural to
assume that any nonperturbative construction, say that of
the fermion-photon vertex, must agree with its perturbative
expansion in the weak coupling regime. Thus the pertur-
bative knowledge of this vertex can be used as a guiding
tool for constructing such an Ansatz. In literature, several
such studies can be found, spanned over the last four
decades. We note the following for example:

(i) In [1], a one-loop QED vertex was computed in the
Feynman gauge and four space-time dimensions,
i.e., D ¼ 4. A convenient choice of the basis vectors
was adopted therein such that the corresponding
coefficients are free of kinematic singularities.

(ii) In Ref. [2], a one-loop vertex was reported in the
asymptotic limit of momenta where momentum
squared in one of the fermion legs is much greater
than in the other.

(iii) The work of Ball and Chiu in Ref. [1] was extended
to an arbitrary covariant gauge in Ref. [3]. The
appearance of unwanted kinematic singularities for
this general choice of an arbitrary covariant gauge
was observed. However, this shortcoming was easily
cured by redefining two of the basis vectors as a
superposition of the previous set of these vectors.

(iv) In three space-time dimensions, D ¼ 3, this vertex
for massless and massive fermions in an arbitrary
covariant gauge was calculated in Refs. [4] and [5],
respectively.
(a) For scalar QED, the one-loop vertex in arbitrary

covariant gauge and dimensions was reported
in Ref. [6].

(v) A complete calculation of the quark-gluon vertex in
an arbitrary covariant gauge and dimensions was
carried out in detail in [7]. All spinor QED results
can be derived from the general expressions present
therein through an appropriate choice of the color
factors and selecting D as desired.

(vi) In Ref. [8], numerical and analytical expressions for
the transverse and longitudinal form factors of the
quark-gluon vertex in different kinematical regimes
are presented. Again, one can deduce QED results
from there.

Following Ref. [1], subsequent works commence with
the WTI which relates the full fermion-photon vertex
Γμðp; p0; kÞ with the full fermion propagator SðpÞ not only
at every order of perturbation theory but even more
generally, nonperturbatively:

k · Γðp; p0; kÞ ¼ S−1ðp0Þ − S−1ðpÞ; ð1Þ

where k is the incoming momentum of the photon, p is that
of the fermion, and p0 is the outgoing momentum of the
latter. This identity readily allows us to decompose the
vertex into two components, the so-called longitudinal

piece Γμ
Lðp; p0; kÞ and the remaining part Γμ

Tðp; p0; kÞ
which is transverse to the photon 4-momentum kμ,1

Γμðp; p0; kÞ ¼ Γμ
Lðp; p0; kÞ þ Γμ

Tðp; p0; kÞ; ð2Þ

where Γμ
Tðp; p0; kÞ satisfies the following restrictions:

k · ΓTðp; p0; kÞ ¼ 0; Γμ
Tðp; p; 0Þ ¼ 0: ð3Þ

The longitudinal part Γμ
Lðp; p0; kÞ alone satisfies the WTI.

Starting from the limiting form of the WTI, namely, the
Ward identity

Γμðp; p; 0Þ ¼ ∂

∂pμ
S−1ðpÞ: ð4Þ

Ball and Chiu proposed how to construct the longitudinal
component; see [1] for the details and the explicit form of
the vertex. We choose to call it the Ball-Chiu vertex and
adopt the following notation:

Γμ
Lðp; p0; kÞ ¼ Γμ

BCðp; p0; kÞ: ð5Þ

We would like to emphasize that neither the method of its
construction nor the final form of the vertex is unique.
However, it has become a standard practice to decompose
the vertex in this manner:

Γμðp; p0; kÞ ¼ Γμ
BCðp; p0; kÞ þ Γμ

Tðp; p0; kÞ: ð6Þ

All one-loop results for the vertex are then presented by
ensuing the following strategy:

(i) The vertex in a particular kinematic configuration,
gauge, and dimensions is calculated at the one-
loop level.

(ii) Accordingly, a one-loop fermion propagator is also
computed within the same set of requirements.

(iii) Using the last result, Γμ
BCðp; p0; kÞ is evaluated at the

one-loop level: Γμ 1-loop
BC ðp; p0; kÞ.

(iv) A one-loop transverse vertex is obtained by simply
subtracting the longitudinal vertex from the full
vertex:

Γμ 1-loop
T ¼ Γμ 1-loop − Γμ 1-loop

BC :

(v) This result is finally projected onto the transverse
basis proposed in [1] or [3] and the transverse form
factors are identified for each basis vector.

The procedure outlined above is cumbersome though
straightforward. There is a plethora of available research
dedicated to constructing increasingly refined, reliable, and

1Our metric in the Minkowski space is ημν¼diagð−;þ;þ;þÞ,
while the Dirac gamma matrices satisfy the anticommutation
relation fγμ; γνg ¼ −2ημν.
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physically meaningful Ansätze, taking perturbation theory
as a guide where key elements of a QFT, such as gauge
invariance and renormalization, are satisfied order by order
in a systematic manner. A comprehensive list of articles is
difficult to be provided without intentionally overlooking
some of the several efforts in the literature. However, a
selected list of references akin to the work we present here
is [9–19].
All of the one-loop results we have discussed so far are

obtained solely through employing the standard first-order
formalism of QED. In this article, we weave this approach
with a relatively less scrutinized second-order formalism,
Refs. [20–23]. Explicit calculations presented here con-
vincingly reveal that an adequate merger of both the
first- and the second-order formalisms is particularly
advantageous and efficient in the following aspects:
(1) Vertex decomposition.—We shall observe in the next

section that the electron-photon vertex Vμðp; p0; kÞ
decomposes naturally into its longitudinal and trans-
verse pieces at one-loop order without requiring a
Ball-Chiu like decomposition2:

Vμðp; p0; kÞ ¼ Vμ
Lðp; p0; kÞ þ Vμ

Tðp; p0; kÞ; ð7Þ

where Vμ
T satisfies the transversality condition,

k · VTðp; p0; kÞ ¼ 0; ð8Þ

while the longitudinal piece Vμ
L satisfies the WTI at

the same level of approximation,

k · VLðp; p0; kÞ ¼ e½ΣðpÞ − Σðp0Þ�; ð9Þ

where ΣðpÞ is the fermion self-energy and e is the
usual QED coupling. We believe that this feature of a
natural decomposition of the full vertex into its
longitudinal and transverse components would con-
tinue to persist at higher orders of the electromagnetic
coupling. However, only an explicit calculation will
be able to confirm this statement.

(2) Expeditious computation.—By employing an astute
concoction of the first- and second-order formal-
isms, we are able to select efficient routes to not only
expedite the complete computation of a one-loop
vertex in arbitrary gauge and dimensions but also
write it in a much more compact and concise form.
However, in order to make a swift comparison with
other results in the literature, we can always project
our result onto the Ball-Chiu [1] or Kızelersü-
Pennington [3] basis.

An added advantage of using this combined analysis is to
keep track of those terms which identically vanish when

external momenta go on-shell at all intermediate stages of
this calculation. Both in the longitudinal and the transverse
components of the vertex the terms which are explicitly
irrelevant on-shell are ordered conveniently, e.g., the
operator ðpþmÞ remains on the far right whereas
ðp −mÞ is present on the left. Therefore, when on-shell
conditions ðpþmÞusðpÞ ¼ 0 and ūsðpÞðp −mÞ ¼ 0 are
imposed, they vanish. After eliminating these terms and
using the on-shell symmetries of the Feynman integrals, we
explicitly see the instantaneous cancellations of the inte-
grals that depend explicitly on the covariant gauge param-
eter ξ, e.g., in the evaluation of the on-shell Pauli form
factor. These cancellations naturally lead to a compact
expression for it in an arbitrary space-time dimension in
terms of scalar integrals with (i) higher powers of scalar
propagators and (ii) shifted dimensions. It hints towards a
possible analogous simplification in the evaluation of the
anomalous magnetic moment of the charged fermion at
higher orders of perturbation theory.
The article is organized as follows: Sec. II contains a

