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The Fabbri—-Russo model is a generalized model of a two-dimensional dilaton gravity theory with
various parameters “n’”” describing various specific gravities. Particularly, the Russo—Susskind—Thorlacius
gravity model fits the case n = 1. In the Fabbri-Russo model, we investigate Page curves and the
entanglement island. Islands are considered in eternal and evaporating black holes. Surprisingly, in any
black hole, the emergence of islands causes the rise of the entanglement entropy of the radiation to
decelerate after the Page time, satisfying the principle of unitarity. For eternal black holes, the fine-grained
entropy reaches a saturation value that is twice the Bekenstein—Hawking entropy. For evaporating black
holes, the fine-grained entropy finally reaches zero. At late times and large distance limit, the impact of the

[T 1)

parameter “n” is a subleading term and is exponentially suppressed. As a result, the shape of Page curves is
“n” independent in the leading order, which also indicates the universality of the Page curve in generalized
two-dimensional models. Furthermore, we discuss the relationship between islands and firewalls. We show
that the island is a better candidate than firewalls for encountering the quantum entanglement-monogamy

problem. Finally, we briefly review the gravity/ensemble duality as a possible resolution to the state

paradox resulting from the island formula.
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I. INTRODUCTION

One of the most important and urgent objectives of
modern physics is studying the theory of quantum gravity.
Black holes serve as fantastic study tools for this theory.
When the quantum field theory is introduced into curved
spacetime, black holes can emit Hawking radiation [1].
However, a series of issues also follow. One of the most
famous issues is the black hole information loss paradox, or
the information paradox for short, which was proposed by
Stephen Hawking in 1976 [2]. The entanglement entropy of
the radiation increases with time and is divergent at late
times due to the continuous occurrence of the Hawking
radiation. This is inconsistent with the unitary evolution
of quantum mechanics (QM). Therefore, the information
paradox challenges QM, general relativity (GR), thermo-
dynamics, and many others fundamental fields of modern
physics. A specific solution to this issue is to obtain
the Page curve directly without the unitary evaporation
hypothesis during the evaporation of a black hole [3.4].
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Undoubtedly, the discovery of the anti—de Sitter (AdS)/
conformal field theory (CFT) duality opens up a wider field
of investigation for the information paradox [5]. Based on
the view that the evolution of the pure high-energy state in
the CFT is unitary, we insist that the AdS/CFT duality is
right, implying the evolution of black holes in pure states in
AdS spacetime is also unitary. Thus, the general consensus
is that information is conserved for AdS black holes,
although the precise specifics and methods are yet
unknown. Moreover, quantum entanglement provides a
starting point for addressing this issue. The Ryu—
Takayanagi (RT) formula for the holographic entanglement
entropy is not only a valid demonstration of the AdS/CFT
dual conjecture, but also paves the way for the microscopic
origin of the black hole entropy [6]. After considering the
von Neumann entropy contributed by CFT at the boundary
of the bulk spacetime, the RT formula is extended to the
quantum RT formula [7] and the quantum extremal surface
(QES) prescription with high-order quantum correc-
tions [8]. Surprisingly, one obtains the opposite result of
Hawking’s calculation when using the QES prescription to
calculate the entanglement entropy for AdS black holes [9].
At late times, the (quantum extremal) island locates near
the event horizon. This construction renders the degree of
freedom (d.o.f.) inside the island belonging to the d.o.f. of
outside radiation. Therefore, the entanglement entropy
decreases rather than increases at late times, which repro-
duces the unitary Page curve [10,11]. Physicists summarize
this approach as the island paradigm [10,12]. The ansatz for
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calculating the fine-grained entropy is called the island
formula [12],

Area(0l)

S..q = Min< Ext S IUR . 1.1
rad ln{ X|: 4GN =+ matter( U ):|} ( )

In the above equation, the lhs is the fine-grained entropy of
the radiation; on the rhs, the terms inside the square bracket
are called the generalized entropy of radiation, where 0/
represents the boundary of the island, and / U R is the union
of the island and the radiation. This equation instructs us to
first evaluate the generalized entropy before extremizing it.
The smallest value among candidates is the correct answer.

Besides, the island formula can also be derived equiv-
alently from the gravitational path integral [13,14]. The nth
order Renyi entropy is obtained by using the replica trick,

n 1 n
S = - logTr(p{"). (1:2)

where p, is the reduced density matrix. The von Neumann
or fine-grained entropy is given by

Svon = hH}SE\”) = _Tr(pA IOg pA)' (13)

Along with the original Hawking saddle, we also need to
consider the replica wormholes saddle provided by the
island while performing the explicit computation. The
unitary result is produced at late times when the replica
wormholes dominate.

The Page curve s first obtained by evaporating black holes
in Jackiw-Teitelboim (JT) gravity [10,15,16]. Later work
extends it to eternal black holes [17]. Furthermore, there
are many interesting developments, such as some other
two-dimensional (2D) asymptotically flat or AdS black
holes [18-26], higher-dimensional black holes [27-54],
charged black holes [55-61], and some models of the
Universe [62-67]. Interestingly, there is also some work
on complexity related to entanglement islands [68—70]. Here
is an incomplete list because the field is always developing.
Note that most works are performed in the background of
eternal black holes. Although we can more easily understand
the information paradox in eternal black holes, the actual
evaporating black hole is the key to obtaining Page curves.
Therefore, the Page curve for 2D evaporating black holes is
the major focus of this paper.

A contender for the quantum gravity theory, the 2D
gravity theory is crucial for studying black holes. On the one
hand, 2D models are widely studied as they are symmetric
and simpler to calculate analytically. On the other hand, they
come from the four-dimensional theory through the dimen-
sional reduction, and we hope that the keen insight from
these models can be applied to higher-dimensional prob-
lems. One of the most famous models—the Callan—
Giddings—Harvey—Strominger (CGHS) model [71] or the

Russo—Susskind-Thorlacius (RST) model with considera-
tions for backreaction effects [72]—has the advantage of
being analytically solvable and offers a semiclassical
theory of the backreaction of the Hawking radiation. It
can describe the entire process of a black hole forming and
evaporating (including the backreaction) in classical phys-
ics. Up to now, the Page curves for evaporating black holes
has been reproduced only in special gravitational mod-
els [9,19-21]. A strong motivation is to study generalized
2D gravitational models to obtain the universality of Page
curves. Therefore, this paper focuses on the generalized 2D

This model represents a one-parameter family of exactly
solvable models and includes the RST model as the special
case. We use the island paradigm to reproduce the Page curve
of this model and provide some more general conclusions for
2D models. We also revisit the firewall paradox from the
perspective of the island paradigm. We show that the island is
a better candidate than the firewall for solving the entangle-
ment monogamy issue. Finally, we review the latest report on
the state paradox and the gravity/ensemble duality.

This paper is organized as follows. In Sec. II, we review
the FR model and give the formula for the entanglement
entropy in 2D CFT. In Sec. III, we calculate the entangle-
ment entropy of the radiation for evaporating black holes by
the island formula (1.1). The results show that islands
emerged at late times and led to a unitary Page curve. In
Sec. 1V, the same procedure is applied to the eternal black
hole. The corresponding result is similar to the evaporating
black hole. In Sec. V, we demonstrate the Page curves and
the scrambling time based on the previous results. We also
investigate the effect of the parameter n on these results. In
Sec. VI, we discuss the relations between the island and the
firewall and show that islands are a better candidate for
solving the firewall paradox. Furthermore, based on the
latest report, we briefly review the paradox related to the
state of the Hawking radiation. The final discussion and
conclusion are presented in Sec. VII. The Planck units are
applied, 4 = ¢ = kg = 1, throughout.

