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Cosmological states in loop quantum gravity on homogeneous graphs
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We introduce a class of states characterized by proposed conditions of homogeneity and isotropy in loop

quantum gravity and construct concrete examples given by Bell-network states on a special class of

homogeneous graphs. Such states provide new representations of cosmological spaces that can be explored

for the formulation of cosmological models in the context of loop quantum gravity. We show that their local

geometry is described in an automorphism-invariant manner by one-node observables analogous to the

one-body observables used in many-body quantum mechanics, and compute the density matrix

representing the restriction of global states to the algebra of one-node observables. The von Neumann

entropy of this density matrix provides a notion of entanglement entropy of a local region that is invariant

under automorphisms and can be applied to states involving superpositions of distinct graphs.
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I. INTRODUCTION

Quantum effects in gravitation are expected to play a
significant role in the dynamics of the Universe at times
sufficiently far in the past for the energy density to reach the
Planck scale. In this regime, quantum corrections to the
Friedmann equation should become relevant, leading to
modifications of the dynamics of the standard cosmological
model. Possible signals from the dynamics of the Planck
era in cosmological observations have been investigated as
a potential path for the observation of quantum gravity
phenomena [1-3]. Models of quantum cosmology are also
explored for the analysis of conceptual and foundational
questions in quantum gravity [4—6].

The general strategy pursued in quantum cosmology is
the quantization of a classical minisuperspace [4-6]. After
restricting to a special class of highly symmetric classical
spacetimes, the remaining global degrees of freedom of the
symmetry-reduced model are then quantized. For instance,
if one restricts to homogeneous and isotropic spaces, then
the geometry is described by a single degree of freedom—
the scale factor, evolving according to the Friedmann
equation—which can be quantized for the formulation of
a quantum cosmology. In the case of loop quantum
cosmology (LQC), the geometry is quantized with loop
inspired techniques [6,7].

*bekirbyts @gmail.com
yokomizo @fisica.ufmg.br

2470-0010/2023/107(6)/066009(28)

066009-1

A robust prediction of LQC is the resolution of the big
bang singularity, which is replaced in the model by a
bounce connecting a contracting universe to our expanding
universe through a Planck era where the gravitational
interaction becomes effectively repulsive due to quantum
gravity effects [6]. The model also predicts quantum
gravity corrections to the CMB spectra [2], which can in
particular alleviate tensions observed between the predic-
tions of the ACDM model and CMB data [8,9].

It is natural to ask whether the picture provided by LQC
can be recovered as an effective description of the dynamics
of symmetric spacetimes in the full theory of loop quantum
gravity. This would clarify how the dynamics of the
symmetry-reduced model captures the evolution of sym-
metric states in the full theory and under what conditions its
predictions can be trusted. Alternative formulations of the
dynamics of loop quantum gravity (LQG) have been
explored with this purpose in view, as quantum reduced
loop gravity [10,11], spinfoams [12,13] and group field
theory [14-16]. The results obtained so far present indi-
cations that a bouncing cosmology as described by LQC
might be recovered, but a clear correspondence has not yet
been reached.

In order to study the dynamics of a quantized cosmo-
logical spacetime of LQC in the framework of LQG,
two main questions must be addressed. First, one must
find an adequate representation in LQG for the semi-
classical homogeneous and isotropic geometries described
by the effective equations of LQC. Next, given such a
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representation, one must compute the evolution of the
relevant geometric properties. In analogy with classical
cosmology, the first question corresponds to the identifi-
cation of a quantum version of FLRW spaces. As LQC
describes an effective evolution of classical geometries, one
must also identify the relevant semiclassical states within
the family of homogeneous and isotropic quantum geom-
etries. The second question is analogous to the derivation of
the Friedmann equation from the Einstein field equations.

In this work, we are concerned with the first problem
regarding the construction of states representing cosmo-
logical spaces in LQG and the identification of semi-
classical states among them. We introduce an abstract class
of quantum states of the geometry characterized by
symmetry conditions that mirror the properties of homo-
geneity and isotropy of classical cosmological spacetimes,
which we call cosmological states |¥) € K. For such states,
all nodes are equivalent, as well as all links at each node.
They are defined as superpositions of automorphism-
invariant states on so-called 2-CH graphs I'¢,

K= @’CFC’ (1)

where Kr. is the space of gauge- and autormophism-
invariant states on I'c. In a 2-CH graph, for any two pairs
of adjacent nodes n; ~ n| and n, ~ n), there is an auto-
morphism A € Aut(I'¢) such that
A(n;) =n, and A(n)) =n). (2)
As a result, the quantum geometry of automorphism-
invariant states on 2-CH graphs does not distinguish among
the nodes or links of the graph. Examples of connected
2-CH graphs are represented in Fig. 1.
The cosmological states |¥) € K generalize the cases of
a coherent state peaked on a cubic lattice over a cubulation,
as used in quantum reduced loop gravity, or on a gluing of
two regular tetrahedra, as used in spinfoam cosmology. We
show that a new family of concrete examples of cosmo-
logical states are given by Bell-network states [17] on
arbitrary 2-CH graphs. Bell-network states are obtained
by maximizing the correlations between the fluctuations
of the geometry for neighboring regions [17]. On a 2-CH
graph, this can be done in a uniform way, allowing the

FIG. 1. Examples of 2-CH graphs. Left: The pentagram graph
Ks. Right: The hypercube graph Q.

construction of states satisfying the required symmetry
conditions for a large class of graphs. These provide a new
set of candidates for the analysis of the evolution of the
effective geometry of cosmological spacetimes in LQG.

In the combinatorial definition of the space of states of
LQG, it is natural to require physical states of the geometry to
be invariant under the graph automorphisms [18]. This
condition ensures that the definition of the states depends
only on the combinatorial structure of the graph, and not on
the choice of a particular presentation, and can be seen as a
discrete analogue of diffeomorphism invariance [19,20].
More specifically for our purposes, the invariance under
autormorphisms is crucial for the states to satisfy the proposed
conditions of homogeneity and isotropy. Autormophism-
invariance severely restricts the space of states and observ-
ables on the class of highly symmetric 2-CH graphs explored
for the definition of cosmological states.

We develop a basic set of tools for the study of
homogeneous states in an automorphism-invariant way.
We show that local properties of the geometry are captured
by one-node observables analogous to the one-body
observables used in many-body quantum mechanics [21].
We obtain such one-node observables O through the
application of a group-averaging procedure to noninvariant
observables O, that act on a specific node:

1
| -1
0, - 0, Aut(D)] EA U,0,U;", (3)

where U, is the representation of an automorphism A. The
definition of the one-node observables can be extended to
homogeneous states involving a superposition of states on
distinct graphs. We derive an explicit formula for the
density matrix p. representing the restriction of a cosmo-
logical state |¥) to the algebra of invariant one-node
observables O, on K. The density matrix p- characterizes
the properties of the quantum geometry as observed at a
single node, whose location remains indefinite, however, as
required by automorphism-invariance on homogeneous
graphs.

A simple criterion for the identification of semiclassical
states of the geometry in any theory of quantum gravity has
been proposed in [22]. It is argued there that, for semi-
classical states of the geometry, the entanglement entropy
of a bounded region of space must be proportional to the
area of its boundary. In order for this proposal to be
applicable to the case of cosmological spaces in LQG, a
precise definition of the geometric entanglement entropy is
required. This is not trivial for two reasons. First, the space
of physical states does not admit a factorization into a
tensor product of local Hilbert spaces associated with
specific regions of space. In fact, all nodes are equivalent
for homogeneous graphs. Second, it is not immediately
clear how to identify a local region when the state of the
geometry includes a superposition of distinct graphs.
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We show that these obstructions can be overcome if a
local region is specified by the observation of a boundary
geometry; for instance, by the observation of some boun-
dary spins {j,}. Under the condition that a boundary region
has been observed, measurements performed within such a
region can be described by invariant observables for
general states that may include a superposition of graphs.
When the local region corresponds to a single node, it is
characterized by the restriction p.- of the state of the
geometry to the algebra of one-node observables. In this
case, we define the geometric entanglement entropy as the
von Neumann entropy of such a density matrix,

Sc = =Tr(pclogpc). (4)

This provides a strategy for the calculation of the geometric
entropy of cosmological states that can be applied to check
whether an area law is satisfied or not. The construction
can be extended for larger local regions including more
than one node. In order to illustrate the application of the
method, we compute the entanglement entropy of a node
and of a region formed by two adjacent nodes for a
cosmological state involving a superposition of Bell states
on distinct graphs.

This manuscript is organized as follows. In Sec. II, we
review results on symmetric graphs in order to fix the
notation, and introduce the connected-homogeneous graphs
used later in the paper for the construction of homogeneous
and isotropic states in LQG. In Sec. III, we discuss auto-
morphism-invariant states and observables on arbitrary
graphs, and show that certain Bell-network states are auto-
morphism invariant in all graphs. Then we focus on the cases
of 1-CH and 2-CH graphs and show that the symmetries of
invariant states on such graphs can be interpreted as discrete
versions of homogeneity and isotropy, respectively. A space
of homogenous and isotropic states that allows for the
superposition of graphs is introduced at the end of the
section. In Sec. IV, we define the entanglement entropy of a
local region for homogeneous states and compute it for an
example involving a superposition of Bell-network states on
distinct graphs. In Sec. V, we summarize the results and
discuss possible further developments of the techniques
introduced in this work.

II. GRAPH THEORY AND NOTIONS OF
SYMMETRY

A graph I is a pair (N(I"), L(I")), consisting of a set of
nodes N(I') and a set of links L(I"), where a link # € L(T)
is a pair of nodes. The order N = |N(I')| and size
L = |L(')| of T are the number of nodes and links in T,
respectively. If a link # includes the node n, we say that the
link is attached to this node. Ordering the links attached to
a node n, we can denote the ath link attached to it by
¢ = (n,a) or ¢ = na. A directed graph is a graph equipped

with an ordering of the nodes of each link. A link with

ordered nodes is called an oriented link or an arc.

A graph is simple if it has no self-loops (a link
connecting a node to itself) and no multilinks (two or
more links connecting the same pair of nodes); otherwise,
the graph is called a multigraph. The size of a simple graph
is bounded by the order of the graph, L < N(N + 1)/2. An
example of a simple, regular graph is the complete graph
K5 depicted in Fig. 1.

Let us list some basic definitions used in graph theory in
order to fix our notation [23-25]. A list of graphs, including
those relevant for the classification theorems that will be
described in this section, is presented in the Appendix.

(i) Two nodes n, n’ are adjacent if they belong to a

common link. The relation of adjacency is repre-
sented by n ~ n'. The nodes n, n’ of a link £ are
called the end points of the link 7.

(ii) The adjacency matrix A is defined as the N x N
matrix with elements A,, =1, if n~n/, and
A,v =0, otherwise. It describes the connectivity
of the graph.

(iii) The total number of links attached to the node » is
the valency (or degree) V,, of the node. The sum of
the valencies of all nodes in the graph is twice the
size of the graph, >, V,, = 2L. A graph is V regular
if all nodes have the same valency, V,, =V, Vn. A
graph is regular if it is V regular for some V € N.

(iv) A graph is finite if both its node set and link set are
finite. It is locally finite if the valency of each node is
finite (the order of the graph can still be infinite).

(v) Two links intersect when they have a common node.

A graph is connected if, for any pair of nodes n, ’,
there is a sequence of links {¢;}/_, such that n € ¢,
n' € ¢, and ¢; intersects £, for i =1,...,r — 1.
The graph distance d(n, n’) is the minimum number
of links in any such a sequence connecting the
nodes. Any graph decomposes into a family of
maximal connected components.

(vi) The complement of a graph I is a graph ['* with the
same set of nodes as I" such that two nodes of I'* are
adjacent if and only if they are not adjacent in T

(vii) Let N C N be any subset of the set of nodes N
of a graph I' = {N, L}. Then the induced subgraph
[' = {N, L} is the graph with node set N and whose
link set consists of all of the links in L that have both
end points in N.

(viii) The links, nodes, or both may be assigned specific
values or labels, in which case the graph is called a
labeled graph. A graph or directed graph together
with a function that assigns a positive real number to
each link is a network.

A. Symmetries of graphs

The symmetries of a graph are described by its auto-
morphism group Aut(I"). An automorphism A € Aut(I') is
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a graph isomorphism, defined as a bijection A:N(I') —
N(T') that preserves the adjacency matrix A, of the
graph [25]. An automorphism is described by a permutation
7 of the node set N(I') such that any pair of nodes are
adjacent if and only if their images under the permutation
are also adjacent, n ~n’ < z(n) ~ z(n').

Graph automorphisms are adjacency, valency and dis-
tance preserving. For oriented graphs, orientations must be
preserved; for graphs with labeled links or nodes, labels
must also be preserved. Special families of symmetric
graphs are defined by specific properties of their auto-
morphism groups, such as [25]:

(1) Node transitivity: A graph is node transitive if, for
any pair of nodes n,n’ € N(I'), there is an auto-
morphism A such that A(n) = n’, i.e., if its auto-
morphism group acts transitively on the nodes of
the graph.