summary of the second-order formalism. InSec. III,we apply
a convenient combination of first- and second-order formal-
isms to the fermion-photon vertex to decompose it into its
longitudinal and transverse components. In Sec. IV, we
provide explicit confirmation of the fact that the longitudinal
part of the vertex is indeed longitudinal, i.e., it satisfies the
WTI. We express it in terms of Feynman integrals. Then in
Sec. V, transverse contributions of the vertex which were
previously obtained in Sec. III, are written in terms of
Feynman scalar integrals. Employing these expressions,
and the results obtained in Sec. IV for the longitudinal part
of the vertex, we also provide the coefficients of the Ball-
Chiu basis in terms of scalar integrals. In Sec.VIwe calculate
the Pauli form factor inD dimensions, explicitly showing its
independence of the covariant gauge parameter ξ by can-
cellations of the scalar integrals that depend on this parameter
in the longitudinal and transverse contributions of the vertex.
A compact expression for the Pauli form factor in terms of
scalar integrals is obtained. Making use of this gen-
eral expression, special cases, i.e., D ¼ 4 and D ¼ 3, are
reviewed, recovering the known results in the literature.
Concluding remarks with prospects for future endeavors are
provided in Sec. VII. The manuscript is complemented with
three appendixes which contain supplemental information.
AppendixAprovides an explicit difference between theBall-
Chiu and our construction of the longitudinal vertex in
perturbation theory. Naturally one is related to the other
through the addition of a transverse piece. Appendixes B
and C detail expressions of the transverse and longitudinal
vertices, respectively, at one-loop order, and the scalar
integrals involved with relevant identities relating them.

II. SECOND-ORDER FORMALISM FOR QED

The second-order formalism for QED is based on
Feynman rules displayed in Fig. 1 which were formally

2From now on, we shall adopt the notation Vμ for the one-loop
vertex instead of Γμ which we will reserve for the full vertex.
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derived in [21]. It provides an efficacious correspondence
between spinor and scalar QED. This formalism has been
used to compute fermion loops and amplitudes involving
external fermions; see [21] and references therein. In this
article, we apply this strategy to achieve similar success in
the off-shell evaluation of the QED vertex. The only
difference is the additional spin factor σμν ¼ 1

2
½γμ; γν� that

appears in the QED vertex. It disentangles explicit con-
tributions of the electromagnetic interaction of the fer-
mionic particle into scalar and spin degrees of freedom with
appropriate usage of Gordon-like identities. In addition to
the rules of Fig. 1, whenever a fermionic loop appears in a
Feynman diagram, an extra factor of −1=2 must be
included in the amplitude. Though the structure of the
first-order and the second-order rules are different, the
computed amplitude of a QED process following both
formalisms is equivalent.
As mentioned before, one can derive the second-order

rules from the first order [21] by formally rewriting the
product of the fermion propagator Sðpþ kÞ with the first-
order vertex eγμ as

eSðpþ kÞγμ ¼ e
−ðpþ =kÞ þm
ðpþ kÞ2 þm2

γμ ¼ Aμ
p;k

Dpþk
; ð10Þ

where

Aμ
p;k ¼ Bμ

p;k þ Cμ
p; Bμ

p;k ¼ eð2pþ kÞμ þ eσμαkα;

Cμ
p ¼ eγμðpþmÞ; Dq ¼ q2 þm2: ð11Þ

Here, D−1
q represents the scalar propagator, and Bp;k is the

three-point vertex of the second-order rules which naturally

separates the scalar and spin electromagnetic interactions.
Thus a product of a propagator and a vertex in a first-order
Feynman diagram can be decomposed into a second-order
contribution, and a leftover first-order term given by the
operator Cμ

p.
Now, the four-point scalar vertex that appears in the

second-order rules arises when there are two consecutive
pairs of a fermion propagator and a first-order vertex in a
Feynman diagram, as shown in Fig. 2. An amplitude
constructed froma first-orderFeynmandiagram that contains
a subdiagram as the one shown in Fig. 2 is proportional to
e2Sðpþ k1 þ k2ÞγνSðpþ k1Þγμ. According to Eq. (10), it
can be decomposed as

e2Sðpþ k1 þ k2ÞγνSðpþ k1Þγμ ¼
Aν
pþk1;k2

Dpþk1þk2

Aμ
pþk1

Dpþk1

: ð12Þ

Since

Cμ
pþk

Aν
p;k

Dpþk
¼ e2γμγν − e2ðημν − σμνÞ; ð13Þ

Eq. (12) acquires the following form:

e2Sðpþ k1 þ k2ÞγνSðpþ k1Þγμ

¼ Bν
pþk1;k2

Dpþk1þk2

Aμ
pþk1

Dpþk1

− e2
ημν þ σμν

Dpþk1þk2

: ð14Þ

Thus, the multiplication of fermion propagators and first-
order vertices on the left-hand side of this equation
generates a term that is proportional to ημν and has one
less power of the scalar propagator. It readily gets identified
as a four-point scalar vertex.
Following the procedure where fermion propagators and

first-order vertices are written according to Eq. (10) and
applying identity (13), any amplitude constructed from the
first-order rules can be obtained equivalently and conven-
iently from the second-order rules given in Fig. 1. The
proof of this equivalence can be found in Ref. [21]. We now
proceed to show how this systematic procedure can gen-
erate a natural decomposition of the QED vertex into its
longitudinal and transverse pieces.

FIG. 1. Second-order rules for spinor QED.

FIG. 2. Subdiagram that produces the contribution to the four-
point scalar vertex of the second-order formalism.
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III. THE QED VERTEX AT ONE-LOOP
FROM THE COMBINATION OF THE FIRST-

AND SECOND-ORDER FORMALISMS

Figure 3 depicts the Feynman diagram for the vertex
function Vμ at one loop within the first-order formalism.
Following the standard Feynman rules, its mathematical
expression is

Vμðp0; pÞ ¼ e3

i

Z
dDl
ð2πÞD ½γρSðp0 þ lÞγμSðpþ lÞγν�ΔνρðlÞ;

ð15Þ
where the photon propagator ΔμνðlÞ in an arbitrary covar-
iant gauge ξ is given by

ΔμνðlÞ ¼
1

l2

�
ημν − ð1 − ξÞ lμlν

l2

�
: ð16Þ

Using Eq. (10), the vertex Vμ of Eq. (15) becomes

Vμðp0;pÞ¼ e
Z

dDl
ið2πÞD γ

ρ

�
Aμ
pþl;k

Dp0þl

��
Aν
p;l

Dpþl

�
ΔρνðlÞ; ð17Þ

which can be written as

Vμðp0; pÞ

¼ e
Z

dDl
ið2πÞD γρ

�
Bμ
pþl;kB

ν
p;l

Dp0þlDpþl
þ Bμ

pþl;kC
ν
p

Dp0þlDpþl
þ e2

γμγν

Dp0þl

�

× ΔρνðlÞ; ð18Þ
after application of identity (13) and the definitions given in
Eqs. (11). Here Vμ is expressed as a combination of first-
and second-order vertices, with the corresponding scalar
propagators of the Feynman diagram of Fig. 3. The
numerator of the third term on the right-hand side of
Eq. (18) can be rearranged as

γργμγνΔρνðlÞ ¼
l2ðD − 3þ ξÞγμ þ 2ð1 − ξÞlμ=l

l4
; ð19Þ

where we have used the following identity:

γργνΔρν ¼
1 −D − ξ

l2
: ð20Þ

The result that stems from expression (19) will form part of
the longitudinal vertex as we show later. On the other hand,
the second term on the right-hand side of Eq. (18) can be
split into longitudinal and transverse pieces by commuting
γρ with Bμ

pþl;k. Using the identity

γμ Bν
p;k ¼ Bν

p;kγ
μ − 2e ημν=kþ 2ekμγν; ð21Þ

the numerator of the second term acquires the form

γρ Bμ
pþl;kC

ν
pΔρν

¼ eðBμ
pþl;k γ

ργν − 2e ηρμ=kγν þ 2ekρ γμγνÞΔρνðpþmÞ

¼ e2

l2

�
ð1 −D − ξÞðpþ p0 þ 2lÞμ þ 2ð1 − ξÞ

l2
ðlμ=k=l

− k · lγμ=lÞ þ ð5 −D − ξÞσμαkα
�
ðpþmÞ; ð22Þ

where we have made use of identity (20). It can be readily
observed that only the term proportional to ð2pþ kþ 2lÞμ
pertains to the longitudinal vertex; the other terms are trans-
verse. A similar procedure allows us to rewrite the numerator
of the first term on the right-hand side of Eq. (18) as follows:

γρ Bμ
pþl;k B

ν
p;lΔρν ¼ Bμ

pþl;k γ
ρ Bν

p;lΔρν − 2e =kBν
p;lΔμν

þ 2ekργμ Bν
p;lΔρν: ð23Þ

Since

γρ Bν
p;lΔρν ¼

e
l2

�
2pþ

�
1 −Dþ ξ − ð1 − ξÞ 2p · l

l2

�
=l

�
;

=kBν
p;lΔμν ¼

1

l2

�
Bμ
p;l =kþ 2eðk · lγμ − kμ=lÞ

− eð1 − ξÞ 2p · lþ l2

l2
lμ=k

�
;

kρBν
p;lΔρν ¼

e
l2

�
k · ð2pþ lÞ þ σβαlαkβ

− ð1 − ξÞk · l
�
2
p · l
l2

þ 1

��
; ð24Þ

we can now make use of these detailed identities to cast
Eq. (23) in the following form:

γρBμ
pþl;kB

ν
p;lΔρν ¼

e2

l2

�
2½ðpþ p0 þ 2lÞμ þ σμαkα�pþ 4ðp · kγμ − pμ=kÞ þ 2ξðl · kγμ − lμ=kÞ þ 4ðγμ=k=lþ kμ=lÞ

þ 2ðk · lγμ − lμ=kÞ þ ð1 −Dþ ξÞ½ðpþ p0 þ 2lÞμ þ σμαkα�=l

− 2
1 − ξ

l2
fp · l½ðpþ p0 þ 2lÞμ þ σμαkα�=lþ 2½l · kp · lγμ − p · llμ=k�g

�
: ð25Þ

FIG. 3. One-loop vertex Vμðp0; pÞ in the first-order formalism.
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Again we have an unambiguous separation between the longitudinal and transverse components of the vertex. The former
correspond to the terms proportional to ðpþ p0Þp, lμp, ðpþ p0Þ=l and lμ=l, while the transverse parts form the remaining terms.
According toEqs. (19), (22), (25), the longitudinal andtransversecomponents,Vμ

L andV
μ
T , respectively,defined inEq. (7), readas

Vμ
L ¼ e3

Z
dDl

ið2πÞD
�

1

Dp0þlDpþll2

�
2ðpþ p0 þ 2lÞμpþ ð1 −Dþ ξÞðpþ p0Þμpþ 2ð1 −Dþ ξÞlμ=l

− 2ð1 − ξÞðpþ p0 þ 2lÞμ p · l=l
l2

þ ð1 −D − ξÞ½ðpþ p0Þμ þ 2lμ�ðpþmÞ
�
þD − 3þ ξ

Dp0þll2
γμ þ 2

ð1 − ξÞlμ=l
Dp0þll4

�
; ð26Þ

Vμ
T ¼ e3

Z
dDl

ið2πÞD
1

Dp0þlDpþll2

��
ð5 −D − ξÞσμαkα þ

2ð1 − ξÞ
l2

ðlμ=k=l − k · lγμ=lÞ
�
ðpþmÞ þ 2σμαkαp

þ 4ðp · kγμ − pμ=kÞ þ 2ξðk · lγμ − lμ=kÞ þ ð1 −Dþ ξÞσμαkα=lþ 4ðγμ=k=lþ kμ=lÞ þ 2ðk · lγμ − lμ=kÞ

− 2ð1 − ξÞp · l
l2

σμαkα=lþ 4
1 − ξ

l2
ðp · l=klμ − l · kp · lγμÞ

�
: ð27Þ

From the expression above for Vμ
T, one can readily infer that it satisfies the transversality condition k · VT ¼ 0. However,

it is less obviously discernible that Vμ
L satisfies the WTI given in Eq. (9). However, we set out to show this explicitly in the

next section.

IV. Vμ
L AND THE WARD-TAKASHI IDENTITY

In order to demonstrate that the longitudinal vertex Vμ
L given by Eq. (26) indeed satisfies the WTI at the one-loop level, a

natural starting point is to contract it with the photon momentum kμ:

k · VL ¼ e3
Z

dDl
ið2πÞD

�
1

Dp0þlDpþll2
½ð1 −D − ξÞ½k · ðpþ p0Þ þ 2k · l�ðmþ =lÞ þ ð3 −D − ξÞ½k · ðpþ p0Þ þ 2k · l�p�

þD − 3þ ξ

Dp0þll2
=kþ 1 − ξ

Dp0þlDpþll4
½2ðp2 þm2Þp0 · lþ 2l · p0l2 − ðp02 þm2Þp · l − 2l · pl2�=l

�
: ð28Þ

Perhaps the most efficient way to proceed is to reduce the vector and tensor integrals involved into scalar integrals. We can
then make use of the known identities connecting these scalar integrals to simplify the resulting expression and rearrange it
in a convenient manner so that the final terms can readily be identified with the expressions which define electron self-
energy. One way to achieve this goal is to employ the tensor reduction algorithm described first in Ref. [24] and later also
used in Refs. [25,26]. It allows us to write any multiloop tensor integrals in terms of scalar integrals:

Z
dDl

iπD=2

lμ

Dp0þlDpþll2a
¼ −pμ JDþ2

1;2;a − p0μ JDþ2
2;1;a;

Z
dDl

iπD=2

lμlν

Dp0þlDpþll2a
¼ 1

2
ημνJDþ2

1;1;a þ 2p0μp0ν JDþ4
3;1;a þ 2pμpνJDþ4

1;3;a þ ðpμp0ν þ pνp0μÞ JDþ4
2;2;a; ð29Þ

where

JD̃a;b;cðp; p0Þ ¼
Z

dD̃l

iπD̃=2

1

Da
p0þl D

b
pþl l

2c : ð30Þ

Using this tensor reduction algorithm multiple times, Eq. (28) can be rearranged in the following form:
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k ·VL ¼ e3

ð4πÞD2
n
mð1−D− ξÞ½ðp02 −p2ÞJD1;1;1 − 2k ·pJDþ2

1;2;1 − 2k ·p0JDþ2
2;1;1� þ ðð3−D− ξÞ½ðp02 −p2ÞJD1;1;1

− 2k ·pJDþ2
1;2;1 − 2k ·p0JDþ2

2;1;1 þ JD1;0;1� þ ð2−DÞ½ðp2 −p02ÞJDþ2
1;2;1 − JDþ2

1;1;1 þ 2k ·p0JDþ4
2;2;1 þ 4k ·pJDþ4

1;3;1�
þ ð1− ξÞ½ðp02 −p2ÞJDþ2

1;2;1 þ ðp2 þm2Þð2p02JDþ4
2;2;2 þ 4p ·p0JDþ4

1;3;2Þ− ðp02 þm2ÞðJDþ2
1;1;2 þ 2p ·p0JDþ4

2;2;2 þ 4p2JDþ4
1;3;2Þ�Þp

þ ðð2−DÞ½ðp2 −p02ÞJDþ2
2;1;1 þ JDþ2

1;1;1 þ 2k ·pJDþ4
2;2;1 þ 4k ·p0JDþ4

3;1;1�
þ ð1− ξÞ½ðp02 −p2ÞJDþ2

2;1;1 þ ðp2 þm2ÞðJDþ2
1;1;2 þ 2p ·p0JDþ4

2;2;2 þ 4p02JDþ4
3;1;2Þ− ðp02 þm2Þð2p2JDþ4

2;2;2 þ 4p ·p0JDþ4
3;1;2Þ�

þ ðD− 3þ ξÞJD1;0;1Þp0
o
: ð31Þ

All the scalar integrals appearing in Eq. (31) can be expressed as a linear combination of the master integrals JD1;1;1, J
D
0;1;0,

JD0;1;1, J
D
1;0;1, and JD1;1;0 by implementing the well-established and widely employed integration by parts technique (IBP)

[27,28] as well as dimensional recurrence relations [29–31]. These methods, aided with the symbolic programming package
LiteRed [32,33], yield the following practically useful identities:

JD0;1;1 − JD1;0;1 ¼ ðp02 − p2ÞJD1;1;1 − 2k · pJDþ2
1;2;1 − 2k · p0JDþ2

2;1;1; ð32Þ

JD0;1;0 þ ðm2 þ p2ÞJD0;1;1 ¼ −2p2½ðp2 − p02ÞJDþ2
1;2;1 − JDþ2

1;1;1 þ 2k · p0JDþ4
2;2;1 þ 4k · pJDþ4

1;3;1�; ð33Þ

JD0;1;0 þ ðp02 þm2ÞJD1;0;1 ¼ 2p02½ðp2 − p02ÞJDþ2
2;1;1 þ JDþ2

1;1;1 þ 2k · pJDþ4
2;2;1 þ 4k · p0JDþ4

3;1;1�; ð34Þ

and

ð2 −DÞJD0;1;0 ¼ ½ð4 −DÞp2 þ ðD − 2Þm2�JD0;1;1 þ 2p2½ðp02 − p2ÞJDþ2
1;2;1 þ ðp2 þm2Þð2p02JDþ4

2;2;2 þ 4p · p0JDþ4
1;3;2Þ

− ðp02 þm2ÞðJDþ2
1;1;2 þ 2p · p0JDþ4

2;2;2 þ 4p2JDþ4
1;3;2Þ�; ð35Þ

ð2 −DÞJD0;1;0 ¼ ½ð4 −DÞp02 þ ðD − 2Þm2�JD1;0;1 þ 2p02½ðp02 − p2ÞJDþ2
2;1;1 − ðp02 þm2Þð2p2JDþ4

2;2;2 þ 4p · p0JDþ4
3;1;2Þ

þ ðp2 þm2ÞðJDþ2
1;1;2 þ 2p · p0JDþ4

2;2;2 þ 4p02JDþ4
3;1;2Þ�: ð36Þ

Using these identities, Eq. (31) simplifies to

k · VL ¼ e3

ð4πÞD2
�
mð1 −D − ξÞðJD0;1;1 − JD1;0;1Þ þ

D − 2

2p2
ξ½JD0;1;0 þ ðm2 − p2ÞJD0;1;1�p

−
D − 2

2p02 ξ½JD0;1;0 þ ðm2 − p02ÞJD1;0;1�p0
�
: ð37Þ

Since fermion self-energy ΣðpÞ at one-loop in an arbitrary covariant gauge ξ and dimensions D is given by [22]

ΣðpÞ ¼ e2

ð4πÞD2
�
mð1 −D − ξÞJD0;1;1 þ

D − 2

2p2
ξ½JD0;1;0 þ ðm2 − p2ÞJD0;1;1�p

�
; ð38Þ

it can be readily inferred that Vμ
L satisfies the WTI, Eq. (9), as expected.

To wind up this section, let us write down the expression for Vμ
L in terms of Feynman scalar integrals. Using Eq. (26) and

the tensor reduction algorithm, Vμ
L reads as
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Vμ
L ¼ e3

ð4πÞD2
n
ðD − 1 − ξÞðpþ p0ÞμðJDþ2

1;2;1pþ JDþ2
2;1;1p

0Þ þ 2JD1;1;1ðpþ p0Þμp − 4ðJDþ2
1;2;1p

μ þ JDþ2
2;1;1p

0μÞp

þ ð2 −DÞ½JDþ2
1;1;1γ

μ þ 2JDþ4
2;2;1ðp0μpþ pμp0Þ þ 4JDþ4

1;3;1p
μpþ 4JDþ4

3;1;1p
0μp0�

þ ð1 −D − ξÞ½JD1;1;1ðpþ p0Þμ − 2JDþ2
1;2;1p

μ − 2JDþ2
2;1;1p

0μ�ðpþmÞ þ ðD − 3þ ξÞJD1;0;1γμ
þ ð1 − ξÞðp2 þm2Þ½JDþ2

1;1;2γ
μ þ 4JDþ4

1;3;2p
μpþ 4JDþ4

3;1;2p
0μp0 þ 2JDþ4

2;2;2ðp0μpþ pμp0Þ�
− ð1 − ξÞðpþ p0Þμ½JDþ2

1;1;2pþ 4p · p0JDþ4
3;1;2p

0 þ 4p2JDþ4
1;3;2pþ 2JDþ4

2;2;2ðp · p0pþ p2p0Þ�
o
: ð39Þ

In the basis fpμ; p0μ; γμ; pμp; pμp0; p0μp; p0μp0g it can be rewritten as follows:

Vμ
L ¼ e3

ð4πÞD2
n
mð1 − ξ −DÞðJD1;1;1 − 2JDþ2

1;2;1Þpμ þmð1 − ξ −DÞðJD1;1;1 − 2JDþ2
2;1;1Þp0μ

þ ½ð2 −DÞJDþ2
1;1;1 þ ðD − 3þ ξÞJD1;0;1 þ ðm2 þ p2Þð1 − ξÞJDþ2

1;1;2�γμ
þ ½ð2 −DÞðJD1;1;1 − 3JDþ2

1;2;1 þ 4JDþ4
1;3;1Þ þ ð1 − ξÞðJD1;1;1 − JDþ2

1;1;2 − JDþ2
1;2;1 þ 4m2JDþ4

1;3;2 − 2p · p0JDþ4
2;2;2Þ�pμp

þ ½ðD − 2ÞðJDþ2
2;1;1 − 2JDþ4

2;2;1Þ þ ð1 − ξÞðJDþ2
2;1;1 þ 2m2JDþ4

2;2;2 − 4p · p0JDþ4
3;1;2Þ�pμp0

þ ½ð2 −DÞðJD1;1;1 − JDþ2
1;2;1 − 2JDþ2

2;1;1 þ 2JDþ4
2;2;1Þ þ ð1 − ξÞðJD1;1;1 − JDþ2

1;1;2 þ JDþ2
1;2;1 − 4p2JDþ4

1;3;2

− 2JDþ2
2;1;1 þ 2ðm2 þ p2 − p · p0ÞJDþ4

2;2;2Þ�p0μp

þ ½ðD − 2ÞðJDþ2
2;1;1 − 4JDþ4

3;1;1Þ þ ð1 − ξÞðJDþ2
2;1;1 − 2p2JDþ4

2;2;2 þ 4ðm2 þ p2 − p · p0ÞJDþ4
3;1;2Þ�p0μp0

o
: ð40Þ

The scalar integrals sprinkled all over Eq. (40) contain higher powers of propagators and have shifted space-time
dimensions. These are explicitly detailed in Appendix B as a linear combination of elementary master integrals whose
solutions are well known in literature in various space-time dimensions D. We can now proceed to carry out a similar
analysis for the transverse vertex in the next section. As the details have already been outlined, we will merely present the
results.

V. Vμ
T AND THE BALL-CHIU BASIS

One-loop transverse vertex Vμ
T is given by Eq. (27). On applying a tensor reduction algorithm it can be written in terms of

scalar Feynman integrals as follows:

Vμ
T ¼ e3

ð4πÞD2
n
ð2ð1 − ξÞ½JDþ4

2;2;2ðpμ=k − p · kγμÞp0 þ JDþ4
2;2;2ðp0μ=k − p0 · kγμÞpþ 2JDþ4

1;3;2ðpμ=k − p · kγμÞp

þ 2JDþ4
3;1;2ðp0μ=k − p0 · kγμÞp0� þ ½ð4 −DÞJD1;1;1 þ ð1 − ξÞðJD1;1;1 − 2JDþ2

1;1;2Þ�σμαkαÞðpþmÞ
þ ½2JD1;1;1 þ ðD − 6ÞJDþ2

1;2;1 − ð1 − ξÞðJDþ2
1;1;2 þ 2p · p0JDþ4

2;2;2 þ 4p2JDþ4
1;3;2 − JDþ2

1;2;1Þ�σμαkαp
− ½ð6 −DÞJDþ2

2;1;1 þ ð1 − ξÞð2p2JDþ4
2;2;2 þ 4p · p0JDþ4

3;1;2 − JDþ2
2;1;1Þ�σμαkαp0

þ 2½−2JD1;1;1 þ 2JDþ2
1;2;1 þ ð1 − ξÞðJDþ2

1;1;2 þ 2p · p0JDþ4
2;2;2 þ 4p2JDþ4

1;3;2 − JDþ2
1;2;1Þ�ðpμ=k − k · pγμÞ

þ 2½2JDþ2
2;1;1 þ ð1 − ξÞð2p2JDþ4

2;2;2 þ 4p · p0JDþ4
3;1;2 − JDþ2

2;1;1Þ�ðp0μ=k − p0 · kγμÞ
o
: ð41Þ

An alternative and more commonly adopted approach is to express the vertex Vμ by expanding it out in the Ball-Chiu basis,
Refs. [1,3,7]:

Vμ ¼
X4
i¼1

λiL
μ
i þ

X8
i¼1

τiT
μ
i ; ð42Þ

where Lμ
i and Tμ

i are the longitudinal and the transverse basis vectors. Lμ
i are
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Lμ
1 ¼ γμ; Lμ

2 ¼ ðpþ p0Þμðpþ p0Þ;
Lμ
3 ¼ ðpþ p0Þμ; Lμ

4 ¼ σμαðpþ p0Þα; ð43Þ

and

Tμ
1 ¼ p0 · kpμ − p · kp0μ;

Tμ
2 ¼ ðp0 · kpμ − p · kp0μÞðp0 þ pÞ

Tμ
3 ¼ k2γμ − kμ=k;

Tμ
4 ¼ −ðp0 · kpμ − p · kp0μÞσαβp0

αpβ;

Tμ
5 ¼ σμαkα;

Tμ
6 ¼ ðp02 − p2Þγμ − ðpþ p0Þμ=k;

Tμ
7 ¼ −

1

2
ðp02 − p2Þ½γμðp0 þ pÞ þ ðp0 þ pÞμ�

þ ðp0 þ pÞμσαβp0
αpβ;

Tμ
8 ¼ γμσαβp0

αpβ þ p0μp − pμp0: ð44Þ

In order to provide a direct verification of our readily
available and compact results, we can compare our findings
with those reported in [7] by projecting onto the above
basis. Starting from the expressions for the longitudinal Vμ

L

and transverse Vμ
T vertices given in Eqs. (40) and (41), the

coefficients λi and τi of Eq. (42) can be identified in terms
of scalar integrals as detailed in Appendix C. These results
for the complete one-loop vertex in arbitrary gauge and
dimensions are completely equivalent to the ones evaluated
in [7].

VI. THE PAULI FORM FACTOR F2ðk2Þ
The Pauli form factor F2ðk2Þ is defined through the on-

shell matrix element of the vertex as follows:

ūs0 ðp0ÞVμðp0; pÞusðpÞ

¼ eūs0 ðp0Þ
�
F1ðk2Þγμ þ

1

2m
F2ðk2Þσμνkν

�
usðpÞ; ð45Þ

where F1ðk2Þ represents the Dirac form factor, and the
Dirac spinors usðpÞ and ūs0 ðp0Þ satisfy

ūs0 ðp0Þðp0 þmÞ ¼ ðpþmÞusðpÞ ¼ 0: ð46Þ

Using Eq. (39), the matrix element of the longitudinal
vertex Vμ

L reads as

ūs0 ðp0ÞVμ
Lðp0; pÞusðpÞ ¼

e3

ð4πÞD2 ūs0 ðp
0Þ
n
2mðpþ p0Þμð2JDþ2

2;1;1 − JD1;1;1Þ þ 2mð1 −Dþ ξÞðpþ p0ÞμJDþ2
2;1;1

þ ð2 −DÞ½JDþ2
1;1;1γ

μ − 2mðpþ p0Þμð2JDþ4
3;1;1 þ JDþ4

2;2;1Þ� þ ðD − 3þ ξÞJD1;0;1γμ

− ðpþ p0Þμ½2mðm2 − p · p0ÞJDþ4
2;2;2 þ 4mðm2 − p · p0ÞJDþ4

3;1;2 −mJDþ2
1;1;2�

o
usðpÞ; ð47Þ

where Eq. (46) has been used together with the relation
JD̃α;β;γ¼JD̃β;α;γ, valid under on-shell conditionp

2¼p02¼−m2.
In this section all the scalar integrals are taken on-shell,which
means that the relation p2 ¼ p02 ¼ −m2 is satisfied. After
applying Gordon’s identity,

ūs0 ðp0Þ½ðpþ p0Þμ þ σμαkα�usðpÞ
¼ 2mūs0 ðp0ÞγμusðpÞ; ð48Þ

Eq. (47) becomes

ūs0 ðp0ÞVμ
Lðp0; pÞusðpÞ

¼ e3

ð4πÞD2
× ūs0 ðp0Þf½ð2 −DÞJDþ2

1;1;1 þ ðD − 3þ ξÞJD1;0;1 þ f2L�γμ
− f2LσμαkαgusðpÞ; ð49Þ

where

f2L ¼ ð1 − ξÞm½JDþ2
1;1;2 − 2ðm2 − p · p0ÞJDþ4

2;2;2

− 4ðm2 − p · p0ÞJDþ4
3;1;2 − 2JDþ2

2;1;1� − 2mJD1;1;1

þ 4mðD − 2ÞJDþ4
3;1;1 þ 2mð4 −DÞJDþ2

2;1;1

− 2mð2 −DÞJDþ4
2;2;1: ð50Þ

Similarly, we can evaluate the on-shell matrix element of the
transverse vertex VT using Eq. (41):

ūs0 ðp0ÞVμ
Tðp0; pÞusðpÞ

¼ e3

ð4πÞD2 ūs0 ðp
0Þ½f1Tγμ þ f2Tσμαkα�usðpÞ; ð51Þ

where
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f2T ¼ ð1 − ξÞm½JDþ2
1;1;2 − 2ðm2 − p · p0ÞJDþ4

2;2;2

− 4ðm2 − p · p0ÞJDþ4
3;1;2 − 2JDþ2

2;1;1� − 2mJD1;1;1

þ 2ð6 −DÞmJDþ2
2;1;1;

f1T ¼ 4k · pJD1;1;1 − 4k · pJDþ2
1;2;1 þ 2ð4 −DÞk · p0JDþ2

2;1;1

− 2k · pð1 − ξÞðJDþ2
1;1;2 þ 2p · p0JDþ4

2;2;2 þ 4p2JDþ4
1;3;2

− JDþ2
1;2;1Þ: ð52Þ

According to Eq. (45), supplemented with the results of
Eqs. (49) and (51), the Pauli form factorF2ðk2Þ in any space-
time dimension D reads as

F2ðk2Þ¼
4e2m2

ð4πÞD2 ½2J
Dþ2
2;1;1þð2−DÞð2JDþ4

3;1;1þJDþ4
2;2;1Þ�; ð53Þ

which agrees with Eq. (4.30) of Ref. [7] after all the scalar
integrals are represented as a linear combination of on-shell
master integrals.
It is important to notice the cancellation of the scalar

integrals that are weighted by the factor 1 − ξ in the Pauli
form factor, implying its explicit gauge independence.

A. F2ðk2Þ in D= 4 dimensions

For D ¼ 4, Eq. (53) for the Pauli form factor yields

F2ðk2Þ ¼ −
2m2α

π
½2J83;1;1 þ J82;2;1 − J62;1;1�; ð54Þ

where α ¼ e2=ð4πÞ. The combination of scalar integrals
above can be computed easily by a direct application of
Feynman parametrization without the need to use the
expressions given in Appendix B to transform it in terms
of master integrals. Thus it can be shown that

F2ðk2Þ¼−
2α

π

Z
1

0

dx
Z

1−x

0

dy
x2þxy−x

x2þy2þð2þcÞxy; ð55Þ

where c ¼ k2=m2. After a convenient change of variables
y → xð1=y − 1Þ in the second integral, and interchanging
the order of integration, the equation above becomes

F2ðk2Þ ¼
α

π

Z
1

0

dy
y

1þ cyð1 − yÞ : ð56Þ

Since

Z
1

0

dy
y

1þ cyð1 − yÞ ¼
1

2

Z
1

0

dy
1

1þ cyð1 − yÞ ; ð57Þ

Eq. (56) for the Pauli form factor in D ¼ 4 dimensions
becomes

F2ðk2Þ ¼
α

2π

Z
1

0

dy
1þ cyð1 − yÞ ; ð58Þ

which agrees with the standard textbook result [34].

