
Renormalization group flow to effective quantum mechanics
in the IR in an emergent dual holographic description

for spontaneous chiral symmetry breaking

Ki-Seok Kim ,1,2,* Mitsuhiro Nishida,1,† and Yoonseok Choun1,2,‡
1Department of Physics, POSTECH, Pohang, Gyeongbuk 37673, Korea

2Asia Pacific Center for Theoretical Physics (APCTP), Pohang, Gyeongbuk 37673, Korea

(Received 24 October 2022; accepted 14 February 2023; published 7 March 2023)

Implementing the Wilsonian renormalization group (RG) transformation in a nonperturbative way, we
construct an effective holographic dual description with an emergent extradimension identified with an
RG scale. Taking the large-N limit, we obtain an equation of motion of an order-parameter field, here
the chiral condensate for our explicit demonstration. In particular, an intertwined structure manifests
between the first-order RG flow equations of renormalized coupling functions and the second-order
differential equation of the order-parameter field, thus referred to as a nonperturbative RG-improved
mean-field theory. Assuming translational symmetry as a vacuum state, we solve these nonlinear
coupled mean-field equations based on a matching method between UV- and IR-regional solutions. As
a result, we find an RG flow from a weakly coupled chiral-symmetric UV fixed point to a strongly
correlated chiral-symmetry broken IR fixed point, where the renormalized velocity of Dirac fermions
vanishes most rapidly and effective quantum mechanics appears at IR. Furthermore, we translate these
RG flows of coupling functions into those of emergent metric tensors and extract out geometrical
properties of the emergent holographic spacetime constructed from the UV- and IR-regional solutions.
Surprisingly, we obtain the volume law of entanglement entropy in the Ryu-Takayanagi formula, which
implies appearance of a black hole type solution in the limit of infinite cutoff even at zero temperature.
We critically discuss our field theoretic interpretation for this solution in terms of potentially gapless
multiparticle excitation spectra.

DOI: 10.1103/PhysRevD.107.066004

I. INTRODUCTION

Renormalization group (RG) improved mean-field
theory (MFT) is not only a natural but also a general
framework at least in the conceptual aspect. Here, inter-
action vertices are renormalized in the one-loop level, or
resummed in the context of the Bethe-Salpeter equation [1].
These renormalized coupling functions enter a mean-field
equation for the description of a phase transition given by
an order-parameter field. Unfortunately, this “perturbative”
RG framework is not enough to understand the dynamics of
strongly coupled quantum field theories.
To generalize the Wilsonian perturbative RG trans-

formation in a nonperturbative way, we introduce an

energy-scale dependent order-parameter field and propose
an intertwined RG structure between the RG flow equations
of renormalized coupling functions and an extended mean-
field equation of the order-parameter field at each energy
scale. Suppose the Wilsonian RG transformation for a
given quantum field theory at an energy scale Λ. Then, we
solve the resulting effective interacting field theory in a
mean-field fashion but with renormalized interaction ver-
tices at the scaleΛ. Usually, this is the end of the procedure,
referred to as the RG-MFT mentioned above.
In this study, we extend this procedure in an iterative

way. After performing the first iteration in the RG-MFT, we
consider the second RG transformation for all dynamical
variables including the order-parameter field. This second
iteration is supported by the renormalized coupling func-
tions and the mean-field “background” value of the order-
parameter at the scale Λ in the first step of the RG-MFT.
Again, we take the large-N limit to perform the mean-field
analysis with the updated renormalized interaction vertices
after the second RG implementation. This completes the
second iteration in the RG-MFT.
Repeating these RG iterations with the scale-dependent

mean-field analysis in the large-N limit and expressing the
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discrete variable of the RG iteration with a continuous
“coordinate” z, we construct an effective field theory, where
the RG transformation manifests with an emergent extra-
dimension denoted by z [2–13]. Interestingly, we observe
that this nonperturbative RG-MFT not only shares some
characteristic features of the holographic dual effective
field theory [14–20] but also modifies them in two
ways. First, the background geometry in the dual holo-
graphic description corresponds to the RG flow equations
of renormalized coupling functions in the nonperturbative
RG-MFT [18–20]. Second, other fields besides the metric
tensor describe the dynamics of “order parameters” or
collective fields in a dual fashion [14–17]. For example,
the scalar field in the Einstein-scalar field theory corre-
sponds to the chiral condensate in the present descrip-
tion. These two aspects reinterpret the holographic
dual effective field theory in terms of nonperturbative
Wilsonian RG transformations. Third, the nonperturbative
RG-MFT introduces RG β functions of interaction vertices
beyond the holographic dual effective field theory with
gravity, where the RG flows for all dynamical variables
appear naturally to show conformal invariance only in the
low-energy limit [5–13,21–24]. Fourth, there is an essen-
tial difference on how to assign UV and IR boundary
conditions in the present description, where an effective
on-shell (boundary) action determines both boundary
conditions [5–13]. Here, the effective on-shell (boundary)
action may be regarded as a solution of the Hamilton-
Jacobi equation [6,7].
For concreteness, we consider spontaneous chiral sym-

metry breaking [1]. Here, we have three types of coupling
functions, corresponding to the wave-function renormali-
zation constant for Dirac fermions, the velocity of Dirac
fermions, and their effective interactions for chiral sym-
metry breaking, respectively. In addition, we have one
order-parameter field to describe the chiral symmetry
breaking. Taking the large-N limit in the nonperturbative
RG-MFT, where N is the flavor number of Dirac fermions,
we obtain four coupled differential equations, where three
of them are given by the first order to describe the RG flows
of the coupling functions and the last is the second-order
differential equation for the order-parameter field, sup-
ported by renormalized coupling functions at a given
energy scale. We verify that the wave-function renormal-
ization constant (the velocity renormalization constant) in
the nonperturbative RG-MFT corresponds to the space
(time) component of the metric tensor in the holographic
dual effective field theory.
We believe that it would not be an easy task to solve

these four heavily intertwined differential equations.
Here, we apply a matching method to solving these
coupled differential equations [25]. First, we solve such
coupled differential equations near both UV and IR boun-
dary regions, where these equations become simplified.

Second, we apply the UV (IR) boundary condition to the
UV-regional (IR-regional) solution. Since the number of
boundary conditions would be less than that of integration
constants, some of the integration constants remain unde-
termined in both UV- and IR-regional solutions. Third, we
require that the UV-regional solution should be smoothly
connected to the IR-regional solution in the extradimen-
sional space. Of course, there must be a certain condition
for the existence of this matching solution, which will be
clarified later. Based on this matching method, we find
an RG flow from a weakly coupled chiral-symmetric UV
fixed point to a strongly correlated chiral-symmetry
broken IR fixed point, where the renormalized velocity
of Dirac fermions vanishes most rapidly and effective
quantum mechanics appears at IR. It is a feature of the
nonperturbative RG-MFT: the appearance of this local
strong-coupling fixed point. Furthermore, we investigate
several geometrical objects in the holographic spacetime
constructed from the UV- and IR-regional solutions we
found. In particular, we calculate the minimal surface for a
single interval, which is essential for the holographic
entanglement entropy formula [26,27]. We uncovered the
volume law of entanglement entropy at zero temperature,
which implies appearance of a black hole type geometry at
Λ → ∞ to describe the strongly correlated chiral-symmetry
broken IR fixed point. We critically discuss our field
theoretic interpretation that strong correlations may allow
gapless multiparticle spectra between the single-particle
excitation gap due to spontaneous chiral symmetry
breaking.
This paper is organized as follows. First, we discuss a

general formulation of emergent dual holography in Sec. II.
Here, we introduce a general framework for the RG trans-
formation and clarify how the present construction imple-
ments the RG transformation in a nonperturbaive way. In
addition, we introduce an emergent dual holographic
description given by gravity with an extradimension and
argue that our nonperturbative RG framework may be
regarded as an effective holographic dual description.
Second, we take the large-N limit in this effective field
theory and obtain the equation of motion for an order-
parameter field, here the chiral condensate, in Sec. II. Here,
we find an intertwined structure for theRG flows between the
renormalized coupling vertices and the order-parameter
field. Third, we try to solve these coupled mean-field
equations based on a matching method between UV- and
IR-regional solutions in Sec. III, assuming translational
symmetry as a vacuum solution. In particular, we could
reveal some analytic behaviors in the low-energy limit and
find a local strong-coupling fixed point. In Sec. IV, we
compute the Ricci scalar curvature and the minimal surface
on the three-dimensional holographic spacetime. Then, we
summarize our main results and discuss several unresolved
issues in the last section.
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II. A NONPERTURBATIVE APPROACH OF THE
WILSONIAN RENORMALIZATION GROUP
THEORY FOR SPONTANEOUS CHIRAL

