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We show that a variant of the Gross-Neveu Yukawa model with disorder provides a real, non-
supersymmetric generalization of the Sachdev–Ye Kitaev (SYK) model to three dimensions. The model
containsM real scalar fields and N Dirac (or Majorana) fermions, interacting via a Yukawa interaction with
a local Gaussian random coupling in three dimensions. In the limit whereM and N are both large, and the
ratioM=N is held fixed, the model defines a line of infrared fixed points parametrized byM=N, reducing to
the Gross-Neveu vector model when M=N ¼ 0. When M=N is nonzero, the model is dominated by
melonic diagrams and gives rise to SYK-like physics. We compute the spectrum of single-trace operators in
the theory, and find that it is real for all values of M=N.
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I. INTRODUCTION

The large-N limit [1] is a powerful tool to understand
strongly interacting quantum field theories. In this limit,
unexpected, classical descriptions can emerge—the most
notable example of which is classical gravity in anti–
de Sitter space [2–4].
Originally, two large-N limits were known—the large-N

limit of theories with dynamical fields in adjoint/matrix
representations, exemplified by [1], in which all planar
Feynman diagrams contribute; and theories with dynamical
fields in the vector representation, exemplified by [5], in
which a summable subset of planar Feynman diagrams
contributes. Large N vector models typically possess a
slightly broken higher-spin symmetry, and any dual gravi-
tational description for such a conformal field theory (CFT)
would include a tower of massless higher-spin gauge
fields [6–12]. On the other hand, strongly interacting
large-N matrix models are, at least in some cases with
sufficient supersymmetry [2,13], believed to be dual to
theories of Einstein supergravity.
Theories also exist whose large-N limit interpolates

between a vector model and a matrix model. The
Aharony-Bergman-Jafferis (ABJ) theory [14] is a bifunda-
mental UðNÞ ×UðMÞ Chern-Simons theory that can be
studied in the limit where M and N are both large and the

ratio M=N is fixed. When M=N ≪ 1, the theory possesses
a slightly broken higher-spin symmetry and is effectively a
vector model, dual to a higher-spin gauge theory [with
UðMÞ Chan-Paton indices] [15]. When M=N ¼ 1, the
theory becomes Aharony-Bergman-Jafferis-Maldacena
(ABJM) theory [13] and is dual to type-IIA supergravity in
AdS4 × CP3 at strong coupling. The parameter M=N can
be understood as a gravitational ’t Hooft coupling in the
bulk; as this parameter is increased from zero to one, the
higher-spin gauge fields somehow coalesce into strings.
Large N vector model CFTs without supersymmetry are

common. Do there exist large-N CFTs without supersym-
metry dual to Einstein gravity in AdS? A variant of the
weak gravity conjecture [16] suggests that the answer is no.
However, motivated by ABJ [15], one may promote non-
supersymmetric vector models to bifundamental theories,
and study their behavior as a function of M=N [17,18].
However, all examples studied so far become complex
at some critical value of M=N, as can be seen via the
epsilon expansion [18,19], or, in the case of certain matter
Chern-Simons theories [17,20], cannot be studied at strong
coupling.
Recently, a new large-N limit—the melonic limit1—has

emerged, via the study of the Sachdev–Ye Kitaev (SYK)
model [31–35], a chaotic model in one dimension, exhibit-
ing features of black hole physics, see, e.g., [36–42].
The melonic limit is dominated by a summable subset
of planar diagrams that manages to capture nontrivial
aspects of gravitational physics. Does there exist a
nonsupersymmetric higher-dimensional generalization of
the SYK model [43–48]? All nonsupersymmetric
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1This limit was first understood via tensormodels, e.g., [21–30].
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constructions [44,45,48] encounter an operator with a
complex scaling dimension. Similar results have also been
observed in tensor models, [29,49–51]. In particular [48],
inspired by [46], defined a “biconical” SYK model that
interpolates between the critical OðNÞ vector model when
M=N ≪ 1 and amodelwith SYK-like physicswhenM=N is
finite. Their model becomes complex when M=N exceeds
0.22, reminiscent of bifundamental critical scalars in
d ¼ 3 [18,19]. By contrast, [48] shows that a supersym-
metric version of their theory is real for all M=N.
It is natural to expect that nonsupersymmetric melonic

CFTs do not exist—and, if this were true, it would provide
strong support for the conjecture that nonsupersymmetric
strongly interacting CFT’s dominated by planar diagrams
do not exist. Here, we show that this expectation is false by
computing the spectrum a simple example of a nonsuper-
symmetric CFT, recently proposed in [52], dominated by
melonic diagrams that can be studied for all values ofM=N.

II. GROSS-NEVEU YUKAWA MODEL
WITH DISORDER

A starting point in a search for higher-dimensional SYK
physics is the Gross-Neveu (GN) model [53], which
possesses a nontrivial ultraviolet fixed point in d ¼ 2þ ϵ,
that, at least when N is large, defines a conformal field
theory in d ¼ 3. A tensorial GN model was constructed
in [50,54,55], but its spectrumof operators includes onewith
a complex dimension—an identical spectrum arises in a GN
model with a random four-fermion interaction. However,
there exists a cousin of the GN model—the Gross-Neveu
Yukawa (GNY) model [56–59]—that gives rise to an
infrared fixed point in d ¼ 4 − ϵ, equivalent to the GN
fixed point when N is large [58,59]. See, e.g., [60–77] for
more on the GN and GNY theories.
Inspired by [48], we study a variant of the GNY

model constructed by [52]. The model, which is closely
related to several one-dimensional models generalizing
SYK [78–83], consists of M real scalar fields, σa,
a ¼ 1;…;M, and N Dirac or Majorana fermions, ψ i,
i ¼ 1;…; N with the interaction,

Sint ¼
Z

ddxgaijσaψ̄ iψ j; ð1Þ

which is relevant for d < 4, and leads to an IR fixed point
in d ¼ 3.
gaij is a random coupling with quenched disorder, with

zero mean hgaiji ¼ 0, but nonzero variance

hgaijgbkli ¼
J
N2

δabδ
l
iδ

j
k: ð2Þ

The resulting average is invariant under OðMÞ ×UðNÞ for
the theory with Dirac fermions [or OðMÞ ×OðNÞ for
Majorana fermions].

We take both M and N to be large, keeping the ratio
λ ¼ M

N fixed. It follows from [84] that this limit is dominated
by melonic diagrams.
When λ ¼ 0, the theory reduces to the GN model, but it

exhibits SYK-like physics for M=N finite.
Does the spectrum of single-trace primaries, like all other

known nonsupersymmetric, higher-dimensional melonic
models, include a complex scaling dimension for M=N
sufficiently large? We compute the spectrum in d ¼ 3, and
find it is real for all values of M=N.
We present the spectrum for the theory with N Dirac

fermions below—the spectrum of the theory with 2N
Majorana fermions is a truncation to operators with
even spin.