B. F2ðk2Þ in D= 3 dimensions

For D ¼ 3, Eq. (53) for the Pauli form factor reads as

F2ðk2Þ ¼
4e2m2

ð4πÞ3=2 ð2J
5
2;1;1 − 2J73;1;1 − J72;2;1Þ: ð59Þ

In this case, the first scalar integral is infrared divergent. To
regularize this divergence, a fictitious photon mass mγ is
introduced in the photon propagator. Thus, after Feynman
parametrization, we have

F2ðk2Þ ¼
e2

4πm

Z
1

0

dx
Z

1−x

0

dy
xð2 − x − yÞ

A3=2 ; ð60Þ

where c ¼ k2=m2 as before, and

A ¼ ðxþ yÞ2 þ cxyþ ð1 − x − yÞκ2; κ ¼ mγ=m: ð61Þ

These integrals are easily evaluated when c ¼ 0, which
defines the anomalous magnetic moment of the electron in
three dimensions. After computing the integrals involved,
Eq. (60) gives Fðk2 ¼ 0Þ≡ F2:

F2 ¼
e2

8πm

�
3ðκ − 1Þ þ

�
2 −

3

2
κ

�
ln

�
2þ κ

κ

��
; ð62Þ

which agrees with Eq. (16) of Ref. [35]. It reaffirms that in
three dimensions usual QED does not yield a well-defined
electron anomalous magnetic moment. However, it can be
cured by adding a Chern-Simon’s term to the original
Lagrangian as discussed in Ref. [35].

VII. SUMMARY AND CONCLUSIONS

The second-order formalism of QED is based on the
Feynman rules depicted in Fig. 1. It allows conceptual and
clear decoupling between scalar and spin degrees of free-
dom in an electromagnetic interaction of charged fermions.
Any QED amplitude, constructed from these rules, is
equivalent to the one obtained from the standard first-order
formalism. This equivalence is established by rewriting the
product of the tree-level fermion propagator and the
fermion-photon vertex as illustrated in Eq. (10), and
applying identity (13).
In this article, a hybrid perspective to study the Green’s

functions in QED, such as the vertex Vμ, is proposed. As
the name suggests, it blends together the first- and second-
order formalisms. It can be employed to obtain a more
instructive Dirac and tensor structure of the Green’s
functions. For the vertex, the combined analysis yields a
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natural separation between its longitudinal and transverse
components. Before any attempt to perform the Feynman
integrals is made, these components are given in Eqs. (26)
and (27). There, the transversality condition for Vμ

T is
clearly observed while the longitudinal part is demonstrated
to satisfy the WTI.
After the tensor reduction method is applied to the tensor

Feynman integrals in Eq. (26) for Vμ
L, and the contraction

with the photon momenta kμ is done, useful identities
between scalar integrals with higher powers in the propa-
gators and shifted dimension can be deduced. These
identities are displayed in Eqs. (32)–(36). The complicated
scalar integrals that appear on the left-hand side conspire in
such a way as to obtain simple relations of master integrals
with at most two propagators. Employing these identities
one can demonstrate the WTI holds at one-loop order for
the component Vμ

L of the vertex given in either Eqs. (26),
(39), or (40).
The longitudinal and transverse separation that is

obtained from the combination of the first- and second-
order formalism also allows us to show explicitly, with
minimum effort, the independence of the Pauli form factor
F2 from the gauge parameter ξ. In fact, the form factor in
any dimension has the compact expression obtained in
Eq. (53) in terms of scalar integrals. As shown in Sec. VI,
in dimensions D ¼ 4 and D ¼ 3, this combination of the
scalar integrals can be easily evaluated to recover known
results in the literature.
As a final remark the longitudinal and transverse

decomposition obtained in this work are in agreement with
the expressions obtained in Ref. [7].
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APPENDIX A: THE DIFFERENCE BETWEEN
THE BALL-CHIU VERTEX AND Vμ

L
AT ONE LOOP

The results of Eq. (40) suggest the following vector
structure for the expanded longitudinal part Γμ

L of the full
fermion-photon vertex Γμ:

Γμ
L ¼ a1pμ þ a2p0μ þ a3γμ þ a4pμpþ a5pμp0

þ a6p0μpþ a7p0μp0; ðA1Þ

where the scalar coefficients ai at one loop are given by
Eq. (40). These coefficients are not entirely independent.
Since, according to the WTI,

k · Γμ
L ¼ S−1ðp0Þ − S−1ðpÞ;

S−1ðpÞ ¼ Fðp2ÞpþGðp2Þ; ðA2Þ

the following relations must be satisfied:

a1k · pþ a2k · p0 ¼ Gðp02Þ −Gðp2Þ;
a3 þ a5k · pþ a7k · p0 ¼ Fðp02Þ;

−a3 þ a4k · pþ a6k · p0 ¼ −Fðp2Þ: ðA3Þ
On-shell, these relations are reduced to

a1 ¼ a2; a4 þ a5 ¼ a6 þ a7;

a3 þ k · pða5 − a7Þ ¼ Fðm2Þ: ðA4Þ

The definition of Γμ
L in (A1) differs from the Ball-Chiu

vertex [1],

Γμ
BC ¼ Gðp02Þ −Gðp2Þ

p02 − p2
ðpþ p0Þμ þ Fðp02Þ þ Fðp2Þ

2
γμ

þ p0 þ p
2

ðpþ p0Þμ Fðp
02Þ − Fðp2Þ
p02 − p2

; ðA5Þ

by a transverse piece, which can be written in terms of the
coefficients ai as follows:

δΓμ
L ¼ Γμ

L − Γμ
BC

¼ a1 − a2
p02 − p2

T̃μ
1 þ

a4 − a5
2

T̃μ
2 þ

a6 − a7
2

T̃μ
3

þ a4 þ a5 − a6 − a7
p02 − p2

T̃μ
4; ðA6Þ

where

T̃μ
1 ¼ k · p0pμ − k · pp0μ;

T̃μ
2 ¼ k · pγμ þ pμp − pμp0;

T̃μ
3 ¼ k · p0γμ þ p0μp − p0μp0;

T̃μ
4 ¼ ½k · p0ðpμpþ pμp0Þ − k · pðp0μpþ p0μp0Þ�: ðA7Þ

In terms of the transverse Ball-Chiu basis defined in
Eq. (44), they read as

T̃μ
1 ¼ Tμ

1; T̃μ
2 ¼ −

1

2
ðTμ

3 − Tμ
6Þ;

T̃μ
3 ¼

1

2
ðTμ

3 þ Tμ
6Þ; T̃μ

4 ¼ Tμ
2: ðA8Þ

Equation (A6) can be rewritten as follows in terms of scalar
Feynman integrals at one-loop:

δΓμ1−L
L ¼ δVμ

L ¼
X4
i¼1

δiT̃
μ
i ; ðA9Þ
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where

δ1 ¼
2mðD − 1þ ξÞ

p02 − p2
ðJDþ2

1;2;1 − JDþ2
2;1;1Þ; ðA10Þ

δ2 ¼
1

2
½ð2 −DÞðJD1;1;1 − 3JDþ2

1;2;1 þ 4JDþ4
1;3;1 þ JDþ2

2;1;1

− 2JDþ4
2;2;1Þ þ ð1 − ξÞðJD1;1;1 − JDþ2

1;1;2 − JDþ2
1;2;1

− JDþ4
2;1;1 þ 4m2JDþ4

1;3;2 þ 4p · p0JDþ4
3;1;2

− 2ðm2 þ p · p0ÞJDþ4
2;2;2Þ�; ðA11Þ

δ3 ¼
1

2
½ð2 −DÞðJD1;1;1 − JDþ2

1;2;1 − JDþ2
2;1;1 þ 2JDþ4

2;2;1

− 4JDþ4
3;1;1Þ þ ð1 − ξÞðJD1;1;1 − JDþ2

1;1;2 þ JDþ2
1;2;1

− 3JDþ2
2;1;1 þ 2ðm2 − p · p0 þ 2p2ÞJDþ4

2;2;2

− 4ðm2 − p · p0 þ p2ÞJDþ4
3;1;2 − 4p2JDþ4

1;3;2Þ�; ðA12Þ

δ4 ¼
2

p02 − p2

n
ðD − 2ÞðJDþ2

1;2;1 − 2JDþ4
1;3;1 − JDþ2

2;1;1 þ 2JDþ4
3;1;1Þ

þ ðξ − 1Þ½JDþ2
1;2;1 − JDþ2

2;1;1

− 2ðm2 þ p2ÞðJDþ4
1;3;2 − JDþ4

3;1;2Þ�
o
: ðA13Þ

APPENDIX B: SCALAR INTEGRALS

In this section the Feynman scalar integrals that appear in
the longitudinal and transverse parts of the vertex, Vμ

L and
Vμ
T respectively, in terms of master integrals are provided.

