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Geometry from local flatness in Lorentzian spin foam theories
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Local flatness is a property shared by all the spin foam models. It ensures that the theory’s fundamental
building blocks are flat by requiring locally-trivial parallel transport. In the context of simplicial Lorentzian
spin foam theory, we show that local flatness is the main responsible for the emergence of geometry
independently of the details of the spin foam model. We discuss the asymptotic analysis of the Engle-
Pereira-Rovelli-Livine spin foam amplitudes in the large quantum number regime, highlighting the

interplay with local flatness.
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I. INTRODUCTION AND MOTIVATIONS

Spin foam theory is a promising candidate for quantiza-
tion of gravity and is often referred to as the covariant
formulation of loop quantum gravity. It attempts to define a
Lorentzian background-independent path integral for gen-
eral relativity regularized on a fixed triangulation of a space-
time manifold. The theory assigns quantum numbers
representing geometric quantities to the 2-complex dual
to the triangulation. The path integral sums over all the
possible quantum numbers describe a sum over quantum
geometries. Moreover, spin foam theory assigns transition
amplitudes to states in the kinematical Hilbert space of loop
quantum gravity associated with the triangulation boundary.

The Engle-Pereira-Rovelli-Livine/Freidel-Krasnov
(EPRL/FK) model [1,2] is the most promising spin foam
theory available that is currently being developed (see [3,4]
for a pedagogical introduction). Its most celebrated and
successful result is the emergence of Regge geometries and
the Regge action in the large quantum numbers regime of
the spin foam amplitudes [5]. There are many extensions
and applications including but not limited to the Euclidean
EPRL model [6], the topological SU(2) BF theory [7,8], to
general cellular decomposition known as the KKL model
[9,10], to generic SL(2,C) tensors [11], and have a
numerical confirmation [12,13]. The original and the
majority of the related works are based on the bivector
reconstruction theorem [14] a map from Euclidean or
Lorentzian 4-simplices to a collection of bivectors satisfy-
ing (linear simplicity) constraints. This elegant theorem
was instrumental in driving the geometrical intuition of
spin foam models, and Regge calculus is the best tool to
study the semiclassical limit [15,16].

The EPRL spin foam model, and all of its extensions,
have very complicated recipes with many components
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mixed. The traditional semiclassical analysis of the EPRL
spin foam model does not disentangle the role played by
each ingredient and blends all of them. A clear picture of
each contribution is fundamental to proposing improve-
ments, extensions, and generalizations of the model and
increasing our understanding of the theory. We separate the
analysis into two main components; the local flatness of the
spin foam vertices and the role of saddle-point equations.

We abandon the bivector reconstruction theorem favoring
gauge covariant geometrical objects like framed polyhedra,
dihedral angles, and twist angles. This description follows,
and is inspired by, previous work on discrete holonomy-flux
geometries [17] and on twisted geometries [18-21]. We
parametrize the wedge holonomies using a set of four framed
planes for each edge and a complex angle to each wedge.

Spin foam models are built with locally flat triangula-
tions. Any parallel transport in a 4-simplex is trivial. This
property is very general, and all the spin foam models in the
literature share it. When we impose local flatness to a set of
general holonomies, we find that geometry naturally
emerges. The holonomies are Regge-like. Since local flat-
ness does not involve areas, we cannot expect to reconstruct
a full Regge geometry. The holonomies contain information
on just the angles of the emerging geometry. Suppose we
also provide a closure condition for each edge. In that case,
we can identify framed tetrahedra and a unique Regge
geometry emerge up to a scale factor (if we ignore the
topological sector and discrete symmetries). This result is
entirely independent of the details of the model itself.
Therefore, we expect the emergence of geometry to be a
typical result of all locally-flat spin foam models.

We study the large quantum number regime of the EPRL
spin foam amplitude with saddle-point techniques. The
resulting equations provide a closure equation to each edge
and align the boundary framed planes with the ones para-
metrizing the wedge holonomies. As a result, at the saddle
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point, the amplitude assumes a simple form in terms of the
complex angles of the wedge holonomies mixing boost and
rotation angles with the Immirzi parameter. Only if local
flatness is considered the saddle point action assumes the
form of the Regge action completing the connection with
discrete general relativity.

As a coproduct of our study, we provide an explicit form
of the action at the saddle point in terms of gauge invariant
quantities. In particular, its imaginary part was not studied
enough in the literature (because it is usually deemed as
irrelevant [5] or gauge fixed [12]). However, having
complete control of all the phases is necessary for the
numerical evaluation of the amplitude [12,22].

We complete our analysis by also studying the case of
extended triangulations with many vertices. First, we con-
sider them fixed and large instead of summing over the bulk
quantum numbers. The saddle-point equations reduce to a
closure condition at every edge and gluing equations that tell
us how to glue the geometry of the various vertices together.
We complement the analysis by looking at the role of the sum
over bulk degrees of freedom. We follow the seminal work
of [23] and find that the face holonomy is constrained to be a
4-screw with proportional boost and rotation angles. The
naive flatness problem arises immediately if this condition is
supplemented by local flatness and gluing conditions.

II. SPINORS, FRAMED PLANES AND MAPS
BETWEEN THEM

Spinors are elements of the vector space C2. We indicate
a spinor and its conjugate transpose with |z) and (z|.

B=(*) =G (1)

<1

We use the Dirac notation to simplify the bookkeeping of
spinorial indices. The spinorial space comes with a natural
inner product given by (w|z) := Wyzo + w;z; and a duality
map J :C? - C?

7l =1d= (7). @)

2o
Moreover, a spinor and its dual form an orthogonal basis of
C?. Spinors also have many interesting properties useful
for performing calculations. We report some of them in
Appendix A.

A spinor naturally defines also a basis of R* given by
(n, F i X F ) built from the matrix elements of the Pauli
matrices

(z|5|2) = =i, and [z|5z) = iF +ix F. (3)
In the following, we will work with unit norm spinors
(z|z) = 1 to simplify the formulas if not specified otherwise.

FIG. 1. Pictorial representation of the reference frame associ-
ated to a spinor |z). The magnitude of the spinor determines the
plane and the phase of the spinor the frame of the plane.

In this case, the associated R? basis is orthonormal. Each
spinor identifies a (framed) plane in R? orthogonal to 7
equipped with a frame given by the vector F (sometimes we
will call it frame vector [19]). See Fig. 1 for a pictorial
representation. Intuitively, the magnitude of the spinor
determines the vector 7 while its phase (flag) characterizes

completely the frame vector F.

This geometrical interpretation is the same one used in
the geometrical interpretation of loop quantum gravity
states given by twisted geometries [18,24-26].

A general SL(2, C) group element g can be parametrized
by two (unit) spinors |z), |w) and a complex number w,

9= eXw)(z| + e2{w][z]. (4)

The group element g maps the source framed plane |z) into
the target one |w). The complex angle @ encodes the boost
angle and part of the rotation between the planes (see
Appendix B for more details). The parametrization (4) is
very redundant. Three real numbers parametrize each unit
spinor (i.e., two angles to determine 7 and a third to

determine F in the orthogonal plane). The complex number
w contributes to the count with two real degrees of freedom.
The parametrization [4] is redundant. We use eight real
parameters to specify a SL(2, C) group element. Only six
are necessary, and we can remove two safely. The para-
metrization [4] is invariant under the transformations

[z) = e |z) and |w) — efw),

) ~ e

7Z) and o — w—ia, (5)

and equivalent combinations of the two. It is possible to
remove two parameters among the phases of the spinors
and Imw by reabsorbing it in the third using (5). In the
following, we will work with the redundant parametrization
since it has a simpler geometric interpretation. Notice, that
also the dual group element (g~')" defines a map between
the source and target frames |z), |w) with opposite chirality
and can be obtained from (4) sending @ — —w*.

