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Spectrum of a Gross-Neveu Yukawa model with flavor disorder
in three dimensions
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We show that a variant of the Gross-Neveu Yukawa model with disorder provides a real, non-
supersymmetric generalization of the Sachdev—Ye Kitaev (SYK) model to three dimensions. The model
contains M real scalar fields and N Dirac (or Majorana) fermions, interacting via a Yukawa interaction with
a local Gaussian random coupling in three dimensions. In the limit where M and N are both large, and the
ratio M /N is held fixed, the model defines a line of infrared fixed points parametrized by M /N, reducing to
the Gross-Neveu vector model when M/N = 0. When M /N is nonzero, the model is dominated by
melonic diagrams and gives rise to SYK-like physics. We compute the spectrum of single-trace operators in
the theory, and find that it is real for all values of M/N.
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I. INTRODUCTION

The large-N limit [1] is a powerful tool to understand
strongly interacting quantum field theories. In this limit,
unexpected, classical descriptions can emerge—the most
notable example of which is classical gravity in anti-—
de Sitter space [2-4].

Originally, two large-N limits were known—the large-N
limit of theories with dynamical fields in adjoint/matrix
representations, exemplified by [1], in which all planar
Feynman diagrams contribute; and theories with dynamical
fields in the vector representation, exemplified by [5], in
which a summable subset of planar Feynman diagrams
contributes. Large N vector models typically possess a
slightly broken higher-spin symmetry, and any dual gravi-
tational description for such a conformal field theory (CFT)
would include a tower of massless higher-spin gauge
fields [6-12]. On the other hand, strongly interacting
large-N matrix models are, at least in some cases with
sufficient supersymmetry [2,13], believed to be dual to
theories of Einstein supergravity.

Theories also exist whose large-N limit interpolates
between a vector model and a matrix model. The
Aharony-Bergman-Jafferis (ABJ) theory [14] is a bifunda-
mental U(N) x U(M) Chern-Simons theory that can be
studied in the limit where M and N are both large and the
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ratio M /N is fixed. When M /N < 1, the theory possesses
a slightly broken higher-spin symmetry and is effectively a
vector model, dual to a higher-spin gauge theory [with
U(M) Chan-Paton indices] [15]. When M/N =1, the
theory becomes Aharony-Bergman-Jafferis-Maldacena
(ABJM) theory [13] and is dual to type-IIA supergravity in
AdS, x CPj5 at strong coupling. The parameter M/N can
be understood as a gravitational 't Hooft coupling in the
bulk; as this parameter is increased from zero to one, the
higher-spin gauge fields somehow coalesce into strings.

Large N vector model CFTs without supersymmetry are
common. Do there exist large-N CFTs without supersym-
metry dual to Einstein gravity in AdS? A variant of the
weak gravity conjecture [16] suggests that the answer is no.
However, motivated by ABJ [15], one may promote non-
supersymmetric vector models to bifundamental theories,
and study their behavior as a function of M/N [17,18].
However, all examples studied so far become complex
at some critical value of M/N, as can be seen via the
epsilon expansion [18,19], or, in the case of certain matter
Chern-Simons theories [17,20], cannot be studied at strong
coupling.

Recently, a new large-N limit—the melonic limit'—has
emerged, via the study of the Sachdev—Ye Kitaev (SYK)
model [31-35], a chaotic model in one dimension, exhibit-
ing features of black hole physics, see, e.g., [36-42].
The melonic limit is dominated by a summable subset
of planar diagrams that manages to capture nontrivial
aspects of gravitational physics. Does there exist a
nonsupersymmetric higher-dimensional generalization of
the SYK model [43-48]? All nonsupersymmetric

"This limit was first understood via tensor models, e.g., [21-30].
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constructions [44,45,48] encounter an operator with a
complex scaling dimension. Similar results have also been
observed in tensor models, [29,49-51]. In particular [48],
inspired by [46], defined a “biconical” SYK model that
interpolates between the critical O(N) vector model when
M/N < 1 and amodel with SYK-like physics when M /N is
finite. Their model becomes complex when M /N exceeds
0.22, reminiscent of bifundamental critical scalars in
d =3 [18,19]. By contrast, [48] shows that a supersym-
metric version of their theory is real for all M/N.

It is natural to expect that nonsupersymmetric melonic
CFTs do not exist—and, if this were true, it would provide
strong support for the conjecture that nonsupersymmetric
strongly interacting CFI’s dominated by planar diagrams
do not exist. Here, we show that this expectation is false by
computing the spectrum a simple example of a nonsuper-
symmetric CFT, recently proposed in [52], dominated by
melonic diagrams that can be studied for all values of M/N.

II. GROSS-NEVEU YUKAWA MODEL
WITH DISORDER

A starting point in a search for higher-dimensional SYK
physics is the Gross-Neveu (GN) model [53], which
possesses a nontrivial ultraviolet fixed pointin d = 2 + ¢,
that, at least when N is large, defines a conformal field
theory in d = 3. A tensorial GN model was constructed
in [50,54,55], but its spectrum of operators includes one with
a complex dimension—an identical spectrum arises in a GN
model with a random four-fermion interaction. However,
there exists a cousin of the GN model—the Gross-Neveu
Yukawa (GNY) model [56-59]—that gives rise to an
infrared fixed point in d = 4 — ¢, equivalent to the GN
fixed point when N is large [58,59]. See, e.g., [60-77] for
more on the GN and GNY theories.