(i1) Link transitivity: A graph is link transitive if, for any
pair of links ¢, #" € L(I"), there is an automorphism
A such that A(£) = ¢'. Every link can be mapped by
an automorphism into any other link.

(iii) Arc transitivity: A graph is arc transitive if for any
pair of oriented links 7,7 € L(I'), there is an
automorphism A such that A(¢) = £'.

(iv) Distance transitivity: A graph is distance transitive
if, for any two pairs of nodes (m, n) and (m’, n’) with
distances d(m,n) = d(m’,n’), there is an auto-
morphism A such that A(m) = m’ and A(n) = n'.

Node transitivity is the weakest symmetry condition
among those listed above or considered in this work. In a
node-transitive graph, all individual nodes are equivalent,
but this equivalence does not extend to regions formed by
more than one node. The link-transitivity property is a
stronger restriction, since all pairs of adjacent nodes are
equivalent in a link-transitive graph. Distance transitivity is
even stricter as it involves the comparison of pairs of
equidistant nodes that can be anywhere in the graph.
Distance-transitive graphs are arc transitive, and every
arc-transitive graph is both link and node transitive.
Families of highly symmetric homogeneous graphs will
be discussed in the next section.

Regularity is not a form of symmetry, in the sense of not
being a property naturally associated with the automor-
phism group of the graph. The regularity of a graph can be
checked directly from the adjacency matrix, in contrast
with the properties listed above. A regular graph can have
no nontrivial symmetry, as for instance the Frucht graph,
represented in Fig. 2. All node-transitive graphs are regular
but not all regular graphs are node transitive, and not all
homogeneous graphs are regular (see Fig. 2).

B. Maximally symmetric graphs: Homogeneous graphs

A graph is called homogeneous if every isomorphism
between two induced subgraphs extends to an automor-
phism of the graph [26]. In particular, a locally finite graph

P A
(oM

FIG. 2. Top left: Frucht graph, a three-regular graph with no
nontrivial symmetry. Top middle: four-regular connected homo-
geneous graph with N = 8. Top right: A node-transitive graph,
the 3-prism Cig[2, 3]. Bottom left: A cluster graph, the disjoint
union of Ky, K», and K3. Bottom middle: A link-transitive graph,
K, 5. Bottom right: An arc-transitive graph, the cubical graph Q5
with V = 3.

[Mom 1s called homogeneous if, for any isomorphic sub-
graphs '}, T, with node sets N (T'}), N (I';) € N(Tpom) of
the same order, Ny = N, < N, and for every isomorphism
A:N,(T'}) = N,(T,), there exists an automorphism A of
Thom such that Aly ) =A and A™'|y ) =A"". The
classification of finite homogeneous graphs is known
[26,27]. Any such graph is isomorphic to one of the
following graphs (see the Appendix for the definition of
the graphs involved in the classification below):

(1) The cluster graph mKy, a disjoint union of m
complete graphs K, with N nodes.

(2) Turdn graphs, the complements (mKy)* of the
cluster graphs.

(3) The pentagon Cs.

(4) The line graph L(K33) of the complete bipartite
graph K33, i.e., the 3 x 3 rook’s graph.

The only countably infinite homogeneous graphs I'7?

are, up to isomorphisms [28-30]:

(1) Disjoint unions of isomorphic complete graphs,
where the size of each complete graph (K), the
number of copies (m — o0), or both, are countably
infinite, and complements of such unions.

(2) The Rado graph.

(3) The Henson graphs and their complements.

Note that there is no locally finite connected regular
homogeneous graph that is infinite.

Homogeneous multi-graphs are not completely classi-
fied. The so-called dipole graph (see Fig. 4), which consists
of two nodes (N = 2) connected by an arbitrary finite
number of links (L), is the simplest example of homo-
geneous multi-graph. We will mostly consider simple
graphs in this work.

A subclass of interest of the locally finite homogeneous
graphs I}, is obtained by restricting to connected and
regular graphs. The classification of connected and regular
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FIG. 3.
K3,3.

Left: The pentagon Cs. Right: The line graph L(K3 3) of

locally finite homogeneous graphs, which we will shortly
present, follows from the previous results. The pentagon Cs
and the rook’s graph with fixed number of nodes and
valency are in this class (see Fig. 3). It also includes the
complements of cluster graphs, (mKy)*, which are exam-
ples of Turdn graphs. Let us describe the relevant Turan
graphs for this classification.

ATurdn graph 7 (N’, r) is a complete multi-partite graph
obtained by first partitioning a set of N’ nodes into r
subsets, with sizes as close as possible, i.e., each two
independent sets differing in size by at most one node, and
then connecting two nodes by a link if and only if they
belong to different subsets. It is regular if the number of
subsets r is a divisor of the number of nodes N'. The graphs
(mKy)* are regular Turdn graphs, (mKy)* =7 (mN,m).

Any V-regular and connected locally finite homo-
geneous graph with N nodes, except for Cs and L(K33),
is the complement of a disjoint union of identical complete
graphs Ky_y,

<% KN_V)* R T(N, %) (5)

which is the Turdn graph with N’ - N nodes and r —
N/(N —V) eN\{0, 1} subsets.

The construction of the graphs 7 (N,N/(N —V)) is
illustrated in Fig. 5, where all Turdn graphs with V = 4 are
represented. One starts with a collection of N/(N — V)
identical complete graphs Ky_y with N — V nodes. Next,
the complement of N/(N — V) K y_y is taken by connecting
nodes that are not adjacent in N/(N —V)Ky_, and
removing the links between adjacent nodes in each Ky_y.

The number of nodes N in Turan graphs of the form
T (N,N/(N —V) is bounded by the valency V, which can
be seen from the relation between N and the number of
independent subsets r = N/(N — V),

N=v__
=1

r>1=V4+1<NL2V. (6)
This implies the existence of a finite number #7 , of such

graphs for a given finite valency V, equal to the number of
positive divisors of V:

’ |
N/

i

FIG. 4. The (undirected) dipole graph: a multigraph without
self-loops consisting of two nodes connected by L links.

k
#Ty =(ey+1)---(ee+1), ifV= HP?? (7)
i1

where the p;’s are prime numbers in the prime factorization
of V > 1, and #7| = 1, the only graph with V = 1 being
the graph 7 (2,2) = K,. For small valencies, the allowed
number of nodes is given by

V=3:N=4,6,
V=4:N=5,6,8,
V=5:N=6,10,
V=6: N=7,8912

The number of links in regular Turan graphs is also
bounded by the valency,

(a) (5K1)* — T(5,5)

(b) (3K2)* — T(6,3)

(c) (2K4)* — T(8,2)

FIG. 5. The complete set of four-regular Turan graphs.
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(V24 V)<L <2V2 (8)

| =

The complete set of connected locally finite and
V-regular homogeneous graphs is

{cs,L(K3,3),T(N,N]i'V>|v > 1}, 9)

the union of the pentagon, the rook’s graph and the regular
Turdn graphs with N nodes and N/(N — V) subsets.

C. Connected-homogeneous graphs

The condition of homogeneity can be weakened in
several ways. It is indeed of interest to consider weaker
symmetry conditions for the introduction of discrete
versions of cosmological spaces in loop quantum gravity.
The classification of homogeneous graphs includes the
pentagon Cs but not the polygons C, with more than
five nodes, for instance, while in a description of one-
dimensional cosmological spaces it would be natural to
include all polygons as viable graphs.

A graph is connected homogeneous (C homogeneous) if
any isomorphism of connected induced subgraphs can be
extended to the full graph. Any homogeneous graph is
connected-homogeneous, but the converse is not true. The
classification of C-homogeneous graphs is thus an enlarge-
ment of the list of homogeneous graphs discussed in the
previous section.

In a homogeneous graph, any two nodes n, n’ are
equivalent: as the node n and the node n’ are isomorphic
as induced subgraphs, there is an automorphism of the graph
relating them. This implies that any homogeneous graph is
node transitive. Now consider two pairs (n, n} ) and (n,, n)
of nonadjacent nodes. Then the induced subgraphs I'; and I,
associated with these sets are trivial graphs, since there is no
link connecting n, to n;. As aresult, they are isomorphic, and
there is an automorphism of the graph that takes n; to n, and
n’ to n. Hence, any two pairs of nonadjacent nodes are
equivalentin ahomogeneous graph. As aresult, the diameter
of a homogeneous graph is at most two: if there were nodes
suchthatd(n, n") = 3, then this pair would not be equivalent
to a pair of points with distance two, and the graph would not
be homogeneous. This is the reason why polygons with
more than five nodes are not homogeneous, having a
diameter larger than two. The equivalence of all pairs of
nonadjacent nodes is too restrictive a condition for the
construction of cosmological spaces.

In a C-homogeneous graph, the argument cannot be
reproduced. Since the graphs I'; are not connected, the
condition of C homogeneity does not imply that the
isomorphism between them can be extended to the full
graph. The equivalence of all nodes and links still holds,
however: C-homogeneous graphs are node transitive and
link transitive. Moreover, local neighborhoods of any node

FIG. 6. Left: Petersen graph O;. Middle: Clebsch graph [s.
Right: Complement of a perfect matching (2 - K,),, with N = 3.

can also be mapped isomorphically into local neighbor-
hoods of any other point via the extended automorphism
relating the nodes. Every C-homogeneous graph is also
distance transitive. The converse is also true for locally
finite graphs. Hence, for locally finite graphs, C homo-
geneity is equivalent to distance transitivity.
Special classes of C-homogeneous graphs have been
classified, including the families of finite, locally finite
and countable C-homogeneous graphs. The classification
of finite C-homogeneous graphs was obtained in
[31,32], and the classification of countable locally finite
C-homogeneous graphs was given in [32]. Countable
C-homogeneous graphs were classified in [30].
Any connected V-regular finite C-homogeneous graph
(see Fig. 6) is isomorphic to one of the following:
(1) Regular ~ Turdn graphs: T(N,N/(N-=V)
(V>1,V4+1<N<L2V).

(2) Complement of a perfect matching (V > 2).

(3) Line graph of a complete bipartite graph:
L(Ky 1 x1)(V 2 4).

(4) Cycle graphs: Cy(V =2,N > 5).

(5) Peterson graph: O3(V =3,N = 10).

(6) Clebsch graph: Os(V =5,N = 16).

A countable C-homogeneous graph is the disjoint union
of a countable number of isomorphic copies of a countable
connected C-homogeneous graph. In particular, a finite
C-homogeneous graph is a finite disjoint union of iso-
morphic copies of a finite C-homogeneous graph. The set
of connected V-regular finite homogeneous graphs is a
subset of that of connected countable, locally finite,
and V-regular C-homogeneous graphs. Examples of con-
nected, countably infinite, locally finite, and regular
C-homogeneous graphs are represented in Fig. 7.

FIG. 7. Left: The infinite regular tree graph X,; or Bethe
lattice, with V = 3. Right: X, 4, with V = 2.
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D. k-homogeneous and k-CH graphs

The symmetry conditions of homogeneity and C homo-
geneity are sufficiently restrictive to allow for the classi-
fication of graphs satisfying them. Weaker symmetry
conditions are obtained by restricting the order of the
isomorphic subgraphs required to be related by automor-
phisms of the graph, leading to the notion of kX homogeneity
and k-CH graphs.

For any positive integer k, a graph is k£ homogeneous if
any isomorphism between induced subgraphs of order at
most k extends to an automorphism of the graph. The graph
is homogeneous if it is kK homogeneous for all k. For each &,
there are uncountably many countable k-homogeneous
graphs that are not (k 4+ 1) homogeneous [33]. The locally
finite k-homogeneous graphs have been classified for
2 <k <4in [34-36].

A graph is k-C homogeneous, or k-CH, if any isomor-
phism between connected induced subgraphs of order at
most k extends to an automorphism of the graph. It is
C homogeneous, or CH, if it is k-CH for all k. The 1-CH
and 2-CH graphs are the node-transitive and arc-transitive
graphs, respectively. The notions of 1-homogeneous and
1-CH graphs are equivalent. Any 2-CH graph is both node
transitive and link transitive, as implied by arc transitivity,
as well as regular, by the node transitivity.

The sets of C-homogeneous graphs and homogeneous
graphs are subsets of the set of 2-CH graphs, since every
connected C-homogeneous (and homogeneous) graph is
arc transitive. They match up to N = 9 (with the exception
of the cubic graph Q; for N =8 which is not homo-
geneous). Partial classifications of 2-CH graphs were
obtained by restricting the valency or the order of the
graphs [37-39]. For instance, any connected 2-CH graph
with valency 2 is isomorphic to a cycle graph Cy. Explicit
lists of a connected 2-CH graph of a fixed valency up to a
certain order have also been presented [40,41], which are
extensions of the Foster census [42].