Using the IBP technique [27,28] and the dimensional
recurrence relations [29–31], with the aid of the symbolic
programming package LiteRed [32,33], the scalar integrals
read as

JDþ2
1;2;1 ¼

1

2β1
½p · p0JD0;1;1 − p02JD1;0;1 þ ðp02 − p · p0ÞJD1;1;0

þ ðp02ðm2 − k · pÞ −m2p · p0ÞJD1;1;1�; ðB1Þ

JDþ2
2;1;1 ¼

1

2β1
½−p2JD0;1;1 þ p · p0JD1;0;1 − k · pJD1;1;0

þ ðk · p0p2 − k · pm2ÞJD1;1;1�; ðB2Þ

JDþ2
1;1;2 ¼

1

2β1
½−k · pJD0;1;1 þ k · p0JD1;0;1 − k2JD1;1;0

− k2ðm2 − p · p0ÞJD1;1;1�; ðB3Þ

JDþ2
1;1;1 ¼

1

2ðD− 2Þβ1
n
ðp2k ·p0 −m2k · pÞJD0;1;1

þ ½p02ðm2 − k · pÞ−m2p ·p0�JD1;0;1
− ½k2m4 þ k2p2p02 − 2m2ðp02p ·p0

þ p2ðp · p0 − 2p02ÞÞ�JD1;1;1 − k2ðm2 −p ·p0ÞJD1;1;0
o
;

ðB4Þ

JDþ4
2;2;1 ¼

1

4ðD − 2Þβ21
ðαð1Þ1 JD0;1;0 þ αð1Þ2 JD0;1;1 þ αð1Þ3 JD1;0;1

þ αð1Þ4 JD1;1;0 þ αð1Þ5 JD1;1;1Þ; ðB5Þ

JDþ4
2;2;2 ¼

1

4β21β2
ðαð2Þ1 JD0;1;0 þ αð2Þ2 JD0;1;1 þ αð2Þ3 JD1;0;1

þ αð2Þ4 JD1;1;0 þ αð2Þ5 JD1;1;1Þ; ðB6Þ

where

β1 ¼ p2p02 − ðp · p0Þ2;
β2 ¼ ðp02 þm2Þðp2 þm2Þk2 −m2ðp02 − p2Þ2; ðB7Þ

and

αð1Þ1 ¼ ðD − 2Þβ1;
αð1Þ2 ¼ −p2fðp · p0Þ2 þ ½ðD − 2Þp2 þ ð1 −DÞp · p0�p02g þm2fp2½ðD − 1Þp · p0 − ðD − 2Þp02� − ðp · p0Þ2g;
αð1Þ3 ¼ −m2fðp · p0Þ2 þ ðD − 2Þp2p02 − ðD − 1Þp · p0p02g − p02fðp · p0Þ2 þ p2½ð1 −DÞp · p0 þ ðD − 2Þp02�g;
αð1Þ4 ¼ ðD − 2Þp4p02 þ ðp · p0Þ2½ðD − 4Þp · p0 þ p02� þ p2½ðp · p0Þ2 − 3ðD − 2Þp · p0p02 þ ðD − 2Þp04�

þm2fp2½ð1 −DÞp · p0 þ ðD − 2Þp02� þ p · p0½Dp · p0 þ ð1 −DÞp02�g;

αð1Þ5 ¼ m2

�
Dp2ðp · p0Þ2 þ ½ðD − 2Þp4 − 4ðD − 1Þp2p · p0 þDðp · p0Þ2�p02 þ ðD − 2Þp2p04

�

þm4fp2½ð1 −DÞp · p0 þ ðD − 2Þp02� þ p · p0½Dp · p0 þ ð1 −DÞp02�g
þ p2p02fp2½ð1 −DÞp · p0 þ ðD − 2Þp02� þ p · p0½Dp · p0 þ ð1 −DÞp02�g;
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αð2Þ1 ¼ ðD − 2Þβ1½p · p0p02 þ p2ðp · p0 − 2p02Þ −m2k2�;
αð2Þ2 ¼ −p2p02k2fðD − 2Þðp · p0Þ2 þ p2½ð1 −DÞp · p0 þ p02�g þm4k2f−ðp · p0Þ2 þ p2½ðD − 1Þp · p0 − ðD − 2Þp02�g

þm2
n
ð3 −DÞp6p02 þ 2ðp · p0Þ3p02 þ p2p · p0½2ðD − 2Þðp · p0Þ2 þ ð7 − 5DÞp · p0p02 þ 2ðD − 2Þp04�

− p4½ðDþ 1Þðp · p0Þ2 þ 2ð1 − 2DÞp · p0p02 þ ð1þDÞp04�
o
;

αð2Þ3 ¼ −p2p02k2fðD − 2Þðp · p0Þ2 þ p02½p2 þ ð1 −DÞp · p0�g −m4k2fðp · p0Þ2 þ ½ðD − 2Þp2 þ ð1 −DÞp · p0�p02g
þm2

n
2p2ðp · p0Þ3 þ p · p0p02½2ðD − 2Þp4 þ ð7 − 5DÞp2p · p0 þ 2ðD − 2Þðp · p0Þ2�

− p04½ðDþ 1Þp4 þ 2ð1 − 2DÞp2p · p0 þ ð1þDÞðp · p0Þ2� − ðD − 3Þp2p06
o
;

αð2Þ4 ¼ −m4k2fp2½ðD − 1Þp · p0 − ðD − 2Þp02� þ p · p0½−Dp · p0 þ ðD − 1Þp02�g
þ p2p02k2fp2½ð1 −DÞp · p0 þ ðD − 2Þp02� þ p · p0½Dp · p0 þ ð1 −DÞp02�g
þm2

n
ðD − 3Þp6p02 þ ðp · p0Þ2p02½−2Dp · p0 þ ð1þDÞp02�

þ p4½ðDþ 1Þðp · p0Þ2 þ 2ð4 − 3DÞp · p0p02 þ 2ðD − 1Þp04�
þ p2½−2Dðp · p0Þ3 þ 10ðD − 1Þðp · p0Þ2p02 þ 2ð4 − 3DÞp · p0p04 þ ðD − 3Þp06�

o
;

αð2Þ5 ¼ p2p02k2fðD − 2Þðp2 − p · p0Þðp · p0Þ2 þ p02½p4 −Dp2p · p0 þ ðD − 2Þðp · p0Þ2� þ p2p04g
þm4

n
ðp · p0Þ2½2Dp4 þ ð6 − 5DÞp2p · p0 þ 2ðD − 2Þðp · p0Þ2�

þ p02½ðD − 3Þp6 þ ð6 − 7DÞp4p · p0 þ 2ð7D − 8Þp2ðp · p0Þ2 þ ð6 − 5DÞðp · p0Þ3�
p04½2ð1þDÞp4 þ ð6 − 7DÞp2p · p0 þ 2Dðp · p0Þ2� þ ðD − 3Þp2p06

o

þm2
n
−p2ðp · p0Þ3½Dðp2 − 2p · p0Þ þ 4p · p0�

þ p02p · p0½ð3 − 2DÞp6 þ ð9D − 10Þp4p · p0 − 12ðD − 2Þp2ðp · p0Þ2 þ 2ðD − 2Þðp · p0Þ3�
þ p04½ðDþ 2Þp6 − 6ðDþ 1Þp4p · p0 þ ð9D − 10Þp2ðp · p0Þ2 −Dðp · p0Þ3� þ p2p06½ðDþ 2Þp2 þ ð3 − 2DÞp · p0�

o

−m6k2fp2½ðD − 1Þp · p0 − ðD − 2Þp02� þ p · p0½−Dp · p0 þ ðD − 1Þp02�g: ðB8Þ

According to the identities (33)–(36), the remaining scalar integrals, JDþ4
3;1;1, J