066011-2



GEOMETRY FROM LOCAL FLATNESS IN LORENTZIAN SPIN ...

PHYS. REV. D 107, 066011 (2023)

The parametrization (4) is analog to the parametrization of
the SU(2) holonomy of the Ashtekar connection in rwisted
geometries [18,24-26] and can be recovered from (4) setting
Rew = 0 and removing the redundant Imw. A form equiv-
alent to (4) is derived in the context of covariant twisted
geometries in terms of twistors in [20].

While the spinorial space carries a representation (the
fundamental one) of SL(2,C), the three-dimensional

space R? spanned by (7, F.ixF ) does not. If we want
to interpret the action of the Lorentz group on R* we have
to embed it in a larger space where a representation is
realized. The embedding is not unique, and the interpre-
tation depends on this choice. Among many possibilities,
the EPRL model and the study of general SL(2,C)
invariants [11] suggest one in terms of y-simple bivectors.

We represent a bivector with electric and magnetic part E

and B with a complex vector given by Il = E+iB. In
electromagnetism, it is known as the Riemann-Silberstein
vector. If the electric and magnetic parts of the bivector are
proportional B= yE we say the bivector is y-simple (in
the canonical frame). In this case we parametrize it with a
complex number j + iyj and a unit vector 7. Or, in terms
of the spinor |z),

= j(1 +iy)i = —j(1 + iy){z|o]z). (6)

In the context of the EPRL spin foam model, we interpret j
as quanta of areas and y as the Immirzi parameter. This
particular bivector is the consequence of constructing and
implementing the linear simplicity constraints in the EPRL
model. The bivector II transform in the finite-dimensional
representation of SL(2,C) usually denoted as (0, 1).
Therefore, we can see a group element (4) as a map between
the two y-simple bivectors associated with |z) and |w)'

g>T1 = j(1 +iy)(z|g'69|2)

W+

= (1 + iy) (w|G|w) = IT.. (7)

Since IT transforms in the (0, 1) representation, we have to
use fundamental representation and its dual. To make the
bilinear (6) transform in the (0, 1) representation we need
both |z) and (z| with the same chirality. This is the reason for
the presence of the inverse group element (7).

Since we are interested in keeping the results as general
as possible, we would not rely on this interpretation, so we
will not specify any embedding until we talk about the
EPRL model. We consider (4) as a map between spinors
that only then do we interpret as framed planes. This is what

'Note that if we apply ¢ to a y-simple bivector, that is not the
one associated to the source spinor of g the transformation is
complicated and, in general, it will not be mapped into another
y-simple bivector.

FIG. 2. Pictorial representation of the holonomy as a map
between reference frames.

we mean, with a slight abuse of language, when we will say
that (4) is a map between framed planes.

In the following, we shift the focus from general framed
planes to planes representing the faces of framed polyhedra.
With this goal in mind, it is convenient to use a holonomy
that maps the framed plane |z) into the framed plane dual
to |w)

g = ef|w](z| — eE|w)[z]. (8)

In this way, the framed planes associated with the faces of
polyhedra will have all outgoing normals. This is just a
change of convention to ease the future geometrical
interpretation. See Fig. 2 for a pictorial representation.

III. WEDGE HOLONOMIES
AND LOCAL FLATNESS

We consider the 2-complex of a 4-simplex as illustrated
in Fig. 3. It comprises five edges (dual to tetrahedra) and ten
faces (dual to triangles). A face in a vertex is also called a
wedge and contains two edges. We orient the wedges
indicating the source and the target edge. We label each

3 4

FIG. 3. The 2-complex of a 4-simplex. The edges are numbered
from 1 to 5. A couple of edges label the wedges (faces in a
vertex). To keep the picture clean, we just explicitly wrote
the name of the wedges involving edge 1. We oriented the
wedges ab with a < b such that a is the source and b is the target
of the wedge.
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edge with an index a =1, ...,5 and each wedge with the
couple ab where a is the source, and b is the target.

We associate a SL(2,C) group element g,, to every
wedge (ab) representing the holonomy along that wedge. It
describes the parallel transport from edge a to edge b.
Following (8), we parametrize it as

Zba} <Zab| - e_m%h|zba>[zab|‘ (9)

Gap = €2

The spinor |z,,) identifies a framed plane at the source edge
a and the spinor |z,,) identifies a framed plane at the target
edge b. Given an edge a, four holonomies involve it, and
four framed planes, identified by the spinors |z,,) with
b # a, are associated with it. With this notation, the inverse
of (9) and the holonomy of the wedge with inverted
orientation are related by g,, = —ga‘bl.

Spin foam models are locally flat; they are built using flat
4-simplices (or, more general, four-dimensional cells). In
terms of holonomies, a 4-simplex is flat if the parallel
transport along any cycle is trivial.> For example, for a
3-cycle (abc), the parallel transport is trivial if

9ea9bcYab = 1. (10)
|

se
cosO,, =

For a simplicial vertex (as Fig. 3), imposing (10) on all the
3-cycles is sufficient to guarantee that the parallel transport
on any cycle is trivial.” The generalization, to a general
cell [9,10,27] is straightforward. However, we need to be
careful to consider the correct number and order of cycles
(higher-order cycles are probably necessary [10,28]).

A general set of holonomies is not locally flat. We
impose it as a requirement. We find some constraints on the
spinors and complex angles parametrizing the wedge
holonomies (9). After some lengthy but straightforward
algebra (that we report in detail in Appendix C), we find
that Eq. (10) on every 3-cycle are equivalent to

cosh(w,y, + i&5,) = cos 0. (11)
for each wedge ab and
sin ¢, sinh(w, + i£5,) = sin g5, sinh (e, + i) (12)

for each couple of wedges ab and ac. The angles 6¢, and
&, are functions of the spinors and have an interesting
geometrical interpretation.

The angle ¢, is the generalized dihedral angle and is
given by the expression

_|<an‘zcb]|2 + |<Zab|zac>|2|<zba|zbc>|2 —+ |<Zac|zab”2’<zba‘zbc]|2 _ cos ¢Zh + cos ¢?b cos ¢ZC

where in the last equality we wrote the spinorial scalar
products explicitly in terms of the 3D dihedral angles ¢j.
between framed planes |z,;,) and |z,.) (see Appendix A).

The readers familiar with 4D geometry will recognize
in (13) the definition of the angle between the hyperplanes
a and b when embedded in 4D, reconstructed using the
spherical cosine laws. Without the hat, we will denote the
geometric angle with ng.4 The spherical cosine laws have
the same form for Euclidean and Lorentzian signatures of
the embedding space. If | cos §¢,| < 1 it is Euclidean and if
|cos§S,| > 1 it is Lorentzian. In the first case, the angle is
real and 92;, = 0, In the last case, both hyperplanes are
embedded as spacelike hyperplanes. The angle is imaginary
and 0, = 0, — yuom where y,, =0 (cosfS, > 1) for
cochronal hyperplanes and y,, =1 (cosf, < 1) for
antichronal hyperplanes.