II. EXACTLY SOLVABLE 2D FR MODEL

We are inspired by the special 2D RST action [72] to
obtain the generalized 2D gravity; we consider the follow-
ing action [73]:

Sa = So + Scrr, (2.1a)

So = % / dzx\/—_g{e# {R + % (W;)ﬂ + 4&2e—2¢},
(2.1b)

Scr = ——Z [ @xvmasy (2.1¢)
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where ¢ is a dilaton field, 4 is the cosmological constant, f;
is a set of N massless scalar fields, and n is a parameter
characterizing the different theory. Similar to the RST
model [72], we choose the conformal gauge:

g++ =0, UEE —582/)- (2.2)
The metric in this gauge is given by
ds* = —e*dx*dx, (2.3)

with the light cone coordinate x* = x% £ x!.
After a field redefinition, the action (2.1a) can be written
in the “free field” form [73],

1 1
Sg=— / d*x {— (=0, x0_y + 0,Q0_Q) + 122/«
T K
1 N
+220+fia_f,-], (2.4
i=0
where
N
=_ 2.
k=15 (2.5a)
2 1
xY=kp+en+ <% - 1)1(4), (2.5b)
Q=i Sy (2.5¢)
2n

where 7 is a real positive number. The special case n = 1
corresponds to the RST model [72]. For simplicity, in this
paper, we only consider the parameter rangel 0<n<?2,
while for the case of critical values n =0 and n = 2, we
discuss them in the Appendix.

One should also note that for real ¢, Q has a lower value,

K—Elogf.

Q>chit:Z 4 4

(2.6)

Here, we only give a qualitative physical interpretation. As
the 2D gravity theory results from the dimensional reduc-
tion of the four-dimensional (4D) theory, Q corresponds to
the area of the transverse two-sphere surface. The condition
(2.6) allows us to patch the vacuum at the endpoint of
evaporation. Therefore, the curve (2.6) is converted from a
timelike curve to a spacelike curve, i.e., this critical curve
can be regarded as the boundary of spacetime, which is
similar to the curve r =0 in the spherically symmetric
reduction of 4D Minkowski spacetime. The explicit cal-
culation is given in the Appendix.

"For n < 0, the geometry does not exist. When n > 2, the
corresponding geometry is very different, where the singularity is
null. One can refer to [74] for details.

The equations of motion (EOM) derived by (2.4) are

d,0_(y —Q) =0, 0,0_y = =22k (2.7)
We choose the “Kruskal” gauge, where
x=Q. (2.8)
Then, it implies that
¢ = pk. (2.9)
and
Q=ewxin g X, (2.10)
2n

where p is denoted as pg in the Kruskal coordinate. In this
gauge, the most general static solution for (2.7) is

M
Q=y=-2xTx"+ Q log(Pxtx") + R
0, M = constant. (2.11)

Afterward, we set 1 =1 for convenience.

A. Vacuum solution
The simplest case of the above solution is the vacuum,
where the Ricci scalar R and the integrate constant M
vanish. Accordingly, the conformal factor is?

e~2/n — p=2¢/n — —xtx~, (2123.)

Q. = —xtx — Zlog(—x*x‘). (2.12b)
The most general theory that differs from and incorporates
the RST model may be found. Referring to the RST
model [72], the general theory obeys the following require-
ments. The action should contain an RST-like term and a
conformal anomaly term to describe the backreaction
effect, resulting in the effective action for the large N
limit, as indicated by the sum [73],

Seff = Scl + SRST =+ Sanom

= %/ d*x\/=g {e‘z"j/” (R + % (V¢)2> + e

ul 1-2n n-—
Z(Vfi)2+K< $R +
i=1

1
2n n
1RD‘IR
) .

For convenience, we omit the subscript “K” for the Kruskal
coordinate, henceforth.

(Vg)?

N =

(2.13)
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In the last line, the first two terms are one-loop quantum
correction terms similar to the RST model (n = 1), and the
last term is a nonlocal Polyakov term, where the symbol
[0-! is the scalar Green function. In the conformal gauge
(2.2), it has a simple form: (J7'R = 2p.

We first consider the classical limit, in which 7 is turned
to zero. By recovering the effective action (2.13) with 7, the
last three terms vanish. Then, we obtain the action (2.1b).
The EOM in the conformal gauge (2.2) are derived by
variation of the metric,

4 2
—Z0,o_p+ =0, po_p— T PT¥ =0,  (2.14a)
n n

n 4 4 o
50400-h +-50.$0_p =0, fo_p + I =0,

(2.14b)
0.0_f; =0. (2.14c¢)
The constraint equation is
4 1 2 4
e/ [— (1 - —> 0:p0:p+—0%p ——0.pdsp
n n n n
1
—5 D 0=fi0sf; =0. (2.15)
2
The expressions (2.14a) and (2.14b) imply that
2
;a#)_(p —¢)=0. (2.16)

Thus, we can still preserve the Kruskal gauge (2.9), for
which p = ¢. The left expressions take the following form:

0,0_(e7/") = —1,
1 N
P(e7/m) = _Ezaifiaifi- (2.17)
i=0

At last, the general solution is obtained by [see (2.11)]

e 2/n = e=2/" — —xtx~ + Qlog(—xtx") + M. (2.18)

In fact, the constant M is related to the mass of the black hole
Mgy, M = tMyy. The constant Q can be interpreted as the
incoming and outgoing energy flux. If we substitute (2.15)

into (2.16), then the stress tensor is given by 7, = %
B. Static black holes

For a static black hole with O = 0, which corresponds to
an eternal black hole with unchanged temperature,’ or a

The temperature of the FR model is special and always a
constant (2.29).

black hole in thermal equilibrium with the thermal bath, the
solution takes the following form:

6—245/” = e_zﬂ/” =M - x+x_, (2198.)

Qe = —"x™ + M = Jlog(—x"x~ + M) (2.19)
According to (2.6), to ensure the singularity at Q = Q
inside the apparent horizon, the mass parameter M is
required to be M > 7. Besides, the event horizon at
xTx™ = 0. Because the factor Q can be viewed as the area
of a black hole in 2D gravity, we can obtain the location of
the apparent horizon by 0, Q = 0, which leads to* x~ = 0.
Therefore, for an eternal black hole, the apparent horizon
and the event horizon overlap at x™x~ = 0.

C. Dynamical black holes

Let us now return to the dynamical black hole that forms
due to the collapse of a spherical shell of photons. Using
the constraint equation (2.15), we can obtain the general
solution regarding some physical quantities, such as the
Kruskal momentum and energy [72],

P, (xt) = A Y T (), (2.20)
and

M(xt) = A Y T, (), (2.21)
Then we obtain
e = 7/ = —xtx~ + PL(xN)] +M(xT).  (2.22)

The above equation provides a singularity at M(x") —
xT(x™ 4+ P,.(x")) =0. The event horizon is located at
xy + P, (o0) = 0. Now, we consider an incoming shock
wave with the stress tensor 7., = %Zf’: 00+fi0_f; =
ad(x* —x§) at xj. Then, geometries can be patched
along this null trajectory. The corresponding solution is
satisfied by

M
e2/n = =/ = —x—+(x+ —xg)0(xt —x§) —xTx",
0

(2.23a)

M
Qg =2 =t (3 =)0 = 57~ Slog(~xx),
X0

(2.23b)

“The other solution is x*x~ = M — 4 However, under the
limitation of a large mass, this location is near the singularity,
which is unphysical and can be discarded.
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where 6 is a step function, and the parameter a is given by

a= % Therefore, it is clear that below the region x™ < xar ,
0

the geometry is vacuum (2.12b). In contrast, on the region
x™ > x, the geometry corresponds to the static black hole
(2.19b) discussed before.