Let us list some special families of 2-CH graphs. All
hypercube graphs Q, are connected 2-CH graphs. The
locally finite 2-CH graphs include the n-dimensional

lattices £ and the dual graphs He({r,q, p}) of infinite
regular honeycombs for three or higher dimensions with
Schlifli symbol {p, g, r}. The valency V of the nodes of

Hc({r.q.p}) is

4q
V=" pg>2. 10
2(p+4q) - pq (10

It must be finite for finite cells, which is only possible for
the Platonic solids ({ p, ¢} = {3,3}, {4,3}, {5,3}, {3.4},
{3,5}). The graphs formed by the vertices and edges of the
Platonic solids are also 2-CH.

III. HOMOGENEITY AND ISOTROPY
IN LOOP QUANTUM GRAVITY

In this section, we discuss states in the Hilbert space of
loop quantum gravity (LQG) that satisfy a discrete version
of the conditions of homogeneity and isotropy. We first
discuss maximally symmetric classical discrete geometries
as a preparation for the quantum case. Then we introduce
homogeneity and isotropy conditions for a quantum geom-
etry through the selection of an adequate class of graphs
and the restriction on the space of states and on the algebra
of observables to objects that are invariant under the
automorphism group of the graph.

A. Maximally symmetric cell decompositions
and dual graphs

Let A be some polytopal decomposition of a 3-manifold
and I its dual graph. A metric is introduced on the
topological 3-manifold A by the assignment of a specific
geometry to each cell in the decomposition. If each
topological polyhedron AEB) € A is a flat polyhedron, for
instance, we obtain a piecewise linear geometry.

The quantum geometry described by loop quantum
gravity is the quantization of classical piecewise linear
geometries called twisted geometries, in which glued faces
always have the same total area but can have distinct
shapes [43]. The metric can then be discontinuous at the
boundaries of the polyhedra in twisted geometries. We will
discuss symmetries of classical piecewise linear geometries
before moving to the discussion of symmetries in the
corresponding quantized geometries.

A polyhedron embedded in R? is completely
characterized by the area A, of each face a and the unit
vector 71, normal to it. These quantities satisfy the closure
relation

\4
> Aii, =0, (11)

which ensures that the data (A, 71,) is uniquely associated
with some polyhedron in R>, up to isometries of the
ambient space [43,44]. The space of shapes is characterized
in this way by a simple condition on the variables (A,, 7i,).
This is not an invariant characterization of the polyhedron,
however, as the unit normals 7, depend on how the
polyhedron is embedded in R3.

The geometry of the polyhedron can be described in
terms of invariant quantities, instead, as for instance the
areas A, and angles 6,, among the normals to the faces.
Introducing the face vectors

E, = A,i,, (12)

we can write
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A, =1\/E,E, (13)

and

E, E
cosf,, = “« b . (14)
Ea ) Ea Eb : Eb

All the invariant information required to reconstruct the
intrinsic geometry of the polyhedron (its shape) is con-
tained in the matrix

-

Yab = Ea : Eb, (15)

which provides a local description of the metric. After
quantization, this matrix corresponds to the Penrose metric,
which describes the local geometry of a quantum poly-
hedron in loop quantum gravity [45].

Let us consider piecewise linear approximations to
homogeneous and isotropic 3d geometries. Such maxi-
mally symmetric spaces admit special discretizations com-
posed of simple blocks glued in a regular fashion. A simple
example is the discretization of an Euclidean plane as a
square lattice. Similarly, the two-dimensional sphere can be
discretized as the boundary of a Platonic solid, and the
two-dimensional hyperbolic space as a hyperbolic tessel-
lation [46]. These examples share the property that their
dual graphs are 2-CH graphs. Regular discretizations with
dual 2-CH graphs also exist in higher dimensions for
maximally symmetric spaces of positive, zero and negative
curvature [46]. Examples of regular decompositions of
homogeneous and isotropic 3d spaces with dual 2-CH
graphs are listed below [46,47].

(i) R3: Graphs dual to regular decompositions of R3 are

given by infinite 3d lattices Egv) with valence V > 4.
Each V-valent node is dual to a convex polyhedron
with V faces and each link is dual to a polygonal
face. The canonical example is the infinite cubic

lattice or cubulation: £56>.

(ii) H3: Graphs dual to regular decompositions of the
hyperbolic space H® are given by graphs
Hc({r,q, p}) with valency V >4 (given by (10),
dual to the infinite hyperbolic regular 3d honey-
combs with Schlifli symbol {p, ¢, r}. The values of
p, g and r satisfy the condition

. T . T T
4 = sin <—> sin <—> — CoS <—> <0,
p r q

with p, r, g > 2. Examples are given by the regular
hyperbolic honeycombs with Schléfli symbols
{3,5,3},{4,3,5},{5,3,4},{5,3,5}.

(iii) S3: Examples of graphs dual to regular decomposi-
tions of S3 are provided by finite connected

C-homogeneous graphs with valencies V >4,
which include: Os, T(N,3%5), (2 Kyi1)y_1,
L(K§+l,§+l)‘

Piecewise linear geometries composed of identical poly-
topes glued along a 2-CH dual graph thus form a natural
class of discrete approximations of spatial sections of
cosmological spacetimes. It is convenient to require, in
addition, that the graph automorphisms are associated with
isometries that map the polyhedra onto each other isomet-
rically.1 This ensures that the group of isomorphisms
preserving the combinatorial structure of a 2-CH graph
mirrors the key properties of the group of isometries of
maximally symmetric continuous geometries, as we wish to
discuss now. Analogous conditions will later be imposed on
states of the geometry in loop quantum gravity for the
description of cosmological spaces.

Let A be a regular decomposition of a cosmological
space and I' its dual graph. We assume that any auto-
morphism A of the dual graph is associated with an
isometry of the space that maps the polyhedra isometrically
among themselves, i.e. preserving the metric g,;,. Since the
graph I" is 2-CH, it must also be 1-CH. This means that the
automorphism group acts transitively on the nodes. As a
result, the polyhedra represented by the nodes of the dual
graph are all equivalent, in the sense that there exists an
isometry relating them, just as for points in a homogeneous
space. In short, the 1-CH property corresponds to the
homogeneity of the decomposition. In addition, the 2-CH
property corresponds to the isotropy of the decomposition.
The automorphism group of a 2-CH graph acts transitively
on its arcs; in particular, any two links emanating from
a given node can be related by an automorphism of the
graph that preserves the source node. This means that all
directions from a given node along the dual graph of the
decomposition are equivalent in a 2-CH graph, in a manner
analogous to the equivalence of all directions from a given
point in an isotropic space.

Any k-CH graph with k > 2 is also a 2-CH graph and
thus satisfies the properties discussed above. In addition,
regions of the graph larger than individual nodes and arcs
are also all equivalent along the graph. For instance, in a
3-CH graph, any pair of induced subgraphs with three
nodes can be related by an automorphism of the graph. As
each such subgraph naturally describes a wedge, that is, a
pair of links emanating from a common node, then all
wedges are equivalent in a 3-CH graph. For a graph with
valency V = 4, the 3-CH property implies that the nodes
represent regular tetraheda: the fact that any two wedges

"This prevents, for instance, rectangles to be employed in a
decomposition of the Euclidean plane based on a square lattice. A
rotation of z/2 is an isometry of the space and is associated with a
graph automorphism, but does not map the rectangular building
blocks isometrically onto each other.
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can be mapped into each other means that all dihedral
angles in the decomposition are equal.

We will restrict in what follows to connected graphs, so
that the associated geometries are connected, and to locally
finite graphs, in order that the polyhedra of the decom-
position have a finite number of faces. As all nodes must be
equivalent, they must have the same valency V. We denote a
generic connected locally finite 1-CH graph by I'y, or by

Fg) when of interest to explicitly specify the valence V of its
nodes. Similarly, we denote a generic connected locally

finite 2-CH graph with valency V by I, or by F(CV). For the
description of 3d spaces, we further restrict to V > 4.
The classes of homogeneous, C-homogeneous and higher
k-CH graphs constitute special families of highly symmetric
2-CH graphs that can be explored for the construction of the
simplest concrete examples of cosmological discrete spaces.

B. Space of states and observables
in loop quantum gravity

Let us briefly review the basics of loop quantum
gravity [48-50]. The kinematical Hilbert space Hj;, of
the theory is defined as (see [18,45])2

Hin = GFBHF = @}Hr,{jf}- (16)

L {je

The first sum runs over all oriented graphs I', and the
second sum runs over all oriented graphs I" and spins
je=n/2, with n = 1,2, ..., where the spins are assigned
to the unoriented links of the graph, so that j, = j,-i. The
space Hr is isomorphic to the Hilbert space of gauge-
invariant states Wp(h,) € L2[SU(2)L/SU(2)M] over the
graph I' that satisfy the invariance condition

Pr(he) = Pr(Use)he Uy, (17)

for all Uy, Uy(s) € SU(2), where the labels s(¢) and #(¢)
describe the source and target nodes of the link .

The Hilbert space Hr decomposes into a direct sum over
subspaces H;,; with fixed configurations {j,} of non-
zero spins. Each subspace Hr y;,) has the tensor product
structure

*We adopt the combinatorial definition of the space of states
[18,45]. Alternatively, the physical states can be defined over
equivalence classes of embedded graphs y on a fixed three-
dimensional manifold £ under extended diffeomorphisms ¢ €
Diff*(Z) [45,51]. Graphs in distinct knot classes then define
distinct Hilbert subspaces of states of the geometry. In another
approach, motivated by category theory, the group of diffeo-
morphisms of X is extended to the automorphism group of the
path groupoid of X [52]. In this case, the states of the geometry do
not depend on how the graphs are embedded in %, leading to a
space of states that is equivalent to that obtained through the
combinatorial definition.

N
HF~{.ff} = n§1 Ho, (18)

where H,, is the space of SU(2) intertwiner states |i; ) at the
individual nodes n,

Hn = InVSU(Z) {(s(;?nvjf) ® ([(?nv;;)] . (19)

The tensor product at n involves a representation space V;,
of spin j, of SU(2) if £ points outward from the node, or its
dual V;ff, if the link is oriented toward the node.

A basis of ‘H is provided by the family of spin network
states

F?j)f’?in) = §|1n>’ (20)

labeled by the spins j, and a basis vector |i,,) of H,, at each
node of the graph. More explicitly, under the isomorphism
Hr = LE[SU(2)F/SU(2)V], the wave function of a spin
network state [T, j,, i,) is

Jna

wr!./t'ln<hf> = Z (H [in]’nnlmmn#mn(ﬂ+l)m>
Mya="Jna n

X (H [Dif(hf)]’”mmm), (21)

3

where DJ¢ and i, are Wigner matrices and intertwiner
tensors in the magnetic number basis, respectively. The set
of indices a =1, ..., V, orders the links # = na at each
V,-valent node n, and the magnetic numbers myz), m; s
are at the source and target nodes of #. The number y of
upper indices in i, corresponds to the number of links
pointing outwards from the node; the lower indices
correspond to links pointing toward the node.

Although a choice of orientation for the links is
employed in the definition of the states W, it does not
carry any physical meaning. In fact, orientation reversal
operations are introduced together with an equivalence
relation that factors out the arbitrary choice of orientations.
Let R,I" be the graph obtained from I' by reversing the
orientation of a link #. Denote by #~! the link # with the
reverse orientation, and put s,-1 = h;l. A state ¥ € Hy is
then mapped into a state R,¥ € Hg,r by the isometry

(RAP)(hyy oty b)) =P (hy, ooy hyy . hy).
An equivalence relation Wr ~ R,¥Yr, V Ry, is then intro-
duced in the direct sum Hy = @Hr, where the sum runs
over all oriented graphs I" on the unoriented graph I". In this
way, the same amplitude is assigned for a given configu-
ration of holonomies regardless of the orientation of the
links, under the identification /,-1 = h;‘. A representative
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of each equivalence class can be specified by fixing an
orientation for all links arbitrarily and letting %, refer to this
orientation. .

A holonomy operator h, and a flux operator E, are
associated with each link # equipped with the orientation
specified by I'. These operators generate the holonomy-flux
algebra 2 of observables of loop quantum gravity. Their
commutators are

. 1 .
[he,hp] =0, [he, Ep] = —5005%/}15’0',

[EL, EL) = iagdspel i EL, (22)

where a, = 87Ghy is a constant with units of area, ¢’ are

the Pauli matrices and eff is the Levi-Civita symbol with
€123 = 1. Operators associated with distinct links commute.
The holonomy operators act as multiplication operations in

the holonomy representation. The flux operator Ef = ao._i ¢

is proportional to the left-invariant vector field J ¢ that acts
in the holonomy representation as a derivative of the wave
function W(h,, ..., h;) with respect to the holonomy /.
The flux operators are the quantization of the face
vectors introduced in Eq. (12). If n = s(¢), then E, =

Em, is precisely the operator corresponding to the classical
face vector at the face corresponding to the link a at the
node n. Each intertwiner space H, corresponds to a
quantum polyhedron associated with the node n [43].
The intertwiner states |i,) satisfy the Gauss constraint

S Epli) = (23)

a=1

which is the quantized version of the closure relation (11).
The flux operators describe the intrinsic geometry of the
quantum polyhedron at the node n through the promotion
of the matrix g,;, defined in Eq. (15) to the Penrose metric
(or shape) operator

.@ab (n) = Ena : Enb- (24)
The area and dihedral angle operators are then given by the
formulas (12) and (13), now written in terms of flux

operators E,,,

Ana = V gau(n)’

cos 9ab(n) = Gav (1) ,

~ — for a # b.
gaa(n) gbb(n)

The intertwiner states |i,) are eigenstates of the area
operator

na|l _aO\/.]na ]na |l (25)

Heisenberg uncertainty relations for the quantum geometry
hold as a result of the noncommutativity of different
components of the shape operator §,;,(n),

( :
[?]ah(n)’ gaa(n)] = [gau(n)’ ghb(n ] = 07 (26)

where a < b < ¢ <V. The dispersions Ag,,(n) in the
quantum shape of the polyhedron satisfy the inequality

A A a . p 2 2 .
Afap(M)Aae (1) 2 2 il Epa - (Enp % En)lin)]. (27)

-2
We will omit the hats over operators of the quantum
geometry from now on.