III. EXACT PROPAGATORS

The exact propagators for ψ and σ were obtained in [52],
as we review below.
Denote the exact propagators by

hψ iðpÞψ̄ jð−qÞi ¼ ð2πÞdGðpÞδdðp − qÞδij;
hσaðpÞσbð−qÞi ¼ ð2πÞdGðpÞδdðp − qÞδab: ð3Þ

In the melonic limit, these propagators satisfy the
Schwinger-Dyson equations illustrated in Fig. 1,

FIG. 1. The Schwinger-Dyson equations for the exact propa-
gators. Solid and dashed lines denote fermion and scalar
propagators, respectively.
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FIG. 2. The gap equation for Δψ in d ¼ 3 possesses a unique
solution for all λ.
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F0ðpÞ−1¼FðpÞ−1−J
Z

ddq
ð2πÞd tr ðGðqÞGðpþqÞÞ ð4Þ

G0ðpÞ−1 ¼ GðpÞ−1 þ Jλ

�Z
ddq
ð2πÞd Gðp − qÞFðqÞ

�
; ð5Þ

where G0ðpÞ ¼ 1
ip and F0ðpÞ ¼ 1

p2.

The conformal ansatz for interacting propagators in the
IR is

GðpÞ ¼ A
ip

pd−2Δψþ1
; FðpÞ ¼ B

pd−2Δσ
: ð6Þ

For an interacting IR solution, we require

2Δψ þ Δσ ¼ d; ð7Þ
and

ðdþ 2Þ=4 > Δψ > ðd − 1Þ=2: ð8Þ

Evaluating Eqs. (4) and (5) using (6), we obtain an
equation that determines Δψ , which, in d ¼ 3, reads

λ ¼ 8ð2Δψ − 5Þð2Δψ − 3Þ sin3ðπΔψ Þ cosðπΔψ ÞΓð3 − 4ΔψÞΓð4Δψ − 4Þ
π

: ð9Þ

Figure 2 shows that, in d ¼ 3, (9) has a unique solution
within the allowed range, for all λ. For small λ,

Δψ ¼ 1þ 2λ

3π2
þ 80λ2

27π4
−
ð120π2−4384Þλ3

243π6
þOðλ4Þ: ð10Þ

This agrees with the Oð1=NÞ correction to Δψ in the GN
model.
As λ → ∞,Δψ → 5=4 andΔσ → 1=2. In between, there is

a “critical value” of λ� ¼ 2ðd−1Þdγ
dþ2

¼ 8
5
defined by the con-

dition 2Δσ ¼ 2Δψ − 1, for whichΔσ ¼ 2=3 andΔψ ¼ 7=6.
Does the free theory flow to this putative IR limit? In

Appendix A we solved the full gap equations (4) and (5),
for λ ¼ 0 and λ ¼ ∞, and found flows from the free theory
to the IR solution. Presumably, similar flows also exist for
intermediate values of λ.

IV. OPERATOR SPECTRUM

The single-trace primaries are bilinear singlets of
the OðMÞ ×UðNÞ symmetry group.2 In the free theory,
these are
(1) spin-s bilinears of ψ , of the schematic form,

ψ̄ ið∂ · γÞnψ i, for s ¼ 0, and, ψ̄ iγ ·zð∂ ·zÞs−1ð∂ ·γÞnψ i,
for s > 0;

(2) and (even) spin-s bilinears of σ, of the schematic
form

σað∂ · zÞsð∂2mÞσa:

Here, z denotes a null polarization vector (see,
e.g., [85,86]). In the IR fixed point, fermion and scalar
bilinears which are parity even can mix.
Let Os;τ be an operator with well-defined scaling

dimension, and let τ ¼ ΔO − s be its twist. In the IR limit,
the three-point functions hσðx1Þσðx2ÞOτ;sðx3Þi and
hψðx1Þψ̄ðx2ÞOτ;sðx3Þi satisfy the melonic ladder equation,
shown schematically in Fig. 3. Following [87], we use this
equation, along with conformal invariance, to determine the
allowed operator spectrum in the IR. Details are in
Appendix B.
Figure 3 translates into a condition that an integration

kernel (which is, in general, a matrix, due to mixing and
multiple allowed forms for conformally invariant three-
point functions), Keven=odd

s ðΔÞ, defined for parity-even/odd
spin-s operators, has eigenvalue 1.

V. SPECTRUM IN d = 3

We now show that the spectrum of single-trace operators
is real for all λ in d ¼ 3. As usual for SYK-like models, the
results involve some numerical solutions of transcendental
equations. Alternatively, analytic expressions for the

FIG. 3. In the melonic IR limit, the exact three-point functions
hσðx1Þσðx2ÞOτ;sðx3Þi and hψðx1Þψ̄ðx2ÞOτ;siðx3Þ (depicted as
dark and light gray triangles) satisfy the ladder equation depicted.
All propagators are exact.

2Note that bilinears such as σaψ i or, more generally σaAaiψ i,
for any M × N matrix A, are not invariant under the
OðMÞ ×UðNÞ symmetry group—anomalous dimensions of such
operators are suppressed by 1=N.
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spectrum can be obtained in d ¼ 4 − ϵ, which are presented
in Appendix D.

A. Parity-odd scalars

We expect the scaling dimensions of parity-odd scalars,
denoted as Δ̃n, to take the form Δ̃n ¼ 2Δψ þ 2nþ γ̃0;n,
with γ̃0;n → 0 as n → ∞.
Figure 3 translates into the equation

Kodd
0 ðΔ̃Þ ¼ 1; ð11Þ

as described in Appendix B.
For λ ¼ 1, we find Δ̃n ¼ 2.53354, 4.25934, 6.23292,

8.22512,…, approaching 2Δψ þ 2n ¼ 2.21492þ 2n. For
λ ¼ ∞, we find Δ̃n ¼ 2.85171, 4.66395, 6.60305, 8.57464,
…, also approaching 2Δψ þ 2n ¼ 2.5þ 2n. The behavior
for intermediate values of λ is similar, and the spectrum is
real for all values of λ. The scaling dimension of the lowest-
dimension parity-odd scalar is shown in Fig. 4. In the
melonic GN model [50], this operator has a complex
scaling dimension.
For small λ,

Δ̃0 ¼ 2þ 16

3π2
λ −

128

27π4
λ2 þOðλ3Þ

¼ 2Δψ þ 4λ

π2
þOðλ2Þ; ð12Þ

Δ̃n ¼ 2Δψ þ 2nþ 16

3π4nð2nþ 1Þ λ
2

þ
�
192ðlog 2nþ γ þ 2Þ þ 32

27π6n2
þO

�
1

n3

��
λ3

þOðλ4Þ: ð13Þ
At large n,

γ̃0;n ∼
1

n2Δσ
: ð14Þ

B. Parity-even scalars

The spectrum of parity-even scalars includes mixtures of
scalar and fermion bilinears, operators, denoted as type-A
and type-B, whose scaling dimensions are of the form
ΔA

n ¼ 2Δψ þ 2nþ 1þ γA0;n and ΔB
n ¼ 2Δσ þ 2nþ γB0;n,

respectively, where γA=B0;n → 0 as n → ∞.
Due to mixing, the integration kernel for parity-even

scalars is a 2 × 2 matrix, Keven
0 ðΔÞ, given in (B13) in

Appendix B.
The condition

det ðKeven
0 ðΔÞ − 1Þ ¼ 0 ð15Þ

determines the allowed values of Δ.
We find the spectrum for λ ¼ 1 is 2.37666, 3, 3.70347,

5.23918, 5.57576, 7.22808, 7.57099,…. The scaling
dimension of the lowest operator is plotted as a function
of λ in Fig. 5.3