2| <Zac |Zab> <Zac |Zab] <Zba |Zbc> <Zba |Zbc] |

= , 13
sin ¢¢, sin L. (13)

The generalized dihedral angle (13) depends only on
absolute values of spinors scalar products. On the contrary,
the rwist angle &, depends explicitely on the phases of
the spinors

Zb = arg <<Zac|zuh] <Zuh |Zac>> ) (14)

<Zbc|zba> [Zba |Zbc>

It is the edge-dependent and gauge-invariant twist
angle studied extensively in the twisted-geometry liter-
ature [18,21,29-31]. It measures the twist between the
frames of the planes ab and ba (source and target of the
wedge ab) using ac and bc as a reference when parallel
transported in the same frame with the Ashtekar holon-
omy. You can follow these steps if you want to visualize
the twist angle. Consider the framed plane |z,;,) and its
intersection with the framed plane |z,.). Do the same with

’A cycle is a closed, ordered collection of wedges. For example (abc) = {(ab), (bc), (ca)} is a 3-cycle. A cycle made of three

wedges.

JAll the cycles of a general graph are generated composing a the fundamental cycles. For a 4-simplex, the fundamental cycles are
given by a set of six independent 3-cycles. We will consider all 3-cycles even if redundant to deal with symmetric equations.

“Please note the plus sign in the numerator of (13). At first glance, it seems to disagree with the analog formula reported in some
literature [29]. The difference resides in the conventions that we use where all the dihedral angles (4D, 3D, 2D) are external. The factor z
of difference compensates for the different sign. The inverse spherical cosine laws have the opposite sign.
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|zpa) and |z,.). Rotate all the framed planes in the edge b
such that the framed plane |z,,,) coincide with |z,;) and the
frames are aligned. The twist angle measures the angle
between the intersections of the framed planes with |z,..)
and |z,.), respectively.

The local flatness equations [(11) and (12)] constrain
both the spinors and the complex angles of the wedge
holonomies. First, we obtain the complex angles as a
function of the spinors by inverting the trigonometric
functions. Second, we realize that we have multiple
expressions for the same complex angles (one for each
3-cycle the wedge holonomy belongs to). These multiple
expressions are consistent if the spinors satisfy some extra
conditions.

The set of equations has been studied in the context of
the asymptotic analysis of the EPRL vertex amplitude. We
summarize the result here and refer to [10] for a detailed
analysis. We find two distinct classes of solutions.

The first one is characterized by |cosf<,| < 1 for all

cycles and the angles 6, = 0¢, are real. Inverting the
trigonometric functions in (11) we find
w,, = €6, —i&,, (15)
were € = *1 is a sign and has to be the same for all the
wedges ab to satisfy (12). There are two ways to have the
complex angle cycle independent. If the framed planes
satisfy the orientation conditions® we can prove that 6<, =
&, for any c. Therefore, for € = 1 the complex angle is
trivially cycle independent
Wy, =0 VYV ab (16)
is cycle independent. If € = 1, the combination -6, — &,
is not in general independent from the choice of c.
However, if the spinors satisfy angle-matching conditions®
the angles 0¢, and &, are individually independent form ¢
(see [10,29,30,32] for an explicit proof). In this solution
sector angle-matching conditions imply the orientation
conditions as proved in [32]. In this case we drop the cycle
dependent index ¢ and the complex angles are purely
imaginary and assume two possible values

Wyp = iegab - iéab- (17)

SAll the source and the target framed planes can be oriented in
such a way their normals are pairwise opposite. The orientation
can happen by rotating all the framed planes at the same edge
with the same SU(2) transformation. See [8] for complete
geometric characterization.

®Consider the 2D angle a<¢ on the plane |z,,) indentified by
its intersection with the planes |z,.) and |z,4). Similarly, conder
the corresponding 2D angle @y identified by |z,), |z;.), and
|2pq). The angle-matching condition is @ = a¢¢ for all possible

a, b, c, d.

In this case, we can imagine a 4D Euclidean embedding the
edge hyperplanes and the angle 8, is the 4D dihedral angle
between them in this embedding. The readers familiar with
the spin foam literature are probably asking themselves
where are vector geometries and the Euclidean 4-simplices.
We will answer this question at the end of the section. In
both cases the complex angles are vanishing or purely
imaginary and the wedge holonomies are SU(2) elements.
Some parts of the literature refer to this as degenerate
geometries. However, we prefer to call this class of solution
the topological sector to highlight the SU(2) nature of the
holonomy. In fact, if we restrict the EPRL spin foam
partition function to SU(2) holonomies we obtain the
partition function of the topological SU(2) BF theory.

The second class of solutions is characterized
by |cosfS,| > 1 for all cycles. The angles <, = 05, +
Xap® are complex. Inverting the trigonometric functions
in (11) we find

(18)

The sign € = =1 is the same for all faces ab to satisfy (12).
Since it is irrelevant, we dropped the sign from the term
containing ¢, . Because the angle is complex, the only way
to have (18) independent from c is to have each of its terms
independent from c. The orientation conditions cannot be
satisfied. Once again, if the spinors satisfy angle-matching
conditions the angles 0¢,, y¢, and &, are independent
from ¢ [10,30,32]. In this case, we drop the cycle-
dependent index ¢, and the complex angles assume two

possible values

— C 71,C ; EC
gy = €04, + iyg,m — iy,

Dap = eeab + i)(abﬂ'- - lfab' (19)
We embed the edge hyperplanes in a 4D Lorentzian space
as spacelike hyperplanes. We call this sector of solutions
the Lorentzian sector. The real part of the complex angle
€d,,, s the 4D dihedral angle between the hyperplanes a, b
embedded in flat Lorentzian 4D space. The imaginary part
has a causal term y,,7 that tracks if the hyperplanes are
cochronal or antichronal, and a term &£,, measuring the
twist between the framed planes ab and ba. The wedge
holonomy has a boost and rotation part and takes the form

babtixab™i¢ab

_Oaptizab™icap
Gap = € 2

Zba]<zab‘ —-e Zba>[Zab|' (20)

The solution with different signs € = =£1 are related by the

transformation gab:_e(gzb)‘l. This duality is related by
the symmetry of the local flatness equations (10). We
obtain a set of equivalent equations if we transform all the
holonomies into their inverse-conjugate transpose.

Some clarifications are in order. We were cautious in
naming the geometries emerging from the local flatness
conditions (10). In the spin foam literature the geometries in
the topological sector called vector geometries, Euclidean
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4-simplices and the geometries in the Lorentzian sector are
Lorentzian 4-simplices. If we impose only local flatness we
are missing a crucial ingredient to do the same. We do not
know if the framed planes at the edges form a tetrahedron.
This can be done by adding a closure condition to
each edge.