C. Automorphism invariant states and observables

1. Automorphism-invariant states

If the automorphism group Aut(I') of the graph T is
nontrivial, then the physical states of the geometry must be
invariant under the graph automorphisms [18]. This con-
dition is analogous, in the combinatorial definition of the
space of states, to the invariance under diffeomorphisms in
the construction of the space of states based on graphs
embedded on some fixed differentiable manifold [19,20]. It
ensures that the definition of the states depends only on the
combinatorial structure of the graph, and not on the choice
of a particular representation of the graph. States |¥r) and
|¥}) in Hr are said to be equivalent under graph auto-
morphisms if they are related by an automorphism of T'.

The action of an automorphism A: I' - I on Hy is
given by the unitary operator defined by

P(he) = (UgP)(he) = W' (he) = P(hage)), (28)

or, inserting the arguments explicitly,

W (hy,, ...

’hhfL) — lP(hA<fl), ceey

hae,))-

Under this action, the wave function is simply carried along
by the automorphism, and the argument of the wave
function is inverted for links whose orientation is flipped
by the automorphism. We denote by K- C H- the subspace
formed by states invariant under the automorphism group
Aut(T") of the graph T', and by P, : Hy — H the projector
to such invariant subspace,

PAHF — ,Cl". (29)

For graphs with a finite automorphism group, the
kinematical Hilbert space i can be obtained from Hp
by a procedure of group averaging under the action of
Aut(I"). The projector is given for such graphs by
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1
PAZM > U (30)

AeAut(T")

A state described by a density matrix pi*¥ in K is invariant
under the automorphism group Aut(I") when

UuypiUy = piv, ¥ Uy € Aug(T). (31)

For graphs with an infinite automorphism group, the space -
is still defined as the space of states invariant under the
action of the symmetries, but it cannot be constructed by a
procedure of group averaging, since |Aut(I')| = oo in
this case.

The action of automorphisms on spin network states is
obtained by the direct application of Eq. (28). The trans-
formation moves the spins and intertwiners around accord-
ing to its action on the graph. Let us describe this action
more explicitly.

Consider a link # for which A(£) = £~!, where ¢ is a
link of the oriented graph I'. In this case, the orientation of
the transformed link is the opposite of that originally fixed
in the graph. Let m = s(¢) and n = #(£) be the source and
target nodes of the link #. Denote their images under the
automorphism A by m = A(m), n = A(n). The spin net-
work state |I', j,, i,) depends on h, through

(i) (D (he) P olin]p... (32)

After the application of the automorphism, the new state
depends on the holonomy 4, through

(i) (D7 (h7 )P olinlp.. (33)
We raise and lower indices with the isomorphisms
" = elmny, | v, = V"€V, (34)
where
e = eU) = (=1)/7"5,, _,. (35)
In addition, the Wigner matrix satisfies the identity:

[DI(g )", = Ve, D/ (g™ )] e (36)

m

It follows that the transformed state satisfies

L) [D7 ()P alinp.. = (1) [i]o " [D7 ()10 ..
(37)

If, on the other hand, the orientation of a transformed
link agrees with the original orientation, so that A(¢) = ¢
for some Z, there is no need to raise or lower indices in the
intertwiners. We conclude that the transformed state is a
new spin-network state

Ua

ook fin}) = s, I3, (38)
with the configurations of spins and intertwiners carried by
the automorphism,
g g
Je = Ja'(¢)» In = 141 (n)s
and intertwiner indices raised and lowered when necessary
with the isomorphism (34). The factor s, ;, = (—1)% is a
possible sign flip, with R corresponding to the number of
links with semi-integer spins whose image under A has an
orientation that disagrees with that of the graph. The action
of an automorphism A defines permutations of the spins
and intertwiners, which we will represent as

<jfv in) = A(jf? ln) = (A]t’vAln)
= (Jy»in)
= (Ja-1()s 1a-1 ()

A generic state [¥I) in K is the projection of a
superposition of spin-network states,
[WIY) = Pal¥r). ¥r) = ZCJN'JF, {ictAin})-

Jein

Distinct spin-network states can have the same image under
the projection P,. We introduce an equivalence relation
T, {jet {in}) ~ 0. {J,}, {i,}) for states with the same
image, P4|T. {j/}. {in}) = PAIC L}, {i4}). The equiv-
alence classes of spin-network states under such a relation
form a basis of K.

A special class of states in Kt is given by the completely
symmetric states |Wr) invariant under the permutation
group Sy acting on the nodes of the graph. When the
graph I' is a complete graph K, with N nodes, the
completely symmetric states span the full space K, .

2. Automorphism-invariant observables

An operator O;,, acting on the Hilbert space Hr is
invariant under automorphisms if Oy, = U,O;,, Uy,
V U, € Aut(T"). Given any observable O, not necessarily
automorphism-invariant, we can construct an observable
O,y that is automorphism-invariant through

_ 1 —1
Oy = Tl ZA:UAOUA ) (39)

The subspace of automorphism-invariant states Kr is
invariant under the action of O,,,, so that the restriction
Oiny: Kr = Kr is well defined. Since physical states are
required to be invariant under graph automorphisms,
physical observables must also be invariant under graph
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automorphisms. The factor of 1/|Aut(I")| can be dropped in
Eq. (39), and the result is still an invariant observable.

As a direct consequence of Eq. (39), the averages of the
operators O and Oy, are the same for an invariant state
described by a density matrix pit,

inv ), — mv 1
Tr (/’1‘ mV) |Aut(F)| ;TI‘ UAOUA )
1 .
e — a, WL
|Aut()| ; (1" 0)
= Tr(pi0). (40)

D. Automorphism-invariant states:
Bell-network states

Bell-network states [17] are a special class of entangled
states in loop quantum gravity that maximize correlations
of neighboring quantum polyhedra. For large spins, they
describe a superposition of vector geometries, a collection
of polyhedra glued together so that normals of glued faces
are back to back, even though in general the faces do not
have the same shape. This class of geometries plays an
essential role in the study of the asymptotic behavior of
topological SU(2) spinfoam vertex amplitudes [53-58]. In
this section, we will show that Bell states are autorphism-
invariant states on any graph.

Bell-network states are defined by exploring the tech-
nique of squeezed vacua in the bosonic representation of
loop quantum gravity [59-61]. In this representation, the
Hilbert space Hr of gauge-invariant states on a graph I’
corresponds to a subspace of a bosonic Hilbert space HZ¢-
of 4L harmonic oscillators, where each link # is equipped

with a pair of oscillators a”’(T ») atits source node s(¢) and a

pair of oscillators a“(T) at its target node #(¢), where a = 1,

2 [60]. To each link there corresponds then a Hilbert space
H2.. of four oscillators. We denote the projector onto the
subspace Hr by Pr: Hyos = Hr-

A Bell state is first defined at a link # through

e B) = (1= Py exp (dreapalydly ) 01100 1)

where the squeezing parameter 4, is a complex number that
encodes the average area and the average extrinsic angle
associated with the link [17]. The Bell-network state on a
graph I is the gauge-invariant projection of the tensor
product of Bell states at all links,

0. {4}, B) = Prng B). (42)

The projection can be implemented using the resolution of
the identity in the spin-network basis,

Pr = NS VAR

(43)

jfain

leading to a formula for the Bell-network states as an
expansion over spin configurations,

0. {2:3.8) = > T[4, 3)I0.{ic}. B)  (44)
Jje ¢

with expansion coefficients

(1= 14 P)22 /2) + 1, (45)

and Bell-network states at fixed spin configuration given by

4qj, (Ae) =

n}).  (46)

The quantity N is a normalization constant, and the
amplitude A is the SU(2) symbol of the graph T,

recin) = 3 TLld™ ™y e (4)

{m} n

where the indices of the intertwiner tensors [i,] are
contracted according to the combinatorics of the graph I'.
L. {4}.B)
with the same squeezing parameter at all links, 1, = 4, are
invariant under the action of automorphisms on any graph
). We start by proving a
basic property of the Bell states |1,, 5) defined at the links
of the graph by Eq. (41). It is convenient to use the
holonomy representation for this purpose. At each link 2,
states in the bosonic representation H are mapped to the
holonomy representation through the identification

(=1 g, me)yp)lies =ne)se)

/2 + 1D (k)™ . (48)

where the spin states in the magnetic number basis are
defined at any end point of a link in terms of the
corresponding pair of oscillators by

(a()f)ﬂ»m(al%)j—m
V(i +m)l(j—m)!
The Bell state at a link with squeezing parameter

Ay = A assumes the following form in the holonomy
representation:

Jym) = 10). (49)

w(he) = (he|d, B)
= (1= A1) A%*\/2j, + ITx[D¥ (h,)].  (50)

Je

066009-12



COSMOLOGICAL STATES IN LOOP QUANTUM GRAVITY ON ...

PHYS. REV. D 107, 066009 (2023)

The SU(2) character Tr[D’¢(h,)] is invariant under inver-
sion of its argument. As a result, the state has the symmetry
w(hy) = w(h;"). Therefore, the state is invariant under
orientation reversal.

We can now show that the tensor product

W(he,s-oihe) = wlhe,) - y(he,) (51)

of Bell states with the same squeezing parameter A, = 4 at
all links of a graph is invariant under the action of an
automorphism:

(UA) ooy, ) = Plhaizrye o hagey)

IIv

L
L

Y

(hae,)
[Twhe) =2, ..., ),

Y

where we used the fact that y(hy(,)) = y(h,,) for some j,
regardless of whether A(¢;) equals ; or the link fJT‘
with the reverse orientation, due to the symmetry
w(hs) =y(hz'), and that the automorphism produces a
permutation of the unoriented links. We conclude that

U, Q2.8 =&

cer

1. B). (52)

In addition, the orthogonal projector Pr onto the sub-
space of gauge-invariant states is automorphism invariant.
Indeed, for any gauge-invariant ¥, its image U, ¥ under an
automorphism A is also gauge invariant:

(Ua®) (U heUyr)) = P(UgaeyyhaeyUsaey)
= Y(hae)
= (Us¥)(hy). (53)

As the automorphism is invertible and its inverse is an
autormorphism, any gauge-invariant state is in the image of
U 4. Therefore, Hr is mapped onto itself by U ,. Since U, is
unitary, the orthogonal complement of Hp- is also mapped
onto itself. It follows that

UAPFUZI = P]". (54)

The invariance of the Bell-network states under auto-
morphisms now follows directly from Eqs. (52) and (54):

Ua

r.2.B8) =U,PrQ|4.B)
el

= U,PrU;' U, Q4. B)
el

= PrQ|% B)

el
= I, 2.B),

completing the proof.

E. Homogeneity and isotropy

As discussed in Sec. III A, 1-CH and 2-CH graphs are
associated with regular decompositions of homogeneous
and isotropic spaces. Their symmetries mirror at a com-
binatorial level the symmetries of homogeneous and
isotropic geometries in the continuum. In this section,
we discuss states and observables invariant under graph
automorphisms on k-CH graphs and describe their proper-
ties of homogeneity and isotropy.

1. 1-CH graphs

Let 'y be a 1-CH graph. A state |¥y) € Ky, C Hr,, can
be written in the spin-network basis as

Py) = ch;.inWH’ ek i}, (55)

Jesin

and satisfies Uy|¥) = |¥), VA € Aut(T'y), where the
sums over spins run over j, = 1/2,1,..., and the sums
over intertwiner indices run over i, = 1, ..., dim H,,. Let its
density matrix be represented by

PH = |\PH><TH|-

In this section, we will construct observables on Kr, that
represent measurements performed on a single node and
respect the symmetry under automorphisms of the theory.
As all nodes are equivalent in a 1-CH graph, this cannot be
done by taking an operator that acts nontrivially on a single
node, which would break automorphism invariance. In fact,
we are led to introduce one-node observables that are
similar in nature to the one-body operators used in many-
body quantum mechanics [21]. We also introduce a reduced
density matrix that describes the statistics of one-node
observables, which will later be used for the definition of
the entanglement entropy of a single node on the graph.