We plot the scaling dimensions of the eight lowest scalar
primaries in Fig. 6. As Fig. 6 illustrates, the spectrum is real
for all values of λ. As n → ∞, the scaling dimensions
approach 2Δσ þ 2n and 2Δψ þ 2nþ 1.
There exists an exactly marginal operator with Δ ¼ 3,

for all λ. We expect that this corresponds to a mixture of
σa∂2σa and ψ̄ i=∂ψ i, which is redundant and vanishes by the
equation of motion. as in [41,88].
For small λ,

ΔA
0 ¼ 3; ð16Þ

ΔA
n ¼ 2Δψ þ 2nþ 1þ 16ð2n2 þ 3n − 1Þ

3nð4n3 þ 12n2 þ 11nþ 3Þ
λ2

π4

þ
�
192ðlog 2nþ γ þ 2Þ þ 32

27π6n2
þO

�
1

n3

��
λ3

þOðλ4Þ for n > 0; ð17Þ

ΔB
0 ¼ 2Δσ þ

8λ

π2
þ ð14208 − 928π2Þλ3

27π6
þOðλ4Þ ð18Þ

and

ΔB
n ¼ 2Δσ þ 2nþ 64

3π4nðnþ 1Þð2n − 1Þð2nþ 1Þ λ
2

þ
�
−
384ðlog 2nþ γ − 4Þ þ 128

27π6n4
þO

�
1

n5

��
λ3

þOðλ4Þ for n > 0: ð19Þ
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FIG. 4. Scaling dimension of the lowest-twist parity-odd scalar,
ψ̄ψ , as a function of λ.

3Both the lowest scaling dimension Δ0 and its shadow Δ0
0 ¼

3 − Δ0 are above the unitary bound for all λ. Our analysis does
not determine which is realized in the IR limit; however, as
λ → 0, Δ0 → 2þ ¼ 2Δσ , in agreement with the GN model.
Assuming the spectrum is a continuous function of λ, we
conclude Δ0 is the scaling dimension in the IR.
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The order λ contribution to operators for which n > 0
vanishes (for both type-A and type-B), as expected, since
these are double-trace operators in the theory whenM ¼ 1.
When n is large,

lim
n→∞

γAn ∼ n−2Δσ ; ð20Þ

and

lim
n→∞

γBn ∼
�
n−4Δψ λ ≠ 8=5

n−10=3 λ ¼ 8=5:
ð21Þ

C. Leading-twist higher-spin operators

We next present the spectrum of leading-twist higher-
spin operators, i.e., those which become almost-conserved
currents when λ → 0.
The twists of such operators, which are all parity even,

solve an equation of the form

det ðKeven
s ðτÞ − 1Þ ¼ 0; ð22Þ

where Keven
s ðτÞ is given in Appendix B.

The resulting twists are shown in Fig. 7. For all λ, there
exists a twist-1 spin-1 and spin-2 operator, corresponding to
the conserved Uð1Þ current and stress tensor.
For odd spins,

lim
s→∞

τmin
s ¼ 2Δψ − 1; ð23Þ

while for even spins,

lim
s→∞

τmin
s ¼

�
2Δψ − 1 λ ≤ 8=5

2Δσ λ > 8=5:
ð24Þ

Define

γs ¼ τs − lim
s→∞

τmin
s : ð25Þ

For small λ,

0 1 2 3 4 5

3

4

5

6

7

8

FIG. 6. The lowest eight scaling dimensions of parity-even
scalars a function of λ. Δ0ðλÞ attains its maximum, 2.377 near
λ ¼ 1.03. The kink in the graphs is, for large n, near λ ¼ 8=5.
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FIG. 5. The scaling dimension Δ0ðλÞ of the lowest-dimension
parity-even scalar as a function of λ. ΔðλÞ attains its maximum,
2.377 near λ ¼ 1.03.
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FIG. 7. The spectrum of leading-twist operators of spin s, for s
odd (above) and even (below), is shown for s ¼ 1;…; 80. As
s → ∞, the twists approach the dashed line, and, for even spins,
peak near λ ¼ 8=5.
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γs ¼
8<
:

− 4λ
π2ð2s−1Þ þ

16ð4sð2s−1Þ2Hs−1−ð2s−1Þ2ð2sþ1ÞðHs−3
2
þ2 log 2Þ−2sð16s2−22sþ13ÞÞ

3π4ð2s−1Þ3ð2sþ1Þ λ2 þOðλ3Þ s even

− 4λ
π2ð4s2−1Þ −

16ðð1−4s2Þ2ðHs−3
2
þ2 logð2ÞÞþ2ð20s4−13s2þ6sþ2ÞÞ
3π4ð4s2−1Þ3 λ2 þOðλ3Þ s odd:

ð26Þ

For s large and even,

γs ∼

8>>>>><
>>>>>:

− cosðπΔψ ÞΓð72−3Δψ ÞΓð72−Δψ ÞΓð2Δψ−3
2
Þ

π3=2ð4ðΔψ−2ÞΔψþ3ÞΓð3−4Δψ Þ s1−2Δψ λ < 8=5

− 9
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
55
Γð8

3
ÞΓð14

3
Þ

p
4·25=6π

s−2=3 λ ¼ 8=5

2 sinð4πΔψ Þ cosðπΔψ ÞΓð3−2Δψ ÞΓð72−Δψ ÞΓð2Δψ−1
2
ÞΓð3Δψ−7

2
Þ

π5=2ð2Δψ−1Þ s1−2Δψ λ > 8=5:

ð27Þ

The asymptotic behavior at λ ¼ 8=5 is unusual—at λ ¼ 8=5, Δσ ¼ 2
3
is the smallest twist in the theory. For s odd,

we find

γs ∼ −
2ð5 − 2ΔψÞ2sin2ð2πΔψÞΓð3 − 2Δψ ÞΓð4 − 2Δψ Þ

π2ð2Δψ − 1Þ2 ð4sÞ−2Δσ : ð28Þ

The subleading contribution is s2Δψ−4 ¼ s−ðΔσþ1Þ, which is
numerically close to the leading contribution for
1 < Δψ < 5=4. In the limit λ → 0, both the leading and
subleading terms approach s−2þOðλÞ.
The spectrum of both parity-odd and -even higher-twist,

higher-spin operators are also real for all λ, and are
presented in Appendix C.

D. Conformal Regge limit

As explained in [44], if we continue the function ΔðsÞ
that encodes the scaling dimensions of leading-twist
operators of spin s to complex spins, the value of s�
that solves Δðs�Þ ¼ 3

2
can be used to extract the

Lyapunov exponent in a particular hyperbolic geometry

via λhyp ¼ s� − 1. The result4 is shown in Fig. 8, and is
similar to [48].