SYMMETRY BREAKING

A. A general framework for the renormalization
group transformation

We start our discussions, reviewing a general framework
of the RG transformation [1]. Here, we consider interacting
Dirac fermions described by

Z ¼
Z

DψbσðxÞ exp
�
−
Z

dDx

�
ψ̄bσðxÞγμ∂μψbσðxÞ

þ λbχ
2N

ψ̄bσðxÞψbσðxÞψ̄bσ0 ðxÞψbσ0 ðxÞ
��

: ð1Þ

ψbσðxÞ is a Dirac spinor at x in D spacetime dimensions,
where σ is a flavor index from 1 to N and b is “bare” or
“unrenormalized.” ψ̄bσðxÞ ¼ ψ†

bσðxÞγ0 is the canonical
conjugate variable to ψbσðxÞ. γμ with μ ¼ 0;…; D − 1 is
the Dirac matrix to satisfy the Clifford algebra in D
spacetime dimensions. λbχ is an interaction coefficient
for chiral symmetry breaking, where b also denotes bare
or unrenormalized.
Performing the Hubbard-Stratonovich transformation for

the chiral symmetry breaking channel, we introduce an
order-parameter field φbðxÞ as follows:

Z ¼
Z

DψbσðxÞDφbðxÞ exp
�
−
Z

dDx
�
ψ̄bσðxÞ

×

�
γτ∂τ − ivbψγi∂i

�
ψbσðxÞ − iλbχφbðxÞψ̄bσðxÞψbσðxÞ

þ Nλbχ
2

φ2
bðxÞ

��
: ð2Þ

Here, we introduced vbψ as the bare velocity of Dirac
fermions. To describe quantum fluctuations of chiral
symmetry breaking, we integrate over short-distance fluc-
tuations of Dirac fermions and obtain

Z ¼
Z

DψbσðxÞDφbðxÞ exp
�
−
Z

dDx

�
ψ̄bσðxÞ

×

�
γτ∂τ − ivbψγi∂i

�
ψbσðxÞ − iλbχφbðxÞψ̄bσðxÞψbσðxÞ

þ NφbðxÞ
�
−∂2τ − v2bφ∂

2
i þm2

bφ

�
φbðxÞ

��
: ð3Þ

Here, the kinetic energy of the order-parameter field results
from the polarization bubble of high-energy quantum
fluctuations of Dirac fermions, denoted by Πðx − x0Þ ¼
λ2bχhψ̄bσðxÞψbσðxÞψ̄bσ0 ðx0Þψbσ0 ðx0Þi, where h…i is an
ensemble average. Performing the Fourier transformation

and expanding it up to the second order with respect to
the frequency and momentum, we obtain ΠðiΩ; qÞ ¼
c1N

λ2bχ
Λ2
f
ðΩ2 þ c2v2bψq

2Þ þ Πð0; 0Þ, where c1 and c2 are

numerical constants. Λf is the short-distance cutoff to
control high-energy fluctuations. Rescaling coordinates,
fields, and coupling constants appropriately, we obtain the
above expression for the kinetic energy of the order-
parameter field, where vbφ and mbφ are the bare velocity
and bare mass of the collective field φbðxÞ.
Now, we consider the RG transformation. First, the

coordinate transforms as

x → μx; ð4Þ

where μ is the scaling parameter. To make the time-
derivative term invariant under this coordinate transforma-
tion, both fermion and boson fields have to transform as
follows:

ψbσðxÞ ¼ μ−
D−1
2 Z

1
2
ψψ rσðxÞ; φb ¼ μ−

D−2
2 Z

1
2
φφr: ð5Þ

Here, Zψ and Zφ are wave-function renormalization con-
stants to take divergent contributions from quantum cor-
rections and to relate fermion and boson bare fields with
their renormalized ones denoted by the subscript r.
Accordingly, fermion and boson velocities transform as

vbψ ¼ Z−1
ψ Zvψvrψ ; v2bφ ¼ Z−1

φ Zv2φv
2
rφ; ð6Þ

which lead the space-derivative term to be invariant under
this scaling transformation. Zvψ and Zv2φ are velocity
renormalization constants for fermions and bosons, respec-
tively. The boson mass term remains invariant if the mass
parameter transforms as

m2
bφ ¼ μ2Z−1

φ Zm2
φ
m2

rφ; ð7Þ

where Zm2
φ
is the mass renormalization constant. Finally,

the Yukawa coupling term is invariant if the Yukawa
interaction vertex transforms as

λbχ ¼ μ−
D−4
2 Z−1

ψ Z
−1
2

φ Zλχ λrχ ; ð8Þ

where Zλχ is the interaction renormalization constant.
Replacing all bare fields and coupling constants with

renormalized ones, we obtain the following effective field
theory:
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Z ¼ ðμ−ð2D−3ÞZN
ψZφÞVD

Z
Dψ rσðxÞDφrðxÞ exp

�
−
Z

dDx

×

�
ψ̄ rσðxÞ

�
Zψγ

τ
∂τ − iZvψvrψγ

i
∂i

�
ψ rσðxÞ

− iZλχ λrχφrðxÞψ̄ rσðxÞψ rσðxÞ þ NφrðxÞ

×

�
−Zφ∂

2
τ − Zv2φv

2
rφ∂

2
i þ Zm2

φ
m2

rφ

�
φrðxÞ

��
; ð9Þ

where VD is the volume factor of the D-dimensional
spacetime. Below, we find all these renormalization con-
stants in the nonperturbative RG-MFT.

B. Emergent dual holography for spontaneous
chiral symmetry breaking

1. General prescription for the appearance
of an extradimension through the Wilsonian

renormalization group transformation

Before going to a concrete example, here the pro-
blem of spontaneous chiral symmetry breaking, we
discuss how the extradimension appears through the

Wilsonian RG transformation. We start from the following
free energy:

F½fgaðx; τÞg� ¼ −
1

β
ln
Z

Dψσðx; τÞ exp
�
−
Z

β

0

dτ

×
Z

ddxL½ψσðx; τÞ; fgaðx; τÞg�
�
: ð10Þ

Here, L½ψσðx; τÞ; fgaðx; τÞg� is an effective UV Lagrangian
to describe dynamics of electrons ψσðx; τÞ under their
effective interactions with strengths fgaðx; τÞg. σ represents
the electron spin, extended from 2 to N. a denotes the
number of effective interactions. β is inverse temperature.
Now, we perform a functional RG transformation in real

space. Although it is not easy to take such a task, one may
perform the Kadanoff block-spin transformation explicitly at
least in one dimension [5,7–10,12,13,28]. In higher dimen-
sions, it is more difficult to perform the functional RG
transformation because the lattice structure is modified to
depend on the RG transformation step. See Refs. [2–4,6–10]
for real-space RG transformations above one spatial dimen-
sion. Whatever the regularization is, the RG transformation
would give the following free energy:

F½fgaðx; τÞg� ¼ −
1

β
ln
Z

Dψσðx; τÞDgaðx; τ; zÞδðgaðx; τ; 0Þ − gaðx; τÞÞ

δ

�
∂zgaðx; τ; zÞ − βga ½fgaðx; τ; zÞg�

�
Det

�
∂zδab −

∂

∂gbðx; zÞ
βga ½fgaðx; τ; zÞg�

�

exp
�
−
Z

β

0

dτ
Z

ddxL½ψσðx; τÞ; fgaðx; τ; zfÞg� − N
Z

zf

0

dz
Z

β

0

dτ
Z

ddxVeff ½fgaðx; τ; zÞg�
�

ð11Þ

in terms of effective interactions fgaðx; τ; zÞg renormalized at IR (z ¼ zf), given an interaction configuration fgaðx; τ; 0Þg at
UV (z ¼ 0). Here,