Dþ4
1;3;1, J

Dþ4
3;1;2 and JDþ4

1;3;2, can be expressed as a
linear combination of the others as

JDþ4
3;1;1 ¼

1

4k · p0

�
1

2p02 J
D
0;1;0 þ

p02 þm2

2p02 JD1;0;1 − 2k · pJDþ4
2;2;1 − JDþ2

1;1;1 − ðp2 − p02ÞJDþ2
2;1;1

�
;

JDþ4
1;3;1 ¼

1

4k · p

�
JDþ2
1;1;1 − ðp2 − p02ÞJDþ2

1;2;1 − 2k · p0JDþ4
2;2;1 −

1

2p2
JD0;1;0 −

p2 þm2

p2
JD0;1;1

�
;

JDþ4
3;1;2 ¼

1

4p02ðp2 þm2Þ − 4p · p0ðp02 þm2Þ
�

1

2p02 f½ðD − 4Þp02 − ðD − 2Þm2�JD1;0;1 − ðD − 2ÞJD0;1;0g

− ðp02 − p2ÞJDþ2
2;1;1 − ðp2 þm2ÞðJDþ2

1;1;2 þ 2p · p0JDþ4
2;2;2Þ þ 2p2ðp02 þm2ÞJDþ4

2;2;2

�
;

JDþ4
1;3;2 ¼

1

4p · p0ðp2 þm2Þ − 4p2ðp02 þm2Þ
�

1

2p2
f½ðD − 4Þp2 − ðD − 2Þm2�JD0;1;1 − ðD − 2ÞJD0;1;0g

− ðp02 − p2ÞJDþ2
1;2;1 − 2p02ðp2 þm2ÞJDþ4

2;2;2 þ ðp02 þm2ÞðJDþ2
1;1;2 þ 2p · p0JDþ4

2;2;2Þ
�
: ðB9Þ
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APPENDIX C: BALL-CHIU COEFFICIENTS

Using the results given in Eqs. (40) and (41), the coefficients λi in Eq. (42) read as

λ1 ¼
1

2
ðD − 2Þ

h
2JD1;0;1 þ ðp02 − p2ÞJD1;1;1 − 2JDþ2

1;1;1 þ ð3p2 − 2p · p0 − p02ÞJDþ2
1;2;1 þ ð4p · p0 − 4p2ÞJDþ4

1;3;1

þ ð2p · p0 − p2 − p02ÞJDþ2
2;1;1 þ ð2p2 − 4p · p0 þ 2p02ÞJDþ4

2;2;1 þ 4ðp · p0 − p02ÞJDþ4
3;1;1

i

þ 1

2
ð1 − ξÞ

n
−2JD1;0;1 þ ðp2 − p02ÞJD1;1;1 þ ð2m2 þ p2 þ p02ÞJDþ2

1;1;2 þ ð2p · p0 − p2 − p02ÞJDþ2
1;2;1

þ 4ðm2p2 −m2p · p0 − p2p · p0 þ p2p02ÞJDþ4
1;3;2 þ ð3p02 − p2 − 2p · p0ÞJDþ2

2;1;1

þ 2ð2m2p · p0 −m2p2 þ p2p · p0 −m2p02 − 2p2p02 þ p · p0p02ÞJDþ4
2;2;2 þ 4ðp02½m2 þ p2 − p · p0� −m2p · p0ÞJDþ4

3;1;2

o
;

λ2 ¼
1

2ðp2 − p02Þ
n
ðD − 2Þ½ðp02 − p2ÞJD1;1;1 þ ð3p2 − 2p · p0 − p02ÞJDþ2

1;2;1 þ 4ðp · p0 − p2ÞJDþ4
1;3;1

þ ðp2 þ 2p · p0 − 3p02ÞJDþ2
2;1;1 þ ð2p02 − 2p2ÞJDþ4

2;2;1 þ 4ðp02 − p · p0ÞJDþ4
3;1;1�

ð1 − ξÞ½ðp2 − p02ÞJD1;1;1 þ ðp02 − p2ÞJDþ2
1;1;2 þ ð2p · p0 − p2 − p02ÞJDþ2

1;2;1

þ 4ðm2p2 −m2p · p0 − p2p · p0 þ p2p02ÞJDþ4
1;3;2 þ ðp2 − 2p · p0 þ p02ÞJDþ2

2;1;1

þ 2ðm2p2 − p2p · p0 −m2p02 þ p · p0p02ÞJDþ4
2;2;2 þ 4ðm2p · p0 − p02ðm2 þ p2 − p · p0ÞÞJDþ4

3;1;2�
o
;

λ3 ¼
mðD − 1þ ξÞ

p02 − p2
½ðp2 − p02ÞJD1;1;1 þ 2ðp · p0 − p2ÞJDþ2

1;2;1 þ 2ðp02 − p · p0ÞJDþ2
2;1;1�;

λ4 ¼ 0; ðC1Þ

while the coefficients τi correspond to

τ1 ¼
2mðD− 1þ ξÞ

p02 −p2
ðJDþ2

1;2;1− JDþ2
2;1;1Þ;

τ2 ¼
1

p2−p02
n
ð2−DÞðJDþ2

1;2;1 −2JDþ4
1;3;1− JDþ2

2;1;1þ 2JDþ4
3;1;1Þ

þ ð1− ξÞ½JDþ2
1;2;1− 2ðm2þp2ÞJDþ4

1;3;2− JDþ2
2;1;1þðp02−p2ÞJDþ4

2;2;2þ 2ðm2þp02ÞJDþ4
3;1;2�

o
;

τ3 ¼
1

2

n
ð2−DÞ½JD1;1;1− 2ðJDþ4

1;3;1 − JDþ4
2;2;1þ JDþ4

3;1;1Þ�þ ð1− ξÞ½JD1;1;1 − JDþ2
1;1;2

− 2ðm2þp2ÞJDþ4
1;3;2þð2m2þp2þp02ÞJDþ4

2;2;2− 2ðm2þp02ÞJDþ4
3;1;2�

o
;

τ4 ¼
4mð1− ξÞ
p2−p02 ðJDþ4

1;3;2 − JDþ4
3;1;2Þ;

τ5 ¼ ð4−DÞmJD1;1;1þmð1− ξÞ
h
JD1;1;1− 2JDþ2

1;1;2þ 2ðp ·p0−p2ÞJDþ4
1;3;2þðp2− 2p ·p0 þp02ÞJDþ4

2;2;2þ 2ðp ·p0−p02ÞJDþ4
3;1;2

i
;

τ6 ¼
1

2

n
ðD− 2ÞðJDþ2

1;2;1− 2JDþ4
1;3;1− JDþ2

2;1;1þ 2JDþ4
3;1;1Þ

þ ð1− ξÞ
h
JDþ2
1;2;1þ 2ðm2−p2ÞJDþ4

1;3;2 − JDþ2
2;1;1þðp2 −p02ÞJDþ4

2;2;2þ 2ðp02 −m2ÞJDþ4
3;1;2

io
;

τ7 ¼
2mð1− ξÞ
p02−p2

h
2ðp ·p0−p2ÞJDþ4

1;3;2þðp02 −p2ÞJDþ4
2;2;2þ 2ðp02−p ·p0ÞJDþ4

3;1;2

i
;

τ8 ¼ ð6−DÞðJD1;1;1− JDþ2
1;2;1− JDþ2

2;1;1Þþ ð1− ξÞ
�
JD1;1;1− 3JDþ2

1;1;2þ JDþ2
1;2;1 − 4p2JDþ4

1;3;2þ JDþ2
2;1;1− 4p ·p0JDþ4

2;2;2− 4p02JDþ4
3;1;2

	
: ðC2Þ

All these coefficients agree with the results presented in [7] after changing to its conventions, replacing 1 − ξ by ξ, and
using the expressions of Appendix B to rewrite the coefficients in terms of master integrals.
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