Local observables.—If r € N(I'y) is a node of the graph
'y, we say that an operator O,.: ‘Hr, — Hr, is alocal one-
node operator at the node r if its action on the spin-network
basis has the form

O, Tu.AjetAin}) = Zoi,,i

X {il» ceey ir—lv i, ir+17 ey lN}> (56)

Ty {icks
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Such an operator preserves the spins and, for any spin
configuration, has a nontrivial action only in the intertwiner
space H, associated with the node r. Its restriction to a
subspace of fixed spins has the form
Oy, =1® @0, @1 (57)

for some operator Oy; : ‘H, — H,, where j,q, ..., j,y are
the spins at the node r. A local one-node operator is
completely characterized by the list of operators Oy; , for
all possible spin configurations {j,,} at the node.

Under an automorphism A for which A(r) =s, the
operator O, transforms as

U0, U3 [Ty {ie}- {in})

UAO Uy {7} {in})

= A‘l,jfUAZOi’r.k‘FHv{jf}7{""ilr—1’k’i;+1’"'}>
k

- Zoiuk {jt’}, {,

= O[T, e} {in})-

In the second line, ij, = is(,). The matrix O’ describes the
operator O, in the basis [I'y, {j,}.{i,}). In the passage
from the second to the third line, it was used that i = i,
and one can recognize the action of a local operator at the
node s, which we denote by O, with the same matrix
elements as (O’. We have found that

—SAI

is—17 kv is+17 }>

U,0,U;' =0, (58)

i.e., the local operator at the node r is transformed into a
local operator at the node s = A(r).

It follows from Eq. (58) and the definition (39) that the
invariant observables associated with a local operator O,
and its image O, under an automorphism are the same:

_ — Ml
Or.inv - Os,inv O

mnv’*
Now, from Eq. (40), we find that the averages of local
operators O,, O; agree, for any invariant state p‘“v

Tr(pmvol )

mnv

Tr(p O,) = Tr(pfy Oy). (59
We call the invariant operator O, ;,,, associated with a local
one-node operator O, an invariant one-node operator.
The operator O} ,: Kr, — Kr, is the adequate tool to
describe the measurement of a local property of the
geometry at a single node in the space of automor-
phism-invariant states. The node at which the measurement
is performed is not specified by the operator, due to the
group averaging over the actions of the automorphisms,
which makes the operator nonlocal with respect to the

graph. As all nodes are equivalent in a 1-CH graph, any
operator that distinguishes between nodes cannot in fact be
an observable on the space K, of automorphism-invariant
states. Such a nonlocality becomes more evident in an
explicit representation of the invariant operator as an
average of local one-node operators over the graph, which
we discuss now for the case of 1-CH graphs.

We have seen that a local operator O,, at a node m can be
associated with a given local operator O, at a node n
through Eq. (58). This association is not unique, however, if
there is more than one automorphism relating the nodes.
Suppose, for instance, that a particular component of the
Penrose metric, say ¢,, is measured at n. It might happen
that this operator transforms under an automorphism into
an operator gj, at m, while transforming into g,; under
another automorphism. However, if the operator O, is
invariant under automorphisms that preserve n, its image at
m is always the same, for any automorphism relating the
two nodes, as we will show now. Examples of such
observables are the total area and the volume at a node.

Consider a one-node local observable O, that is invariant
under automorphisms that preserve n, and let A, A’ be
automorphisms for which A(n) = A’(n) = m. Denote its
transformation under the automorphisms by

UAOn UXI - Om,
UyO,U5 = O, (60)
The composition (A’)~'oA is an automorphism that pre-
serves the node n. Therefore,
On = (U;’l UA)On(U;’l UA)_I’
= U_/1 O’n UA’.

This implies that
UyO, Uy =0,

which, together with Eq. (60), leads to O,, = O,,.

Let the set of automorphisms that preserve the node n be
denoted by [Aut(I'y)], and the set of automorphisms that
map the node n to the node m by [Aut(I'y)] From
Egs. (39) and (58), we have then

n—-m:*

1
1 _ _
Omv - t(FH ZUAOnU
1
= T 24
1
|Aut(FH |Z| AUt 1—‘H)]n—>m|(9

We claim that |[[Aut(T'y)],_,,| = [[Aut(Ty)],|- Let us enu-
merate the automorphisms in [Aut(I'y)],_,, as fi.....f,
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and the automorphisms in [Aut(I'y;)], as &, ..., h,. We first
note that f; = fio(f7'of;), where filof; € [Aut(ly)],.
Therefore, any element of [Aut(I'y)],_, can be written
as the composition of an element of [Aut(I'y)], and a
fixed automorphism f;. Moreover, if f;# f;, then
frlofi# fi'ef;, since f7' is invertible. Hence,
[[Aut(T'y)],_,.| < |[Aut(T'y)],|. Moreover, for any h;, the
composition fioh; is in [Aut(T'y)],,,. If hy # hy, then
fiohy # fioh;, since f; is invertible. Therefore,
|[Aut(FH)]n—>m| 2 |[Aut(FH)]n

A direct consequence of this result is that |[Aut(I'y)]
is independent of m. Moreover, since U, [Aut(I'y)]
Aut(Ty), it follows that |[Aut(T'y)]
Therefore,

n—>m|
n—-m ~

|Aut(T'y)|/N.

n—>m| -

1nv - ZO (61)

The invariant observable is just the average of the local
operators over all nodes of the graph, as could be expected.
This is true for 1-CH graphs, but not for general graphs, in
which there can be no automorphism relating a given pair
of nodes.

The formula (61) for the invariant observable associated
with a local one node is reminiscent of the definition
of one-body operators in many-body quantum mec-
hanics [21]. In our approach, such a representation of
invariant one-node observables appears naturally for the
description of local measurements performed at a single
node on 1-CH graphs, respecting the invariance under
automorphisms, and for local one-node operators that are
invariant under automorphisms that preserve the node.
Removing the factor of 1/N in Eq. (61), we obtain another
invariant observable,

mv T — Zom ’ (62)

that describes the total sum of the local operators over the
nodes, instead of their average.

The result can be extended to local one-node observables
that are not invariant under automorphisms that preserve
the node. In the case of a local operator O, that can be
mapped into distinct local operators O,,, O,,, ... at m by
distinct automorphisms, one can still define a one-node
observable through (61) by choosing a particular repre-
sentation O,, at each node m. The matrix elements of the
resulting operator are independent of this choice for states
on Kr,, since the matrix elements of O,, = U,O, U;! and

O, = Uu0, U;,l are the same for such states:

PO, Py = P,U,0,U;'Py
- PAOnPA7

and, similarly, P,O,,P4, = P,O,P,, showing that
PO, Py =P, O, P,. As a result, we can express the
invariant observable associated with O, as the restriction
P,OL P, with O} given by Eq. (61), for an arbitrary
choice of representation O,, for the image of the local
operator at each node.
A simple example of a one-node observable is the total

area Jy at a node,
1
=52 18 ®/,® ®1. (63

where the action of J,, at the node n is given by

= Z V gaa(”) . (64)

a=1

Another example is the volume V at a node,
1
_NZ]]®...®V”®...®]], (65)

where V, is the volume operator at the node n on H., . For
a 4-valent node, for instance, the volume operator can be
expressed in terms of the Penrose metric as

aio[gam),gac(n)] , (66)

where a, b, ¢ label any three distinct links at the node.
Volume operators can also be defined for nodes of arbitrary
valency [43,62,63]. Distinct versions of the volume oper-
ator have been constructed, due to regularization ambigu-
ities, but invariant observables can be associated with any
of them, as far as the volume operator is a local one-node
observable, which is true for both the Rovelli-Smolin [62]
and the Ashtekar-Lewandowski operators [63], as well as
for that proposed by Bianchi in [43]. The total volume is
also an invariant observable:

Vir=> 1®-®V,®--®1.  (67)

Invariant observables describing measurements per-
formed on a pair of nodes can be similarly constructed,

1
O iy =
mnmv | t(FH
1
@) O
= ()] 24 s

ZUA(’) 0,U;!

From Eq. (40), their averages on automorphism-invariant
states are given by
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(pil’[j@%m mv)

When the local operators O,,, O, describe the same
physical quantity at the distinct nodes, the observable
02, describes its correlation function through

(o 0,,0,).

<OO> = Tr(pmvognn mv) - (pill,_\,/ Orln mv)Tr(pmv Orlt mv)
- Tr(pmv02mn mv) ( o Ollnv) ’

where we used the fact that, for any pair of nodes m, n in a
1-CH graph, the invariant one-node observables sat-
ISfy Om an = Oll’l inv = OllHV

It is not possible to map any two pairs of nodes into each
other by some automorphism in a 1-CH graph. As a result,
the observable OZ .= does not admit a simplification
analogous to the formula (61). Nevertheless, in analogy
with two-body operators in quantum mechanics, we can

define invariant two-node physical observables as

O = -y —==%"0,0,. (68)

m;én

for any local operator O, that is invariant under automor-
phims that preserve the node n. The extension to multiple-
node invariant observables Oj  for r > 2 is immediate.
The two-node observable (68) is the average of the

invariant observables (02

mn,inv?

Olznv = — 1 Zomn inv*

m;én

Invariant one-node reduced density matrix.—We can
introduce a reduced density matrix p' that describes the
statistics of invariant one-node observables on a 1-CH
graph as follows. Let r be an arbitrary node, and consider a
local one-node operator of the form (56), with O} it
associated invariant observable. The orientations of all hnks
at the node r can be chosen to point outwards from the
node. Each of the orthogonal subspaces Hr, ;;,} of fixed
spins is invariant under the action of local operators. As a
result, the average of any one-node observable has the form

(Oh) = (0.) = (O, 1P
{jra}
|
) 1
(klpy), 3 IRy =

Plisa} {2710} (vl

1 x
:p~ Z Z Cioditekrin}Ci, i Roin}
Ura} {joiva} {ini,

= (klpyj, 1 1%).

/
€l i}

with

?, (69)

Z Z ¢, i,

{ie#ina} {in}

Py =

where the first sum runs over all spins, except those at the
node r, which are fixed with values j,, = j,, the second
sum runs over all intertwiner indices, and

E E c]f {i)eendseciy}

Pliray {ogna} it} 10

X ij,{i] ..... Iy, lN}|l> <; ) (70)

Plia} =

where the sums over i, i run over all orthogonal intertwiners
of InVSU {®V }

The reduced density matrix p; y is an operator on the
intertwiner space H, with spins j,, = j, associated with
the node r. Now, for an automorphism-invariant state, the
same density matrix is obtained at any node s, if the links at
s are ordered so that A(ra) = (sa), for some automorphism
that takes r to s, and if the same spin configuration is
considered, j,, = j,. To prove it, we first note that, for any
invariant state

V) = chf,i,,|FH?{jf}’{in}>’ (71)

Jesin

it follows from Eq. (38) that

¥) = Ual¥u) =D sa;, ¢y, T b} AL}, (72)
i
with c;.;.l.,n =cj,;» for j, = jsip. iy =ip,. Fixing

Jha = Ja» We have

Phg = D DI P with =,

{Jp#isat {in}

Z Z €0,

{jﬁ#jra} {in}
= Plj}-

27 with Jra = Ja

A similar argument shows that p;;  and py; , have the
same matrix elements:

I%
g
Jp Ay,

ol
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where the indices «, k refer to the intertwiner basis i} in the
first line, and to the intertwiner basis i, in the second and
third lines.

The property expressed in Eq. (73) is perhaps the most
direct way to characterize the homogeneity of states in KCr,,:
the reduced density matrix py; y that describes the statistics
of observations performed on a single node is the same for
all nodes.

From Eq. (59), the average of an invariant observable
Ol , on a 1-CH graph can be computed using its associated
local one-node operator O, at a node n, for any node n.
Hence, all invariant observables can be studied at a
common reference node, which we take to be r. In a
1-CH graph, all nodes have the same valency V. Let us
introduce an abstract intertwiner space

\%4
H' = {@}H{ja}ﬂ{jn} = Invgyy) [®1 Vja]’ (74)
Ja a=

isomorphic to the intertwiner stace at the node r, H' ~ H,, in
order to describe the statistics of invariant one-node observ-
ables associated with local operators. A local invariant obser-

vable O}, on K, is naturally associated with an operator
O' = @0y, (75)
{jll}
on H!, with
Ot = Oliuds (76)

and an automorphism-invariant state is represented by a
density matrix p': H! — H! defined as

pl = ZP{/a}p}aa}’ (77)
{a}

which we call the invariant one-node density matrix, where
p‘%ja} = Pliv} and P = Pij} Then:

(OLy) = Try (0 O"). (78)
The average of an invariant one-node observable can thus be
calculated as an average on an abstract intertwiner space with
orthogonal subspaces labelled by boundary spins j,,.