Similarly, this solution has an apparent horizon, which is
defined by 0,€Q = 0. Thus, the curve of the apparent
horizon is given by5

(M4 x")xt =-— (2.24)

K
e
We now calculate the coordinate of the endpoint of
evaporation, which is the intersection of the critical curve
(2.6) and the curve of the apparent horizon (2.24). In
addition, since the critical curve (2.6) as the boundary of
spacetime, the coordinate of the end point also satisfies
equation (2.6), we combine these two conditions and obtain

K
(M + x54)Xoa = e (2.25)
and
K K K. K
_x;ldxe_nd -M (x;d -1)- Zlog(_x;dx;nd) = - Zlogz-
(2.26)

At large mass limit, the coordinates of the endpoint are
given by

(eLM 1)k ke'r

+ TR 227

xend aM AM ( a)
M

X, = ﬁ ~—M. (2.27b)

The singularity becomes naked after the endpoint, which
contradicts the cosmic censorship hypothesis. Spacetime as
a whole is ill-defined. However, we ignore these consid-
erations and only focus on the geometry before evapora-
tion. Moreover, one should note that the curve (2.27b) also
represents the event horizon because the apparent and event
horizons are coincident at the endpoint.

D. Coarse-grained and fine-grained entropy

We briefly discuss two types of entropies and the
related expressions.6 The thermodynamic entropy, or the
Bekenstein—Hawking entropy, is just the coarse-grained

In the large mass limit, we can set xg =1 to rescale the
parameter a.

Strictly speaking, the fine-grained entropy at the finest level
should be a constant in time in a black hole without a bath. In this
sense, the fine-grained entropy here is only more fine than the
coarse-grained entropy and not so fine-grained. We thank Hao
Geng for providing this comment.

entropy. For 2D gravity, the Bekenstein—-Hawking entropy
can be derived by the Wald method,

4z oL
B v —9 oR horizon
where L is the Lagrangian of the action (2.1b), and ¢y is

denoted by the value of dilaton at the event horizon.
Therefore, the Hawking temperature is given by

= 6_2(/)"//" = ZM, (228)

1

Ty =—.
H = or

(2.29)
Now recall the island formula (1.1), in which its comple-
ment is the fine-grained entropy of the black hole based on
the complementary of von Neumann entropy. In this sense,
the generalized entropy of a black hole is the Bekenstein—
Hawking entropy plus the entropy contributed by matter
fields surrounding the black hole’s spacetime. For the
matter field, the entanglement entropy, or equivalently,
the von Neumann entropy in vacuum CFT in flat spacetime
ds}. = —dx*dx is given by’ [75]

N
Smatter = —IOg[d(A, B)]?

: (2.30)

where d(A, B) is the proper distance between points A and
B in flat spacetime, which is written by

d(A.B) = /Ix" (A) —x* (B)]x~(B) —x~(4)].  (2.31)
For the curved 2D metric ds3, = —e** < )dx*dx~, the
vacuum expectation value of normal ordering stress tensor
can be written in terms of function 7.,

1

S, (232)

(Wl:Tyy (x®):ly) = -

Taking a conformal reparametrization for x* — y*, the
conformal factor transforms into

1. dyTdy

p(y*) = p(x*) — s log

Jlog s (233

and the function 7, transforms a Weyl rescaling,

dx*

t(yF) = (dy—i

"Here CFT with the central charge ¢ = N is minimally coupled
to gravity. In addition, note that this expression is renormalized.
For 2D CFT, the entanglement entropy for a subsystem in a
constant-time slice follows the logarithmic law: § = £log %,
where 7 is the length of the subsystem, and ¢, is the UV cutoff.

In what follows, we will take the finite part of this expression for
convenience.

> tp(xF) + % {xt,yF},  (2.34)
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with the Schwarzian derivative,

x'3 (X2
{Xi,yi}57—§<—/> .

X

(2.35)

Then, we can map the vacuum state from the flat metric
ds?,, to the curved metric ds3,, by the Weyl transformation.
Thus, (2.32) vanishes, then the function ¢, (x*) is zero. We
further examine the behavior of von Neumann entropy
under this transformation [9],

Sy, = Sy — — (2.36)

g

Z log W,

endpoints

where W2 = ¢7%, and ¢ is the metric. Finally, we obtain
the general expression for entanglement entropy of the
single interval [A, B] in 2D spacetime [19],

N
Smatter = g 10g [dz (A7 B)ep<A) el)(B)] ‘Ii=0' (237)

Actually, similar to (2.30), this expression is also renor-
malized. Consequently, we still maintain the finite part and
use it to calculate the entanglement entropy with and
without islands in Secs. III and IV.

III. ENTANGLEMENT ENTROPY
FOR EVAPORATING BLACK HOLES

In this section, we use the island formula (1.1) to
calculate the entanglement entropy of Hawking radiation
for the evaporating black hole. We first consider the
geometry without islands and then focus on the construc-
tion with an island. The Penrose diagram of evaporating
black holes is shown in Fig. 1.

A. Without island

In the absence of islands, the matter part of entanglement
entropy Saer 1S only contributed by radiation. We assume
that a black hole is formed by a collapsing shell of photons
in pure states. Then, according to the complementary, we
have Spater(R) = Smater(C). In the case without islands,
we choose the reference point O(x/, x;) at the boundary.
The corresponding entropy Sp.er(C) can be calculated
by (2.37)

N
Smatter(C) = g]()g[dlzn(A7 O)epin<A) e/)in(o)]. (3])
The meaning of the subscript “in” will be explained later.
For the convenience of calculation, we first introduce the
following “ingoing” and “outgoing” coordinate frames:

_. + _ _
near J~: xT = 4et?, X~ =—e?,

(3.2a)

near J*: xt = +e, X" =-e° —-M. (3.2b)

singularity

FIG. 1. The Penrose diagram of an evaporating black hole
formed by null shell collapsing at x™ = xj (= 1). “EH” and
“AH” represent the event and apparent horizons, respectively. Z°
and J* are denoted as the spacelike infinity and the future/past
null infinity. The island is at point Q. The boundary of the
radiation, i.e., the cutoff surface, is A. In the late time and
the large distance limit, A is approximately at J ™, where the
asymptotic observer collects the Hawking radiation. The region C
is the complementary of the union region I U R.

In the region x* < 1, the vacuum solution (2.12a) in the
frame {w*} takes the form

ds?* = —(e” =)' ""dwtdw™. (3.3)
We can see that it corresponds to the Minkowski spacetime
for n = 1. However, for n # 1, it corresponds to the Rindler
spacetime.®

In the region x™ > 1, the metric (2.23a) in the frame
{6*} can be written as

ea*—a'
—dotdo™.

ds? = ——————
(M+eﬁ —0 )n

(3.4)

Again, near the J (67 — o0), we find that the above
metric approaches the Rindler metric ds’(c* — o0) ~
—(e” = )'""dotdo unless n = 1.

*We can take a coordinate transformation: @* = 5 =+ & Then
the metric (3.3) becomes ds*> = —e*1=¢(di? — d&?), which is
the standard Rindler metric for n # 1.