VI. DISCUSSION

In this paper, we showed that the spectrum of single-trace
operators in an IR fixed point defined via a disordered
Gross-Neveu Yukawa model is real for all values of M=N.
This strongly suggests the model is the first real, non-
supersymmetric CFT in d > 1 that admits an SYK-like
large-N limit. Moreover, the theory is a rare example of a
solvable, nonsupersymmetric interacting large-N CFT in
three dimensions.
Several questions exist for further research.
When M=N ¼ 0, the CFT is dual to a higher-spin gauge

theory [7]. Is the theory at finiteM=N dual to a deformation
of this higher-spin gauge theory?
Our results also suggest that a bifundamental Gross-

Neveu Yukawa model, without disorder, could perhaps
define a real planar large-N CFT in d ¼ 3.
DisorderedmodelswithYukawainteractions[80,81,89–91]

and certain coupled SYK/tensor models [92,93] have been
studied as toy models for superconductivity. The model
studied here does not exhibit Uð1Þ symmetry breaking, but
may perhaps be generalized to one which does.
We hope to return to these questions in the near future.
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APPENDIX A: SOLVING THE GAP
EQUATION FROM UV TO IR

In this Appendix, we solve the gap equation from weak
to strong coupling for M ≪ N very small, and M ≫ N.
From these results it seems natural to expect that a flow also
exists for intermediate values of M=N.
Let FðpÞ ¼ 1=fðpÞ and GðpÞ ¼ −ip=gðpÞ. Note that

½J� ¼ 1 in d ¼ 3, so we expect these to be functions of the
dimensionless quantity p=J.
The gap equations are

fðpÞ ¼ p2 − Jdγ

Z
ddq
ð2πÞd

q2 þ q · p
gðqÞgðpþ qÞ ðA1Þ

gðpÞ ¼ p2 þ Jλ
Z

ddq
ð2πÞd

p · q
gðqÞfðp − qÞ : ðA2Þ

We will show these equations have a solution interpolat-
ing from the free UV solution to the IR solution at the
extreme values of λ, λ ¼ 0 and λ ¼ ∞, which are easier
to handle than intermediate values of λ. We have not
attempted to numerically solve the gap equation for
general λ.
The λ ¼ 0 solution is trivial, and can be obtained

analytically. We have gðλ¼0ÞðpÞ ¼ p2, and fðλ¼0ÞðpÞ is
given by

fðλ¼0ÞðpÞ ¼ p2 − Jdγ

Z
ddq
ð2πÞd

q2 þ q · p
q2ðpþ qÞ2 ðA3Þ

¼ p2 − dγJ
2−dπ1−

d
2 cscðπd

2
ÞΓðd

2
Þ

Γðd − 1Þ pd−2 ðA4Þ

→d→3 p2 þ J
8
p: ðA5Þ

For λ → ∞, we must solve the gap equation numerically.
Let J̃ ¼ λJ. Then fðλ¼∞ÞðpÞ ¼ p2, and gðλ¼∞ÞðpÞ satisfies

gðλ¼∞ÞðpÞ ¼ p2 þ J̃
Z

d3q
ð2πÞ3

p · q

gðλ¼∞ÞðpÞðp − qÞ2 : ðA6Þ

which we can write as

gðλ¼∞ÞðpÞ ¼ p2 þ J̃
pð2πÞ2

Z
∞

0

q3dq

gðλ¼∞ÞðpÞF ðq=pÞ; ðA7Þ

where

F ðqÞ ¼
Z

1

−1
dt

t
1þ q2 − 2qt

: ðA8Þ

We solve this equation iteratively, choosing the initial seed
function as gseedðpÞ ¼ p2 þ A−1p3=2, where A2 ¼ 10π

3J̃
.

Within a few iterations, this converged to the numerical
function plotted in Fig. 9.

APPENDIX B: DETAILS OF THE
COMPUTATION OF THE SPECTRUM

1. Conformally invariant three-point functions

Let Oodd=even
τ;s ðx; zÞ be a parity-odd/parity-even operator

with spin s and twist τ ¼ ΔO − s. There are two allowed
forms [85] for conformally invariant three-point correlation
functions,

hλ̄1ψðx1ÞOodd=even
τ;s ðx3; z3Þψ̄ðx2Þλ2i;

which are

hλ̄1ψðx1ÞOodd
τ;s ðx3; z3Þψ̄ðx2Þλ2i

¼ 1

xτ31x
2Δψ−1−τ
12 xτ23

ðb1ðS3=P3ÞQs
3 þ b2ðS1=P1ÞP2Qs−1

3 Þ;

ðB1Þ
for parity-odd operators, and

hλ̄1ψðx1ÞOeven
τ;s ðx3; z3Þψ̄ðx2Þλ2i

¼ 1

xτ31x
2Δψ−1−τ
12 xτ23

ða1P3Qs
3 þ a2P1P2Qs−1

3 Þ; ðB2Þ

for parity-even operators. Here Qi, Pi and Si are defined
in [85], as

0.01 0.10 1 10
p /J

1

10

100

1000

104

105

106

g(p)

A- 1p3/2

p2

g(p)

FIG. 9. A numerical solution of the gap equation from UV to
IR, for the case of λ → ∞ is shown above (the solid black line). It
interpolates from gðpÞ ∼ A−1p3=2 (dashed red line) to gðpÞ ∼ p2

(dashed blue line) as expected.
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P3 ¼ λ̄1
=x12
x212

λ2; Q3 ¼ 2z3 ·

�
x32
x232

−
x31
x231

�
;

S3=P3 ¼ iλ̄2=x23=x31λ1=ðjx12jjx23jjx31jÞ: ðB3Þ

For s ¼ 0, the second term in each of the two above
expressions should be omitted, and there is only one
allowed form for the three-point function.
The correlation function hσðx1Þσðx2ÞOodd

τ;s i vanishes. The
only allowed form for a conformally invariant correlation
function hσðx1Þσðx2ÞOeven

τ;s ðx3; z3Þi is

hσðx1Þσðx2ÞOeven
τ;s ðx3Þi ¼

c1Qs
3

x2Δσ−τ
12 xτ23x

τ
31

: ðB4Þ

It is convenient to take the limit x3 · z3 ¼ 0 and x3 → ∞,
which can be obtained by a conformal transformation. This
makes Q3 → 2z3 ·

x21
x2
3

We also rescale the correlation

functions by a factor of x2τþ2s
3 . In this limit the allowed

forms for the correlation functions become

va1 ¼ λ̄1=x12λ2
ðx12 · ϵÞs

jx12j−τþ1þ2Δψ
ðB5Þ

va2 ¼ λ̄1=ϵλ2
ðx12 · ϵÞs−1
jx12j−τ−1þ2Δψ

ðB6Þ

vb1 ¼ λ̄1λ2
ðx12 · ϵÞs
jx12j2Δψ−τ

ðB7Þ

vb2 ¼ λ̄1=ϵ=x12λ2
ðx12 · ϵÞs−1
jx12j2Δψ−τ

ðB8Þ

vc1 ¼
ðx12 · ϵÞs
jx12j2Δσ−τ

: ðB9Þ

We may prefer to choose a different basis for the parity-odd
three-point functions, by defining

v0b2 ¼ λ̄1ð=z=x12 − =x12=zÞλ2
ðx12 · zÞs−1
jx12j2Δψ−τ

; ðB10Þ

which, it turns out, does not mix with vb1 .