Inspired by [48], we study a variant of the GNY
model constructed by [52]. The model, which is closely
related to several one-dimensional models generalizing
SYK [78-83], consists of M real scalar fields, o,
a=1,....M, and N Dirac or Majorana fermions, y/i,
i =1,...,N with the interaction,

Sint_/dd-x.gaijgal/_/il//ﬁ (1)

which is relevant for d < 4, and leads to an IR fixed point
ind=3.

gai’ is a random coupling with quenched disorder, with
zero mean (g,;/) = 0, but nonzero variance

J .
Bap 010 (2)

(ai' gpi’) = e

The resulting average is invariant under O(M) x U(N) for
the theory with Dirac fermions [or O(M) x O(N) for
Majorana fermions].

We take both M and N to be large, keeping the ratio
A= % fixed. It follows from [84] that this limit is dominated
by melonic diagrams.

When 1 = 0, the theory reduces to the GN model, but it
exhibits SYK-like physics for M /N finite.

Does the spectrum of single-trace primaries, like all other
known nonsupersymmetric, higher-dimensional melonic
models, include a complex scaling dimension for M/N
sufficiently large? We compute the spectrum in d = 3, and
find it is real for all values of M/N.

We present the spectrum for the theory with N Dirac
fermions below—the spectrum of the theory with 2N
Majorana fermions is a truncation to operators with
even spin.

III. EXACT PROPAGATORS

The exact propagators for y and ¢ were obtained in [52],
as we review below.
Denote the exact propagators by

pi(=q)) = (27)'G(p)&'(p - 9)8},
(0“(p)o’(=q)) = 2m)'G(p)6*(p — q)5". (3)

In the melonic limit, these propagators satisfy the
Schwinger-Dyson equations illustrated in Fig. 1,

i

_@_

) & e .

FIG. 1. The Schwinger-Dyson equations for the exact propa-
gators. Solid and dashed lines denote fermion and scalar
propagators, respectively.
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FIG. 2. The gap equation for A, in d = 3 possesses a unique
solution for all A.
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diq

Fo(p)'=F(p)~'=J (27)

r (G(q)G(p+q))  (4)

d

Gty =6t + ([ S ctr-ar@). )

where Gy(p) = ?and Fo(p) = #,

The conformal ansatz for interacting propagators in the
IR is
|

8(2A, —5)(2A, - 3) sin*(zA,) cos(zA,)I'(3 —4A,)T(4A

ip B
TIoA o1 F(p) = ——5- (6)
pd 24, +1 pd 2A,

G(p)=A
For an interacting IR solution, we require
27, + A, =d, (7)
and
(d+2)/4>4,>(d-1)/2. (8)
Evaluating Eqs. (4) and (5) using (6), we obtain an

equation that determines A,,, which, in d = 3, reads

—4)

18

Figure 2 shows that, in d = 3, (9) has a unique solution
within the allowed range, for all 1. For small 4,

2 8022

. (12072 — 4384)23
32 275t

s TOU. (10)

A, =1+

This agrees with the O(1/N) correction to Ay in the GN
model.

Asd — o0,A, — 5/4and A, — 1/2.Inbetween, there is

a “critical value” of 1, = 2(62:2)‘1’ = % defined by the con-

dition 2A, = 2A,, — 1, for which A; = 2/3 and A, = 7/6.

Does the free theory flow to this putative IR limit? In
Appendix A we solved the full gap equations (4) and (95),
for A = 0 and 4 = o0, and found flows from the free theory
to the IR solution. Presumably, similar flows also exist for
intermediate values of A.

IV. OPERATOR SPECTRUM

The single-trace primaries are bilinear singlets of
the O(M) x U(N) symmetry group.” In the free theory,
these are

(1) spin-s bilinears of y, of the schematic form,

l/_/l(a : y)nWi’ for s = 0, and, l/_/iy'z(a'z)s_l (a'Y)nl//i’
for s > 0;

(2) and (even) spin-s bilinears of o, of the schematic

form

(0 2)*(0*™)o".

*Note that bilinears such as o4y, or, more generally 6,A%y;,
for any M x N matrix A, are not invariant under the
O(M) x U(N) symmetry group—anomalous dimensions of such
operators are suppressed by 1/N.

©)

T

|

Here, z denotes a null polarization vector (see,
e.g., [85,86]). In the IR fixed point, fermion and scalar
bilinears which are parity even can mix.

Let O,, be an operator with well-defined scaling
dimension, and let 7 = Ay — s be its twist. In the IR limit,
the three-point functions (o(x;)o(x;)O,(x;3)) and
(w(x))w(x2)O, 5(x3)) satisfy the melonic ladder equation,
shown schematically in Fig. 3. Following [87], we use this
equation, along with conformal invariance, to determine the
allowed operator spectrum in the IR. Details are in
Appendix B.

Figure 3 translates into a condition that an integration
kernel (which is, in general, a matrix, due to mixing and
multiple allowed forms for conformally invariant three-
point functions), Keve/ Odd(A), defined for parity-even/odd
spin-s operators, has eigenvalue 1.

V.SPECTRUM IN d=3

We now show that the spectrum of single-trace operators
is real for all A in d = 3. As usual for SYK-like models, the
results involve some numerical solutions of transcendental
equations. Alternatively, analytic expressions for the

Bl o

FIG. 3. In the melonic IR limit, the exact three-point functions
(0(x1)o(x2) O, 5(x3)) and (w(x))p(x2)O; ;) (x3) (depicted as

dark and light gray triangles) satisfy the ladder equation depicted.
All propagators are exact.
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spectrum can be obtained in d = 4 — ¢, which are presented
in Appendix D.

A. Parity-odd scalars

We expect the scaling dimensions of parity-odd scalars,
denoted as A,, to take the form A, = 28, + 21+ Fo s
with #,, = 0 as n — oo.

Figure 3 translates into the equation

K34(A) =1, (11)

as described in Appendix B.