066020-6
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Following [76], we impose a reflecting condition
f,-|Q:Qm_l =0 on the matter fields f;, where Q = Q_;
represents the boundary of spacetime.g In this way, one
can consider the quantum state of the incoming matter
as a coherent state that built on the vacuum state at 7.
Therefore, the entanglement entropy for the matter field
in this state is identical to the von Neumann entropy of
the vacuum state. Thus, the subscript in means that these
quantities can be evaluated in the ingoing frame {w™} (see
Fig. 2). Then the formula (3.1) can be calculated in the
ingoing frame, in which
|

N +
Saa(no island) = B log [<logx—‘i log x—f
x5, T Xxp

+ .-
—X, X,

(o) — (0" (@)-07(0))1=n — (L yo )1, (3.5)
+ —
2pin(A) = _xA xA 3 6
¢ (M = xjx; = Mxy)" o
P (A, 0) = (0" (4) - 0" (0)) (@™ (0) - w7 (4))
X4 X,
_ logﬁlogr_. (3.7)

0 0o

Substituting these equations into the expression (3.1), we
obtain

)2<—x5x5)“* A%

(M = x3x3 — Mxy)"

N

12

N N
~—o07; 1—-n)—1 ).
120A + ( n) 2 og(ay)

As the cutoff surface is near J (xj{ — 00), all dependence
on x5 can be neglected. In addition, we rewrite the result
in the outgoing coordinate ¢, that represents the affine
retarded time for the asymptotic observer. Interestingly,
we find that the second term in the above result (3.8) is
vanishing for the special RST (n = 1) model. The remanent
first term is consistent with [19,20]. On the contrary, the
second term is logarithmically divergent for the usual FR
model (n # 1). Nevertheless, notice that all expressions for
the entanglement entropy in calculations is renormalized
[see (2.30) and (2.37)]. Thus, this divergent indeed can be

absorbed in the UV cutoff term log ei Then if we rescale

the cutoff €,,, then the second n-dependence term can be
removed [20]. For this reason, we only focus on the
behavior of the first term.

Now, the entanglement entropy increases linearly with
the retarded time § {V—zo’. It does not cause any issue at
early times since the black hole has just formed, and only a
small amount of radiation is emitted. However, at late
times, as more and more Hawking pairs appear, the
entanglement entropy without island violates the unitary
principle. At late times, the fine-grained entropy should
decrease. In addition, in order to maintain the entropy
bound, it can never exceed the Bekenstein—-Hawking
entropy Sgg [77]. In particular, on the one hand, Sgy is
very small because the area of the event horizon of a black

9Although this method is only mentioned in the RST
model [19,20], subsequent calculations show that this method
is also applicable to the FR model.

1
P {<M — i - Mm"]

N - N
= Sylog(1 + Me™) + log(6f = 05"

(3.8)

|
hole is small at late times. On the other hand, the entropy in
the black hole interior is much larger than Sgy because the
amount of external radiation that entangled with the interior
is large. Due to the difference between the two kinds of

boundary T+

singularity

A, ay)
KJ
’ .
e O
+ The asymptotic region

boundary

o
.
Ak
.
.

FIG. 2. The diagrammatic sketch of the reflecting condition.
The coordinate (x},x7) of a point A on the asymptotic region
where x* > 1 is reflected to J~ by the timelike boundary
Q = Q. In such way, the coordinate of A is mapped to the
ingoing frame (3.2a).
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entropy, one cannot attribute the entropy inside the black
hole to the Bekenstein—-Hawking entropy of the black hole,
which is known as the “bag of gold” paradox [12].

B. With island

We now introduce a modified semiclassical theory—the
island paradigm—to reconcile the contradiction between
the result (3.8) and the fundamental principles of QM. We
use the island formula (1.1) to recalculate the entanglement
entropy of the radiation for the construction with an island
and eventually reproduce a unitary Page curve.

We still insist that the cutoff surface A is near J+ and
assume that the island Q is located at the asymptotic region
where x* > 1. For this construction, the union region
I U C UR (see Fig. 1) is considered the full Cauchy slice.
According to the island formula (1.1), the corresponding
|

N
S RUT) = ¢ loglersWer=(@d2(A, )]

entropy of matter fields is determined by the union / U R,
which is written as follows [78]:

Smatter (R U I)

d*(A,Q)d(A.A")d(Q.Q')
d(A',Q)d(A. Q') |

where A’ and Q' are the reflection points on the boundary.
Although the expression looks complicated, we only focus on
the behavior of the Page curve at late times. At late times and
large distances, the following approximate relation exists:

N
:glog epin<A) epin(Q) (39)

d(A,A") = d(Q. Q') = d(A.Q) ~d(A", Q') > d(A. Q)

N xtoox7\2
=—1 log =4 log—4
12 OgKogxg ngé> (

M — x3ix; = Mxi)" (M = xpxg — Mx))" ]

~d(A, Q). (3.10)
Then, we obtain

We then recall the Bekenstein—-Hawking entropy Sgy (2.28), which corresponds to a quarter of the area of the black hole in
4D spacetime. Thus, we obtain the analogy of the gravity part,

Area(al)

S =
grav 4 GN

2(Qeva(Q) - chit)-

(3.12)

Here, we introduce € to ensure that the area of the island vanishes at the boundary. Correspondingly, the generalized

entropy of the radiation is

N gen

aM

= 2(Qeva(Q) - chit) + Smatter(R U I)

xX)X5
:2M{<1 —%—xé) —Llog

(—xé@)]

N x5 2 xXtxg XHXy
—log|(log=4log=A AZA — : 3.13
+ 128 {( ng'é ngé) (M —xixy—Mxp)" (M- x’éxé - ng)” (3.13)
Extremizing the above expression with respect to ng and x, yields the following equations:
0S gen X5 NM + (n—1)(M + x;)x} N
g_ — _2M<] +Q> _ ( = ( )( _Q)+Q) — - = 0, (3143.)
0x;, M 12x5(=M + (M +xp)x5) ¢ log(24)x§
0
0Sgen Mt N(M — (M + (1 = n)xg)x}) N — 0 3 14b
T = —2Mxp — 5 AR (3.14b)
0x) 12x5(=M + (M + x3)x)) 6log(%)xQ

As the point A nears JT, i.e., xX — o0, the last term in (3.14a) can be omitted. We also make the near event horizon
limitation assumption to obtain the location of the island, where x;; ~ —M. Solving these two equations in the near event

horizon limit, we obtain the following equation from (3.14a):

(3.15)
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The large mass limit suppresses all n-dependent terms in

the above solution. In this assumption, we also discover

that the location of the island xj; ~ —M + (’)(xé) is indeed
0

very close to the event horizon and inside the event horizon
[see (2.27b)]. Then, substituting the solution (3.15) into
(3.14b), we obtain

- 2(M + x; N
10g<x_§> _2MEx) —. (3.16)
5 M 24x,

On the other side, comparing (3.16) with the outgoing
coordinate x; = —e% — M (3.2b), the following approx-
imations are obtained as

+
24xQ N %

N N’

o, = log (3.17)

xo~N en.
The first approximation is made possible because the
lifetime of black holes and asymptotic observer’s retarded
time o, are of the same order. From (2.27b), the lifetime is

- _ 4M 48M M
04 ~ Ogpg = —log(—x5, — M) ZT_IOgMgTNW'
(3.18)

Finally, the generalized entropy after the extremization is
given by (3.13), (3.15), (3.16), and (3.17),

N N w N
Sy = 2M — — ——log( NMe¥ —— | + O(log(M>-2")),
o =20 35 =t (W = 30) + Ologh2)
N N
zzM—ﬁUA:SBH_ﬁGA’ (319)

where the parameter n is exponentially suppressed at the
large mass and late times limit. Therefore, we obtain the
entanglement entropy with the island as a function of
the retarded time ¢~. Combining the result (3.8), we have

Stad = Min[S,, (no island), S, (island)]

N N

= Min(ﬁﬁ_,ZM—ﬁ0_>, (320)
which leads to a unitary Page curve.