First, we associate each edge with an area. In the EPRL
spin foam model, this area is quantized and given by a spin
Jab = Jpa- We will use the same name for coherence. For
each edge a we impose a closure constraint on the spinors
at that edge

Zjab<zab|3|zab> =0. (21)

b#a

With this additional condition the framed planes at each
edge a close forming a framed tetrahedron [33] with areas
given by j,;. If the tetrahedra exist, then the geometries in
the topological sector satisfying the orientation conditions
are vector geometries. The angle-matching condition is
equivalent to proper shape-matching conditions since the
areas of corresponding triangles match by construction.
The geometries in the topological sector satisfying the
shape-matching conditions form a Euclidean 4-simplex.
The geometries in the Lorentzian sector satisfying the
shape-matching conditions form a Lorentzian 4-simplex.
The closure conditions (21) are defined up to a global
rescaling of all the areas j,, — 4j,,. Therefore, the
geometries we reconstruct are defined up to a global scale.

|

(VJabsJab)

[Cba |Wab > 2Jap <Wab |gab |Cab > 2Jap

IV. THE EPRL MODEL AND LOCAL FLATNESS

The EPRL spin foam transition amplitude on a given
simplicial 2-complex A with faces colored by SU(2) spins
Jr and edges colored by intertwiners i, is given by

Ap = ZHAfHA HA (22)

]/ le

The face amplitude is given by Ay = 2j, + 1 and the edge
amplitude by A, = 2i, + 1. They are fixed [34] requiring
the correct convolution property of the path integral with a
fixed boundary. The simplicial EPRL vertex amplitude A,
in the spinorial basis is formulated associating to each
wedge ab a spin j,;, and the function

(Viab-Jab)
Dlah}CbablubCah (gab) (23)

. (YJabJav) :
where g, is the wedge holonomy, D7 . = is a

y-simple unitary irreducible representation of SL(2,C),
and y is the Immirzi parameter. The choice of the
particular y-simple representation is due to the weak
quantum implementation of the linear simplicity con-
straints. Classically, it is responsible for reducing the
Lorentzian topological BF theory to general relativity. In
the spinorial basis, the y-simple irrep (23) can be written in
exponential form using a dummy spinor w,;, necessary to
implement the unitarity of the representation

- 2y + 1
D} Tt Gab) = = [ dwap

2japtl1 1
” kuszllgzhwab‘
interpreted as a measure factor. The wedge action is

where the function pu,, = B is usually

Sab — Zjab IOg < [Cba |Wab> <Wab |gab|£ab>> . (25)

wa I 1l gl wan |7

The vertex amplitude A, is constructed taking the product
of (23) on all the wedges. Then, assigning a holonomy to
each edge g, such that g,;, = g;l g,- And finally, integrating
over the edge holonomies, being careful to remove a
redundant integration to regularize the amplitude [35],

A= [ Tansto TIPSk e 26)

The model is usually introduced in this way, and the
literature rarely comments on the choice of assigning
holonomies to edges. Introducing the edge holonomy g,
related to the wedge holonomy via g, = gj,'g, implements

(| W || a0 2irTan 42| QZ WWab ||2as=2iras+2

/ dwabﬂabe @, (24)

|

the local flatness condition strongly in the EPRL model.
Local flatness is not a requirement of the discretization
prescription we use in formulating the EPRL model. It is an
ingredient we add to the mix because we want to work with
flat simplices. To highlight it, we rewrite the vertex
amplitude (26) using all ten wedge holonomies and
imposing local flatness strongly with a delta function for
each fundamental cycle of the 4-simplex.

/ (Hdgab J;;iz];a];:bgab (gab)) CLF(galw tee gcd) (27)

An explicit example of C; based on a choice of funda-
mental cycles is

Crr(Gabs--9ca) = 5(91_31923912)5(91_41924912)5(91_51925912)
X (974 934913)0(914 935913) (973 Gas91a)-

(28)
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An explicit integration shows that we can eliminate six
wedge holonomies ¢g,, with @ > 1 from (27) out of ten. We
obtain exactly the formula of the amplitude (26) if we
identify the edge holonomies g, with g,;. Different choices
of fundamental cycles in (28) correspond to different
regularizations of (26) where a different redundant edge
integration is removed.

V. THE LARGE SPIN LIMIT OF THE EPRL
VERTEX AMPLITUDE

In the large spin regime, we consider the spins associated
with the faces EPRL vertex amplitude homogenously large
Jab = Ajap  With A > 1. (29)

We will refer to 4 as the scale of the spins. We recast the

vertex amplitude in exponential form using (24) with a total
action

. [gba|wab><wab|gab|6ab>

S=>» Suw=> 2julo : ~ 1. (30

253 Pior g(nwabn”w|glbwab||1-w> =0
The action (30) is linear in the spins. Therefore, we can
approximate the vertex amplitude using saddle-point tech-
niques. The saddle points dominate the integrals of the
vertex amplitude and are the points where the gradient of the
action vanishes. Among them, we focus on those maximiz-
ing the real part of the action and giving the dominant
contributions to the asymptotic behavior of the vertex
amplitude. The real part of the wedge actions is negative
ReS,, <£0. The maximum of the real part of whole
action (30) is obtained when ReS,, = 0 for all wedges.
Strictly speaking, we should consider all the saddle points.
Traditionally, the dominant ones are studied since the
additional equations simplify the calculations. It would be
interesting to study what changes if we relax the dominance
request, especially in extended triangulations [22,36,37].
The saddle-point equations are

5
2%y 31
50, (31)
1)

5 o (32)
5Wab

% o (33)
5Wab

ReS,, = 0 (34)

We combine the saddle point equations to recast them in a
form with a simpler geometrical interpretation. From (31)
using the other equations to remove the dummy spinors w,,,
we obtain the closure condition for the boundary spinors

Zjab<€ab|5|§ab> =0. (35)

b#a

As we already discussed in (21) this condition allows
interpreting the boundary framed planes as framed tetrahedra
with areas given by the spins j .

Combining the other three equations [(34), (32) and (33)]
we obtain some equations that can be used to determine the
value of the dummy spinors at the saddle point (we will not
report them since they are not important for our discussion)
and the equations that constrain the wedge holonomies’
spinors in terms of the boundary ones. We use wedge
holonomies to separate the saddle-point equations from the
local flatness equation g,,, instead of the edge holonomies.

N 1
9ablCab) = Aav|Cbal; (925)"Can) =F|€ba}7 (36)
ab
where the proportionality parameter A,, is to be deter-
mined. We have one alignment equation for each wedge ab
fixing the parameters of the wedge holonomies (9) in terms

of the boundary states.

o

Gab = €2

_®ab

Z.:ba]<§ab| —e 2

Z.:ba > [Z:ab

, (37)

where the porportionality coefficient is related to the

complex angle 4,, = ¢ and still free.”

On shell of the alignment equations (36) the action (30)
assumes a very simple form in terms of the complex
angles @y,

S =378 =i jup(yRew,, + Imwy,).  (38)
ab ab

Suppose we do not impose the local flatness conditions.
In that case, the complex angles in (37) are undetermined,
and the closure conditions (21) are the only restrictions on
the boundary spinors. To connect with discrete 4D geom-
etries and reproduce the famous result for which Lorentzian
Regge action (and geometry) emerge in the semiclassical
limit of the EPRL vertex amplitude, we have to include the
local flatness conditions that we discussed in great length in
Sec. III. They require additional constraints on the spinors
and fix the complex angles in terms of the holonomies’
spinors. For example, if we restrict to the Lorentzian sector,
local flatness requires the framed tetrahedra described by
the boundary spinors to satisfy the shape-matching con-
straints. We can reconstruct a Lorentzian 4-simplex with a
spacelike boundary embedding the framed tetrahedra in
4D. The real part of the complex angles equals the dihedral
angles. The imaginary part of the complex angles relates to

"The proof is straightforward. We write g, in terms of the four
bilinears |Cba><§ah > |é’ba]<é’ab|a |Cba>[€ab gha][€ab| that form a
basis of GL(2, C) and we use (36) and det g,;, = 1 to determine
the complex coefficients.