For 1 =1, we find A, = 2.53354, 4.25934, 6.23292,
8.22512,..., approaching 2A,, + 2n = 2.21492 + 2n. For
A = oo, wefind A, = 2.85171,4.66395, 6.60305, 8.57464,
..., also approaching 2A,, + 2n = 2.5 + 2n. The behavior
for intermediate values of A is similar, and the spectrum is
real for all values of 1. The scaling dimension of the lowest-
dimension parity-odd scalar is shown in Fig. 4. In the
melonic GN model [50], this operator has a complex
scaling dimension.

For small A,
- 16 128
Ay=2+—51— 22 4+0A
0 + 372 2774 + ( )
44 )
:2AV,+;+0(,1 ), (12)

16

12
3r*n(2n + 1)

A,=2A,+2n+

192(log 2n +y 4 2) + 32 1
ol—=| |2
< 277%n? TO\e
+ 0(2%). (13)
At large n,
1
Yon ™~ 5 - 14
Y0.n 28, ( )
Ao
28}
261
241
22t
: : : : : = A
1 2 3 4 5 6

FIG. 4. Scaling dimension of the lowest-twist parity-odd scalar,
Py, as a function of A.

B. Parity-even scalars

The spectrum of parity-even scalars includes mixtures of
scalar and fermion bilinears, operators, denoted as type-A
and type-B, whose scaling dimensions are of the form
AY=2A, +2n+ 1474, and AE=2A,+2n+75,

. A/B
respectively, where y;),” — 0 as n — oo.
Due to mixing, the integration kernel for parity-even
scalars is a 2 x 2 matrix, K{'*"(A), given in (B13) in
Appendix B.

The condition
det (K§*"(A)-1) =0 (15)

determines the allowed values of A.

We find the spectrum for 4 = 1 is 2.37666, 3, 3.70347,
5.23918, 5.57576, 7.22808, 7.57099,.... The scaling
dimension of the lowest operator is plotted as a function
of 4 in Fig. 5.

We plot the scaling dimensions of the eight lowest scalar
primaries in Fig. 6. As Fig. 6 illustrates, the spectrum is real
for all values of 1. As n — oo, the scaling dimensions
approach 2A, +2n and 2A, + 2n + 1.

There exists an exactly marginal operator with A = 3,
for all . We expect that this corresponds to a mixture of
6°0%>6“ and ' gy, which is redundant and vanishes by the
equation of motion. as in [41,88].

For small 4,

Ad =3, (16)

16(2n% +3n—1) 2
A% =2A 2 1 —
! v +3n(4n3+12n2—|—11n+3)n’4

192(log 2 2)+32 1
+< (log2n+y+2) + +O< ))P

277512 n
+0(2*) forn >0, (17)
81 (14208 — 9287%)1°
AB =2A — o 18
0 o + 71:2 + 2771.6 + ( ) ( )
and
AB =2A, +2n+ o4 2

3r*n(n+1)2n-1)2n+ 1)
384(log2n + y — 4) + 128 1
- ol—<) |2
+ < 277%n* + 3

n
for n > 0. (19)

+ 01

Both the lowest scaling dimension A, and its shadow A} =
3 — A, are above the unitary bound for all A. Our analysis does
not determine which is realized in the IR limit; however, as
A—0, Ay —> 2" =2A,, in agreement with the GN model.
Assuming the spectrum is a continuous function of A, we
conclude A is the scaling dimension in the IR.

066025-4
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Ag
23}
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1 2 3 4 5 6
FIG. 5. The scaling dimension Ag(4) of the lowest-dimension

parity-even scalar as a function of A. A(4) attains its maximum,
2.377 near A = 1.03.

T

\i“‘\““\““\\‘ A
0F 1 2 3 4 5

FIG. 6. The lowest eight scaling dimensions of parity-even
scalars a function of 1. Ay(A) attains its maximum, 2.377 near
A = 1.03. The kink in the graphs is, for large n, near A = 8/5.

The order A contribution to operators for which n > 0
vanishes (for both type-A and type-B), as expected, since
these are double-trace operators in the theory when M = 1.

When # is large,

lim y2 ~ n=%4, (20)

n—-oo

and

n~ 1 #£8/5

. B ~
LT { n103 ) =8/5. 2

C. Leading-twist higher-spin operators

We next present the spectrum of leading-twist higher-
spin operators, i.e., those which become almost-conserved
currents when 4 — 0.

The twists of such operators, which are all parity even,
solve an equation of the form

FIG. 7. The spectrum of leading-twist operators of spin s, for s
odd (above) and even (below), is shown for s =1, ...,80. As
s — oo, the twists approach the dashed line, and, for even spins,
peak near 4 = 8/5.

det (Ken(7) — 1) =0, (22)

where K§¥*"(7) is given in Appendix B.

The resulting twists are shown in Fig. 7. For all 4, there
exists a twist-1 spin-1 and spin-2 operator, corresponding to
the conserved U(1) current and stress tensor.

For odd spins,

limzMn = 27, — 1, (23)

§—00

while for even spins,

) . 24, -1 A<8/5
limz"™" = (24)
5—00 2A, A>8/5.
Define
7y = 7, — lim7Mn, (25)
For small A,

066025-5
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16(4s(25—1)2H,_—(25=1)2 (25+1)(H,

3+2log2)—2s(165>-22s5+13))
2

42 3 5 3
) 20 + 3 (2Zs—1P (25 11) A7+ O(4%) s even 26)
s = " 16((1-45)? (H,_3-+210g(2))+2(205"~135+65+2)) X
S A1) 3 (A2 —1) 2>+ 0(X) s odd.
For s large and even,
cos(zA, )T (I-3A, )I(Z-A,)T(24,-3) 1-2a,
ﬂ”z(4(A2W—2)AW+23)F(3-4AW) s 1 <8/5
EYENE
v~ g = —25.;(/3—6);(3) -2/3 A=18/5 (27)
23in(4n’Aw)cos(ﬂ:AW)F(3—2AW)F(%—AW)F(2AW—%)F(3AW—%) sl_ZAV/ 1> 8/5

228, -1)

The asymptotic behavior at 1 = 8/5 is unusual—at 4 = 8/5, A, :% is the smallest twist in the theory. For s odd,

we find

2(5 - 24,,)%sin2(27A,,)T(3 — 24,)[(4 - 24,)

Vs~ —

The subleading contribution is s2%v—* = s~(2-*1)_ which is
numerically close to the leading contribution for
1 <A, <5/4. In the limit 1 — 0, both the leading and
subleading terms approach s—2+0(),

The spectrum of both parity-odd and -even higher-twist,
higher-spin operators are also real for all A, and are

presented in Appendix C.