In conclusion, we reproduce the Page curve of an
evaporating black hole using the island paradigm. At early
times, the QES is a trivial surface lying on the boundary,
which results in an increase in entanglement entropy curve
that is linearly proportional to the retarded time (3.8).
However, the island appears inside the event horizon after
the Page time. The QES now is a nontrivial surface, leading
to a transition in the entropy. At late times, the entangle-
ment entropy is approximately equal to the Bekenstein—
Hawking entropy and drops to zero when the black hole is

evaporated. This result is also consistent with the Page
curve derived from the Page theorem [79].

IV. ENTANGLEMENT ENTROPY
FOR ETERNAL BLACK HOLES

In this section, we repeat the calculation procedure in
Sec. III to calculate the Page curve for an eternal black hole.
The information paradox for eternal black holes is a
deformed version of the black hole information paradox.
The corresponding solution is more strict: at late times, a
black hole in the Hartle—Hawking state has infinite entan-
glement with the outside thermal Hawking radiation, which
far exceeds the entropy bound of a black hole [77].
Similarly, we first calculate the entanglement entropy
without the island and then consider the island.

A. Without island

The Penrose diagram for the eternal black hole is shown
in the Fig. 3. We only calculate the entanglement entropy of
the union R U R’ for the no-island construction. According
to the complementary of von Neumann entropy, the entropy
for the matter part is

N ,
Smater(R UR') = glog[ef’(A)e”(A Jd?(AA))].  (4.1)

Then, we transform to the asymptotically flat frame and
make the following coordinate transformation:
The right wedge: x* = +e* ™, X =—e,

(4.2a)

The left wedge: xt = —e’™, X~ =+, (4.2b)
where ¢ and y are time and spatial coordinates for the
asymptotic observer near [J ', respectively. For the eternal
solution, we obtain the following expression of the entan-

glement entropy from (2.19a):

Srad<n0 island) = Smatter<R U R/)

N [ G =)0 — )
1277 (M = xjx)"(M — xtx,)"

N
= glog(4 cosh’t,)

N 4
+—log|——|. 4.3
6 o8 |:(er/4 + M)%:| ( )
Similarly, we only consider the behavior of the entangle-
ment entropy at late times. So at late times and large
distance limits, the second n-dependence term can be
neglected. Then the expression becomes
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singularity T+

singularity I~

FIG. 3.

The Penrose diagram for eternal black holes. The black dashed line represents the event horizon, and the orange dashed line

represents the cutoff surface. The boundaries of the island and the radiation are denoted as Q and A, respectively. Their symmetry points
are denoted as Q' and A’. The regions C and C are complementary.

N N N
Spad(no island) ~ Tt (1 +n)log(e®s + M)
N

ﬁ—tA.

3 (4.4)

One can find that the contribution from the parameter » is a
subleading term and is exponentially suppressed. Thus, the
entropy without the island grows linearly with time S « %t
at late times. Then, the information paradox is sharpened
here, the entanglement entropy never stops increasing and
becomes divergent at late times.

B. With island

We still expect the island paradigm to protect the bound
of the entanglement entropy at late times. For the configu-
ration with an island, the generalized entropy of the
radiation is twice the area term plus the von Neumann
entropy of the CFT, which is

Sgen = 2Sgrav(Q) + Smatter(l U R)' (45)
At late times and large distances, we still preserve the
approximation (3.10), which allows us to evaluate the
entropy of the matter sector only in the interval
[A’, Q'] UA, Q]. Furthermore, due to the symmetry, we
only need to calculate one of the intervals. Thus, we have

Sgen = 4(Qete(Q> - chit) + ZSmattcr(C)

NPl )’
=4(=x} x5+ M) +—log — —.
oo 6 7 (M —xix;)"(M—x)xp)

(4.6)

We extremize the expression (4.6) with respect to xg,
which gives

0 N Nnxy,
€N — 4y — + 2 __—0, (4.7a)
0x) @ 3(xf—xp)  6(M—xpxg)
Soen N Nnx},
BN dxf e+ ¢ _=0. (47b)
oxy, 3(xy —xp)  6(M —xpxp)
Then, putting A into J ' (x{ — o), we obtain
xh + -N
2_JA e (4.8)
Xp Xy 12x3

which implies that the island is near and outside the horizon
+

as x, - Xp < 0. Finally, the entropy with the island is
obtained by substituting (4.8) into (4.6)

N? N (=xix;
L, S 7 Vi
36x,x; 6 M

)2—n
Seen = 4M —

N N
z4M—|—§y(2—n) —%log M

~ 25gH. (4.9)
Clearly, at late times, the emergence of islands curbs the
growth of the entanglement entropy. Therefore, we repro-
duce the Page curve for eternal black holes from the results
of (4.4) and (4.9). We also find that the eternal case is very
similar to the evaporating case. The only difference is that
the entanglement entropy with an island for eternal black
holes reaches a saturation value at late times and does not
change with time. This is because the coupled auxiliary
bath or incident boundary conditions continuously replen-
ish the energy to the black hole. In addition, it is surpris-
ing that the location of the island is outside the event
horizon. However, this result is consistent with the quantum
focusing conjecture [80]. Accordingly, there is a quantum
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The evaporating case

o ;
n
T T T

The eternal case

Sent/M
B
5 /,«
4
4 2
1
1
3f i
1
1
2F i
1
1
1
1r 1
i
i 6M
1 1 1 t/
1 2 3 4 N
(b)

FIG. 4. Page curves for black holes. Red lines represent the entanglement entropy without islands, while blue lines represent the
entropy by considering the island. On the left, the Page time for 2D evaporating black holes is approximately one-third of the lifetime.
On the right, the entropy for eternal black holes grows to twice the Bekenstein—Hawking entropy after the Page time.

teleportation protocol by which we can extract the infor-
mation from the island, and one can refer to [17,81] for
details.

V. PAGE CURVE AND SCRAMBLING TIME

In this section, we plot the Page curve and derive the
scrambling time. Then, we provide some remarks on the
Page curve for 2D gravity.

A. Evaporating case

For evaporating black holes, the lifetime is defined by
(3.18), which is oy ~ 4TM = 487’"’. The fine-grained entropy
of the radiation is

[N N _
Srad—Mln EO' ,2M ﬁ(f

N _ . _ _
:ﬂMm[Za , Olife — O ] (51)
We obtain the Page time as
16M
teP\;.Ze = galife = T . (52)

The corresponding Page curve is shown in Fig. 4(a).

We now calculate the scrambling time. According to the
Hayden—Preskill experiment, if Alice throws a quantum
diary into the black hole after the Page time, then she must
wait for the so-called scrambling time to recover this
information from the Hawking radiation [82]. As suggested
by the entanglement wedge reconstruction, the scrambling
time corresponds to the time when the infalling information
hits the boundary of the island [11].

After the Page time, the observer on the cutoff sur-
face sends a light signal to the black hole at x™ = x; .

We assume that the cutoff surface has the same order as the
event horizon, which is'”

Qnear = (1 +a)QH = (1 +a)[_x1§xl_-1 _Mx; +M]

= (1 + (Z)M = (1 =+ (Z)SBH,, (53)

N =

where « is a constant with the order O(1). Qy is the
conformal factor at the event horizon, xy = —M.
Correspondingly, the infalling information at the cutoff
surface satisfies

1 1
—XZF(XZ +M) +_SBH = —(1 + a)SBH'

: : (5.4)

In the outgoing coordinate (3.2b), the initial time is

1 2x}
L

When the information reaches the island, the corresponding
retarded time is

. 1 24x} 24x;

(5.6)
Then, the scrambling time is
: log <120S3h>
ser = 0p =0 =
N

'"We define the region inside the cutoff surface as the “near
black hole” region. In the initial Hayden—Preskill experiment, this
region is about 2 or 3 Schwarzschild radii for 4D Schwarzschild
black holes [82].
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Here, f is the inverse temperature f = ﬁ = 27 (2.29). This
result is consistent with [83,84].