2. Integration kernel

Using the above results, we compute the integration
kernel as usual.
For parity-even spin-s operators, the diagrammatic

equation in Fig. 3 of the main text translates into the
eigenvalue equation for the coefficients a1, a2 and c1
defined in Eqs. (B2) and (B4):

0
B@

a1
a2
c1

1
CA ¼ Keven

s ðτÞ

0
B@

a1
a2
c1

1
CA: ðB11Þ

We must determine the values of τ for which the 3 × 3
matrixKeven

s ðτÞ has an eigenvalue equal to 1. Similarly, for
the spectrum of parity-odd spin-s operators, Fig. 3 of the
main text translates into an eigenvalue equation for a
2 × 2 matrix Kodd

s ðτÞ. For parity-even spin zero operators,
Fig. 3 of the main text translates into an eigenvalue
equation for another 2 × 2 matrix, Keven

0 ðτÞ. For parity-
odd spin-zero operators, Fig. 3 of the main text translates
into a conventional integration kernel, i.e., a 1 × 1 matrix,
Kodd

0 ðτÞ.
The nine entries of the integration kernel matrix for

spin-s parity-even operators are given by

Keven
s ðτÞ ¼

0
B@

Ka1;a1 ½va1ðy1; y2Þ�=va1ðx1; x2Þ Ka1;a2 ½va2ðy1; y2Þ�=va1ðx1; x2Þ Ka1;c½vcðy1; y2Þ�=va1ðx1; x2Þ
Ka2;a1 ½va1ðy1; y2Þ�=va2ðx1; x2Þ Ka2;a2 ½va2ðy1; y2Þ�=va2ðx1; x2Þ Ka2;c½vcðy1; y2Þ�=va2ðx1; x2Þ
Kc;a1 ½va1ðy1; y2Þ�=vcðx1; x2Þ Kc;a2 ½va2ðy1; y2Þ�=vcðx1; x2Þ Kc;c½vcðy1; y2Þ�=vcðx1; x2Þ

1
CA; ðB12Þ

for s > 0. For s odd, the last row and last column of this matrix vanish identically. For s ¼ 0, the second row and second
column of the matrix are not present.
The four entries of the integration kernel matrix for spin-zero parity-even operators are given by

Keven
0 ðτÞ ¼

�
Ka1;a1 ½va1ðy1; y2Þ�=va1ðx1; x2Þ Ka1;c½vcðy1; y2Þ�=va1ðx1; x2Þ
Kc;a1 ½va1ðy1; y2Þ�=vcðx1; x2Þ Kc;c½vcðy1; y2Þ�=vcðx1; x2Þ

�
; ðB13Þ

for s ¼ 0.
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In the above matrices, we have

Ka1;a1 ½va1ðy1; y2Þ� þ Ka2;a1 ½va1ðy1; y2Þ� ¼ Jλ
Z

ddy1ddy2λ̄1Gðx1; y1Þ=y12Gðy2; x2Þλ2
ðy12 · ϵÞs
y
−τþ1þ2Δψ

12

Fðy1; y2Þ; ðB14Þ

Kc;a1 ½va1ðy1; y2Þ� ¼ −J
Z

ddy1ddy2Fðx1; y1ÞFðy2; x2Þtrð=y12Gðy2; y1ÞÞ
ðy12 · ϵÞs
y
−τþ1þ2Δψ

12

; ðB15Þ

Ka1;a2 ½va2ðy1; y2Þ� þ Ka2;a2 ½va2ðy1; y2Þ� ¼ Jλ
Z

ddy1ddy2λ̄1Gðx1; y1Þ=ϵGðy2; x2Þλ2
ðy12 · ϵÞs−1
y
−τ−1þ2Δψ

12

Fðy1; y2Þ; ðB16Þ

Kc;a2 ½va2ðy1; y2Þ� ¼ −J
Z

ddy1ddy2Fðx1; y1ÞFðy2; x2Þtrð=ϵGðy2; y1ÞÞ
ðy12 · ϵÞs−1
y
−τ−1þ2Δψ

12

; ðB17Þ

Ka1;c½vcðy1; y2Þ� þ Ka2;c½vcðy1; y2Þ� ¼ Jλ
Z

ddy1ddy2λ̄1Gðx1; y1ÞGðy1; y2ÞGðy2; x2Þλ2
ðy12 · ϵÞs
y−τþ2Δσ
12

; ðB18Þ

and

Kc;c½vcðy1; y2Þ� ¼ 0: ðB19Þ

For parity-odd spin-s operators, we have

Kodd
s ðτÞ ¼

�
Kb1;b1 ½vb1ðy1; y2Þ�=vb1ðx1; x2Þ Kb1;b2 ½vb2ðy1; y2Þ�=vb1ðx1; x2Þ
Kb2;b1 ½vb1ðy1; y2Þ�=vb2ðx1; x2Þ Kb2;b2 ½vb2ðy1; y2Þ�=vb2ðx1; x2Þ

�
; ðB20Þ

where

Kb1;b1 ½vb1ðy1; y2Þ� þ Kb2;b1 ½vb1ðy1; y2Þ� ¼ Jλ
Z

ddy1ddy2λ̄1Gðx1; y1ÞGðy2; x2Þλ2
ðy12 · ϵÞs
y
−τþ2Δψ

12

Fðy1; y2Þ; ðB21Þ

and

Kb1;b2 ½vb2ðy1; y2Þ� þ Kb2;b2 ½vb2ðy1; y2Þ� ¼ Jλ
Z

ddy1ddy2λ̄1Gðx1; y1Þ=ϵ=y12Gðy2; x2Þλ2
ðy12 · ϵÞs−1
y
−τþ2Δψ

12

Fðy1; y2Þ: ðB22Þ

Kodd
s ðτÞ is a 2 × 2 matrix for s > 0. For parity-odd spin-0

operators, there is no mixing and only one allowed form for
the three-point function. The integration kernel Kodd

0 ðτÞ is
therefore a 1 × 1 matrix:

Kodd
0 ðτÞ ¼ Kb1;b1 ½vb1ðy1; y2Þ�=vb1ðx1; x2Þ: ðB23Þ

Before we proceed, let us point out a technical compli-
cation. Unlike the usual SYK model, or the higher-
dimensional bosonic variants, we find that there are
multiple allowed forms for the three-point correlation
functions. Like mixing, as discussed in [44,48,51], this
means the integration kernel is a matrix—and the allowed
scaling dimensions are those for which is 1 eigenvalue of

the matrix. When two operators mix we expect two linearly
independent mixtures to exist that have well-defined scal-
ing dimensions. This is reflected in the fact that the
calculation of the integration kernel involves diagonalizing
a two-by-two matrix and eventually leads to two sets of
spectra, both of which are physical. However, suppose there
are multiple allowed forms for the three-point correlation
function—for simplicity, assume that there are n allowed
forms for the three-point function and no mixing. In the
actual IR fixed point, only one three-point function would be
realized, which corresponds to one of the eigenvectors of an
n × n integration-kernelmatrix, with eigenvalue 1. The other
eigenvectors, and their associated eigenvalues, would be
spurious. We therefore determine n candidate scaling
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dimensions for each operator, without identifying which of
these scaling dimensions is actually realized. Luckily, we are
able to resolve this ambiguity by assuming the spectrum of
the theory is a continuous function of λ. This complication
does not affect spin-zero operators.

3. Numerically solving for the allowed
scaling dimensions

To determine the allowed scaling dimensions of parity-
odd scalars, we must determine the values of Δ̃ for which
Kodd

0 ðΔ̃Þ ¼ 1. This gives rise to

−
Γð1

2
ðd − 2Δψ þ 1ÞÞΓðd − Δψ þ 1

2
ÞΓðΔψ − Δ̃

2
ÞΓð− d

2
þ sþ Δψ þ Δ̃

2
Þ

ΓðΔψ þ 1
2
ÞΓð− d

2
þ Δψ þ 1

2
ÞΓðd − Δψ − Δ̃

2
ÞΓð1

2
ðdþ 2s − 2Δψ þ Δ̃ÞÞ ¼ 1: ðB24Þ

We carry out this computation numerically for d ¼ 3, as
illustrated in Figs. 10 and 11 for λ ¼ 1 and λ ¼ ∞,
respectively. These figures illustrate that the spectrum is
real for these values of λ, and we established analytically
that the spectrum is real for small λ. We also determined the
spectrum for numerous intermediate values of λ and found
that it is real as well.