D. Conformal Regge limit

As explained in [44], if we continue the function A(s)
that encodes the scaling dimensions of leading-twist
operators of spin s to complex spins, the value of s,
that solves A(s,) :% can be used to extract the
Lyapunov exponent in a particular hyperbolic geometry

Anyp

FIG. 8. The even-spin hyperbolic Lyapunov exponent Ay, =
s, —1 as a function of A. The maximum of A, = 0.139 is
attained at 4 = 1.71.

2 (2A, — 1)

(45)7%40. (28)

I
via Ay, = 5, — 1. The result’ is shown in Fig. 8, and is
similar to [48].

VI. DISCUSSION

In this paper, we showed that the spectrum of single-trace
operators in an IR fixed point defined via a disordered
Gross-Neveu Yukawa model is real for all values of M/N.
This strongly suggests the model is the first real, non-
supersymmetric CFT in d > 1 that admits an SYK-like
large-N limit. Moreover, the theory is a rare example of a
solvable, nonsupersymmetric interacting large-N CFT in
three dimensions.

Several questions exist for further research.

When M /N = 0, the CFT is dual to a higher-spin gauge
theory [7]. Is the theory at finite M /N dual to a deformation
of this higher-spin gauge theory?

Our results also suggest that a bifundamental Gross-
Neveu Yukawa model, without disorder, could perhaps
define a real planar large-N CFT in d = 3.

Disordered models with Yukawa interactions [80,81,89-91]
and certain coupled SYK/tensor models [92,93] have been
studied as toy models for superconductivity. The model
studied here does not exhibit U(1) symmetry breaking, but
may perhaps be generalized to one which does.

We hope to return to these questions in the near future.
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APPENDIX A: SOLVING THE GAP
EQUATION FROM UV TO IR

In this Appendix, we solve the gap equation from weak
to strong coupling for M < N very small, and M > N.
From these results it seems natural to expect that a flow also
exists for intermediate values of M/N.

Let F(p) =1/f(p) and G(p) = —ip/g(p). Note that
[/] = 1 'in d = 3, so we expect these to be functions of the
dimensionless quantity p/J.

The gap equations are

_ s dq ¢ +q-p

fp)=»p de/ 27)* g(q)9(p + q) (A1)
_ dlq  p-g

o) =P 03 g A

We will show these equations have a solution interpolat-
ing from the free UV solution to the IR solution at the
extreme values of 4, 1 =0 and 1 = oo, which are easier
to handle than intermediate values of A. We have not
attempted to numerically solve the gap equation for
general A.

The A =0 solution is trivial, and can be obtained
analytically. We have ¢“*=%(p) = p?, and f*=0(p) is
given by

dq ¢*+q-p
4 =(p =p2—Jd/ A3
( ) V4 (2ﬂ)d q2(p+q)2 ( )
274715 cse(Z)I(4)
— Z_dj 2 2/ d-2 Ad
p*—d, Td-1) (A4)
,
=43P +§P- (A5)

For 4 — o0, we must solve the gap equation numerically.
Let J = AJ. Then f#=*)(p) = p?, and g“*=*)(p) satisfies

p-q
'(p)(p—aq)*

) =+ [ ¥4 (A6)
(27)* gli=s

which we can write as

9(p)

100
10°
e 7 A1p32
-
- 2
1000 f/’/ _____ p
7z
100 ¢ b g(p)
,,O
%
10 ~
/’,
1 .
L L L L p A
0.01 0.10 1 10

FIG. 9. A numerical solution of the gap equation from UV to
IR, for the case of 4 — oo is shown above (the solid black line). It
interpolates from g(p) ~ A~' p¥/? (dashed red line) to g(p) ~ p>
(dashed blue line) as expected.

) (p) = 2T [©_4'
) = [T S P, o

where

1 t
Flq) = dt ————. A8
(@) /_1 1+¢* —2qt (A8)
We solve this equation iteratively, choosing the initial seed
function as geea(p) = p> +A~'p*2, where A% =12
Within a few iterations, this converged to the numerical
function plotted in Fig. 9.

APPENDIX B: DETAILS OF THE
COMPUTATION OF THE SPECTRUM

1. Conformally invariant three-point functions

Let OY¢¥" (x z) be a parity-odd/parity-even operator
with spin s and twist 7 = Ay — 5. There are two allowed
forms [85] for conformally invariant three-point correlation
functions,

(T (x; )O(T),dsd/even (23, 23)W (x2) A2)

which are
(A (x1) 098 (x5, 23) (x2) Ao)
1
= W(bl(%/PﬁQi + by(S,/P)P05).
X31%12 X3
(B1)
for parity-odd operators, and
(A (x1) O™ (x5, 231 (x2) A2
1
A, —1-7 (a\P3Q5 + ayP1P,05"),  (B2)
X31%72 X23

for parity-even operators. Here Q;, P; and S; are defined
in [85], as

066025-7
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= X X3y X31
P3:/117/12, Q3—223'(T—T>,
12 3 X3

83/ Py = ilo¥ps¥sidr/ (|x 12| |x23x31 ) (B3)
For s = 0, the second term in each of the two above
expressions should be omitted, and there is only one
allowed form for the three-point function.