The matrix elements of the density matrix p' and of the
observable O' depend on the choice of an intertwiner basis
at the reference node r used to establish the isomorphism
H' ~H,, as well as on the choice of the reference node.
We can impose a consistency condition on the intertwiner
bases, however, which ensure that p! and O' become
independent of the choice of reference node. Let s be any
node, and A an automorphism such that A(r) = s. For a
given intertwiner basis |i,) at the node r, there corresponds

an intertwiner basis |i§) = U,|i,) at the node s. From (73),
the reduced density matrix has the same form at both nodes
in these bases. As a result, in such bases, the same invariant
one-node density matrix p' is obtained whether r or s is
taken as a reference node. Consider now a local operator O,
at the node r with associated invariant observable O ..
Then Oy = U,O,U3" is a local operator at the node s
associated with the same invariant observable. Its matrix
elements in the basis |i}) are equal to those of O, in the
basis [i,),

({401 = (i |UL,O,U3MiL) = (i,|O,i,).

Hence, the same operator O' is associated with O}
regardless of the choice of the reference node. We require
that a consistent choice of intertwiner bases is made for the
representation of invariant states and observables in the
abstract intertwiner space H!, so that the construction is
independent of the choice of reference node.

The invariant one-node density matrix p' describes the
statistics of measurements of the geometry performed on a
single node, which remains unspecified. It decomposes

into a direct sum of density matrices p}j} labelled by
the possible boundary spins, and each component p}j )

describes the statistics of measurements performed within
the region delimited by the specified boundary spins. One
can ask, for instance, what is the average volume of a node,
given that spins j, were observed at its links, without
specifying the node at which the observations are to be
made. On the other hand, one cannot ask about the average
volume at a specific node, as no invariant operator
describing such a measurement exists on ICFH. Later, we
will also explore the density matrix p' as a tool for the
description of measurements performed on a single node
for states involving a superposition of graphs.

For two-node observables on a 1-CH graph, there is no
direct analogue of the one-node density matrix defined on
an abstract space that is independent of the nodes. It is
straightforward to introduce a density matrix p2,, analogous
to p' following similar steps, but in general it will depend
on the choice of the nodes m, n. If two pairs (r,s) and
(m, n) can be related by an automorphism, then it must be
P2, = pl.., since the invariant observables must then satisfy
O iy = OZiny- When this is not the case, the density
matrices can differ, and there will be a two-node density
matrix for each class of pairs of nodes that cannot be related
by any automorphism.

2. 2-CH graphs
Let I'c be a 2-CH graph, and K. C Hr, be the space of
automorphism-invariant states on this graph. Any 2-CH
graph is also 1-CH, hence the states |[¥¢) € Kr. are
homogeneous and all nodes are equivalent. In addition,
in a 2-CH graph, any two oriented links # and ¢’ are also
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equivalent. This allows the notion of local one-link observ-
ables to be introduced, in analogy with local one-node
observables. As any two links at a node can be related by
an automorphism that preserves the node, as depicted in
Fig. 8, the invariant states display a discrete version of the
property of isotropy: distinct links at a node describe the
directions from the node in the graph, and local measure-
ments cannot distinguish among the links.

In the holonomy representation, a generic state |¥) €
Kr, is represented by a wavefunction ¥c(h,) that is
invariant under gauge transformations and automorphisms.
The space of automorphism invariant states is a subspace
Kr. C Hr, C ?Hf, where H, = L?[SU(2)] is a local

Hilbert space associated with the link #. We say that an
operator O, : Hr, — Hr,. is a local link operator if it acts
nontrivially only on a single link:

O,=1®--0®---®T,

where O: H, — H, is an operator defined at the link .
Any state W (k) is a linear combination of product states
of the form:

P, (hfl) o '%(hfL)- (79)

The operator O, is completely characterized by the action
of O on the local states:

Opy(hy) = (ﬂlf(ht’)-

For any link #, we represent the local wave function for
the link #~! with the reverse orientation as

@1 (h) =@ (h7").

Under an automorphism,

UpaOoU (@r,(he)) - @, (he,) = UsOp(@p,(ha-1(2,)) -~ @, (Ba-1(2,)))
= UaOp(@ae))(he,) - @age,)(he,))
= Ux(@aey)(he,) - (Opae)(he) - @ae,)(he,)
=@¢,(he)  (Opage))(hage) - 9o, (he,)
= OA(f)(QDfl (hf,) o "pt’L<hfL))‘

The local operator at the link # was transformed by the
automorphism into a local operator O, at the link A(Z):

UAOKUZI - OA(K)'

Let # € {¢;} be the link such that A(#) equals # or its
inverse #~'. Then the action of Oy(¢) on the local wave
function at 2, ¢ (hy) > (O@ae))(hae)), is given by

2,
'

(Ogz)(hz),  if A(Z)
(Opz-1)(h7"). if A(2)

(Opaie))(hae)) = {

An observable O!L invariant under autormorphisms can
be associated with a local one-link operator O, through the

application of the general prescription presented in Eq. (39):

Olf, = ————>"U,0,Uy!
™ Aut nm; AmeTa

|
where the sum in the last line runs over all oriented links Z.
In analogy with the case of local node observables, we
can simplify the expression by proving that the number
|[Aut(T'y)],_7| is independent of #. The argument is a
simple adaptation of the previous case, as follows.

Let [Aut(T'y)],_7z = {f1.....f,} be the set of auto-
morphisms that map # to 7, and [Aut(T'y)], = {hy, ..., h,}
be the set of automorphisms that preserve £. Any f; €
[Aut(Ty)],» can be written as the composition
fro(fr'ofi) of an element fi'of; € [Aut(T'y)], and a
fixed automorphism f of [Aut(T'y)],_z. If f; # f, then
frlefi# fi'ef;, since f7' is invertible. Hence,
[[Aut(T'y)] 7| < [[Aut(T'y)],|. Moreover, for any h;, the
composition foh; is in [Aut(I'y)],_ 7. If h; # h;, then
fioh; # fiohj, since f, is invertible. Therefore,
[[Aut(Ty)],| < |[Aut(T'y)],_ 7|, and the result follows.

From the fact that the quantities |[Aut(T'y)],_;| are
independent of # and sum to |Aut(T'y)|, we obtain

1
1L _ E _
Oinv_ZL _ Ot”
14

where the sum runs over all oriented links, including two
terms for each unoriented link. For an observable such that

066009-18



COSMOLOGICAL STATES IN LOOP QUANTUM GRAVITY ON ...

PHYS. REV. D 107, 066009 (2023)

Oz = Op-, i.e., that is invariant under link reversals, we
can write

1
Ol = ZZQ« (80)
4

where the sum runs over all links, each with a fixed,
arbitrary orientation. We call an observable of the form (80)
an invariant one-link observable.

An _example of an invariant one-link observable is the
area A at a link

N 1 ~
AC:ZZH®~--®Af®"'®“- (81)
‘

Two-link operators and higher can be constructed in a
straightforward way.

The invariant observables associated with O, and its
image (s under some automorphism are the same. It
follows then from Eq. (40) that, for states in K, the
averages of O, and Oy, are the same. In particular, for
any pair of links na, nb at a node n, the averages of local
link operators O,,, and O,;, must be the same, and as a
result independent of the direction from the node n in the
graph. This constitutes a discrete version of the property of
isotropy: the statistics of local quantities measured at a
single link is independent of the choice of the link at any
node of the graph.

3. k-CH graphs

It was shown in Sec. Il E I that the reduced density
matrix py; , for a single node with boundary spins {j,, } is
the same for all nodes on a 1-CH graph I'y, that is,
Plivt = Pljuys V1.8 € N(T'y). This result can be extended
to connected regions formed by k nodes in a k-CH graph.
We shall now prove this generalization.

Let I' be a k-CH graph, and ', I'rr C I' be isomorphic
connected subgraphs of I with k nodes. Then there is an
automorphism A € Aut(I') that maps I'; into I'g, due to
the k-CH property. Let {jp,} be the spins at links £ = Ba
that connect a node in N(I'g) to a node in its complement

N(Tg). This set of links provides a natural notion of
boundary for the region R formed by the quantum poly-
hedra dual to nodes in I';. We denote by {jz,} the spins at
links # = Rb in [, and by {jz.} the spins at links £ = Rc
in the induced subgraph 'y with node set N(I'y), which
represents the complement R of the region R. If we fix the
boundary spins {jp, }, we obtain a subspace Hr(;, y that is

a tensor product,

n

FIG. 8. Action of automorphisms on a 2-CH graph. The node n
can be mapped into any node n’ by some automorphism A,,,,. The
link # is mapped into the link /. Any two links #’ and #” at a
node are related by an automorphism A,,.

Hr-{jsa} = HrR ® Hrk’

of an internal Hilbert space

Hr,= @ &Q M,

{ij} }’IGN(FR)

and an external Hilbert space

Hr, = D ® Hi.

R =
{re} nEN(Ty)

with the boundary spins {jz,} kept fixed in both cases. Let
Py, 1 be the orthogonal projection to the subspace of fixed
boundary spins, Py, vHr = Hr ;,.,. For any boundary
configuration, the reduced density matrix associated with
I is defined as:

Preding = T, (P [¥)(PIP 0 )-

We represent the state |¥) as in Egs. (71) and (72), and
automorphism-invariance again implies that C;}J; =Cj,i>
for jl, = js-1p,1, = iy, It is convenient to explicitly
distinguish the spins and intertwiners according to their
position relative to the region R,

Cjrin = CLjpatLire t-Liretdin b Lin}

We wish to compare the reduced density matrices for the
subgraphs I'y; and I'p. Let the boundary links of 'y be
represented as B'a = A(Ba). We denote the links of T’ by
R'b = A(RD) and the links in the induced graph I'y; with

node set N(I'g) by R'c = A(Rc). Then the reduced density
matrix associated with 'y for boundary spins {7} reads

Prodiy,) = T (P, JINFIP ).

Its matrix elements read
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-/ r ~ ~ 0\ / /%
SU/7S ST Kk|,0FRr,{j;/”}|{.]R’b}’Kl, o Ky) = Z Z C{j;;,u},{j;,b},{j%,(_},{xl ..... Kk},{i;,}c {30, Yol bR R

(7,

n

=D 2 Cln i irch 51 0.5 b G 1 )

Ure} 1

= <{ij}’ Kpseens Kk|era{jBn}

where o, = jrps Jky = Jro» and the indices k;, &; refer to
the intertwiner bases {i),} of nodes in I" in the first line and
to the intertwiner bases {i,} of nodes in I in the last line.
This shows that the matrix elements of the reduced density
matrix are the same for the regions R and R'.

F. A cosmological sector

On 2-CH graphs, automorphism-invariant states were
shown to display a discrete version of the properties of
homogeneity and isotropy: the nodes that constitute the
building blocks of space are indistinguishable, as well as
directions from each node, represented by links. More
general homogeneous and isotropic states can be built as
superpositions of such states on distinct graphs. Let us
introduce the Hilbert space

IC - @ICFC, (82)
I'c

which we call the space of cosmological states, where the
direct sum runs over all 2-CH graphs. States of the
geometry in /C are generic superpositions of homogeneous
and isotropic quantum geometries over 2-CH graphs,

¥) =D I wa), (83)

T

a

where states on distinct graphs are orthogonal. For a
normalized state, (¥|¥) = 1, the probability p,, associated
with a given graph I, is

Pa = <Fa7 Wa'ra’ Wa>' (84)

Explicit examples of cosmological states in K are given
by arbitrary superpositions of Bell-network states |T¢, 4, 5)
on 2-CH graphs I'c. As shown in Sec. III D, Bell-network
states are automorphism-invariant on any graph I; in
particular, they are invariant on 2-CH graphs. The projec-
tion of a state |['¢, A, B) to the subspace with fixed spins
Jjr = J is also invariant, since these subspaces are invariant
under the action of the automorphisms. Therefore, super-
positions of Bell-network states |I'c, {j, = j},B) with
identical fixed spins j, = j [see definition in Eq. (46)]
also constitute simpler examples of cosmological states.

Graph-preserving operators on X can be defined by
taking direct sums of operators defined on fixed graphs.
Consider, for instance, a family of invariant one-node

{ij}Jz'l? "'7kk>’

[
observables Or : Kr — Kr,, each defined on a fixed
2-CH graph I',. An observable on K can be defined through

OC - @Orﬂ. (85)
Its action on a generic state (83) reads
OC|1P> = OCera’ l//a>
FA’Z
= ZOFa|Fa7 l//ar>7
rll
and its expected value is
(P|Oc|®) = " pa(Or,),
Fll

<Fw Wa'OFD,'Fm Wa>
(Cor Wallar Wa)

{Or,) = : (86)

the average of the expected values of the observables over
all graphs.