N
Z

β

0

dτ
Z

ddxVeff ½fgaðx; τ; zÞg� ¼ −
1

β
ln
Z
ΛðzÞ

Dψσðx; τÞ exp
�
−
Z

β

0

dτ
Z

ddxL½ψσðx; τÞ; fgaðx; τ; zÞg�
�

ð12Þ

is an effective potential at a given energy scale z with a
reduced cutoff ΛðzÞ for ψσðx; τÞ, which arises from the RG
transformation at the scale of z. z is the RG transformation
scale.
All the interactions fgaðx; τ; zÞg evolve from their UV

bare values of gaðx; τ; 0Þ ¼ gaðx; τÞ to their IR renormal-
ized ones of fgaðx; τ; zfÞg, respectively, through the RG
transformation, given by their RG flows

∂zgaðx; τ; zÞ ¼ βga ½fgaðx; τ; zÞg�: ð13Þ

Here, βga ½fgaðx; τ; zÞg� are RG β functions [1], resulting
from high-energy quantum fluctuations of matter fields.
More precisely, they are given by the effective potential as
follows:

βga ½fgaðx; τ; zÞg� ¼ −
∂

∂gaðx; zÞ
Veff ½fgaðx; τ; zÞg�: ð14Þ

Such fully renormalized coupling functions appear in the IR
renormalized effective LagrangianL½ψσðx;τÞ;fgaðx;τ;zfÞg�
for a given interaction realization at UV. Detf∂zδab −

∂

∂gbðx;zÞ βga ½fgaðx; τ; zÞg�g are Jacobian factors, which appear
in the Faddeev-Popov procedure [1]. In other words, we
obtainZ

Dgaðx; τ; zÞδf∂zgaðx; τ; zÞ − βga ½fgaðx; τ; zÞg�g

× Det

�
∂zδab −

∂

∂gbðx; zÞ
βga ½fgaðx; τ; zÞg�

�
¼ 1; ð15Þ
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which leads the partition function to be invariant under the RG transformation.
Introducing Lagrange multiplier [Πgaðx; zÞ] and ghost [faðx; zÞ] fields into the above partition function, we reformulate

the effective field theory as follows:

F½fgaðx; τÞg� ¼ −
1

β
ln
Z

Dψσðx; τÞDgaðx; τ; zÞDΠgaðx; zÞDf̄aðx; zÞDfaðx; zÞ

δ

�
gaðx; τ; 0Þ − gaðx; τÞ

�
exp

�
−
Z

β

0

dτ
Z

ddxL½ψσðx; τÞ; fgaðx; τ; zfÞg�

− N
Z

zf

0

dz
Z

β

0

dτ
Z

ddx

�
Πgaðx; zÞð∂zgaðx; τ; zÞ − βga ½fgaðx; τ; zÞg�Þ þ Veff ½fgaðx; τ; zÞg�

þ f̄aðx; zÞ
�
∂zδab −

∂

∂gbðx; zÞ
βga ½fgaðx; τ; zÞg�

�
fbðx; zÞ

��
: ð16Þ

This expression manifests the RG transformation in the
level of an effective action, claimed to be an emergent
holographic dual effective field theory. Although it would
be interesting to investigate the formal aspect of this
effective field theory more deeply, we do not discuss
possible Becchi-Rouet-Stora-Tyutin (BRST) symmetries
[1] and related Ward identities further in this paper.
Before going back to the problem of spontaneous chiral

symmetry breaking, we point out an essential approxi-
mation in this effective field theory. First of all, nonlocal
terms are neglected in the resulting effective action that
manifests the RG flows of the coupling fields. We recall
that the Wilsonian RG transformation generates nonlocal
terms inevitably. Suppose the Kadanoff block-spin trans-
formation in one dimension. Within this regularization
scheme, nonlocal hopping terms along the time direction
are generated and given by the even-site electron propa-
gator, when even-site dynamical fields are integrated out
in the RG transformation. Resorting to the gradient
expansion for the time derivative in the even-site electron
propagator, we keep the lowest order of ∂nτ with n ¼ 0. See
Ref. [5] for details. More generally, the RG β function
Eq. (14) is given by a Green’s function of the correspond-
ing matter field at a given energy scale z. Since the
Green’s function is bilocal, i.e., depending on x and x0,
nonlocality is unavoidable. Such emergent nonlocal inter-
actions can however be “localized” at the cost of introduc-
ing higher-spin fields to decompose them in a local fashion
based on the corresponding group structure [29–36]. In
other words, integrating over such higher-spin fields
gives rise to an effective gravity theory including only
up to spin two fields, but in the presence of effective
nonlocal interactions between gravitons. In most cases, we
will work with a proper local truncation of these RG-
generated nonlocal terms, keeping the original form of the
effective Lagrangian as in the conventional RG trans-
formation [4–10]. Here, based on the gradient expansion
in the limit ofΔx ¼ x − x0 → 0, we have only local terms in
the resulting effective action. This issue is well summarized
in Ref. [7].

2. Nonperturbative implementation of the Wilsonian
renormalization group transformation

We are ready to discuss the problem of spontaneous
chiral symmetry breaking based on the Wilsonian RG
transformation. To implement the Wilsonian RG trans-
formation in a nonperturbative way, we introduce wψ with
an order-parameter field as follows:

Z ¼
Z

DψσðxÞDφðxÞ exp
�
−
Z

dDx

�
ψ̄σðxÞ

×

�
wψγ

τ
∂τ − ivψγi∂i

�
ψσðxÞ − iλχφðxÞψ̄σðxÞψσðxÞ

þ Nλχ
2

φ2ðxÞ
��

: ð17Þ

As expected, wψ will play the role of the wave-function
renormalization constant for Dirac fermions.
Now, we perform the RG transformation. First, we

separate fast and slow degrees of freedom from all
dynamical fields at a given energy scale Λ, here Dirac
fermions ψσðxÞ and chiral symmetry breaking fluctuations
φðxÞ. Second, we integrate over short-distance fluctuations
for φðxÞ and obtain newly generated effective interactions
between Dirac fermions. Third, we perform the Hubbard-
Stratonovich transformation for such RG-transformation
generated interactions and have an additional collective
field variable, saying φð1ÞðxÞ to decompose RG-generated
effective interactions. Calling the previous low-energy
mode φð0ÞðxÞ and shifting φð1ÞðxÞ to φð1ÞðxÞ − φð0ÞðxÞ,
we finish the first RG transformation for chiral symmetry
breaking fluctuations. Fourth, we perform the path integral
for short-distance fluctuations of Dirac fermions. Actually,
this RG transformation gives rise to genuine renormaliza-
tion effects for all coupling functions introduced in the
above UV effective field theory. Although any concrete
procedures would depend on regularization, we have the
following structure in the Wilsonian RG transformation.
The path integral for high-energy quantum fluctuations of
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Dirac fermions generates an effective potential in terms of
unrenormalized coupling functions and φð1ÞðxÞ. Fifth,
taking a functional derivative of the RG-generated effective
potential with respect to each coupling function and
φð1ÞðxÞ, we obtain the so-called RG β function to encode
how the coupling function evolves through this RG trans-
formation. Calling the previous unrenormalized coupling
function that with a superscript (0), we update it to a
renormalized one with a superscript (1). This completes the
first iteration of the RG transformation.
To proceed the second iteration of the RG transforma-

tion, we consider quantum fluctuations of ψσðxÞ and
φð1ÞðxÞ. Here, φð0ÞðxÞ is determined by free-energy min-
imization as usual. In this respect φð0ÞðxÞ is an energy-scale
dependent order-parameter field as discussed in the
Introduction. Now, it is straightforward to perform the