The correlation function {¢(x;)o(x,)O%) vanishes. The
only allowed form for a conformally invariant correlation
function (o(x;)o(xy) O (x3, 23)) is

103
(0(x1)o(x2) 025" (x3)) = ij-
Xioo X343

(B4)

It is convenient to take the limit x5 - z3 = 0 and x3 — oo,

which can be obtained by a conformal transformation. This

makes Q3 — 2z3 - %‘ We also rescale the correlation
3

functions by a factor of x%”zs. In this limit the allowed
forms for the correlation functions become

_ x . 6. N
Vg, = /119512/12% (BS)
|X1] v
- Xip - €)*7!
Vg, = ilﬁz% (B6)
X1 v
_ 7 (x12-€)°
Up, = /‘LI/IZW (B7)
_ (.X' . e)x—l
Up, = /11¢X12/12|;122|Tw (B8)
(x12 - €)*
o =T A (B9)
1 |x12|2A”

ap,a; [Ual (ylv yZ)}/Ual (x17 x2)

K K
sten(,[) = Ka2 a][Ual(yl7y2)}/va2(xl7x2) K

ap,a, [Uaz(ylvy2>]/va1 (xleZ)
, a,a, [vaz(ylay2>]/va2(xlvx2)
Kc,a] [Ual(y17y2)}/vc(x1vx2) Kc,az [vaz(ylvy2>]/vc(xlvx2)

We may prefer to choose a different basis for the parity-odd
three-point functions, by defining

(x12-2)*!

UZZ = /_11(2/9(12 —Xod) o5 =

— (B10)
|x12|2A“’

which, it turns out, does not mix with v, .

2. Integration kernel

Using the above results, we compute the integration
kernel as usual.

For parity-even spin-s operators, the diagrammatic
equation in Fig. 3 of the main text translates into the
eigenvalue equation for the coefficients a;, a, and c,
defined in Egs. (B2) and (B4):

a ap
ay | =K{(2) | a (B11)
¢ ]

We must determine the values of z for which the 3 x 3
matrix K¢"(7) has an eigenvalue equal to 1. Similarly, for
the spectrum of parity-odd spin-s operators, Fig. 3 of the
main text translates into an eigenvalue equation for a
2 x 2 matrix K9%(z). For parity-even spin zero operators,
Fig. 3 of the main text translates into an eigenvalue
equation for another 2 x 2 matrix, K§'*"(z). For parity-
odd spin-zero operators, Fig. 3 of the main text translates
into a conventional integration kernel, i.e., a 1 X 1 matrix,
K3¥(z).

The nine entries of the integration kernel matrix for
spin-s parity-even operators are given by

al,c[vc(ylayZ)}/val (x17x2)
az,c[vc(ylvyZ)}/vaz (x17x2) P
KC,C[UC(ylayZ)}/Uc(xleZ)

K
K (B12)

for s > 0. For s odd, the last row and last column of this matrix vanish identically. For s = 0, the second row and second

column of the matrix are not present.

The four entries of the integration kernel matrix for spin-zero parity-even operators are given by

K5 (o) = (

for s = 0.

Kal,al [Ual (yl vyZ)]/val (.X] s xZ)
Kc,al [Ud| (yl vyZ)]/vc(xlﬁ)CZ)

' (B13)

Ka].c {Uc(yl ) yQ)}/val (X],XZ) >
Kc,c[vc(ylvy2)}/vc(xlvx2) ’

066025-8
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In the above matrices, we have

(V12 - €)°*

Kg o [Va, (15 32)] + Koy 0, [Va, (15 ¥2)] = J/l/dd}’lddyzf_hG(xhyl))‘lzG(Yz,xz)bmF()’l,yz)’ (B14)
Y12
Keg[va,( =—J | diy,a On-e)f
c.ar Va, yiy)] =—J VidyYo F(x1, y1)F(y2, X)tr($12G (2. y1)) —r+1124,° (B15)
Y12
s—1
- Yip - €
Kal,az[vaz(yh)’zﬂ +Ka2,az[”a2(Y1,J’2)] = M/dd}’ldd)’MlG(xl’y1)¢G()’2,x2)/{2%F()’1,y2)’ (B16)
Y12
K [ _ d-. 1d ()’12 : €>X_l
carlVa, (V1 ¥2)] = =T [ d'y,d )’2F(x1’Y1)F<Y2,x2)tf<¢G(yz’)’1))—_,_HZAW ) (B17)
Y12
_ Vo - € S
Ko elvei y2)] + Koy e[ve(v1,32)] = J/l/dleddYZilG(xlvyl)G(yhyZ)G(yz’x2)/12(y—leA),,’ (B18)
12
and
Kc,c[vc‘(ylvyZ)] =0. (B19)
For parity-odd spin-s operators, we have
Ko (7) — <Kb|,b1 [, (V12 2)]/ 05, (x1. %2) Kbl,bz[vbz(yl’yQ)]/vbl(x11x2)) (B20)
Ky b, (05, (V15 ¥2)1/ V5, (X1, %2) Ko, p, [V, (V15 ¥2)]/ Vp, (X1, X2)
where
_ Vo € §
Ko, [06, (015 Y2)] + Ko, i, [05, (15 ¥2)] = Jfl/ dd)’1dd)’2/11G(x1»yl)G(h,xz)/lz%F()’h)’2)7 (B21)
Y12
and
s—1
- Vip-€
Ky, b, (06, (012 ¥2)] + K, 1, [V, (1, ¥2)] = J/l/ddylddyZ/llG(xlayl)¢y,12G(y2»x2)}“2(1_27+2)AWF(Y]’YZ)' (B22)
Y12