B. Eternal case

The calculation for the eternal case is simpler.
Comparing (4.4) with (4.9), we obtain the fine-grained
entropy of the radiation in the whole process as

N
Srad = Min |:§ t, 4M:| . (58)
So the Page time is
12M
B = (59)

Compared with (5.2), we can still consider that it has the
same order of lifetime, even though the lifetime of an
eternal black hole is indeed infinite. The corresponding
Page curve is shown in Fig. 4(b).

Similarly, if we emit a light signal from the cutoff surface
at time 7, then the signal approaches the island at time #;.
The scrambling time is determined by

x5 S
ter = 1 — tg = log <x—$> = log <a6:IH>
L

p
~ % log SBH:

(5.10)

where a has the same meaning as in (5.3), and x* is the
asymptotic coordinate (4.2a). Here, we assume the spatial
coordinate of the cutoff surface is approximately equal to
the island, namely y; =~ y,.

Let us now make some remarks. The different parameter
n for this generalized 2D model corresponds to different
theories. However, at late times, we can find that the effect
of n is neglectable as the subleading term in both
evaporating (5.1) and eternal cases (5.8). This also suggests
that the Page curve for the FR model is similar to the RST
model [19,20] at the leading order. The fundamental reason
is that the Hawking temperature (2.29) is the same in both
models because the original Page curve is derived from the
Page theorem with the unitary assumption [79]: At early
times, the dimensions of the Hilbert space of the radiation
were small. However, the dimensionality of the black hole
was very big. The entanglement entropy of the radiation is
approximate to the thermodynamic entropy, which is
proportional to the Hawking temperature 7. At late times,
the radiation dominates, hence, the radiation and the black
hole exchange the status. The entanglement entropy is
finally approximated to the Bekenstein-Hawking entropy
determined by the temperature 7. We can provide a
simplified version of the proof by the second law of
thermodynamics. The total entropy change during the
whole evaporation process is

dM amM
A= ASpy + S = / BH_ / a_

2M. (5.11
We fix the constant of integration by requesting that
Sgy =0 as Mgy = 0. After the evaporation, the black
hole entropy changes to ASgy = —Sgy = —2M. Then, we
obtain

AS ASi — AS
rad — tot BH -2, (512)
|ASy| |ASH|

The entropy of the radiation increases twice as fast as the
decreases of the black hole entropy, which leads to the Page
time being one-third of the lifetime. This result is consistent
with our calculation by the island paradigm. However, one
should note that in the final evaporation stage, the semi-
classical approximation is invalid. The quantum gravity
effects are expected to play a major role. Therefore, the
shape of the last part of the Page curve for evaporating
black holes may not be suitable.

VI. REVISIT THE FIREWALLS
AND STATE PARADOX

Up to now, we have reproduced the Page curve for
evaporating and eternal black holes through the island
formula (1.1). It is beneficial and natural to extend the study
of the entanglement island beyond the Page curves and
focus on issues of the black hole interior related to the
information paradox. Note that the most important step is
that when we calculate the von Neumann entropy from
matter fields, the contribution from the island region inside
the black hole'" is considered. This is different from most
previous theories that describe black holes from the outside
of event horizons, which seems to derive a theory about the
interior of the black hole. The interior of black holes plays
an essential role in modern physics; the essence of the
information issue stems from our ignorance of the interior
of black holes. Another issue that has been closely related
to the interior of black holes over the past few years is the
famous firewall paradox [85]. Therefore, in this section, we
first review the firewall paradox and reconsider the relation-
ship between the firewall and the island from the perspec-
tive of the entanglement island. We will show that the island
can be a better candidate for solving this paradox. Next,
based on the latest reports and for a more complete
description of entanglement islands, we review the state
paradox [86] and its solution, the gravity/ensemble
duality [87].

"Note that we use the cutoff surface to divide the regions
inside and outside black holes. Therefore, although the island is
outside the event horizon for eternal black holes, it is inside the
region of black holes.
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A. Firewalls paradox

The firewall paradox is a variant version of the infor-
mation paradox proposed by Almbheiri, Marolf, Polchinski,
and Sully (AMPS) in 2012 [85]. The emergence of the
firewall further intensifies the contradiction between the
classical GR and QM near the event horizon. On the one
hand, classical GR does not expect that there exists
such strange objects like firewalls near the event horizon.
On the other hand, the principle of quantum entangle-
ment monogamy has to be maintained by introducing a
firewall [88].

Let us now review the firewall paradox in detail. This
paradox is based on four postulates [85]:

Postulate 1 (unitarity): For a distant observer, the
formation and evaporation of black holes can be described
by the standard quantum theory. In particular, there is a
unitary scattering S-matrix that can describe such a process
from falling matter to outgoing Hawking radiation.

Postulate 2 (the semiclassical equation): Physics beyond
the stretched event horizon of massive black holes can be
approximated by semiclassical field equations.

Postulate 3 (d.o.f.): For distant observers, black holes can
be regarded as quantum systems with discrete energy levels.
For a black hole of mass M, the number of microscopic
states is exp S(M), where S(M) is the Bekenstein—-Hawking
entropy.

Postulate 4 (effective field theory): A free-falling
observer experiences nothing unusual as he crosses the
event horizon.

The first three postulates consist of the black hole
complementary (BHC) [89]. The last postulate is supple-
mented by AMPS. Then they argued that the BHC (the
Postulates 1-3) and Postulate 4 are inconsistent for an old
black hole after the Page time if the theorem of the
monogamy of entanglement is satisfied [88]. We will see
that this theorem leads to firewalls.

For simplicity and clarity, we follow the opposite logic in
the original argument of [85]. Consider a black hole after
the Page time. We choose a full Cauchy slice 2, and divide
it into three regions, A, B, and R, as shown in Fig. 5. We
assume that the black hole is formed by pure quantum
states. Then, we have the following equation:

This is based on the fact that the combined region
AU B UR is the Cauchy slice, which has zero entropy,
because the Cauchy slice contains all information in
spacetime (see Fig. 5). Furthermore, we assume that there
is a firewall at the event horizon of the black hole to ensure
that the monogamy holds. Namely, the black hole interior
(the subsystem A) and the outside of black hole (the
subsystem BR) are not entangled. Thus, the mutual
information between the A and BR must be zero:

I+

singularity

time

T

FIG.5. The schematic diagram of the firewall. £, and X, are the
Cauchy slices at early and late times, respectively. We divide X,
into three parts, where A represents the ingoing Hawking mode
inside the horizon, i.e., the black hole region or the nonemitted
Hawking radiation, B represents the late Hawking radiation, and
R is the early Hawking radiation or the region of the radiation.
I(A;BR)ESA+SBR_SABR:0’ (62)
where S,pr = 0 (6.1). Based on the non-negativity of the
entanglement entropy, we obtain the only result,
SA — SBR - 0 (63)
It is clear to see that this result leads to a conflicting
interpretation: Although the above equation (6.3) implies
the purity of late Hawking radiation (Szz = 0), it violates
the unitary hypothesis 1 in the BHC. Because of the
unitary evaporation hypothesis, the just-emitted Hawking
radiation B is highly entangled with the mode A inside the
black hole. Thus, the mutual information should satisfy
I(A; BR) > 1. In the next part, the cost of introducing
firewalls is the collapse of classical GR at the event horizon.
In this scenario, there is no entanglement between the
inside and outside black holes; the reduced density matrix
of the total state p,pr in the Cauchy slice X£; can be
decomposed into a direct product form: pspr = ps ® Par-
Therefore, the wave function of the radiation y has a large
discontinuity near the event horizon and behaves as

1
axW'xH Nz’ (64)

where x is the location of the event horizon, and ¢ is the
cutoff. Then, the Hamiltonian of wave function has the
following form:

066020-13



MING-HUI YU and XIAN-HUI GE

PHYS. REV. D 107, 066020 (2023)

Area

H~ / 0.y ) dxdy ~ 3 (6.5)

The energy at the event horizon is so high that it is called
the “firewall.” This obviously destroys the smoothness of
horizons in classical GR.