Of special interest are graph-preserving operators O¢
with restrictions O that describe a measurement of the
same local quantity in all graphs. Consider, for instance, a
measurement of the volume of a single node for a region
with V boundary links. Let V be the operator on /C that
describes this measurement. The invariant volume operator
at a node, for a fixed 1-CH graph, was defined in Egs. (65)
and (66). For each graph I',,, it reads

1
Veo==—>1®-®V,®---®1. (87

% nel’,

where N, is the number of nodes in I',. The associated
operator on K is

Ve = @Vw (88)

T

a

where the sum runs over all V-valent 2-CH graphs.
Similarly, the total volume operator is defined on each
graph by V, . = N,V,, and the associated operator on K
is VC,tot = @Va.tot-

r(l
Let us restrict to the case of graph-preserving operators
Oc for which the operators O are invariant one-node
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observables describing the same physical quantity (e.g., the
volume of a node). By this we mean that all operators O

are associated with the same node observable O on H':

Op = 0" = @O0y, (89)

{da}

where H' is the abstract intertwiner space defined in
Eq. (74), and the node observable O} is defined in
Egs. (75) and (76). We will further discuss this condition
later in this section, but for now let us assume that it is
satisfied. We call such operators O invariant one-node
observables on K. From Eq. (78), the mean valued (Or. ) of
its restriction to each graph is then given by

(Or,) = Tryp (phOL),

where the density matrix p! is defined in Eq. (77). It follows
that

(POc|¥) = Try (pcOY), (90)

where

pc = PaPl (91)
I,

and the statistics of invariant one-node observables on K is
completely described by a density matrix p consisting of a
mixture of the one-node density matrices for the individual
graphs in superposition.

From Eq. (77), we can express this density matrix as

Pc = Z Z papa,{ju}p,ll’{ja}' (92)

Fo {Ja}

Summing over the graphs, we obtain the representation

pe =Y PLiP.y (93)
{ja}

with
Pl = PaPafi}
r(l

1
Pliy = P{

> PaPatj}Pu ) 54)
} T,

Ja

The density matrix py; y encodes the statistics of measure-
ments of the local observable at a node, given that spins
{ja} where observed at its boundary, and Py;, is the
probability of the configuration {j,}. The graph and node
at which the observation is performed remain unspecified:
the invariant observable includes the possibility that the
measurement is performed in any node of any graph in the

superposition, and these possibilities are averaged over, for
each boundary spin configuration.

Let us now discuss the interpretation of the
condition (89) that defines invariant one-node observables
on /. For that, suppose that a local property O of the
geometry is measured at a node with V links, say a
dihedral angle, a face area, the volume, or any other local
quantity, for a state that involves a superposition of states
on distinct graphs. Any such a measurement must be
represented by an invariant operator Oc-: K — K of the
form (85) that vanishes on graphs that are not V valent.
Choose a reference node r, with links r,a in each V-valent
graph. Now let 7 be a local quantity represented by an
observable

Ic=PIr,.

a

where the sum runs over all V-valent 2-CH graphs, and the
operators Zr @ Kr — Kr, are invariant one-node observ-
ables on K,

II“(, = Ni Z In(,’

a p,el’y,

Suppose that, for any configuration of boundary spins j, ,,
the restriction Z Jrua) of the local operator 7, to the
intertwiner space for such spins has eigenvalues Z, that
are all distinct, where k = 1, ..., d, with d = dim X, . For
instance, in a four-valent node, Z can be the spin at a virtual
link connecting the links 1 and 2 to the links 3 and 4 of the
node. Let |r,,x) €H, be the normalized eigenstate
associated with the eigenvalue Z,. Then the sets {|r,, «);
k=1,...,d} provide orthonormal bases for the intert-
winer spaces at each node r,. By identifying states
|Fg. k) = |1, k), we obtain isomorphisms G,4: H, — H
with action

r/;

Goplre- k) = |rg.x). (95)

Similarly, local operators O, —are associated with the
quantity O. Denote by Oy; . the restriction of the local

operator O, to the subspace with boundary spins {j, ,}. If
the corresponding operator Oy Jrpa} in the graph I'y, for the
same boundary spins j, , = Jrsa = Jas is given by the
image of Oy; , under the isomorphism that maps H,,_into
H,,, Oy e} = G,,ﬂO{jraa}G;/}, then the operators Of;
and Oy Jnga} have the same matrix elements in the bases

{lra. %)} and {[ry, )}:

<ra”<l‘0{j,-aa} Fg, k") = (rﬂ,lc’|(9{jrﬁd} rg.k"). (96)
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We interpret this as representing that the same quantity was
measured on all graphs.

We can now compute the node observables O} on the
abstract intertwiner space H', for each Or,, following the
general prescription described in Sec. III E 1. As discussed
there, the matrix elements of O} are independent of the
choice of reference node in I',, if the intertwiners bases are
chosen in a consistent way for all nodes in I',. In addition,

|

=&) = (i, = &|r.
K’
=D i,

i

= G,

<i,/} = KlO{jr/’a} i,ﬁ

=«|0y;,

where we used Eqgs. (95)—(97). The matrix elements of
Oy Jrpa) AT then the same for all graphs, which implies that

O}, has the same form on all graphs. The condition (89) is
thus satisfied.

The construction of invariant one-node observables and
the reduced density matrix for a single node, while
considered here for the case of interest of homogeneous
and isotropic spaces described by 2-CH graphs, extends
without modifications to a superposition of 1-CH graphs,
since only the 1-CH property was used. In addition, for
2-CH graphs, not only isolated nodes are all equivalent, but
also pairs of adjacent nodes can always be related by some
automorphism. As a result, the reduced density matrix of a
pair of adjacent nodes for a given boundary geometry has
always the same form on a 2-CH graph, regardless of
the choice of the pair of adjacent nodes, as discussed in
Sec. IIT E 3. One can then introduce an invariant two-node
reduced density matrix that describes the statistics of
invariant observables representing measurements per-
formed on a pair of adjacent nodes, for any superposition
of states on 2-CH graphs, in analogy with the case of a
single node. More generally, in k-CH graphs, isomorphic
subgraphs with k£ nodes can be related by automorphisms,
and an invariant reduced density matrix can be assigned to
such regions.

IV. ENTANGLEMENT ENTROPY FOR A
SUPERPOSITION OF GRAPHS

In the last section, we introduced the density matrix
pc € H' that describes the statistics of invariant one-node
observables for a state involving a superposition of graphs.
This density matrix is the restriction of a state |¥) € K
to the subalgebra of observables formed by invariant
one-node observables, which characterizes a subsystem
composed of a single node in an automorphism-
invariant way.

)1 K10g,.)

= K|rg K ) (rg, K |(’){h 2

for a superposition of graphs, we can choose intertwiner
bases {|i, )} that satisfy

=) =G (97)

|ir/, aﬂ'ir,, = K>‘
The matrix elements of O}, can be computed in such bases
by taking the nodes r, as reference nodes on each graph,

leading to

rp. k") (g, K”|i,/} =K)

Far K (r g 6|l = &)

i, = ). (98)

The density matrix p- provides us with a tool to
introduce a notion of geometric entropy in K for a
subsystem formed by a single node. The entropy of a
node is defined as the von Neumann entropy associated
with the reduced density matrix pc:

Sc¢ = =Ty (pclogpe). (99)
The entropy is completely determined by p, and therefore
invariant under automorphisms and well defined for states
involving superpositions of graphs. Let us express it in a
more explicit form in order to discuss its main properties.

From Eq. (93), the density matrix p- has a block

diagonal form with respect to the direct sum
= @Hy;,)- The trace can then be decomposed into
{Ja}

a sum of contributions from each component, and we
obtain the formula

Sc ==Y _Pyylog Py + Y PriaSiy
U Ul

(100)

where

Sty = ~Trry, (P, o8y y)

is the entropy for fixed boundary spins {j,}. The entropy
Sc includes a contribution from the classical distribution of
probabilities Py; y for the spins, given by the first term in
Eq. (100), and independent contributions from each spin
configuration {j,}, given by the von Neumann entropy of
the associated density matrix py; 1, weighted by the spin
configuration probabilities.

When the state of the geometry does not involve a
superposition of graphs, the probability P;, and the
reduced density matrix py; y reduce to that of any single
node in the graph. The formula (100) then corresponds to
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that of a mixture of the reduced density matrices for all spin
configurations, at any node, weighted by the associated
probabilities, as could be expected. Such a formula for the
entropy was previously employed for the analytical and
numerical determination of the entropy of Bell states on
fixed graphs in [64], where only CH graphs were consid-
ered. The entropy formula (100) obtained in our invariant
approach thus reduces to that considered in [64] at a fixed
graph and extends it to the case of a superposition of
graphs.

The distribution of probabilities p; for a superposition of
graphs I'; contributes to the entanglement entropy differ-
ently from the probability distribution for the spin con-
figurations. Consider, for example, a state for which the
one-node density matrices p} are the same for all graphs I';,
that is, p} = p'. From (91), it follows that po = p'. The
entropy Sc is then the same as for any individual graph in
the superposition. That this must be so follows from the fact
that the entropy S is completely determined by the
statistics of observations performed within a node, given
that some spin configuration was observed at its boundary.
If the geometries of the nodes are the same, for any
boundary configuration, for all graphs in the superposition,
then the entropy should indeed not be affected by the graph
superposition.

As discussed in the previous section, for cosmological
states based on 2-CH graphs, a reduced density matrix can
also be associated in an invariant way with regions formed
by two adjacent nodes. In analogy with the case of a single
node, the entropy of a region formed by two adjacent nodes
can then be defined in an automorphism-invariant way as
the von Neumann entropy of such a two-node reduced
density matrix. More generally, the entropy of regions
formed by k nodes can be analogously defined for states
formed by the superposition of automorphism-invariant
states on k-CH graphs.

We will now illustrate the application of the entropy
formula (100) through the analysis of a concrete example of
invariant state involving a superposition of graphs.

A. Superposition of Bell states on I's and I'g
Let ¥ € K be a superposition

|¥) = /PITs,ws) + /1 = pTe,we) (101)

of a state |I's,ys) on the pentagram I's [Fig. 5(a)] and a
state |[g, ) on the Turan graph 7 (6, 3) [Fig. 5(b)], where
p € [0, 1] is the probability of the graph I's. Both graphs are
four-regular and homogeneous. From their homogeneity,
they must also be 2-CH graphs. We take |I's,ys) and
T, we) to be Bell-network states with fixed spins j, = 1/2
[Eq. (46)],

ITs,ws) = |Ts, {j, = 1/2},B)
Vﬁg}%Jﬂ T s = 1723 (i),
T, we) = [T, {jr = 1/2},B)

/_§3%dﬁ T ICo L = 1/2). (i)

The sum over intertwiners restricts to i, = 0, 1 because all
links are colored with spins j, = 1/2. At each node, we
choose the intertwiner basis:

s |mypmomsnly
[10] 1T *Eemlmzemymv

3
[i]]'”lm2m3m4 — 7_2 _m”_m“ 01 mz [61]—m4,

where

and the matrices Pauli
with m, m' = +1/2.

We denote by pl and p} the invariant one-node density
matrices of |I's,ws) and |[s, ), respectively. In order to
determine them, we compute the reduced density matrix of
the corresponding states at an arbitrary node on each graph.

We find

[o;]", are the matrices,
m

ph=2(10) (0] + 1) (1.

ph= B(Mmmwiﬁwwu+mmw+wmuo

We checked that the same density matrix is obtained for all
nodes in each graph. The state p! is maximally mixed, with
entropy S! = In2 ~ 0.6931. The entropy S;, of p, is slightly
smaller, S} ~0.6837.

The invariant one-node density po for the state |¥)
obtained by the superposition of the states on both graphs is
given by Eq. (91). We obtain

pc = ppi+ (1= p)pg.

The entropy of the node is given by Eq. (100). Its
dependence on the probability p of the graph I's is plotted
in Fig. 9. As p varies from O to 1, the entropy interpolates
between the values of the entropies of the individual states
|Ts,ws) and |[g, yg) of the superposition, and is maximal
for p = 1, when the superposition becomes trivial and the
state of the geometry reduces to |I's, ys).
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FIG. 9. Entropy S. of a single node for a superposition of Bell-
network states on graphs I's and ['g described by the state (101) as
a function of the probability p associated with the graph T's.

We can also compute the entropy of a region formed by
two adjacent nodes. We denote by p? and p? the invariant
density matrices for two adjacent nodes of |I's,y5) and
[T, ws), respectively. As for a single node, we can compute
the reduced density matrix of each invariant state for any
pair of adjacent nodes. Since both graphs are 2-CH, the
result is independent of the choice of adjacent nodes.
We find

6 —V/3 =3 0
, 1| -v3 8 2 V3
ps—% —\/§ ’ g \/§ s
0 V3 V36
63 —15V/3 -15V/3 -3
, 1| -15/3 93 353
=2 L1533 93 5v3 |
-3 5v3 53 43

in the basis {|00), |01),[10)|11)}. The entropy of the state
p?is S2 ~ 1.30131, and that of the state p? is Sz ~ 1.27207.
Again, the entropy is smaller in the graph I's. For the
superposition (101), the two-node density matrix is

pe=pps+ (1= p)pE,

and the entropy S% of two adjacent nodes is the von
Neumann entropy of pZ. Its dependence on the probability
p of the graph I's is plotted in Fig. 10. The entropy has a
maximum at p ~0.84. Therefore, in this example the
entropy of the superposition can exceed that of each graph
in the superposition. One can expect the same to occur for
states involving superpositions of a larger number of more
complex graphs.

0.0 0.2 0.4 0.6 0.8 1.0
p

FIG. 10. Entropy S% of two adjacent nodes for a superposition
of Bell-network states on graphs I's and I'g described by the state
(101) as a function of the probability p associated with the
graph I's.