RG transformation in a recursive way. Each coupling
function with a superscript (k − 1) renormalizes into that
with a superscript (k) by its RG β function. Within these
background renormalized coupling functions, the energy-
dependent order-parameter field is determined by minimi-
zation of the free energy functional. To make the resulting
effective field theory be more tractable, we introduce a
continuum variable z to replace the discrete step (k) and
rewrite the RG transformation from (k − 1) to (k) in a form
of the z derivative. As a result, the RG flows of the coupling
functions and the RG evolution of the order-parameter field
become manifested through the emergent extradimensional
space denoted by the coordinate z. This completes our
nonperturbative RG-MFT [5–13].
All these discussions can be summarized by the follow-

ing effective field theory:

Z ¼
Z

DψσðxÞDφðx; zÞDπφðx; zÞDwψðx; zÞDπwψ
ðx; zÞDvψðx; zÞDπvψ ðx; zÞDλχðx; zÞDπλχ ðx; zÞ

× exp

�
−
Z

dDx

�
ψ̄σðxÞ

�
wψðx; zfÞγτ∂τ − ivψðx; zfÞγi∂i

�
ψσðxÞ− iλχðx; zfÞφðx; zfÞψ̄σðxÞψσðxÞ þ

Nλχðx;0Þ
2

φ2ðx;0Þ
�

−N
Z

zf

0

dz
Z

dDxfπφðx; zÞ
�
∂zφðx; zÞ− βφ½φðx; zÞ;wψðx; zÞ; vψðx; zÞ;λχðx; zÞ�

�
−

1

2λχðx; zÞ
π2φðx; zÞ

þ πwψ
ðx; zÞ

�
∂zwψðx; zÞ− βwψ

½φðx; zÞ;wψ ðx; zÞ; vψðx; zÞ; λχðx; zÞ�
�

þ πvψ ðx; zÞ
�
∂zvψðx; zÞ− βvψ ½φðx; zÞ;wψðx; zÞ; vψ ðx; zÞ; λχðx; zÞ�

�

þ πλχ ðx; zÞ
�
∂zλχðx; zÞ− βλχ ½φðx; zÞ;wψðx; zÞ; vψ ðx; zÞ; λχðx; zÞ�

�

þVeff ½φðx; zÞ;wψðx; zÞ; vψðx; zÞ;λχðx; zÞ�
��

: ð18Þ

Although this expression looks rather complicated, we
explain several characteristic features of this effective field
theory below in detail. We recall that this effective field
theory is essentially the same as that of the previous
subsection, where the RG flows of all the coupling
functions manifest in the level of an effective action.
The only difference is the appearance of the
− 1

2λχðx;zÞ π
2
φðx; zÞ term, which results from random fluctua-

tions of chiral condensates, given by ∼φ2ðx; 0Þ in the UV
action. See our previous studies [5–13]. Here, we did not
introduce the ghost fields just for simplicity.
wψ ðx; zÞ, vψðx; zÞ, and λχðx; zÞ are renormalized cou-

pling functions. In particular, wψ ðx; zÞ is related with the
field renormalization to be clarified in the next subsection.
πwψ

ðx; zÞ, πvψ ðx; zÞ, and πλχ ðx; zÞ are their canonical con-
jugate fields, respectively. Integrating over these canonical

fields, we obtain the RG-flow equations for these coupling
functions as follows:

∂zwψðx;zÞ ¼ βwψ
½φðx;zÞ;wψðx;zÞ;vψ ðx;zÞ;λχðx;zÞ�; ð19Þ

∂zvψðx; zÞ ¼ βvψ ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ�; ð20Þ

∂zλχðx; zÞ ¼ βλχ ½φðx; zÞ; wψ ðx; zÞ; vψðx; zÞ; λχðx; zÞ�: ð21Þ

Physical meaning of these first-order differential equations
is clear. The real question is how to find these RG β
functions in a nonperturbative way, to be clarified below.
φðx; zÞ is an energy-dependent chiral symmetry breaking

order-parameter field, whose dynamics is determined by
minimization of the bulk effective action in the large-N
limit, given by
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Sbulk ¼ N
Z

zf

0

dz
Z

dDx

�
πφðx; zÞð∂zφðx; zÞ − βφ½φðx; zÞ; wψ ðx; zÞ; vψðx; zÞ; λχðx; zÞ�Þ −

1

2λχðx; zÞ
π2φðx; zÞ

þ Veff ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ�
�
: ð22Þ

πφðx; zÞ is the canonical conjugate field to φðx; zÞ. In this respect this effective bulk action is written in the Hamiltonian
formulation. The essential ingredient is an effective potential Veff ½φðx; zÞ; wψ ðx; zÞ; vψ ðx; zÞ; λχðx; zÞ�, generated by the RG
transformation for Dirac fermions and given by

Veff ½φðx; zÞ; wψ ðx; zÞ; vψðx; zÞ; λχðx; zÞ�

¼ −
1

N
ln
Z
ΛðzÞ

DψσðxÞ exp
�
−
Z

dDxfψ̄σðxÞðwψðx; zÞγτ∂τ − ivψðx; zÞγi∂iÞψσðxÞ − iλχðx; zÞφðx; zÞψ̄σðxÞψσðxÞg
�
: ð23Þ

Here,
R
ΛðzÞDψσðxÞ means that the fermion path integral is performed at a given energy scale ΛðzÞ, which will be more

clarified in the next section. Accordingly, the RG β function of the chiral condensate is given by the functional derivative of
this effective potential with respect to the order-parameter field [1] as follows:

βφ½φðx; zÞ; wψðx; zÞ; vψ ðx; zÞ; λχðx; zÞ� ¼ −δφVeff ½φðx; zÞ; wψ ðx; zÞ; vψðx; zÞ; λχðx; zÞ� ¼
i
N
hλχðx; zÞψ̄σðxÞψσðxÞi: ð24Þ

Here, h…i is an ensemble average with respect to the effective action functional

SΛðzÞ ¼
Z

dDxfψ̄ σðxÞðwψ ðx; zÞγτ∂τ − ivψ ðx; zÞγi∂iÞψσðxÞ − iλχðx; zÞφðx; zÞψ̄σðxÞψσðxÞg: ð25Þ

Three other RG β functions are given by functional derivatives of this effective potential with respect to the corresponding
coupling function in the following way:

βwψ
½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ� ¼ −δwψ

Veff ½φðx; zÞ; wψ ðx; zÞ; vψ ðx; zÞ; λχðx; zÞ� ¼ −
1

N
hψ̄σðxÞγτ∂τψσðxÞi; ð26Þ

βvψ ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ� ¼ −δvψVeff ½φðx; zÞ; wψ ðx; zÞ; vψ ðx; zÞ; λχðx; zÞ� ¼
i
N
hψ̄σðxÞγx∂xψσðxÞi; ð27Þ

βλχ ½φðx; zÞ; wψ ðx; zÞ; vψ ðx; zÞ; λχðx; zÞ� ¼ −δλχVeff ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ� ¼
i
N
hφðx; zÞψ̄σðxÞψσðxÞi: ð28Þ

This procedure is completely consistent with what we learnt in the RG transformation [1].
It is straightforward to find the Hamiltonian equation of motion in the large-N limit, given by

πφðx; zÞ ¼ λχðx; zÞð∂zφðx; zÞ − βφ½φðx; zÞ; wψ ðx; zÞ; vψðx; zÞ; λχðx; zÞ�Þ ð29Þ

and

∂zπφðx; zÞ ¼ −βφ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ� − πφðx; zÞδφβφ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ�; ð30Þ

respectively. UV and IR boundary conditions are determined by the following boundary effective action:

Sb:c: ¼ N
Z

dDx

�
Veff ½φðx; zfÞ;wψðx; zfÞ; vψðx; zfÞ; λχðx; zfÞ� þ πφðx; zfÞφðx; zfÞ þ

λχðx;0Þ
2

φ2ðx;0Þ− πφðx;0Þφðx;0Þ
�
;