K94(7) is a 2 x 2 matrix for s > 0. For parity-odd spin-0
operators, there is no mixing and only one allowed form for
the three-point function. The integration kernel K§%(z) is
therefore a 1 x 1 matrix:

Kgdd(‘f) =Ky, p, [”bl (yh)’z)]/vbl (x1,x2). (B23)

Before we proceed, let us point out a technical compli-
cation. Unlike the usual SYK model, or the higher-
dimensional bosonic variants, we find that there are
multiple allowed forms for the three-point correlation
functions. Like mixing, as discussed in [44,48,51], this
means the integration kernel is a matrix—and the allowed
scaling dimensions are those for which is 1 eigenvalue of

the matrix. When two operators mix we expect two linearly
independent mixtures to exist that have well-defined scal-
ing dimensions. This is reflected in the fact that the
calculation of the integration kernel involves diagonalizing
a two-by-two matrix and eventually leads to two sets of
spectra, both of which are physical. However, suppose there
are multiple allowed forms for the three-point correlation
function—for simplicity, assume that there are n allowed
forms for the three-point function and no mixing. In the
actual IR fixed point, only one three-point function would be
realized, which corresponds to one of the eigenvectors of an
n X n integration-kernel matrix, with eigenvalue 1. The other
eigenvectors, and their associated eigenvalues, would be
spurious. We therefore determine n candidate scaling

066025-9
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dimensions for each operator, without identifying which of
these scaling dimensions is actually realized. Luckily, we are
able to resolve this ambiguity by assuming the spectrum of
the theory is a continuous function of A. This complication
does not affect spin-zero operators.

L((d—24, + 1))F(d- Aw+%>r< y =DT(4+s 48, +3)

3. Numerically solving for the allowed
scaling dimensions

To determine the allowed scaling dimensions of parity-
odd scalars, we must determine the values of A for which

K$%(A) = 1. This gives rise to

LA, +Hr(-4+A, +Hr(d -

We carry out this computation numerically for d = 3, as
illustrated in Figs. 10 and 11 for A=1 and 1=
respectively. These figures illustrate that the spectrum is
real for these values of 4, and we established analytically
that the spectrum is real for small 4. We also determined the
spectrum for numerous intermediate values of A and found
that it is real as well.

FIG. 10. Computing the spectrum of spin-zero parity-odd
scalars in d = 3 for A = 1. For other values of A, the calculation
is very similar, and we find the lowest twist parity-odd scalar has
real scaling dimension for all 4, in contrast to other nonsuper-
symmetric melonic theories, such as [50].

FIG. 11. Computing the spectrum of spin-zero parity-odd
scalars in d = 3 for A =

4 2L — . (B24)
A, =T (d+2s-24, +A))

Let us discuss a potential concern regarding the spec-
trum. When A = 0 the disordered spectrum is that of the
large-N GN model. One might also expect that the O(4!)
correction to the disordered spectrum matches the O(1/N)
correction to the spectrum of the GN model, but this is not
quite true. The 1/N contribution to scaling dimension of
the single-trace scalar primary in the GN model is
A/ =1- 31—62 1{,, which is the shadow of the value quoted
for A, above when J is replaced by 1/N. The reason for this
discrepancy is as follows. When M = 1, in the GN model,
the scalar field ¢ can be integrated out, and its equation of
motion sets yy = 0, effectively replacing the scalar pri-
mary with 6. When one computes the 1/N anomalous
dimension of ¢ in the GN model, using e.g., Feynman
diagrams, one obtains the correction — ﬁﬁ, leading to the
value A{, quoted above. However, in the disordered theory
with M > 1, we cannot integrate out ¢, SO we cannot set iy
to zero—its scaling dimension becomes meaningful, and is
equal to A, computed above for any A > 0. The order A
correction to the scaling dimension of ¢“ also does not
match the 1/N correction to the scaling dimension of ¢ in
the GN model—this is because the Feynman diagrams that
contribute to the 1/N anomalous dimension of ¢ in the GN
model include a nonmelonic diagram that is suppressed by
1/N rather than M/N in the disordered theory.

APPENDIX C: HIGHER-TWIST SPIN-s
OPERATORS IN d=3

1. Parity-even higher-spin operators

The calculation leading to the numerical spectrum for
s=1,2 and A =1 is shown in Fig. 12. The plots for
higher-spin operators are similar, except that the leading
twist is no longer at 7 = 1.

From Fig. 12, we see that, for operators of both leading
and subleading twist, there is no ambiguity in the spectrum.
The spectrum of operators of subleading twists is shown in
Fig. 13 as a function of A.

However, as discussed in Appendix B, there is an
ambiguity in determining the higher-twist higher-spin
operators. Because there are two allowed forms for the
correlation function involving two fermions and a spin-s

066025-10
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0.5+

.

-0.5}F

N
T

FIG. 12. Determining the spectrum of parity-even single-trace
spin-1 (above) and spin-2 (below) operators for 4 = 1. Red dots
denote asymptotic values of twists, approached as n — oo.

operator, we find two values of fﬁn for which K = 1, for
each s > 0 and n > 0. These approach 24, — 1 from above
and below as n — oo or s — oo, so we denote them as 74,
and 747, respectively. Only one of 743 is physical. Because
there is only one allowed form for (coJ,), no such
ambiguity is present for z8,. This can be seen in Fig. 12.

We resolve this ambiguity by demanding anomalous
dimensions are continuous functions of 1. We find that the
functions

() A<

wald) = { B A> A, (1)

_ F(% (d— 24, + D)T(d - A, + %)F(Aw — %)H_%"" s+4,+ %)

FIG. 13.