On the other hand, even if the firewall cannot exist, we
still inevitably encounter other issues. Because there are no
firewalls, A and B are highly entangled. Simultaneously,
the Hawking radiation R at early times is maximally
entangled with the Hawking radiation B at late times from
the unitary Page theorem. This violates the principle of
entanglement monogamy mentioned above.

In brief, the firewall leads to conflict between GR and
QM. Although many different solutions are proposed, all
have some flaws [90,91]. Now we revisit the issue from
the point of view of the island paradigm. Based on the
entanglement wedge reconstruction [11], the interior of
black holes belongs to the external radiation, which means
that the ingoing Hawking mode is identified with a part of
the outgoing Hawking radiation. In this sense, the Hilbert
space of subsystem A is regarded as a subset of the Hilbert
space of subsystem BR, namely H, C Hpp, then the
corresponding fine-grained entropy are determined by

S(A UBU R) = SABR’
S(B U R) = SBR’
SABR = SBR' (66)

In this time, we can obtain the following relation from the
strong subadditivity inequality by substituting the above
relation'%:

Sapr = Spr < Sa + Sprs

Sapr = Sgr = |Sa —

Cauchy slice: Sypr = 0. (6.7)
Finally, we obtain
SA - 0, SBR - 0 (68)

At first glance, this result looks the same as Eq. (6.3), but
the physical interpretation is completely different. From the
perspective of the island, the interior of black holes is
automatically contained in outgoing Hawking radiation. So
this result not only guarantees that the radiation is in a pure
state but also consistent with the unitarity. Besides, this is
not contrary to the entanglement monogamy and does not
lead to the firewall since the interior is identified as a part of
the early Hawking radiation. Thus, it also ensures the

Here we assume that this inequality can be held also in the
vicinity of event horizons.

smoothness of the horizon. Therefore, in terms of physical
interpretation, the island seems to be a better candidate than
firewalls. Moreover, we should note that whether islands or
firewalls, they are singular objects at the horizon, and they
exist to avoid the occurrence of the paradox. We only need
reserve one of them, but not both, in the description of the
evolution of black holes [92].

B. State paradox

While the island paradigm is an almost perfect solution
to the firewall paradox, one still needs to be careful when
using it. In the following content, we review the state
paradox and a possible solution to it, the gravity/ensemble
duality. In order to understand the island formula more
completely, we go back to the island formula (1.1) and
rewrite it by the entanglement wedge proposal,

Area(dEW)
—

Srad = Sgen[EW(rad)] = 4G
N

S(EW), (6.9)

where “EW” is denoted as the entanglement wedge. We can
see that “rad” exists on both sides of the equation. The
radiation is in the full quantum description on the left.
However, on the right, the radiation is still in the semi-
classical frame, i.e., the Hawking’s view (a mixed state). In
particular, we still take Hawking’s initial state, which leads
to the Hawking’s monotonically increasing curve as the
input when we calculate the fine-grained entropy of the radi-
ation. By contrast, we only contain the island in the
entanglement wedge of the radiation after the Page time,
which leads to the Page curve (a pure state). As the S-matrix
that describes the evolution of black holes is an observable
quantity, the corresponding state of the Hawking radiation
should not be ambiguous. Accordingly, the fine-grained
entropy of the state cannot take two different values. Such a
conflict is called the state paradox [86].

A possible logical solution to the conflict is to introduce
the gravity/ensemble duality [87]. We assume that the
theory of gravity corresponds to a series of field theories.
Once we introduce the ensemble, we need to reclassify the
entropy firstly. The first entropy is the ensemble average of
the entropy (S(p)). The second entropy is the entropy of the
ensemble-averaged state of the radiation S((p)). In general,
these two entropies are not equal because the fine-grained
entropy is a nonlinear function of states. Based on this
proposal, therefore, the entropy of radiation on both sides
of Eq. (6.9) are two different quantities and can take
different values. The left side is (S(p)), while on the right
side, S({(p)) dominates the “EW.” More specifically, in the
gravity/ensemble duality, the single pure state evolves into
different pure states under every Hamiltonian. If one first
evaluates the entanglement entropy S(p;) that corresponds
to each pure state, then one implements the ensemble
average for this entropy to obtain (S(p)). Since every
entropy S(p;) follows the unitary evolution of the pure
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state, the result is self-averaging. The corresponding result
reproduces the Page curve. On the contrary, if one first
performs the ensemble average for all pure states p; to
obtain (p;), then, in general, each state p; is different in
different theories. Their ensemble average is a thermal
(mixed) state: (p;) = Pnermar- At last, the Hawking’s result
S({p)) is obtained by calculating the entanglement entropy
for this mixed state. Accordingly, the island formula (6.9)
can be modified into the following form based on the above
discussion [87]:

(Slp(1)]) = Seen EW ({p(1)))].

In such way, the ensemble average of the entanglement
entropy (S(p)) follows unitary Page curves, while the
entanglement entropy of the ensemble average S({p))
follows Hawking’s curves.

At last, one should note that introducing the theory of an
ensemble is not valid for all cases, such as the duality
between type II B in AdS; x S and the N = 4 Yang—Mills
gauge theory in 4D. There is no known ensemble theory,
and in this case the state paradox may still exist. More
specific content is beyond the scope of this paper; one can
refer to [87] for more information.

(6.10)

VII. DISCUSSION AND CONCLUSION

In this paper, we investigated the information paradox
for the generalized 2D gravity. Unlike the famous RST
model, the FR model represents a family of exactly
solvable theories, and the corresponding geometries are
also interesting. We calculate the entanglement entropy of
the Hawking radiation by using the island paradigm in this
generalized 2D background. No matter whether it is the
evaporating black hole or the eternal black hole, the island
is always absent at early times, which results in the entropy
of the radiation growing proportional to the time [(3.8)
and (4.4)]. The behavior of the entanglement entropy
satisfies the Hawking curve. However, a Page transition
occurs at the Page time when the entropy increases to the
Bekenstein—Hawking entropy bound. In our calculations,
the minimality condition requires us to attribute the island
region inside the black hole to the entanglement wedge of
the outside radiation. After the Page time, the area term is
dominant. The island is close to and inside the event
horizon for the evaporating black hole. The entanglement
entropy drops to zero eventually (3.20). The corresponding
Page time is about a third of the lifetime of black holes
(Fig. 4(a)). The island is close to and outside the event
horizon for the eternal black hole in the Hartle-Hawking
state. The entanglement entropy finally reaches a saturation
value of twice the Bekenstein—Hawking entropy (4.9). The
Page curve of this case is shown in Fig. 4(b). However,
once we consider the late times and the large distance
limits, the contribution of the parameter is only a sublead-
ing term. It is exponentially suppressed in both the

evaporating and the eternal case. Although this result leads
to Page curves being the same as the RST model in the
leading order, it also seems to imply the universality of
Page curves in generalized 2D models. The essence is that
the Hawking temperature of the two models is the same and
does not depend on the parameter n. The generalized
second law can also verify this, and the result is consistent
with the original derivation of Page curves through the Page
theorem. Therefore, the calculations in this paper are
meaningful and extend the scope of the application of
the island paradigm.