ð31Þ

where renormalized Dirac fields ψσðxÞ living in the D-dimensional spacetime IR boundary z ¼ zf were integrated out to
give Veff ½φðx; zfÞ; wψðx; zfÞ; vψ ðx; zfÞ; λχðx; zfÞ�. In addition, πφðx; zfÞφðx; zfÞ − πφðx; 0Þφðx; 0Þ results from the
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integration by part for
R zf
0 dzπφðx; zÞ∂zφðx; zÞ in the bulk effective action, where equations of motion for all other fields

have been utilized. As a result, the UV boundary condition is

λχðx; 0Þφðx; 0Þ ¼ πφðx; 0Þ; ð32Þ
and the IR one is

πφðx; zfÞ ¼ βφ½φðx; zfÞ; wψðx; zfÞ; vψ ðx; zfÞ; λχðx; zfÞ�: ð33Þ
For completeness, we would like to point out the Lagrangian formulation. Integrating over renormalized Dirac fermions,

we obtain the following partition function:

Z ¼
Z

Dφðx; zÞ exp
�
−N

Z
dDx

�
Veff ½φðx; zfÞ; wψðx; zfÞ; vψðx; zfÞ; λχðx; zfÞ� þ

λχðx; 0Þ
2

φ2ðx; 0Þ
�

− N
Z

zf

0

dz
Z

dDx

�
λχðx; zÞ

2
ð∂zφðx; zÞ − βφ½φðx; zÞ; wψ ðx; zÞ; vψ ðx; zÞ; λχðx; zÞ�Þ2

þ Veff ½φðx; zÞ; wψ ðx; zÞ; vψðx; zÞ; λχðx; zÞ�
��

; ð34Þ

supported by the RG-flow equations of three coupling functions. Then, the Lagrange equation of motion is given by

∂
2
zφðx; zÞ þ

βλχ ðx; zÞ
λχðx; zÞ

∂zφðx; zÞ ¼ −
�
1 − βλχ ðx; zÞ
λχðx; zÞ

− ðβφðx; zÞδφ þ βwψ
ðx; zÞδwψ

þ βvψ ðx; zÞδvψ þ βλχ ðx; zÞδλχ Þ
�
βφðx; zÞ;

ð35Þ
supported by the IR boundary condition

∂zfφðx; zfÞ ¼
�
1þ 1

λχðx; zfÞ
�
βφ½φðx; zfÞ; wψ ðx; zfÞ; vψðx; zfÞ; λχðx; zfÞ� ð36Þ

and the UV one

∂zφðx; zÞjz¼0 ¼ φðx; 0Þ þ βφ½φðx; 0Þ; wψ ðx; 0Þ; vψ ðx; 0Þ; λχðx; 0Þ�: ð37Þ
Now, we have a complete intertwined structure between the RG flows of the coupling functions and the equation of

motion of the chiral condensate. It is interesting to notice that the mean-field equation of the order-parameter field is given
by the second-order differential equation instead of an algebraic equation. These renormalized coupling functions and the
order-parameter field appear in the IR boundary action functional as

SIR ¼
Z

dDxfψ̄σðxÞðwψðx; zfÞγτ∂τ − ivψðx; zfÞγi∂iÞψσðxÞ − iλχðx; zfÞφðx; zfÞψ̄σðxÞψσðxÞg: ð38Þ

This discussion implies self-consistency of this framework, which means that everything is determined by the effective field
theory itself as it should. Actually, this point can be more clarified based on the Hamilton-Jacobi formulation [6], which will
not be further discussed in this study.
Finally, we obtain an effective on-shell free-energy functional, given by

F ¼ N
β

Z
dDx

�
Veff ½φðx; zfÞ; wψðx; zfÞ; vψ ðx; zfÞ; λχðx; zfÞ� þ βφðx; zfÞφðx; zfÞ þ βwψ

ðx; zfÞwψðx; zfÞ

þ βvψ ðx; zfÞvψðx; zfÞ þ βλχ ðx; zfÞλχðx; zfÞ −
λχðx; 0Þ

2
φ2ðx; 0Þ

�
: ð39Þ

Here, the renormalized Dirac fermions were integrated out to give the boundary effective potential expressed by
Veff ½φðx; zfÞ;wψ ðx; zfÞ; vψ ðx; zfÞ; λχðx; zfÞ�. Both the equation of motion for the chiral condensate and the RG-flow
equations for the coupling functions have been used to kill most parts of the bulk action. Both UV and IR boundary
conditions were also incorporated. One may regard this expression as the Legendre transformation for the effective
potential [1,37].
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C. Comparison between the renormalized effective
field theory Eq. (9) and the nonperturbative
RG-improved mean-field theory Eq. (18)

We are ready to read renormalization constants in a
nonperturbative way from the nonperturbative RG-MFT
Eq. (18). Comparing the renormalized effective field theory
Eq. (9) with the nonperturbative RG-MFT Eq. (18) or the
on-shell effective free energy Eq. (39) with the on-shell IR
effective action Eq. (38), we obtain

wψðx;zfÞ¼Zψ ; vψðx;zfÞ¼Zvψvrψ ; λχðx;zfÞ¼Zλχ λrχ

ð40Þ
for renormalized coupling functions. It is natural to con-
sider the following identification:

φðx; zfÞ ¼ φrðxÞ: ð41Þ
Then, the comparison between the renormalized effective
field theory Eq. (9) and the on-shell effective free energy
Eq. (39) with the on-shell IR effective action Eq. (38) gives
rise to

Zm2
φ
m2

rφ ¼ φ−2ðx; zfÞ
�
lnwψðx; zfÞ þ βφðx; zfÞφðx; zfÞ

þ βwψ
ðx; zfÞwψ ðx; zfÞ þ βvψ ðx; zfÞvψ ðx; zfÞ

þ βλχ ðx; zfÞλχðx; zfÞ −
λχðx; 0Þ

2
φ2ðx; 0Þ

�
: ð42Þ

Here, we neglected the kinetic energy term (spatial and
temporal fluctuations) in Eq. (9). As a result, the renorm-
alization constants of Zψ , Zvψ , Zλχ , and Zm2

φ
are determined

by the nonperturbative RG-MFT Eq. (18).

D. A holographic dual effective field theory
in a gravity formulation

Our previous discussions show that the nonperturbative
RG-MFT not only shares several characteristic features of

the holographic dual effective field theory but also extends
the holographic duality conjecture to that away from con-
formal invariance, as pointed out in the Introduction. In this
subsection, we clarify this correspondence more explicitly.
To pursue this conceptual direction, we need to consider the
RG transformation in a gravitational background. We start
from the following effective field theory [38]:

Z ¼
Z

DψσðxÞDeμaðxÞδðeμaðxÞ − δμaÞ

× exp

�
−
Z

dDx
ffiffiffiffiffiffiffiffiffi
gðxÞ

p �
ψ̄σðxÞγaeτaðxÞ

×

�
∂τ −

i
4
ωa0b0
τ ðxÞσa0b0

�
ψσðxÞ

− iψ̄σðxÞγaeiaðxÞ
�
∂i −

i
4
ωa0b0
i ðxÞσa0b0

�
ψσðxÞ

þ λgχ
2N

ψ̄σðxÞψσðxÞψ̄σ0 ðxÞψσ0 ðxÞ
��

: ð43Þ

Here,ψσðxÞ is aDirac spinor at x inD spacetime dimensions.
σ runs from 1 to N, denoting the flavor degeneracy of Dirac
fermions. γa is a Dirac γ matrix, defined in a local rest frame
at x and satisfying the Clifford algebra fγa; γbg ¼ 2δab with
the Euclidean signature. eμaðxÞ defines the local rest frame
given by the tangent manifold at x, called vierbein. The
corresponding background metric is given by the vierbein as
follows: gμν ¼ eaμebνδab. ωab

μ ¼ eaν∂μeνb þ eaνΓν
σμeσb is a

background spin connection and σab ¼ i
2
½γa; γb� is a com-

mutator of Dirac gamma matrixes in the local rest frame.
Here, Γν

σμ ¼ 1
2
gνδð∂σgδμ þ ∂μgσδ − ∂δgσμÞ is the Christoffel

symbol. λgχ is the coupling constant of an effective interaction
term for dynamical mass generation. We point out that this
curved background geometry is introduced just formally,
denoted by δðeμaðxÞ − δμaÞ.
Following our previous works [5–10], the RG trans-

formation of which is essentially the same as that of the
previous subsection, we obtain