)
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the twist angle between the two framed tetrahedra. The
action at the saddle point in this case becomes

S(Cr> = iﬂezyjabeab - i/lz.jabgab + ileﬂ2jab)(ab
ab ab ab
— i%eSg — iAT + idexY. (39)

The first term is the well known Regge action of the
4-simplex Sk = >, VJjaBap With areas yj,, and
Lorentzian dihedral angles 6,,. The sign €, which labels
the two solutions of the local flatness equations, represents
the two possible orientations of the 4-simplex with
given boundary spacelike tetrahedra. The second term
T => b JarCap 1s a twist term describing how the hol-
onomies transform the frames of the boundary triangles.
The last term Y =Y, jupxap is related to the “causal”
structure of the 4-simplex and encodes the cochronality or
antichronality of the boundary tetrahedra in the 4-simplex.

The effect of the local flatness condition on the
Hessian of the saddle point expansion in the EPRL model
is still unknown in closed form. It can be computed
numerically [12], and its mathematical properties are
known [38]. In particular, the Hessian is nondegenerate
for geometries corresponding to nondegenerate 4-simplices.
It could be interesting to study the nondegeneracy of the
Hessian off shell of the local flatness condition and how
they contribute. We leave this challenging calculation to
future work.

VI. EXTENDED EPRL SPIN FOAM AMPLITUDES

The next step is considering spin foam amplitudes with
more than a vertex. Before discussing the amplitude of the
EPRL model specifically, we will make some general
observations. For simplicity of notation, let us consider
the most straightforward case of two vertices glued together
on two edges. The 2-complex associated with this ampli-
tude has two bulk edges and a bulk face (see Fig. 4 for
reference). We decorate with tides the variables associated

A Yab A \ gbu \

FIG. 4. Two spin foam vertices glued together. We denoted with
a and b the bulk edges (highlighted in blue). The bulk face (also
highlighted in blue) connects the two vertices and comprises the
two wedges (one for each vertex) that include the bulk edges. We
indicate the two bulk holonomies with g,;, and g,,.

with the second vertex and look at the holonomies related
to the bulk face. Using the parametrization (9) the two bulk
holonomies are

Dap

Gab = e%|zba]<zab| - e_T|Zba>[Zab

Zab) [Zbal- (40)

, and

Dba

Zab] <Zba| —e 7

Dpy

Jpa = €2

In general, the two holonomies in their (9) form do not glue
nicely. The framed plane |z,,) of g, is independent from
the framed plane |Z;,) of §,,. The details of how the two
holonomies glue is given by the details of the spin foam
theory.

We focus on the contribution to the EPRL spin foam
amplitude A, (22) deriving from the bulk face. Each vertex
contributes with a y-simple unitary irreducible representa-
tion (23)

(ViabsJab)

(Yjﬂ ’j(l )
Jab T CoajavCab (g"b)’ and =N,

Jab T CababCpa

(gba)‘ (41)

We glue the two vertices together with the factors

(Caplup)¥ and (C),|Cpa)¥ due to the fact that the
spinorial basis is overcomplete. We integrate over the four
spinors ¢ with the appropriate measure.*If we put (41) in the
exponential form we find that the face contributes to the
amplitude with an action

{Cba |Wab> <Wab |gab|§ab>
[was 17 gLy Wan ||

Z | W) W |G Zm))

1% |17 G o |7

Sf = 2jah IOg ( ) + 2jab 10g<é’uh |Zah}

+ 2jab 10g <
+ 2108 (| Cbal - (42)

All the spinors in (42) are bulk spinors used to glue the
vertices or dummy spinors used i nthe SL(2, C) represen-
tations. We are integrating over all of them.

The whole EPRL amplitude (22) is defined with a sum
over spins associated with bulk faces. Before considering
the effect of the sum, we analyze the amplitude for a fixed
value of the bulk face spin.

The action (42) is still linear in the spins j,, and in the
large spins regime (29) we can approximate the spin foam
amplitude using saddle point techniques. The saddle point
is made on all the variables. Now they also include bulk
spinors. Again we look for the dominant saddle points
where the gradient of the action vanishes, and the real part
of the action is maximal. Since ReS <0 and both the
contribution coming from the vertices and the gluing are
negative and at most zero, maximizing ReS is equivalent to
asking that the real part of each of its constituents (each
logarithm) vanish independently.

¥The integration measure is d = 1/ pid*(.
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In addition to the saddle point equations we discussed in
Sec. V for each vertex, the extra integrals over the bulk
spinors lead to some additional equations

oS
=0, 43
(%.:ab ( )
oS
2 o, 44
5é’ah ( )
Re 10g<§ab|zjab] =0. (45)

It has been shown with an explicit calculation [36,37]
that on shell of the other critical-point equations (43)
and (44) are automatically satisfied. The solution of
Eq. (45) are simple and requires the bulk edge spinors to
coincide up to a phase
é:bu]' (46)

|Cab> = e_ia“blg’ab]a and |€bu> = e_iabu

The saddle point analysis is identical to the single vertex
case with the extra wedge gluing condition on bulk edge
spinors. The action of the closed face (42) at the critical
points is

S}”) = l%jab (}/Rewab + Ima}ab) + l}jab(yRe&)ab + Im(bab)
+ 122 ap(@ap + Apa)- (47)

To make contact with geometry, we go on shell of each
vertex’s local flatness equations (10). If we restrict for
brevity to a global Lorentzian sector,” the action of the
closed face (42) reduces to

S;C") = M’}/jab(eeab + ééba) - i/ljab(gab + Eba)
+ 22 ap (Qap + Apa) + iATjap (€1 ap + Expa)-  (48)

Recall that we decorate with a tilde the variables of the
second vertex. The first term is the algebraic sum of the
Lorentzian dihedral angle dual to the triangle (ab). It is
related to the deficit angle associated with the triangle, and
the relative sign €¢/& is associated with the relative ori-
entation of the two 4-simplices. The relative orientation of
the two vertices is not fixed. If this is a desired feature of
the EPRL model or if we want to remove it is not clear;
however, the same freedom is present in the Ponzano-
Regge model [39,40] where it is necessary to have a
topological invariant model.