Let us discuss a potential concern regarding the spec-
trum. When λ ¼ 0 the disordered spectrum is that of the
large-N GN model. One might also expect that the Oðλ1Þ
correction to the disordered spectrum matches the Oð1=NÞ
correction to the spectrum of the GN model, but this is not
quite true. The 1=N contribution to scaling dimension of
the single-trace scalar primary in the GN model is
Δ̃0

0 ¼ 1 − 16
3π2

1
N, which is the shadow of the value quoted

for Δ̃0 above when λ is replaced by 1=N. The reason for this
discrepancy is as follows. When M ¼ 1, in the GN model,
the scalar field σ can be integrated out, and its equation of
motion sets ψ̄ψ ¼ 0, effectively replacing the scalar pri-
mary with σ. When one computes the 1=N anomalous
dimension of σ in the GN model, using e.g., Feynman
diagrams, one obtains the correction − 16

3π2
1
N, leading to the

value Δ0
0 quoted above. However, in the disordered theory

withM > 1, we cannot integrate out σ, so we cannot set ψ̄ψ
to zero—its scaling dimension becomes meaningful, and is
equal to Δ̃0 computed above for any λ > 0. The order λ
correction to the scaling dimension of σa also does not
match the 1=N correction to the scaling dimension of σ in
the GN model—this is because the Feynman diagrams that
contribute to the 1=N anomalous dimension of σ in the GN
model include a nonmelonic diagram that is suppressed by
1=N rather than M=N in the disordered theory.

APPENDIX C: HIGHER-TWIST SPIN-s
OPERATORS IN d = 3

1. Parity-even higher-spin operators

The calculation leading to the numerical spectrum for
s ¼ 1; 2 and λ ¼ 1 is shown in Fig. 12. The plots for
higher-spin operators are similar, except that the leading
twist is no longer at τ ¼ 1.
From Fig. 12, we see that, for operators of both leading

and subleading twist, there is no ambiguity in the spectrum.
The spectrum of operators of subleading twists is shown in
Fig. 13 as a function of λ.
However, as discussed in Appendix B, there is an

ambiguity in determining the higher-twist higher-spin
operators. Because there are two allowed forms for the
correlation function involving two fermions and a spin-s

FIG. 11. Computing the spectrum of spin-zero parity-odd
scalars in d ¼ 3 for λ ¼ ∞.

2 4 6 8 10

�1

1

2

FIG. 10. Computing the spectrum of spin-zero parity-odd
scalars in d ¼ 3 for λ ¼ 1. For other values of λ, the calculation
is very similar, and we find the lowest twist parity-odd scalar has
real scaling dimension for all λ, in contrast to other nonsuper-
symmetric melonic theories, such as [50].
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operator, we find two values of τAs;n for which K ¼ 1, for
each s > 0 and n > 0. These approach 2Δψ − 1 from above
and below as n → ∞ or s → ∞, so we denote them as τAþs;n
and τA−s;n , respectively. Only one of τA�s;n is physical. Because
there is only one allowed form for hσσJsi, no such
ambiguity is present for τBs;n. This can be seen in Fig. 12.
We resolve this ambiguity by demanding anomalous

dimensions are continuous functions of λ. We find that the
functions

τð1Þs;nðλÞ ¼
�
τA−s;nðλÞ λ < λ�
τBs;nðλÞ λ > λ�

ðC1Þ

and

τð2Þs;nðλÞ ¼
�
τBs;nðλÞ λ < λ�
τAþs;n ðλÞ λ > λ�

ðC2Þ

are continuous functions of λ. Therefore

τAn;s ¼
�
τA−n;s λ < λ�
τAþn;s λ > λ � : ðC3Þ

2. Parity-odd higher-spin operators

The same ambiguity arises for parity-odd higher-spin
operators. In this case, it is possible to explicitly choose a
basis—formed by vb1 and v0b2 in Eqs. (B7) and (B10)—for
correlation functions that diagonalizes the 2 × 2 integration
kernel matrix for all Δψ , τ and s. There are therefore two
integration kernels:

K̃þ
s ðτ̃Þ ¼ −

Γð1
2
ðd − 2Δψ þ 1ÞÞΓðd − Δψ þ 1

2
ÞΓðΔψ − τ

2
ÞΓð− d

2
þ sþ Δψ þ τ

2
Þ

ΓðΔψ þ 1
2
ÞΓð− d

2
þ Δψ þ 1

2
ÞΓðd − Δψ − τ

2
ÞΓð1

2
ðdþ 2s − 2Δψ þ τÞÞ ; ðC4Þ

and

K̃−
s ðτ̃Þ ¼

2Γð1
2
ðd − 2Δψ þ 1ÞÞΓðd − Δψ þ 1

2
ÞΓðΔψ − τ

2
ÞΓð− d

2
þ sþ Δψ þ τ

2
Þ

ΓðΔψ þ 1
2
ÞΓð− d

2
þ Δψ þ 1

2
ÞΓðd − Δψ − τ

2
ÞΓð1

2
ðdþ 2s − 2Δψ þ τÞÞ : ðC5Þ

1 2 3 4 5 6 71.3

1.4

1.5

1.6

1.7

1.8

1.9

2.0

FIG. 13. The anomalous dimensions of the even spin higher-
spin operators of subleading twist. The dashed line is the
asymptotic value approached as s → ∞. For sufficiently large
λ these are monotonically increasing functions of s.

2 4 6 8

�2.0

�1.5

�1.0

�0.5

0.5

1 2 3 4 5 6

�3

�2

�1

1

2

3

FIG. 12. Determining the spectrum of parity-even single-trace
spin-1 (above) and spin-2 (below) operators for λ ¼ 1. Red dots
denote asymptotic values of twists, approached as n → ∞.
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The eigenvector corresponding to K̃þ
s is vb1 , is also valid

for s ¼ 0, while the eigenvector corresponding to K̃−
s is v0b2

and requires s ≥ 1.
The equations K̃�

s ðτ̃Þ ¼ 1 have solutions τ̃þn;s and τ̃−n;s for
each integer n ≥ 0. τ̃þn;s and τ̃−n;s approach 2Δψ þ 2n from
above and below, respectively, as n → ∞ or s → ∞.
When we solve these equations numerically, we find that

τ̃−1;0ðλÞ becomes complex near λ ¼ 6.375, while τ̃þs;0
remains real for all λ. Hence, it is important to know
whether τ̃þs;n or τ̃−s;n is realized in the IR limit.
We carried out a perturbative Feynman diagram calcu-

lation of the anomalous dimension of ψ̄ ∂

↔ð·zÞsψ to first
order in λ for odd s. This is very similar to calculating 1=N
corrections to the GN vector model, we use the IR
propagators at λ ¼ 0: FðpÞ ¼ 8λ

Jp and GðpÞ ¼ G0ðpÞ, and
keep track of index contractions arising from disorder
averaging—which means we keep only melonic diagrams.
There is only one diagram that contributes for odd s (other
than the self-energy of the fermion) which is given by

−
Z

d3q
ð2πÞ3

8λ

qðpþ qÞ2 ððpþ qÞ · zÞs → −
4

ð2sþ 1Þπ2 λ logΛ:

ðC6Þ

We find that τ̃s;0 ¼ 2Δψ þ 4
ð2sþ1Þπ2 λþOðλ2Þ, for odd s,

which matches τ̃þs;0 obtained from solving K̃þ
s ¼ 1.