Z ¼
Z

DψσðxÞDφgðx; zÞDπgφðx; zÞDgμνðx; zÞDπμνðx; zÞDλgχðx; zÞDπλgχ ðx; zÞδðeμaðx; 0Þ − δμaÞ

× exp
�
−
Z

dDx
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gðx; zfÞ
q �

ψ̄σðxÞγaeτaðx; zfÞ
�
∂τ −

i
4
ωa0b0
τ ðx; zfÞσa0b0

�
ψσðxÞ

− iψ̄σðxÞγaeiaðx; zfÞ
�
∂i −

i
4
ωa0b0
i ðx; zfÞσa0b0

�
ψσðxÞ − iλgχðx; zfÞφgðx; zfÞψ̄σðxÞψσðxÞ

�

þ N
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; 0Þ

p λgχðx; 0Þ
2

φ2
gðx; 0Þ

�
− N

Z
zf

0

dz
Z

dDx

�
πgφðx; zÞð∂zφgðx; zÞ − βgφ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�Þ

−
1

2λgχðx; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp πg2φ ðx; zÞ þ πμνðx; zÞð∂zgμνðx; zÞ − βgμν½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�Þ

þ πλgχ ðx; zÞð∂zλgχðx; zÞ − βλgχ ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�Þ þ Veff ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�
��

: ð44Þ
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Although this expression also looks quite complicated, its structure is essentially the same as what we have discussed in the
previous subsection. Again, we did not introduce the ghost fields for simplicity. Here, we consider the Gaussian normal
coordinate system ds2 ¼ dz2 þ gμνðx; zÞdxμdxν in the Arnowitt-Deser-Misner (ADM) decomposition [39], given by

ds2 ¼ ðN 2ðx; zÞ þN μðx; zÞN μðx; zÞÞdz2 þ 2N μðx; zÞdxμdzþ gμνðx; zÞdxμdxν; ð45Þ

where the gauge fixing condition for the lapse functionN ðx; zÞ ¼ 1 and the shift vectorN μðx; zÞ ¼ 0 is taken into account.
The Hamiltonian equation of motion for the chiral condensate can be found from the effective bulk action, given by

Sbulk ¼ N
Z

zf

0

dz
Z

dDx

�
πgφðx; zÞð∂zφgðx; zÞ − βgφ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�Þ −

1

2λgχðx; zÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp πg2φ ðx; zÞ

þ Veff ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�
�
: ð46Þ

Here, we do not repeat to show it. Again, the effective potential is generated from the RG transformation for Dirac fermions
as follows:

N
Z

dDxVeff ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�

¼ − ln
Z
ΛðzÞ

DψσðxÞ exp
�
−
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p �
ψ̄σðxÞγaeτaðx; zÞ

�
∂τ −

i
4
ωa0b0
τ ðx; zÞσa0b0

�
ψσðxÞ

− iψ̄σðxÞγaeiaðx; zÞ
�
∂i −

i
4
ωa0b0
i ðx; zÞσa0b0

�
ψσðxÞ − iλgχðx; zÞφgðx; zÞψ̄σðxÞψσðxÞ

��
: ð47Þ

Then, the RG β function for the chiral condensate is given by

βgφ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ� ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

gðx; zÞp δφVeff ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�≡ 1

N
iλgχðx; zÞffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp hψ̄ σðxÞψσðxÞi; ð48Þ

where the ensemble average h…i is taken into account based on

SΛðzÞ ¼
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p �
ψ̄ σðxÞγaeτaðx; zÞ

�
∂τ −

i
4
ωa0b0
τ ðx; zÞσa0b0

�
ψσðxÞ

− iψ̄σðxÞγaeiaðx; zÞ
�
∂i −

i
4
ωa0b0
i ðx; zÞσa0b0

�
ψσðxÞ − iλgχðx; zÞφgðx; zÞψ̄σðxÞψσðxÞ

�
: ð49Þ

As a side remark, the gradient expansion of the RG-generated effective potential for both the metric tensor and the chiral
condensate order-parameter field with the effective interaction parameter gives rise to [6–8]

Veff ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ� ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p �
1

2κg
ðRðx; zÞ − 2ΛgÞ

þ Cgφ
2
gμνðx; zÞð∂μ½λgχðx; zÞφgðx; zÞ�Þð∂ν½λgχðx; zÞφgðx; zÞ�Þ þ ξgφRðx; zÞ½λgχðx; zÞφgðx; zÞ�2

�
:

ð50Þ

The first Einstein-Hilbert action with D-dimensional
Ricci scalar Rðx; zÞ is referred to as induced gravity,
well derived in Refs. [40,41], where higher curvature
terms [42] are not taken into account. Here, both the
cosmological constant Λg and the effective gravitational

one κg can be determined in principle by performing the
gradient expansion on a general curved spacetime mani-
fold explicitly. However, it is demanding in practice due
to renormalization effects. In this respect we regard them
as some phenomenological parameters. The second term

KIM, NISHIDA, and CHOUN PHYS. REV. D 107, 066004 (2023)

066004-10



counts the D-dimensional kinetic energy of the order-
parameter field at a given energy scale z. The last term
describes curvature-induced effective mass for scalar-field
fluctuations.
gμνðx; zÞ plays the role of coupling functions such as the

wave-function renormalization and the velocity renormal-
ization, which will be discussed below more clearly.
πμνðx; zÞ is the canonical conjugate field to gμνðx; zÞ.
Integrating over πμνðx; zÞ, we obtain the RG-flow equation
for the metric tensor, given by

∂zgμνðx; zÞ ¼ βgμν½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�; ð51Þ

where the RG β function for the metric tensor is

βgμν½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�

¼ −
2ffiffiffiffiffiffiffiffiffiffiffiffiffi

gðx; zÞp Gμνργðx; zÞδgργVeff ½φgðx; zÞ; gμνðx; zÞ;λgχðx; zÞ�

≡−
1

N
Gμνργðx; zÞhTργðx; zÞi: ð52Þ

Here, Gμνργðx; zÞ≡ gμρðx; zÞgνγðx; zÞ− 1
D−1gμνðx; zÞgργðx; zÞ

is the de Witt supermetric [43], taking into account trans-
verseness. Tργðx; zÞ is the energy-momentum tensor for
Dirac fermions [8].

One may point out why λ
2

1ffiffiffiffiffiffiffiffiffi
gðx;zÞ

p πμνðx; zÞGμνργðx; zÞ ×
πργðx; zÞ does not appear in this effective field theory. We
recall that 1

2λgχðx;zÞ
ffiffiffiffiffiffiffiffiffi
gðx;zÞ

p πg2φ ðx; zÞ in the bulk effective action

for the chiral condensate originates from the mass termffiffiffiffiffiffiffiffiffi
gðxÞp λgχ

2
φ2
gðxÞ in the RG transformation. To have

λ
2

1ffiffiffiffiffiffiffiffiffi
gðx;zÞ

p πμνðx; zÞGμνργðx; zÞπργðx; zÞ in the bulk effective

action for the metric tensor, we need a mass term for
gravitational fluctuations in the RG transformation.
These massive gravitational fluctuations can be generated
by the so-called TT̄ deformation [44], here ∼TμνðxÞ×
GμνργðxÞTργðxÞ, where TμνðxÞ is the energy-momentum
tensor of Dirac fermions. We refer this aspect to our recent
studies [6–8]. Since we do not take into account such
effective interactions from the beginning, we do not have
the second-order differential equation for the RG evolution
of the metric tensor as the chiral condensate. We will
discuss this point in the last section.
The RG flow of the interaction vertex for chiral sym-

metry breaking is given by

∂zλ
g
χðx; zÞ ¼ βλgχ ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�; ð53Þ

where the RG β function is

βλgχ ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ� ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

gðx; zÞp δλgχVeff ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�≡ 1

N

iφgðx; zÞffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞp hψ̄σðxÞψσðxÞi: ð54Þ