The anomalous dimensions of the even spin higher-
spin operators of subleading twist. The dashed line is the
asymptotic value approached as s — oo. For sufficiently large
A these are monotonically increasing functions of s.

and

B
(2) ) T (’1) A<
Ton(d) = C2
® {r?,m i, ()
are continuous functions of A. Therefore
e )< Ax

o, ={ C3

’ ot A>Ax. (©3)

2. Parity-odd higher-spin operators
The same ambiguity arises for parity-odd higher-spin
operators. In this case, it is possible to explicitly choose a
basis—formed by v;, and ”Zz in Egs. (B7) and (B10)—for
correlation functions that diagonalizes the 2 x 2 integration
kernel matrix for all A,,, 7 and s. There are therefore two
integration kernels:

U

Ki(7) =

and

o 20(3(d=2A, + 1)T(d—-A, +HT(A, —HT(=4+ 5+ A, +7)

T(A, +)0(=§+ A, +)T(d - A, —HT(G(d +25 =24, +17))

K;(7) =

r(a, +hr=4¢+a, +hr@-a, -)rd(@d+2s-24, +1))’
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The eigenvector corresponding to K is v, ,» 1s also valid
for s = 0, while the eigenvector corresponding to K7 is ”Zz
and requires s > 1.

The equations K jE(~) = 1 have solutions 7, ; and 7, ; for
each integer n > 0. 7,/ and 7, ; approach 24,, 4 2n from
above and below, respectively, as n — oo or s — 0.

When we solve these equations numerically, we find that
#y(4) becomes complex near 1= 6375, while 7,
remains real for all A. Hence, it is important to know
whether 77, or 7, is realized in the IR limit.

We carried out a perturbative Feynman diagram calcu-

lation of the anomalous dimension of W d(-z)%w to first
order in A for odd s. This is very similar to calculating 1/N
corrections to the GN vector model, we use the IR
propagators at 1 = 0: F(p) = % and G(p) = Go(p), and
keep track of index contractions arising from disorder
averaging—which means we keep only melonic diagrams.
There is only one diagram that contributes for odd s (other
than the self-energy of the fermion) which is given by

|

—/ d3q%L)z((P+Q)'Z)S_’_( AlogA.

4
(27 q(p+4q 25+ 1)7?
(Co)

We find that 7,y = 2A, + 2Y+1 41+ 0(2%), for odd s,
+

which matches %, obtained from solving Kj = 1.
Assuming anomalous dimensions are continuous functions
of 1, we conclude that %;fo are the physically realized twists
for the leading-twist parity-odd higher-spin operators, and
our spectrum is free from any operators of complex scaling
dimension for all A. If we assume %S . are monotonic
functions of n, this also implies that 7/, are the physically
realized twists for n > 0—to confirm this expectation
would require an order 4> perturbative calculation.
However, for n > 0, both 7, and 7}, are real so distinguish-
ing between them is not essential for the main conclusion of
the paper.
For small A, we find that

4 16(9(2s +1)*H,_y +80s” + 125> (13 +log(64)) + 125(8 +log(64)) — 8 +9log(4))
77s,0: B 4 3 ’12+0(A3) (C7)
n*(2s+1) 277*(2s+1)
and
16 8(6n(2n+2s + 1)(H, o1+ H,_y +1log(4)) + 26n(2n + 25 + 1) +9)
Ysn = 4 A2+ i 6.2 : 3 2P+ 0(l4>
T 3 n(2n+ 25+ 1) 2720 (n+ s + 1)
8 32(6log(n) + 6y + 13 + 3log(4))
~ 22 2+o
" 342 + 27712 +0)
8 32(3H,_; + 3log(s) + 3y + 13 + 31og(4))
~el 2 L B+ 0. C8
smo 3t T 2775ns +O0W) (C8)

At large s, we find

- 2487524, — 5) sin(274,)T(4 —24,) _
z(1-24,)

and at large n,

_— 24875(5 =24, )sin2(27A,)T(3 — 24, )T(4 — 24,,)

(24, - 1)
0. (C10)

APPENDIX D: SPECTRUM IN d=4-¢

We also solve the spectrum of single-trace bilinears in
the theory in d =4 —¢, which allows us to determine
analytic expressions for various quantities in terms of 4. In
this section, it is convenient to absorb dy into the definition

|
of 4 by defining 1 =

and then 1 = .

d N, alternatively, one can set d, = 2

1. The gap equation

We first solve the gap equation. The allowed range for

AWIS———<A <3 5 — 4 We find
3_(A+2)e ( - 6)¢?
A, == = +0(e*), (D1
VT2 40+ 1) 32(A+1)3 (). (D)
and
) A(51 - 6)€?
N R G k) Y O )
2(44+1) 16(A+1)3
The critical value, A, of 1 at which 2A (;1*) - 2A,(3,)

is given by 1, =2 — f——+0( 3.
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2. Parity-odd scalars
Solving for the spectrum of parity-odd scalars, we find the lowest scalar has scaling dimension given by
(A=2)e (142> =50+ 14)2  1(322* = 572° + 143)% — 1531 — 22)é?

Ay =3+ = + <
0 2(A+1) 16(A + 1)3 64(1+ 1)

+ O(e").

The higher-twist parity-odd scalars have dimension

8e22(A+1)
16(4+ 1)3n(n+1)
EXAIA+1)2n(n+ DH,_y + 1) + 22(=Tn> + n +4) + A(n* + 13n+4) = 2n(Tn +5))
16(4 + 1)*n2(n + 1)

A, =2A,+2n+

+

The anomalous dimensions for large n are

22 2+22(2(—72+8y(2+1)+1)+82(2+1)1ogn_14)
~ € ~
A4 1)2n2 16(2 4 1)*n?