Assuming anomalous dimensions are continuous functions
of λ, we conclude that τ̃þs;0 are the physically realized twists
for the leading-twist parity-odd higher-spin operators, and
our spectrum is free from any operators of complex scaling
dimension for all λ. If we assume τ̃s;n are monotonic
functions of n, this also implies that τþs;n are the physically
realized twists for n > 0—to confirm this expectation
would require an order λ2 perturbative calculation.
However, for n > 0, both τþs;n and τ−s;n are real so distinguish-
ing between them is not essential for the main conclusion of
the paper.
For small λ, we find that

γ̃s;0 ¼
4

π2ð2sþ1Þλþ
16ð9ð2sþ1Þ2Hs−1

2
þ80s3þ12s2ð13þ logð64ÞÞþ12sð8þ logð64ÞÞ−8þ9 logð4ÞÞ

27π4ð2sþ1Þ3 λ2þOðλ3Þ ðC7Þ

and

γ̃s;n ¼
16

3π4nð2nþ 2sþ 1Þ λ
2 þ

8ð6nð2nþ 2sþ 1ÞðHnþs−1
2
þHn−1 þ logð4ÞÞ þ 26nð2nþ 2sþ 1Þ þ 9Þ

27π6n2ðnþ sþ 1
2
Þ2 λ3 þOðλ4Þ

∼n→∞
8

3π4n2
λ2 þ 32ð6 logðnÞ þ 6γ þ 13þ 3 logð4ÞÞ

27π6n2
λ3 þOðλ3Þ

∼s→∞
8

3π4ns
λ2 þ 32ð3Hn−1 þ 3 logðsÞ þ 3γ þ 13þ 3 logð4ÞÞ

27π6ns
λ3 þOðλ4Þ: ðC8Þ

At large s, we find

γ̃s;n ∼
24Δψ−5ð2Δψ − 5Þ sinð2πΔψÞΓð4 − 2ΔψÞ

πð1 − 2Δψ Þ
s−Δσ ; ðC9Þ

and at large n,

γ̃s;n ∼
24Δψ−5ð5 − 2Δψ Þsin2ð2πΔψÞΓð3 − 2Δψ ÞΓð4 − 2ΔψÞ

π2ð2Δψ − 1Þ
× n−2Δσ : ðC10Þ

APPENDIX D: SPECTRUM IN d = 4 − ϵ
We also solve the spectrum of single-trace bilinears in

the theory in d ¼ 4 − ϵ, which allows us to determine
analytic expressions for various quantities in terms of λ. In
this section, it is convenient to absorb dγ into the definition

of λ by defining λ̂ ¼ 2M
dγN

; alternatively, one can set dγ ¼ 2

and then λ̂ ¼ λ.

1. The gap equation

We first solve the gap equation. The allowed range for
Δψ is 3

2
− ϵ

2
≤ Δψ ≤ 3

2
− ϵ

4
. We find

Δψ ¼ 3

2
−
ðλ̂þ 2Þϵ
4ðλ̂þ 1Þ þ

λ̂ð5λ̂ − 6Þϵ2
32ðλ̂þ 1Þ3 þOðϵ3Þ; ðD1Þ

and

Δσ ¼ 1 −
λ̂ϵ

2ðλ̂þ 1Þ −
λ̂ð5λ̂ − 6Þϵ2
16ðλ̂þ 1Þ3 þOðϵ3Þ: ðD2Þ

The critical value, λ̂�, of λ̂ at which 2Δψðλ̂�Þ − 1 ¼ 2Δσðλ̂�Þ
is given by λ̂� ¼ 2 − ϵ

3
− ϵ2

18
þOðϵ3Þ.
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2. Parity-odd scalars

Solving for the spectrum of parity-odd scalars, we find the lowest scalar has scaling dimension given by

Δ̃0 ¼ 3þ ðλ̂ − 2Þϵ
2ðλ̂þ 1Þ −

λ̂ð14λ̂2 − 5λ̂þ 14Þϵ2
16ðλ̂þ 1Þ3 þ λ̂ð32λ̂4 − 57λ̂3 þ 143λ̂2 − 153λ̂ − 22Þϵ3

64ðλ̂þ 1Þ5 þOðϵ4Þ: ðD3Þ

The higher-twist parity-odd scalars have dimension

Δ̃n ¼ 2Δψ þ 2nþ 8ϵ2λ̂2ðλ̂þ 1Þ
16ðλ̂þ 1Þ3nðnþ 1Þ

þ ϵ3λ̂2ð4λ̂ðλ̂þ 1Þð2nðnþ 1ÞHn−1 þ 1Þ þ λ̂2ð−7n2 þ nþ 4Þ þ λ̂ðn2 þ 13nþ 4Þ − 2nð7nþ 5ÞÞ
16ðλ̂þ 1Þ4n2ðnþ 1Þ2 þOðϵ4Þ: ðD4Þ

The anomalous dimensions for large n are

γ̃0;n ∼
λ̂2

2ðλ̂þ 1Þ2n2 ϵ
2 þ λ̂2ðλ̂ð−7λ̂þ 8γðλ̂þ 1Þ þ 1Þ þ 8λ̂ðλ̂þ 1Þ log n − 14Þ

16ðλ̂þ 1Þ4n2 ϵ3 þOðϵ4Þ; ðD5Þ

which is consistent with γ̃0;n ∼ 1
n2Δσ .

3. Parity-even scalars

We next compute the parity-even scalar spectrum. We find for the lowest twist parity-even scalars

ΔA
0 ¼ 4 − ϵ ðD6Þ

ΔB
0 ¼ 2 −

�
λ̂ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ̂2 þ 14λ̂þ 1

p
þ 1

�
ϵ

2λ̂þ 2
−

λ̂ð35λ̂2 − 5λ̂þ 26Þϵ2
8ððλ̂þ 1Þ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ̂2 þ 14λ̂þ 1

p
Þ

þ 3λ̂ð25λ̂6 þ 136λ̂5 þ 213λ̂4 þ 3427λ̂3 þ 336λ̂2 − 83λ̂þ 2Þϵ3
32ðλ̂þ 1Þ5ðλ̂2 þ 14λ̂þ 1Þ3=2 þOðϵ4Þ: ðD7Þ

The anomalous dimensions of type-A higher twist parity-even scalars are

γA0;n ¼
λ̂2ϵ2

2ðλ̂þ 1Þ2nðnþ 2Þ þ
λ̂2ϵ3

16ðλ̂ − 2Þðλ̂þ 1Þ4n2ðnþ 1Þ2ðnþ 2Þ2 ð8λ̂ðλ̂ − 2Þðλ̂þ 1Þðnþ 1Þ2ðnþ 2ÞnHn−1

þ 4ð3λ̂3 þ λ̂2 þ 6λ̂þ 8Þ þ ð−7λ̂3 þ 15λ̂2 − 16λ̂þ 28Þn4 − 4ð4λ̂3 − 13λ̂2 þ 23λ̂ − 26Þn3
þ ð5λ̂3 þ 43λ̂2 − 168λ̂þ 124Þn2 þ 2ð13λ̂3 − 3λ̂2 − 58λ̂þ 24ÞnÞ þOðϵ4Þ