V. SUMMARY AND DISCUSSION

We introduced a general space /C of quantum states of the
geometry in loop quantum gravity whose symmetry proper-
ties correspond to discrete versions of the properties of
homogeneity and isotropy, and constructed a nontrivial
family of concrete examples consisting of Bell-network
states [17] on generic 2-CH graphs. Such states constitute a
new class of quantum geometries that can be used as
boundary states for the computation of transition ampli-
tudes in spinfoam cosmology, or as initial states for a
Hamiltonian description of the dynamics of quantum
cosmological spacetimes. The local geometry of a
generic cosmological state |¥) € K, which can include
superpositions of states defined on distinct graphs, is
captured by one-node observables analogous to the one-
body operators routinely used in many-body quantum
mechanics [21]. We derived an explicit formula for the
density matrix describing the restriction of a cosmological
state |¥) to the algebra of one-node observables. The von
Neumann entropy of this density matrix provides a natural
definition of the entanglement entropy associated with a
node. We computed the geometric entanglement entropy
for a superposition of Bell states on distinct graphs in order
to illustrate the application of the techniques introduced
here in an explicit example.

Homogeneous and isotropic states were first defined on
fixed 2-CH graphs I'¢, a class of highly symmetric graphs
that includes dual graphs of regular discretizations of
homogeneous and isotropic spaces, and generalizes, in
particular, cubulations and regular decompositions of the
3-sphere. The automorphism group of a 2-CH graph is node
and link transitive, which implies that all its nodes are
equivalent, as well as all its links. We adopted the require-
ment that physical states and observables of the geo-
metry must be invariant under all automorphisms of the
graph [18]. The symmetries of the graphs are then inherited
by the states of the geometry, and measurements of the
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geometry cannot distinguish among the nodes or the links
of the graph. The indistinguishability of the nodes char-
acterizes a notion of homogeneity for the quantum geom-
etry, and that of the links at any node characterizes a
discrete notion of isotropy. A generic cosmological state
was then defined as a generic superposition of automor-
phism-invariant states on 2-CH graphs.

We proved that a special class of Bell-network states
satisfies the proposed conditions of homogeneity and
isotropy. Bell-network states are constructed by using
squeezed vacua techniques in the bosonic representation
of LQG [17,59,60]. In this representation, opposite end-
points of a link represent faces of adjacent polyhedra that
are glued along the link. The building blocks of a Bell-
network state are individual link states whose opposite
endpoints are maximally entangled. In addition, each link
state is invariant under orientation reversal. Gluing identical
copies of such maximally entangled pairs according to the
graph structure produces automorphism-invariant states
[T, 4, B) on 2-CH graphs I'¢, as desired. In contrast with
coherent states [65-67], the construction of Bell-network
states does not require the specification of a local classical
discrete geometry at each node on which the state would
be peaked on. Instead, they are superpositions of states
weighted by their SU(2) symbols and a simple function of
the parameter 4, which on the average produce a regular
geometry. On a pentagram, for instance, in the large spin
limit, a Bell-network state at fixed spins is a superposition
of coherent states peaked on all classical vector geometries
with equal weights [17]. The homogeneity and isotropy of
the state result from the uniform superposition of states
peaked on a large family of classical geometries.

As the states |I'¢, A, B) are not peaked on a classical
piecewise linear geometry, their effective geometry does
not necessarily correspond to that of flat polyhedra. The
mean volume and boundary area of a node, for instance,
may not always be related as the volume and boundary area
of a regular tetrahedron. As a result, the effective geometry
might better approximate a regular curved tetrahedron [68].
We will analyze the dependence of the effective geometry
of Bell-network states on the parameter A and graph I'¢ in
our further works in order to clarify whether they can be
used to describe an effective geometry formed by gluing
regular curved polyhedra.

The condition that states and observables of the geom-
etry are automorphism-invariant severely restricts the space
of states and the algebra of observables in the highly
symmetric 2-CH graphs. In particular, observables that act
nontrivially only on a single node, as local area and volume
operators, are not invariant. In order to obtain observables
that describe measurements on a single polyhedron while
respecting automophism invariance, we applied a group
averaging to the local operators. On 2-CH graphs, this
produces invariant one-node observables that are propor-
tional to sums of local operators over all nodes of the graph,

analogous to one-body operators in many-body quantum
mechanics. The invariant volume operator, for instance, is
the average of the volume operators of all nodes of the
lattice. Such one-node observables describe measurements
performed on a single node, which remains unspecified.
By taking their direct sum over all 2-CH graphs, we
constructed invariant observables that act on generic
cosmological states, possibly including superpositions of
states on distinct graphs. They describe measurements
performed on a single node, whose graph and location
on a graph remain unspecified. The resulting formalism is
reminiscent of the framework of group field theory [69], in
which the quantum geometry is described in terms of
excitations of indistinguishable building blocks of space,
and cosmological degrees of freedom can be captured by
one-body operators that describe averaged properties of the
geometry [16]. In our case, we arrived at the one-node
observables as a direct consequence of the requirement of
automorphism invariance on 2-CH graphs in the standard
formalism of loop quantum gravity. We can further analyze
the construction of cosmological states, which can be
linked to group field theory formalism.

The space of cosmological states does not have a natural
decomposition into a tensor product of local spaces. In fact,
there are no local states in K, as any state on a 2-CH
graph is completely delocalized, due to its invariance under
the automorphism group, which is node transitive. In
addition, the geometry can involve a superposition of states
on distinct graphs. Nevertheless, we showed that a notion
of entanglement entropy of a single node can be introduced.
Suppose that a measurement of the spins at a node returns a
spin configuration {j,} with a probability Py; ;. One can
then ask about the statistics of volume measurements, for
instance, or of any other internal property of the dual
polyhedron, under the condition that the boundary spins
{j.} were observed. The statistics of one-node observables
describing such measurements is completely characterized
by a reduced density matrix pc = ;1 P(j1pyj,;- We
defined the entanglement entropy of the node as the von
Neumann entropy of p.. In this way, instead of describing a
local region by selecting a specific node in a graph, we
characterized it by the measurement of a boundary geom-
etry, which can be in any graph, and the entropy of the
region was defined as that of the density matrix describing
the statistics of measurements of the geometry enclosed by
such a boundary geometry. This definition of the entropy
can be extended to larger local regions on k-CH graphs.

We analyzed a concrete example involving the super-
position of automorphism-invariant states on two distinct
2-CH graphs. We considered the superposition of Bell-
network states with fixed spins on graphs I's and I'q with
5 and 6 four-valent nodes, respectively. We set all spins
Jjr = 1/2, for simplicity, and computed the entropy in terms
of the probability p associated with the graph I's, both for a
single node and for two adjacent nodes. The entropy of the
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superposition can exceed that of the individual states, as
could be expected, opening the possibility of fixing the
amplitudes of the states in the superposition by imposing a
maximization of the entropy. It would be interesting to
study more general superpositions involving larger spins
and more complex graphs in order to determine the
consequences of a condition of maximal entropy for
superpositions of graphs.

The entropy of a local region was defined in this work for
a cosmological state, but it should be possible to extend the
strategy adopted for that purpose to more general circum-
stances, presenting another natural direction for the exten-
sion of our results. We expect that the entropy of a local
region specified by a boundary geometry can be likewise
defined for any state of the geometry, and more general
cases than those explored here can be studied elsewhere.
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APPENDIX: A LIST OF USEFUL GRAPHS,
INCLUDING NOMENCLATURE, DEFINITIONS
AND BASIC FEATURES

General references for the definitions below are
[23,24,47,70,71].

Cycle graph Cy: A graph with N nodes comprising a
single cycle through all nodes. The number of nodes in Cy
equals the number of links, and every node has valence two.

Complete graph Ky: A simple graph with the property
that each pair of distinct nodes is connected by a link (see
Fig. 1). There is only one complete graph with N nodes up
to a graph isomorphism. The size of a complete graph is
given by L =N(N +1)/2.

Complete multipartite graph K(r,s) of r parts of size
s: The node set is the union of r sets Xy, ..., X, of order
|X;| = s. Two nodes are adjacent if and only if they belong
to distinct sets X; and X, i # j.

Complete bipartite graph Ky j,: A graph whose node set
can be partitioned into two subsets M and N such that no
link has both endpoints in the same subset, and any point in
M is adjacent to any point in N.

Line graph L(T') of a graph T': The node set of L(I') is
the link set of I'. Two nodes in the line graph are joined if
and only if they correspond to links sharing a common node
in the original graph.

Cayley graph: A (uncolored and undirected) Cayley
graph I'(G, §) is labelled by a group G and a generating set
S of G. The node set of the Cayley graph is the group G. For

any g € G and s € §, the nodes ¢ and gs are joined by a
link, i.e., the link set is formed by pairs {g, gs}.

Tree graph T,: A tree is a connected graph without
cycles. A tree is regular if all vertices have the same degree.
We denote by T, the regular tree of valency r.

Schldfli  symbol: Schlifli symbols are finite lists
{p,q.r,...} of natural numbers used to represent regular
polytopes and tessellations of spheres, hyperbolic and
Euclidean spaces. A Schliffi symbol with a single index
{p} represents a p-sided regular polygon. A Schlfli
symbol {p,q} with two indices represents the object
formed by p-sided regular polygons glued so that ¢
polygons meet at each node. Put = (p —2)(q —2) — 4,
with p, ¢ > 2. The symbols { p, ¢} describe tessellations of
the Euclidean plane (u = 0), sphere (u < 0) and the
hyperbolic plane (¢ > 0) [46,47]. There is a finite number
of solutions for the spherical case (the Platonic solids) and
for the plane case (triangular lattice: {3, 6}, square lattice:
{4,4} and hexagonal honeycomb {6,3}), but an infinite
number of solutions for the hyperbolic case. Similarly,
a Schlifli symbol {p, g, r} with three indices describes
the object formed by gluing regular polytopes {p, g} so
that r such polytopes meet at each link. As in the two-
dimensional case, the type of curvature of the embedding
space is determined by y = sin(z/p) sin(z/r) — cos(z/q),
which gives Euclidean (¢ = 0), spherical (u > 0) and
hyperbolic (1 < 0) 3d spaces, respectively [46,47]. For
instance, {4, 3,4} defines cubes as building blocks, with
four of them around each link, describing a cubic lattice.

Honeycomb: A honeycomb is a tessellation of an
n-dimensional Euclidean space with polyhedral or
higher-dimensional cells. A hyperbolic honeycomb is a
tessellation of an n-dimensional hyperbolic space with
hyperbolic polyhedra or higher-dimensional cells. A
honeycomb is called regular if the group of isometries
preserving the tessellation acts transitively on all the
elements of the honeycomb (vertices, edges, faces and
cells). The cubic lattice is the only regular honeycomb in 3d
Euclidean space. The dual graph of an infinite regular
honeycomb with Schlifli symbol {p,q,r} is denoted
by He({r.q. p}).

Lattice E,(TV): An n-dimensional lattice /Jflv) in R" is a
graph with valency V whose node set is a subgroup of the
additive group R” that is isomorphic to the additive group
Z". For example, for any basis of R", the subgroup of all

linear combinations of the basis vectors with integer
coefficients forms a lattice ./Jffn). A triangular grid, a
tessellation of the plane formed by identical equilateral
triangles, is a lattice £§6).

Circulant graph Ciy: A graph with N nodes
ni,i=0,...,N—1, such that if n; and n( 4 moan are
adjacent, then the nodes njy and ng 4 meany are also
adjacent, for all j'. The automorphism group of the graph
includes all cyclic permutations of its nodes.
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Hypercube graph Q,: A hypercube graph with valency
n is the graph formed by the nodes and links of an
n-dimensional hypercube. It has 2" nodes and 2"~ 'n links.

Perfect matching: A matching in a graph is a set of
pairwise non-intersecting links. A perfect matching is a
matching for which every node of the graph is in some link
of the matching. A perfect matching has N/2 links,
implying that perfect matchings only exist for graphs with
an even number of nodes.

Rado graph: The nodes of the Rado graph are the natural
numbers N = {0, 1,2, ...}. For i < j, the nodes i and j are
joined if and only if the ith digit of j (in base 2) is 1. The Rado
graph is a self-complementary graph, i.e., it is isomorphic to
its complement. The valency of the Rado graph is infinite.

Henson graphs: The Henson graph Hp is the unique
countable infinite homogeneous graph that does not contain
a complete graph Ky but contains all K y-free finite graphs
as induced subgraphs. For instance, Hj is a triangle-free
graph (no three vertices form a triangle of links) that
contains all finite triangle-free graphs. The valency of the
Henson graph is infinite.

Petersen graph O5: The Petersen graph is the comple-
ment of the line graph of K. It has 10 nodes with valency
V =3 and 15 links. See Fig. 6.

Clebsch graph [s: The Clebsch graph has 16 nodes with
valency 5 and 40 links. It can be constructed from a
5-dimensional hypercube graph Qs by identifying every
pair of opposite nodes. See Fig. 6.
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