The last term is a sign for the amplitude, keeping track of
the local causal structures of the two 4-simplices. The twist

"While critical-point equations (the spherical sine laws, to be
precise) force all the holonomies in the same vertex to be in the
same sector, there are no equations that require holonomies in
different vertices to be in the same sector.

term combines with the overlapping term in an interesting
way. Observe that, up to irrelevant factors of 27z, and using
the conditions (46) for the closed face and the auxiliary face
used to define the twist angles, we can express the sum of
the twist angles as

o <§ac|§ab] <Cab|€ac>>
éab " 51117 a arg(<§bc|€ba>[§ba|§bc>

<§bc |€ha> [éha |§In>> )
+ arg ((gacléab] (ConlCac) + 2(ap + Aa)

= 2(ap + Ua), (49)

where the two arg functions cancel since their arguments
are reciprocal. The twist contribution of the action summed
with the overlap on shell vanish. The action of the closed
face (42) restricted to a global Lorentzian sector reduces to
a term proportional to the deficit angle and a “sign” term
related to the Lorentzian structure of the two 4-simplices

S = iatjup(€0up + Epa) + i27jur(EXat + Eba). (50)

It is interesting to also look at the form of the face
holonomy on shell of the critical-point equations. Using the
gluing equations (46) we have

Dah+Ppg

95 = Gpa9ap = € 2

+i(aab +pq )

Cab> <Cab|
Cub] [gab | . (51)

+@ .
+ e_w_l(aab+abcz)

The holonomy g, maps the framed plane |z,,) to itself with
a complex angle w; = @y, + @y + i2(Aup + A,). The
spinor |{,,) is constrained only by closure equations. In
particular, g, is a 4-screw, a composition of a boost of angle
Rew and a rotation of angle Imw ; along the same axis 7,y5,.
If we include the local flatness equations (10) and restrict
ourselves to the global Lorentzian sector, we can further-
more simplify the expression for the complex angle o

o = (€0, + E0p,) + in(€xap + Expa).  (52)

where we used (49) to cancel the twist angles with the
gluing phases, in this sector, the face holonomy has the
form of a Regge holonomy. It is a pure boost in the plane
orthogonal to the triangle of an angle equal to the sum
of the 4D dihedral angles dual to the triangles of the (two)
4-simplices that share it.

VII. THE SUM OVER THE SPINS

In the previous section we studied the large spins
approximation of the spin foam amplitude with fixed bulk
spins. The full spin foam amplitude (22) is obtained
by weighting the contributions with a face amplitude
Ay =2jy+ 1 and summing over the spins associated with
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bulk faces. To keep the notation simple, we will continue using the example introduced in the previous section. The
generalization to arbitrary bulk faces immediately follows with the same reasoning and steps. Summing over its spin

explicitly, the bulk face (ab) contributes to the spin foam amplitude with

Fepre(9abs Jpa) = Z(zjah +1) /(zjab + 1)d,p /(zjab + 1)dZ,, /(zjab +1)dly /(zjab +1)d,

jab

DY) (g ) (Caplas)

where d{ is the measure over the spinor space. Notice that
the integrals over the spinors could be performed exactly.
We opt not to do it to use the same notation of the previous
sections.

The partition function of the EPRL spin foam model can
be rewritten as the product of functions like (53) associated
with each face, a local flatness constraint for each vertex, and
the integration over all the wedge holonomies. The equiv-
alent of (53) for the BF topological spin foam theory is a
group delta function of the product of the wedge holonomies
associated with the face. In that case, the delta functions
impose the global flatness of the model on the 2-complex,
forcing any parallel transport to be trivial. A similar result for
the EPRL model can be obtained by studying the wavefront
set of the partition function. Studying it is a very involved
process and has been proposed in the context of the
Euclidean EPRL model in [23]. The analysis in [23] focuses
more on mathematical rigor than its interpretation and uses a
parametrization with numerous auxiliary variables. For these
reasons, it remains an amazing paper not fully digested by
the community. The takeaway message of their work we
need for this section is that the singular support of the
integrand dominates the integrals in the EPRL partition
functions. The singular support of a distributions is essen-
tially given by the group elements for which the distribution
is singular (e.g. the singular support of &(g,) is given
by Sing(8) = {1}).

The calculation is lengthy but simple. We report it with
all the details in Appendix D. The singular support of the
function (53) is given by

Sing(Fepre(Japs Tba)) = {9ab- IvalGpaas

— F|0)(¢] + e FIE)[] with yRew,

+Imw, = 0 mod 4z}. (54)

The singular support of (53) contains all the wedge
holonomies such that their product (that forms the face
holonomy representing the parallel transport around a bulk
face) is a 4-screw. Its direction is arbitrary, and it has a
rapidity and rotation angle proportional (the proportionality
factor is —y) up to 4z factors. Following the arguments
of [23], we expect that such holonomies dominate the
semiclassical limit. The result of the analog calculation for
a face with an arbitrary number of vertices is the same.

ZjubD('yjabLjab') N
JabTCabJabCpa

(gba)<5ba‘€ba]2jub, (53)

|

The “naive” flatness problem [23,41-44] claims that, at
fixed triangulation, the amplitude is dominated in the large
(boundary) spin limit by flat geometries. For a path-
integral formulation of a quantum theory, the amplitude
is exponentially suppressed if and only if the boundary
data is inconsistent with the classical equation of motions.
Therefore, the flatness problem was interpreted as an
indication that the EPRL model apparently cannot recover
nonflat solutions of Einstein’s equations. The problem
disappears if the triangulation refinement is considered at
the same time as the large spin limit.

However, we want to show that the same tension arises
when we combine (54) with the large spin limit form of the
face holonomy derived in the previous section (51) and
local flatness conditions. In that case, the imaginary part of
the complex angle of the face holonomy is the vanishing
twist term. The real part of the complex angle is the sum of
the dihedral angles associated with the bulk face. In this
case, the singular support condition gives the (in)famous
flatness equation y »_;0; = 0 mod 4x.

The same conclusion can also be derived using saddle
point techniques, and Poisson resummation [44]. We
preferred to follow the singular support argument to
demystify the result of [23] because it focuses more on
the holonomies than the geometries.

VIII. DISCUSSION

We explored the implication of local flatness in
Lorentzian spin foam models. We find that geometry
emerges naturally from it, independently from the details
of the models.

We associate a set of SL(2,C) holonomies with the
wedges of a spin foam vertex. We require the parallel
transport within a simplicial spin foam vertex to be
trivial and find constraints on the geometry that parametrize
the holonomies. We parametrize each holonomy with
two framed planes (one at the source and one at the
target) and a complex angle representing the boost
and twist between the planes. This interpretation is analog
to the twisted-geometry picture of loop quantum
gravity [18,20,21,30,31]. The local flatness equations
impose conditions on the angles of the geometry that we
divide into two classes. The first class of solutions contains
SU(2) holonomies. Moreover, the geometry has to satisfy
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at least the orientation conditions, and the complex angles
vanish. If the geometry satisfies angle-matching condi-
tions, we can embed the 3D hyperplanes associated with
the spin foam edges in Euclidean 4D space. The complex
angles are related to the 4D dihedral angles and the twist
between corresponding frames. The second class of sol-
utions contains holonomies with a nontrivial boost part.
The geometry satisfies angle-matching conditions, and we
can embed the 3D hyperplanes associated with the spin
foam edges as spacelike hyperplanes in a Lorentzian 4D
space. The real part of the complex angles relates to the 4D
dihedral angle between them, and the imaginary part to the
twist between corresponding frames. If we require closure
conditions of the framed planes associated with the same
edge, we can interpret the framed planes as framed
tetrahedra. If we supplement the local flatness condition
with closure conditions, geometry in the topological sector
reduces to a vector geometry or a Euclidean 4-simplex.
Geometry in the Lorentzian sector reduces to a Lorentzian
4-simplex with a spacelike boundary. Closure conditions
result from the theory’s edge SU(2) invariance. Assume we
find a mechanism to select the Lorentzian sector of locally
flat holonomies. Integrating over locally flat holonomies
satisfying edge closure constraints restricted to the
Lorentzian sector is equivalent to summing over all
Lorentzian 4-simplices.