Besides, we also discuss the connection between the
firewall and the island. The price of firewalls is the collapse
of the effective field theory or the classical GR near the
horizon. Although this is still an open question, we show
that islands appear to be a better candidate to replace the
firewall from the perspective of the entanglement wedge
reconstruction when dealing with the entanglement
monogamy issue [(6.3) and (6.8)]. At last, we briefly
review the state paradox. The island provides a d.o.f. that
can purify the thermal radiation, which somewhat solves
the information paradox. However, the island formula does
not modify any calculations of the original Hawking’s
calculation but introduces a nonlocal d.o.f. such as islands
in the black hole interior. Therefore, there are still some
issues called the state paradox. The gravity/ensemble
duality is an attempt to solve the issue. By introducing
the ensemble average to reclassify the entropy, we finally
obtain the modified island formula (6.10).

At last, some of the following issues require our attention
in the future:

(1) The aspect of the calculation. First, we only consider
the large mass limit for evaporating black holes,
hence, the n-dependent term is discarded. But at the
end of evaporation, the n-dependent term is no
longer the subleading term and significantly impacts
the result. In particular, the semiclassical approxi-
mation is broken down when the mass approaches
the Planck scale. The anti-Page curve may appear on
the Planck scale [93]. The physical details at this
point are expected to be dominated by quantum
gravity, which we do not yet know. Second, although
the island formula is derived from the AdS black
hole with couples the auxiliary bath, its applicability
extends far beyond AdS spacetime. However, baths
are not introduced in our model. The black hole in
the FR model is asymptotically flat. Therefore, the
Hawking radiation naturally propagates to the null
infinity. Nonetheless, we insist on the importance of
baths. The associated calculations may fail without
baths [22]. Third, so far, most related work that
studies the island of evaporating black holes focuses
on 2D gravity. On the one hand, the calculation
corresponding to higher-dimensional black holes is
difficult, especially as the entanglement entropy
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formula is divergent in high dimensions. On the
other hand, there are no known analytical solutions
for higher-dimensional asymptotically flat evaporat-
ing black holes. We expect some related work in the
future, such as the classical Vaidya spacetime.
Fourth, the island formula can be obtained by the
gravitational path integral, in which a new saddle
point is needed to consider, called the replica
wormholes saddle. We can also investigate the
dynamic evolution of the replica wormhole geom-
etry in the Sachdev—Ye—Kitaev (SYK) model based
on the JT/SYK dual. There are also some interesting
reports in [94-96].

(2) The aspect of quantum information. According to
“ER = EPR” [97], the entanglement between the
d.o.f. of two subsystems produces a connected
geometry—wormholes that bridge them to each other.
However, the island formula only provides the
evolution of Page curves. Still, it does not explain
how the quantum information escapes from the
black hole to the Hawking radiation. We can only
treat the island formula as a black box operation.

(3) The aspect of the ensemble theory. Some study

demonstrates that the ensemble that corresponds to
the gravity comes from the baby universe inside the
black hole [98-103]. However, this is still debated.
The core issue is understanding the dynamics inside
the black hole. However, there is currently no
effective means to detect these dynamics.

In conclusion, the current theories describing the evapo-
ration process of black holes are imperfect, especially in
explaining what happens when a black hole is near the end
of evaporation. Perhaps the discovery of quantum gravity
or some other new physical mechanism in the future can
explain this conundrum.

ACKNOWLEDGMENTS

We would like to thank Haiming Yuan for discussions
related to quantum field theories, Cheng Ran for discus-
sions related to the ensemble theory, and Wencong Gan
for discussions related to the Vaidya spacetime. We would
also like to thank Hao Geng for useful comments. The
study was partially supported by NSFC, China (Grants
No. 12275166 and No. 11875184).

APPENDIX: BRIEF REVIEW OF THE FR MODEL

In this appendix, we display more details about the FR
model and briefly discuss the geometry for the special case
of n=0and n = 2.

The metric of static black hole spacetime can be read
from (2.19a),

ds? = —edxtdx = - —dx"dx.

L (AD)

The Ricci curvature scalar R is
R=8e%0,0_p=4Mn(M —xtx")"2.  (A2)

It is convenient to recast the metric (A1) in the chiral form
by the Eiddton transformation,

xt =V, xtx =r, (A3)
which is followed by
_ \i-n — yta
Voo a=GEO T VIE (a
which yields the chiral form
ds* = {2(1 = n)x = M[2(1 — n)x]1}dv? + 2dvdx
= —f(x)dv? + 2dvdx, (AS)

where f(x) is the metric function, whose derivative is

f(x) =2(1- n){l - M(ni 1) 2(1- n)X]}ﬁ’

f"(x) = —4Mn[2(1 — n)x]i=t. (A6)
Then, the Ricci curvature scalar R is simply in the chiral
coordinates,

R =—f"(x) = 4Mn[2(1 — n)x]==t = 4Mn(M — x*x™)"~2,
and the dilaton ¢ gives the coupling,

1

e Ul i v

(A7)
Now, we rewrite the metric in the Schwarzschild gauge
ds> = —f(x)df*> + f~'(x)dr*. Then, the event horizon can
be obtained by f(xy) = 0, which obtains

el -1
= % N (%) 2(1 - (A8
xjxm = 0. (A8b)
Thus, the Hawking temperature is given by
Ty =" /E;CT”) = % (A9)
The singularity is located as
xixy =M, (A10)

for 0 < n < 2. For n = 0, we find that the spacetime is flat
according to (A2). However, it is not a trivial result because
the coupling (A7) is nontrivial and becomes singular.
One should rescale the dilaton ¢ to ¢ = n¢ first and then
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take the limit n — 0. Accordingly, the classical action
(2.1b) takes the following form:

S = % d*x\/=g(e™*R +42%).  (All)
If we redefine the metric tensor by g,, — ¢*/g,,,, then this
action becomes the CGHS action [71]. Therefore, the
special case n = 0 represents an unusual black hole with
a spacelike singularity in the coupling, but the Ricci
curvature vanishes. For the concrete content of this case,
one can refer to [73]. For the other case n = 2, the curvature
scalar is a constant (A2). However, a similar interpretation
for the n = 0 case applies here. The dilaton is singular
again. However, in the following discussion, we see that the
curvature of the n =2 case is no longer constant when
considering the quantum effects.

Next, we return to the dynamical black hole with
the backreaction. The backreaction effects are well
explained in the RST model [72]. Nevertheless, some
nontrivial quantities still have parameter-dependent evolu-
tion in the FR model. Therefore, we give some discussions
of the differences.

The usual time-dependent geometry that describes the
collapse of a massless shock wave and then evaporates is in
terms of Q,

Q=y=—x"x"+P, (x)] —Zlog(—x*x‘) +M(xT).

(A12)

Moreover, the Ricci curvature is
R = 4ne™% ! 1 4 0. po_gpe=20/" Al3
= dne s\ T - po_gpe . (A13)

We find there exists a singularity at the following line:

b = b = —5log 7. (A14)
When T, < & (x™)?, the line is timelike. However, it turns
to spacelike if 7, > %(x")2. Substituting (A14) to the
conformal factor Q by (2.9) and (2.10), we obtain (2.6)
eventually. We should note that in the case n =2, it
represents the spacetime with a constant curvature at the
classical level. However, once the one-loop correction is
considered, the curvature is divergent at ¢; rather than a
constant because the coupling becomes strong. Besides, the
metric also deviates from the classical theory in the strong-
coupling region. For more information, one can refer
to [73,74], and we end our discussion here.
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