∼n→∞ ϵ2
�

λ̂2

2ðλ̂þ 1Þ2n2
�
þ ϵ3

�
λ̂2ðλ̂ − 7λ̂2 þ 8λ̂ðλ̂þ 1Þðlognþ γÞ − 14Þ

16ðλ̂þ 1Þ4n2
�
þOðϵ4Þ; ðD8Þ

which is consistent with γA0;n ∼ n−2Δσ at large n. At finite n,
the expression is slightly different when λ̂ ¼ λ̂�.
For type-B scalars, the n ¼ 1 operator needs to be

handled separately:

γB0;1 ¼
λ̂

λ̂þ 1
ϵ −

λ̂ðλ̂2 þ 8λ̂þ 18Þ
8ðλ̂þ 1Þ3 ϵ2 þOðϵ3Þ: ðD9Þ

For λ̂ ≠ λ̂�, the type-B anomalous dimensions for
n > 1 are

γB0;n ¼ −
2λ̂ðλ̂þ 2Þ

ðλ̂ − 2Þðλ̂þ 1Þ3n2ðn2 − 1Þ2 ϵ
3 þOðϵ4Þ; ðD10Þ

consistent with γB0;n ∼ n−4Δψ .
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For λ̂ ¼ λ̂� ¼ 2 − ϵ=3 − ϵ2=18 the type-B anomalous
dimensions for n > 1 are

γB0;nðλ̂�Þ ¼
n −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ 8

p

9nðnþ 1Þðn − 1Þ ϵ
2 þOðϵ3Þ

∼n→∞ −
4

9n4
ϵ2 −

2ð4 log nþ 4γ − 7Þ
27n4

ϵ3

þOðϵ4Þ; ðD11Þ

consistent with γB0;nðλ̂�Þ ∼ n−ð2Δψþ1Þ.
For type-A scalars, at λ̂ ¼ λ̂�, the anomalous dimensions

at finite n also differ from the results at generic values of λ̂:

γAðλ̂�Þ0;n ¼
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnþ 1Þ2 þ 8

p
þ 1

9nðnþ 2Þðnþ 3Þ ϵþOðϵÞ2; ðD12Þ

but this does not affect the large n asymptotics.

4. Leading-twist higher-spin operators

Let us compute the leading-twist higher-spin operators,
which are parity even.
For odd s, the leading twist of a spin-s operator with

s ≥ 1, is given by

τs;min ¼ 2Δψ − 1 −
λ̂

ðλ̂þ 1Þðs2 þ sÞ ϵ

þ λ̂ð−4λ̂ðλ̂þ 1Þððsþ 1Þ2s2Hs−1 þ 1Þ þ ð7λ̂2 þ 8λ̂þ 12Þs4 þ 2ð3λ̂2 þ 8Þs3 − λ̂ðλ̂þ 12Þs2 − 4ðλ̂þ 1Þð2λ̂þ 1ÞsÞ
8ðλ̂þ 1Þ3s3ðsþ 1Þ3 ϵ2

þOðϵ3Þ

¼ 2 −
ϵðλ̂þ 2λ̂

s2þsþ 2Þ
2ðλ̂þ 1Þ þOðϵ2Þ: ðD13Þ

For s even, the leading twist of a spin-s operator with s ≥ 1, is given by

τs;min ¼ 2 −
ϵð2λ̂þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ̂2ðs2 þ s − 2Þ2 − 4λ̂sðs2 þ s − 10Þðsþ 1Þ þ 4s2ðsþ 1Þ2

q
þ ð3λ̂þ 2Þsðsþ 1ÞÞ

4ðλ̂þ 1Þsðsþ 1Þ þOðϵ2Þ: ðD14Þ

(We also computed the order ϵ2 term for finite s, but we
do not reproduce it here.) Equation (D14) is plotted in
Fig. 14.

The large s behavior of τs;min for s odd is

γs ¼ −
λ̂ϵ

ðλ̂þ 1Þs2

−
λ̂ϵ2ðð4γ − 7Þλ̂2 þ 4ðγ − 2Þλ̂þ 4ðλ̂þ 1Þλ̂ logðsÞ− 12Þ

8ðλ̂þ 1Þ3s2
þOðϵ3Þ

¼ −
λ̂ϵ

ðλ̂þ 1Þs2 −
ϵ2λ̂2 log s

2ðλ̂þ 1Þ2s2 þOðϵ3Þ: ðD15Þ

The smallest twist operator is the stress tensor, which has
twist 2 − ϵ. However, all higher-spin operators have twists
2þOðϵÞ, and would also contribute to the term of order
ϵ2s−2 log s in the above expression.
For operators with even spin, the large-spin behavior of

anomalous dimensions depends on whether or not λ̂
exceeds λ̂�. For λ̂ < 2 − ϵ=3, the large spin anomalous
dimensions, including ϵ2 terms, are

1 2 3 4 5 6

�0.95

�0.90

�0.85

�0.80

�0.75

�0.70

( s 2)

FIG. 14. The OðϵÞ contribution to the twist of leading-twist
higher-spin operators in d ¼ 4 − ϵ, given in Eq. (D14) is plotted
for even spins 2, 4,…, 100. The dashed line is the asymptotic
behavior as s → ∞.
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γs ∼ −
ðλ̂ − 6Þλ̂ϵ

ðλ̂ − 2Þðλ̂þ 1Þs2 þ
λ̂ðλ̂2 − 6λ̂ − 8Þ

2ðλ̂ − 2Þðλ̂þ 1Þ2s2 ϵ
2 log s

þOðϵ3Þ ðD16Þ

and, for λ̂ > 2 − ϵ=3,

γs ∼ −
4λ̂ϵ

ðλ̂ − 2Þðλ̂þ 1Þs2 þ
2λ̂ðλ̂þ 2Þ

ðλ̂ − 2Þðλ̂þ 1Þ2s2 ϵ
2 log s

þOðϵ3Þ: ðD17Þ

Above, we only included terms of order ϵnðlog sÞn−1. These
expressions are consistent with the exchange of multiple
operators with twists of order 2þOðϵÞ in the four-point
function.

The order ϵ2 correction to γs for λ̂ ¼ 2 − ϵ=3 is

γsjλ̂¼λ̂� ¼−
2

3s
ϵ

þ
�
7s4þ8s3−9s2−9s−2

9s3ðsþ1Þð2sþ1Þ −
2Hs−1

9s

�
ϵ2þOðϵ3Þ

→−
2

3s
ϵþ

�
−4 logðsÞ−4γþ7

18s

�
ϵ2þOðϵ3Þ: ðD18Þ

This is consistent with

γs ∼
�
−
2

3
ϵ

�
s−ð1−ϵ

3
Þ ¼

�
−
2

3
ϵ

�
s−Δσ ; ðD19Þ

as would arise from exchange of the scalar field σa.
It would be interesting to understand the large spin
behavior of the theory at λ̂� better via analytic bootstrap
methods [94–99], assuming they can also be applied to the
present disordered CFT, which appears to be unitary.
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