The correspondence between holonomies and Lorentzian
geometry is model independent and very general. We do not
have to mention semiclassical regimes, irreducible repre-
sentations, or other ingredients necessary to build a model.
The geometry of Lorentzian 4-simplices emerges naturally
from the vertices of any locally flat Lorentzian spin foam
theory with SU(2) edge invariance. What role do the details
of the spin foam model play? The model has to introduce a
scale 7 that distinguishes the semiclassical regime from the
quantum one. In the semiclassical regime, the model
provides an action that tells us how to glue 4-simplices
together and how to recover (discrete) Einstein equations.
In the EPRL model, # multiplies the spins associated with
the areas of the geometry. Therefore, we identify the
semiclassical regime with the large quantum numbers
regime.lOWe glue two 4-simplices together, identifying the
shared tetrahedra up to the choice of frame. How to recover
the Einstein equations in the theory is still unknown and is an
object of active research. In this regime, the EPRL model
also gives the edge closure conditions as saddle point
equations and the action reduces to the area-angle Regge
calculus area.

We believe this is the best starting point if we want to
iterate and improve the EPRL spin foam model using a top-
down approach starting from discrete general relativity. We

""To be more precise, the community recently agreed upon
identifying the semiclassical regime as a double limit of large
quantum numbers and refined 2-complexes.

realize this is an arduous and lengthy path and that this
work is only the first step in this direction.

We conclude with a few observations. The story we tell
shows many connections with effective spin foams [45,46].
They abandon loop quantum gravity variables to work
directly with flat Lorentzian 4-simplices, take the action of
area-angle Regge calculus seriously, and study the gluing
of 4-simplices with a term inspired by spin foams. In this
work, we prove that the integral over SL(2, C) holonomies
of the EPRL model is somehow equivalent to the sum over
Lorentzian 4-simplices of the effective model. We leave to
future work, a more in-depth study on how to translate their
results into the holonomies language that talks directly to
traditional covariant loop quantum gravity.

There are numerous extensions of the EPRL model that
includes 4-simplices with timelike boundary. Even if this
work cannot apply directly to those models, local flatness is
a fundamental ingredient also in that case. The paramet-
rization (9) uses spinors that carry a representation of
SU(2), the subgroup of the Lorentz group stabilized by the
normal of the spacelike hypersurface. We can repeat our
analysis by changing the parametrization of the wedge
holonomies with objects that carry a SU(1, 1) representa-
tion. We expect to find comparable results in that case too.
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APPENDIX A: ALGEBRA WITH SPINORS

Given a unit spinor |z) such that (z|o]z) = —ii we
have that
1-i-o
Qe =122 (A1)

is a projector on the one dimensional subspace of C?
spanned by |z). The orthogonal projector is given by

1+n-0

. (42)

|2][z| =

The sum of the two orthogonal projectors provides a
resolution of the identity of C?
|2)(z| + [2][z] = 1. (A3)

The scalar products of two unit spinors and their duals are
related by the followind identities
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[2w] = (wlz) = (zlw),  [z[w) =—[w[z) = —(z|w]. (A4)
Therefore, a direct calculation shows that
[(w]2)]> = 1= [[w|z)|>. (A5)

Given two unit spinors |z,,) and |z,.) representing two
framed planes we compute

1-n, -0

|<Zab|zac>|2 = <Zab|zac><zac|zab> = <Zab|%|zab>
L+, -, 1+ cosgp,
B 2 B 2 ’

(A6)

where cos ¢ = i, - 11, is the dihedral angle between the
framed planes |z,,) and |z,.) orthogonal to 7i,;, and 7.
Using (AS5) we have

1 —cos ¢f,

: (A7)

|[Zab|zac>|2 =

Combining (A6) and (A7) and using basic trigonometry we
also have

1 —cosgp?. |1+ cosgs,
2z o] = 20 S e [L €08
2 2
= sin g, (A8)

where we assumed by convention that 0 < ¢f. < 7.

APPENDIX B: CANONICAL FORM
OF THE HOLONOMIES

Consider two spinors |z) and |w) representing the basis
of two C? spaces. If we interpret them as the source and
target space of a linear map g € GL(2,C) we can para-
metrize it using the projectors and complex coefficients

g = alw)(z| + b|w](z| + c|w)[z] + d|w][z]. ~ (BI)
A general g € SU(2) element can be parametrized by

9 = alw) (2] + bwl(z] - b*[w)[e] + a* Wiz

., (B2)
with the unit determinant condition |a|® + |b|> = 1.

Moreover, we can always find a canonical basis for the
source and target space for which

9= e|w)(z| + 77wz

, (B3)

where the phase ¢ is redundant and can be reabsorbed
in the phase of any of the two spinors. We keep it anyway
since it is convenient for our analysis. We can also
prove that

b = exlw)(w| + e~ 2|w][w

, (B4)

is an element of SL(2,C) and is a pure boost. Using the
projectors (A1) and (A2) and denoting with 7 the normal
of the framed plane |w)

b = etw)(w| + e7F|w][w]

n _n n _n
ez + e e2—e2, _ i
— —_ m.o-:e”z,

2 2

which is the canonical form of a pure boost with rapidity #
and axis —m. It is clear, for arbitrary m (|w)) and rapidity 7
we obtain all the possible boosts. The canonical form (4)
can be decomposed in a pure boost times an arbitrary
rotation. Therefore, it represent the most general Lorentz
transformation g € SL(2,C)

9= (€ w)(w| + e Fwlw]) (e w) (2] + e % |w][z])-
(B6)

APPENDIX C: SPHERICAL COSINE LAWS
AND LOCAL FLATNESS

This section derives the spherical cosine and sine laws
from the local flatness conditions. The calculation is
straightforward, although lengthy. We start from the local
flatness condition (10) where we isolate the wedge hol-
onomy g,

ga_[; = YcaYbe- (Cl)
It is more convenient to work with scalar equations than
matricial ones. We take the matrix elements

[Zac|g;bl |Zbc> = {Zac|gcagbc|zbc> ’

<Zac|g;bl|zbc] = <Zac|gcagbc|zbc}7 (Cz)

with the intent of isolating the complex angle a)a,,.“
Substituting the explicit form of the wedge holonomies
(9) we get

—%ab Cab
e [Zac|zah>[zba‘zbc> —e: [Zuc|zah] <Zhu|zbc>

wcatop,

= e 2 <an|ZCb]’
6‘_%<Zac Zah>[zha|zbc] - em%b<zac|zllb] <Zba|zb6]
= e_%um[zcakcb)‘ (C3)

Taking the term-by-term product of these two equations,
we can eliminate the complex angles w,.,, @, and obtain

""The alternative projection (z,.| - |25c) and [z, | - |25 leads to
the same result with an equivalent path.
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e [Zac|zab] <Zba |Zbc> <Zac|zab] <Zba |Zbc] + 7 <Zac‘zab> [Zba |Zbc] [thc|zab> [Zba|zbc>

— [2aclzan)(Zbal Zbe) (Zac Zan) [Zbal Zbc] = [2ac|Zap) [Zbal Zbe) (Zac Zab)(Zbal Zbe] = (Zealzen]Zeal Zen) (C4)

To isolate the complex angle w,,, it is convenient to manipulate the equality using the properties (A4) and the definition of
the twist angle (14)

_|<Zc'u|zcb]|2 + |<Zub|zuc>|2|<zbu|zbc>|2 + |<Zac|zab]|2|<Zbu|zbc]|2

cosh(w,, + &) =
( b 5 b) |<Zac|zab><Zaclzab]<zbalzbc><Zba|zbc”

(C5)

Using the formulas to relate the absolute values of the spinor scalar products to the dihedral angles between framed
planes (A6), (A7) and (A8) we finally obtain (11)

o cos ¢¢, + cos ¢p? cos PP,
Cosh(a)a;, + lf;b) — ¢ab~ — .¢be ¢ac
sin ¢, sin ¢,

(Co)

To find the equivalent equations for the complex angles .., and w;,. we repeat the calculation isolating g., and g;,. at the
fist step (C1).