Vo ~ e+ 0(eY),
Y0, 2( ( )

which is consistent with 7, ~ .
3. Parity-even scalars
We next compute the parity-even scalar spectrum. We find for the lowest twist parity-even scalars
A} =4-¢
(;1— V 224‘142"‘1 +1)€ 2(3522_52+26)€2
2442 8((A+ 13V + 141+ 1)

N 32(254% + 1364° + 2132% + 34274 + 3364% — 831 4 2)&3 N
3200+ 1)°(2 + 142+ 1)

A8 =2-

O(e").
The anomalous dimensions of type-A higher twist parity-even scalars are
12e? pars An .
A 2
=—= +—= = 8AA=2) A+ 1)(n+ 1)*(n+2)nH,_
o S A a1 2) 160 =2) A1 1)n £ 1 g 2 AT DA D )+ 2
+ 40323 4+ 22 4+ 61+ 8) + (=72° + 1542 — 164 + 28)n* — 4(42° — 131% 4 231 — 26)n3

+ (52% 4+ 4322 — 1681 + 124)n2 +2(1323 — 322 — 581+ 24)n) + O(e*)

) 2 L (A2(A=722 + 8A(A+ 1)(logn +7) — 14) Ot
~seo € Y EPTC ) +e€ ~ I + (€ ),
200+ 1) 164+ 1)*n

+ O(e").

(D3)

(D4)

(D6)

(D7)

(D8)

which is consistent with y | ~ n=24

the expression is slightly different when 1 = 1,. n>1 are
For type-B scalars, the n =1 operator needs to be
handled separately: 2;1(2 +2)

B _ _
o = T )G+ (e — 1)

e+ 0(e*),
y) A(A* 4 81+ 18)

ve, =x——e€— = T +0(e). (DY) ' o N

A+1 8(4+1) consistent with y5 , ~ n=*.
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For A =1, =2—¢/3—¢€%/18 the type-B anomalous
dimensions for n > 1 are

n—+vn*+38

B ;1 — 2 19} 3

7on (%) 9n(n+1)(n—1)€ +0(€)
N _i€2_2(410gn+47/—7)€3
e gpt 27n*

+0(e*), (D11)
consistent with yg , (A,) ~ n= @81,
For type-A scalars, at A = 4,, the anomalous dimensions

at finite 7 also differ from the results at generic values of A:
|

p)
Tomn =20, —1————— ¢
e (A+1)(s* +5)

7n+\ﬂn+ly+8+1€

vt mt3) < HOO

7A (j'* )O.n

(D12)

but this does not affect the large n asymptotics.

4. Leading-twist higher-spin operators

Let us compute the leading-twist higher-spin operators,
which are parity even.

For odd s, the leading twist of a spin-s operator with
s > 1, is given by

1
A=A+ 1)((s + 1) H_y + 1) + (722 + 82+ 12)s* +2(34% +8)s* = A(A + 12)s> —4(A+ 1) (22 + 1)s) ,

+ — €
8(A+1)3s3(s+1)3
+ 0(e?)
e(l+-2 42
zz—lﬁ—ﬁﬁ——l+0@%. (D13)
2(4+1)
For s even, the leading twist of a spin-s operator with s > 1, is given by
e(21 + \/le(s2 +5=2)2—4ds(s>+5—10)(s + 1) + 45> (s + )2+ 31+ 2)s(s + 1))
Ty min = 2= 5 +0(e?). (D14)
' 44+ )s(s+1)
|
(We also computed the order €> term for finite s, but we The large s behavior of 7, for s odd is
do not reproduce it here.) Equation (D14) is plotted in
Fig. 14. Je
e (A+1)s?
(rs-2)f 22 ((4y =22 +4(y —2)A+4(A+ 1)Alog(s) — 12)
& - 3 3.2
oo 8(A+1)s
0 3
~0.75} * (GA) .
Ae €24 log s
~0.80f =—— -— +0(e). D15
(A+1)s? 2(A+1)%s? () (D13)
-0.85}
7090 [ . . .
The smallest twist operator is the stress tensor, which has
-0.95¢ twist 2 — e. However, all higher-spin operators have twists
‘ ‘ ‘ ‘ ‘ Y 2 4 O(e), and would also contribute to the term of order
1 2 3 4 5 6

FIG. 14. The O(e) contribution to the twist of leading-twist
higher-spin operators in d = 4 — ¢, given in Eq. (D14) is plotted
for even spins 2, 4,..., 100. The dashed line is the asymptotic
behavior as s — 0.

€252 log s in the above expression.

For operators with even spin, the large-spin behavior of
anomalous dimensions depends on whether or not 2
exceeds A,. For 1 <2 —¢/3, the large spin anomalous
dimensions, including €2 terms, are
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(A—6)de A2-61-8)
Yo~ ——= = = = e log s
(A=2)A+1)s*>  2(A=2)(A+1)%s?
+ 0(é?) (D16)
and, for 1 > 2 — €/3,
4]e 200+2)
Yo~ ——= = + — = e log s
(A=2)A+1)s>  (A=2)(A+1)%s?
+ 0(ée). (D17)

Above, we only included terms of order " (log s)"~!. These
expressions are consistent with the exchange of multiple
operators with twists of order 2 + O(e) in the four-point
function.

The order €? correction to y, for I=2- €/3 is

2
Vslia, =—5,€
7s4+38s3—9s2—9s—2_2Hs_1 &4 0(e)
957 (s+1)(2s+1) 9s
2 <—4log(s)—4y+7
€

L=
3s 18s

>€2+0(€3). (D18)

This is consistent with

2 . 2
Vs~ <—§€> s~(1=%) = <—§€> S_A", (D19)

as would arise from exchange of the scalar field o“.
It would be interesting to understand the large spin
behavior of the theory at A, better via analytic bootstrap
methods [94-99], assuming they can also be applied to the
present disordered CFT, which appears to be unitary.
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