The derivation of (12) is more complicated but involves only basic algebra and the spinorial calculus properties
we introduced in Appendix A."”We will sketch the main steps and omit the majority of the algebra. We start with a
particular combination of projections of the matrical equation (C1)

[Zac|ga_ll |Zbc> <Zac|ga_ll ‘Zbc> = [Zac|gcagbc|zbc> <Zac|gcagbc|zbc>7 (C7)

<Zac|g;ll |Zbc][zac|g;1§ |th] = <Zac|gcagbc|zbc] [zac|gcagbc|zhc}' (C8)

Then we substitute the explicit expression for the wedge holonomies (9), we divide the first equation by (z,|zpe) [Z5a|Zbe)s
the second by (z,.|2sc][2palzpe] and we subtract them. The result, after a few simplifications, is

e@ab <Zac|zuh] [Zac|zab] — ¢~ Pab <Zuc|zah][zac|zah] — @b <Zcb|zcu><zca|zcb] — oD <Zch|zca><zcu|zch] ) (C9)

[Zba|zbc><zbc|zba> [Zba|zbc><zbc|zba> <Zba|zbc>[zba|zbc> <Zba|zbc>[zba|zbc>

If we extract the phases from the scalar product, we can recognize the twist angles and collect the remaining absolute value

|<Zac|zab] <Zac |Zah>|
|<Zba |Zbc] <Zbc |Zba>|

|<Zcb|zca><zca|zcb]| (CIO)

2 sinh(w,;, + & .
( ’ gab) |<Zba|zbc>[zbalzbc>|

= 23inh<wbc + léZc)

In terms of the dihedral angles between framed planes (A6), (A7) and (A8) we obtain directly (12)
sinh(w,;, +i&5,) sing . = sinh(wy, + i&}.) singS,. (C11)

If in (C7) we start from the product of the projections [z,.| - |Zsc)[Zac| - |25¢] and the complementary one we obtain the
analog equation relating the complex angles w,;, and @,,.

"2We suspect there is a more straightforward derivation of these equations.
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APPENDIX D: SINGULAR SUPPORT OF Fpgpg,

We start from the expression (53), and we explicit the form of the y-simple unitary irreducible representations. We find

Frpre(9abs Gba) = Z(zjab +1) /(zjab + 1)d, /(2jab + 1)dZ, /(zjab +1)da /(2jab +1)dZpq

jab

2 (zjab + 1)/dzab

[z.:hu |Zah>2jah <Zab |gah |é’ah > Zav
2jub+2iyjab+2 T 2jab_2i7jab+2
llZas | | 9apzan|

[Zub |2ba>2jab <Zba |§ba |Zba>2jab
> 2]ab+2inab+2 ~T > 2jab_2i7jab+2
||Zba| ||gbazba|

<Cab |zab]2jab

(CoalCoal . (D1)

X (2jap + 1) / &z,

We group the integrations over the various spinors under a single symbol dQ2, and we collect the integer 2j,, from
the exponent

Fepre(9ab Jpa) = Z(Zjab +1) / dQ(feprr(9abs Goa) ) (D2)
jab
where we denoted with

[Eab |Zba> <2ba |gba |Zba>
Zball"™ " | GhaZball '~

~ [gba|zab> <Zab|gab|éab>
SeprL(Gabs Tba) = ; — (
T Nzall™ gl zanll

gab|Zab] <Zba |é’ba]' (D3)

We recast the sum over half-integer spins in terms of integers since 2j,, € N. The function Fgpry (9up» Jpa) has the form of
(the seventh derivative of) a geometric series that is defined in the whole complex plane but 1, where it is singular. Therefore
we find the singular support of (D2) for values of the holonomies such that wepgy (Gap, Gpa) = 1 OF

[Eab |2ba> <2ba |§hu |zhu>
1Zoall 711 GpaZball =

[gba |Zab> <Zuh |gah|€ab> <
zas I Nl ghpzan '~

gab |Zab] <Zba |Cba] =1 (D4)

Note that we are integrating all the spinors. In general, there are no holonomies such that (D4) is satisfied. Taking
the absolute value of the left-hand side of the (D4) and applying the Cauchy-Schwarz inequality to all the scalar products at
the numerator

[gba |Zab> <Zab |gab |€ab> <

] [Zab |Zba> <Zba |gba |Zba> <
llzas HgaZab |

- -t ~ zbamba] <L (DS)
”ZbaH”gbaZbaH

|fEPRL(gab’ gba)| = Cab|zab

The inequality is saturated if all the vectors in the scalar product are proportional, in particular, if for some real parameters
pi € R and )Bi eER

|Zab> = ei/}] |¢ba] gab|€ab> = €/)2+i/}2|zab> |Zab] = ei/}3|Cab>

Zba) = €P|Zab) Goalloa) = €5 \Z0a)  |Cba] = €75 E4a)- (D6)
Combining Eq. (D6) we find an eigenvalue equations for the face holonomy
~ 2f
gbagab|§ab> =e: |§ab>’ (D7)

where % =pr+ps+ i+ Pr+ Ps+ P4 + Ps + Pg). From the Cauchy-Schwarz inequality we also get the extra

equations

ICap) = ep7_iﬂ7<92b)_l|zab> Cba) = e”*"'ﬁg(éla)‘llim, (D8)

or equivalently
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Yab |Cab] = ep7+iﬂ7 |Zab}

TpalCpa) = €715 |2,).

(D9)

From these equations we find that also |{,;] is an eigenvector of the face holonomy

gbagabmub] =e:? |€ab]'

(D10)

From the orthonormality of the eigenvectors and det §,,g,, = 1 we conclude that @, = —w;. We insert Egs. (D6) and (DS)
into (D4) to derive a condition on the real and imaginary part of the face complex angle

yRew; + Imwy
2

=0mod 2z or yRew;+ Imw,=4kn k€ Z.

(D11)

Since we are integrating over |{,;,) we can conclude that §,,g,, can be an arbitrary 4-screw with the relation (D11) between

rapidity and rotation angle.

. ~ P “f _“f .
Sing(Feprr(Yaps Tba)) = {9ab> GvalTpadar = € 1) (¢] + e 7|C][{] with yRew; + Imw; = 0 mod 47}.

(D12)

The calculation for a general face with any amount of wedges (vertices) is the same. For example, the singular support of the

EPRL function associated with a face with 1, ..., n wedges is

. of _of .
Sing(Fepre(91.---90)) = {(91. "'vgn)|gf = e [0){¢| + e [¢][¢] with yRew; + Imw; = 0 mod 4r},

(D13)

where g = g, - -~ g; is just the (ordered) product of all the wedge holonomies belonging to that face.
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