All these renormalized coupling functions and the order-parameter field appear in the IR boundary effective action
as follows:

SIR ¼
Z

dDx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zfÞ

q �
ψ̄σðxÞγaeτaðx; zfÞ

�
∂τ −

i
4
ωa0b0
τ ðx; zfÞσa0b0

�
ψσðxÞ

− iψ̄ σðxÞγaeiaðx; zfÞ
�
∂i −

i
4
ωa0b0
i ðx; zfÞσa0b0

�
ψσðxÞ − iλgχðx; zfÞφgðx; zfÞψ̄σðxÞψσðxÞ

�
: ð55Þ

This effective action defines the IR boundary condition
unambiguously as discussed in the previous subsection.
Our final question in the formulation perspective is how

the nonperturbative RG-MFT in the previous subsection
can be linked to the emergent holographic dual effective
field theory in the present subsection. Comparing the
effective potential Eq. (23) in the RG-MFT with that in
Eq. (47) in the emergent holographic dual effective field
theory, we identify the field renormalization and the
velocity one with the time and spatial component of the
vierbein tensor, respectively, as follows:

wψðx; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p
eτaðx; zÞ; vψðx; zÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p
eiaðx; zÞ:

ð56Þ

The chiral condensate order-parameter field matches as

λχðx; zÞφðx; zÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gðx; zÞ

p
λgχðx; zÞφgðx; zÞ: ð57Þ

Based on this identification, we obtain equivalence between
two effective potentials,

Veff ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ�
¼ Veff ½φgðx; zÞ; gμνðx; zÞ; λgχðx; zÞ�: ð58Þ

Here, we did not take into account the spin connection in
the gravity formulation. Frankly speaking, we do not find
the corresponding observable to the spin connection in
the RG-MFT framework. Although we do not have a
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definite answer for this discrepancy, we suspect that
diffeomorphism invariance may not be taken into account
carefully in the RG-MFT framework.

III. A VACUUM SOLUTION OF THE
HOLOGRAPHIC DUAL EFFECTIVE

FIELD THEORY

A. Renormalized partition function
with translational symmetry

In the previous section, we obtained heavily inter-
twined nonlinear first- and second-order differential
equations between renormalized coupling functions and

order-parameter fields in the large-N limit. To solve these
coupled differential equations, we take the “perturbative”
approach as usual. First, we consider a vacuum solution,
characterized by translational symmetry. Second, we intro-
duce small fluctuations around this translational invariant
solution and linearize all coupled nonlinear differential
equations based on this vacuum solution. Solving such
linearized coupled differential equations, we find corre-
sponding collective-mode spectra from the vacuum state in
the holographic dual description [45–48].
Now, we enforce the translational symmetry for all the

coupling functions and the chiral symmetry breaking field.
Then, we obtain the following partition function:

Z ¼
Z

DψσðxÞDφðzÞDπφðzÞDwψ ðzÞDπwψ
ðzÞDvψðzÞDπvψ ðzÞDλχðzÞDπλχ ðzÞ

× exp

�
−
Z

d2x

�
ψ̄σðxÞðwψðzfÞγτ∂τ − ivψðzfÞγx∂xÞψσðxÞ − iλχðzfÞφðzfÞψ̄σðxÞψσðxÞ þ

Nλχð0Þ
2

φ2ð0Þ
�

− βLN
Z

zf

0

dz

�
πφðzÞð∂zφðzÞ − βφ½φðzÞ; wψðzÞ; vψðzÞ; λχðzÞ�Þ −

1

2λχðzÞ
π2φðzÞ

þ πwψ
ðzÞð∂zwψðzÞ − βwψ

½φðzÞ; wψ ðzÞ; vψðzÞ; λχðzÞ�Þ þ πvψ ðzÞð∂zvψðzÞ − βvψ ½φðzÞ; wψðzÞ; vψ ðzÞ; λχðzÞ�Þ

þ πλχ ðzÞð∂zλχðzÞ − βλχ ½φðzÞ; wψðzÞ; vψ ðzÞ; λχðzÞ�Þ þ Veff ½φðzÞ; wψðzÞ; vψðzÞ; λχðzÞ�
��

; ð59Þ

where the spacetime dependence disappears in all the dynamical fields except for the Dirac-spinor field. Although one may
consider general spacetime dimensions, we focus on two spacetime dimensions here just for simplicity, which will be more
clarified below.
The presence of the translational symmetry allows us to perform the path integral for Dirac fermions in the energy-

momentum space. As a result, we obtain the following effective potential:

Veff ½φðzÞ; wψ ðzÞ; vψðzÞ; λχðzÞ�

¼ −
1

N
ln
Z
ΛðzÞ

DψσðxÞ exp
�
−
Z

d2xfψ̄σðxÞðwψðzÞγτ∂τ − ivψ ðzÞγx∂xÞψσðxÞ − iλχðzÞφðzÞψ̄σðxÞψσðxÞg
�

¼ −
2

β

X
k¼ΛðzÞ

ln

�
2wψðzÞ cosh

�
β

2wψ ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞk2 − λ2χðzÞφ2ðzÞ

q ��
ð60Þ

after the Matsubara frequency summation at finite temperatures [37]. β ¼ T−1 is inverse temperature. Here, the path integral
for Dirac fermions has been performed at a given energy scale ΛðzÞ. In this respect the momentum k is determined by ΛðzÞ,
which will be clarified below.
Taking functional derivatives for this effective potential with respect to the coupling functions and the order-parameter

field, we obtain RG β functions as follows:

βφ½φðzÞ; wψðzÞ; vψðzÞ; λχðzÞ� ¼ −
1

wψ ðzÞ
X

k¼ΛðzÞ

λ2χðzÞφðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzÞk2 − λ2χðzÞφ2ðzÞ

q tanh

�
β

2wψ ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞk2 − λ2χðzÞφ2ðzÞ

q �
; ð61Þ

βwψ
½φðzÞ;wψ ðzÞ; vψðzÞ;λχðzÞ� ¼

X
k¼ΛðzÞ

�
2

β

1

wψ ðzÞ
−

1

w2
ψðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzÞk2− λ2χðzÞφ2ðzÞ

q
tanh

�
β

2wψ ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞk2− λ2χðzÞφ2ðzÞ

q ��
;

ð62Þ
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βvψ ½φðzÞ; wψ ðzÞ; vψ ðzÞ; λχðzÞ� ¼ −
1

wψðzÞ
X

k¼ΛðzÞ

vψ ðzÞk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞk2 − λ2χðzÞφ2ðzÞ

q tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzÞk2 − λ2χðzÞφ2ðzÞ

q �
; ð63Þ

βλχ ½φðzÞ; wψ ðzÞ; vψ ðzÞ; λχðzÞ� ¼
1

wψðzÞ
X

k¼ΛðzÞ

λχðzÞφ2ðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞk2 − λ2χðzÞφ2ðzÞ

q tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞk2 − λ2χðzÞφ2ðzÞ

q �
: ð64Þ

Introducing the effective potential and all these RG β functions into the partition function, we obtain the following
expression:

Z ¼
Z

DφðzÞDπφðzÞDwψ ðzÞDπwψ
ðzÞDvψðzÞDπvψ ðzÞDλχðzÞDπλχ ðzÞ

× exp

�
−βLN

�
−
2

β
ln

�
2wψðzfÞ cosh

�
β

2wψ ðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzfÞ½Λ− zf�2 − λ2χðzfÞφ2ðzfÞ

q ��
þ λχð0Þ

2
φ2ð0Þ

�

− βLN
Z

zf

0

dz

�
πφðzÞ

�
∂zφðzÞ þ

1

wψðzÞ
λ2χðzÞφðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ
q

× tanh
�

β

2wψ ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ

q ��
−

1

2λχðzÞ
π2φðzÞ

þ πwψ
ðzÞ
�
∂zwψ ðzÞ−

�
2

β

1

wψðzÞ
−

1

w2
ψðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ

q
tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ

q ���

þ πvψ ðzÞ
�
∂zvψðzÞ þ

1

wψðzÞ
vψ ðzÞ½Λ− z�2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ
q tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ

q ��

þ πλχ ðzÞ
�
∂zλχðzÞ−

1

wψ ðzÞ
λχðzÞφ2ðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ
q tanh

�
β

2wψ ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ

q ��

−
2

β
ln

�
2wψðzÞ cosh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ− z�2 − λ2χðzÞφ2ðzÞ

q ����
: ð65Þ

Although this expression is quite lengthy, which may not
be intuitive,we show this complete formulation to emphasize
that the vacuum state is determined by this effective partition
function. Here, L is the size of our one-dimensional system.
Λ is the UV cutoff, where our interacting field theory is
introduced. zf represents the final recursion step of the RG
transformation, given by zf ¼ fdz, where f counts the total
number of RG transformations and dz is an RG scale [7,8].
When zf ¼ Λ is reached, whole Dirac fermions are inte-
grated out to give the bulk effective action except for the IR

boundary condition. One more important point is that the
momentum k is identified with an energy scale of ΛðzÞ as
k ¼ z. We believe that this is our natural choice in a
dimensional ground, regarded to be consistent gauge fixing
for the coordinate of the extradimensional space.
Recalling the on-shell free-energy F ¼ N

β

R
dDx ×

fVeffðx; zfÞ þ βφðx; zfÞφðx; zfÞ þ βwψ
ðx; zfÞwψðx; zfÞ þ

βvψ ðx; zfÞvψðx; zfÞ þ βλχ ðx; zfÞλχðx; zfÞ −
λχðx;0Þ

2
φ2ðx; 0Þg

of Eq. (39), we obtain

1

LN
FðzfÞ ¼ −

2

β
ln

�
2wψðzfÞ cosh

�
β

2wψ ðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q ��
−
λχð0Þ
2

φ2ð0Þ

−
1

wψ ðzfÞ
λ2χðzfÞφðzfÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ
q tanh

�
β

2wψðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q �
φðzfÞ

þ
�
2

β

1

wψ ðzfÞ
−

1

w2
ψðzfÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q
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× tanh

�
β

2wψðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q ��
wψðzfÞ

−
1

wψðzfÞ
vψ ðzfÞ½Λ − zf�2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ
q tanh

�
β

2wψ ðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q �
vψðzfÞ

þ 1

wψ ðzfÞ
λχðzfÞφ2ðzfÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ
q tanh

�
β

2wψðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q �
λχðzfÞ: ð66Þ

Taking the zero-temperature limit of β → ∞, we obtain

1

LN
EGðzfÞ ¼ −

3

wψ ðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q
−

1

wψ ðzfÞ
λ2χðzfÞφ2ðzfÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ
q −

λχð0Þ
2

φ2ð0Þ:

ð67Þ
If we perform the RG transformation completely, we are allowed to set zf ¼ Λ. Then, we obtain

1

LN
EGðΛÞ ¼ −2

λχðΛÞφðΛÞ
wψ ðΛÞ

þ λχð0Þ
2

φ2ð0Þ; ð68Þ

where φð0Þ → iφð0Þ and φðzfÞ → iφðzfÞ have been taken into account. Here, we assumed that both λχðΛÞ and φðΛÞ are
positive. The negative sign in −2 λχðΛÞφðΛÞ

wψ ðΛÞ gives the possibility of spontaneous chiral symmetry breaking, the solution of

which will be discussed below.
Considering the high-temperature limit of β → 0, we obtain

1

LN
FðzfÞ ¼

2

β
ð1 − ln 2wψ ðzfÞÞ − β

1

4w2
ψ ðzfÞ

ð5v2ψðzfÞ½Λ − zf�2 − 3λ2χðzfÞφ2ðzfÞÞ −
λχð0Þ
2

φ2ð0Þ: ð69Þ

Taking zf ¼ Λ, we have

1

LN
FðzfÞ ¼

2

β
ð1 − ln 2wψ ðzfÞÞ − β

3λ2χðzfÞφ2ðzfÞ
4w2

ψ ðzfÞ
þ λχð0Þ

2
φ2ð0Þ; ð70Þ

where φð0Þ → iφð0Þ and φðzfÞ → iφðzfÞ have been taken into account.
Before going further, we discuss what happens above two spacetime dimensions. Suppose

Z
dτ
Z

dD−1x ¼
Z

dτ
Z

dD−1k
ð2πÞD−1 ¼

Z
dτ
Z

dD−2Ω
ð2πÞD−2

Z
dk
2π

kD−2 ≡
Z

dτ
Z

dzρðzÞ; ð71Þ

where
R

dD−2Ω
ð2πÞD−2 represents D − 2 dimensional solid-angle integration. The last equality results in

ρðzÞ ∝ zD−2 ð72Þ

on a dimensional ground. In this respect a pseudogap behavior appears in the density of states, where the integral is more
“regularized” at IR above two spacetime dimensions.

B. Renormalization group flows for all the coupling functions and the chiral condensate

RG-flow equations for three coupling functions are given by

∂zwψðzÞ ¼
2

β

1

wψðzÞ
−

1

w2
ψ ðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q
tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q �
; ð73Þ
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∂zvψðzÞ ¼ −
1

wψðzÞ
vψðzÞ½Λ − z�2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ
q tanh

�
β

2wψ ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q �
; ð74Þ

∂zλχðzÞ ¼
1

wψðzÞ
λχðzÞφ2ðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ
q tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q �
: ð75Þ

These first-order differential equations are supported by their UV boundary conditions, i.e., their initial values at a given UV
cutoff Λ.
The Hamiltonian equation of motion for the chiral condensate is given by

πφðzÞ ¼ λχðzÞ
�
∂zφðzÞ þ

1

wψðzÞ
λ2χðzÞφðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ
q tanh

�
β

2wψ ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q ��
; ð76Þ

∂zπφðzÞ ¼
1

wψ ðzÞ
λ2χðzÞφðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ
q tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q �

þ πφðzÞ
1

wψðzÞ
λ2χðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ
q tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q �

þ πφðzÞ
1

wψðzÞ
λ4χðzÞφ2ðzÞ

ðv2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞÞ32 tanh
�

β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q �

− βπφðzÞ
1

2w2
ψðzÞ

λ4χðzÞφ2ðzÞ
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ sech

2

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q �
: ð77Þ

These coupled first-order differential equations or the corresponding second-order differential equation needs two
boundary conditions, here IR and UV ones

∂zfφðzfÞ ¼ −
�
1þ 1

λχðzfÞ
�

1

wψðzfÞ
λ2χðzfÞφðzfÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ
q tanh

�
β

2wψðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q �
;

ð78Þ

∂zφðzÞjz¼0 ¼ φð0Þ − 1

wψ ð0Þ
λ2χð0Þφð0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψð0ÞΛ2 − λ2χð0Þφ2ð0Þ
q tanh

�
β

2wψð0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψð0ÞΛ2 − λ2χð0Þφ2ð0Þ

q �
: ð79Þ

C. Possible vacuum solutions at high temperatures (β → 0)

First, we solve all these coupled equations in the high-temperature limit of β → 0. The RG-flow equations of the coupling
functions are simplified as

∂zwψðzÞ ¼
2

β

1

wψ ðzÞ
−

β

2w3
ψðzÞ

ðv2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞÞ → 2

β

1

wψðzÞ
;

∂zvψðzÞ ¼ −β
vψ ðzÞ½Λ − z�2

2w2
ψ ðzÞ

→ 0; ∂zλχðzÞ ¼ β
λχðzÞφ2ðzÞ
2w2

ψðzÞ
→ 0 ð80Þ

up to the first order in β. If we focus on the zeroth order in β, we obtain vanishing RG β functions, denoted by the long right
arrow. These vanishing RG β functions define the UV fixed point that we start from. On the other hand, the RG β function of
w2
ψðzÞ shows the divergence of w2

ψðzÞ. This implies the classical nature of the dynamics at the UV fixed point, where the
time-derivative term may be neglected safely.
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The Hamiltonian equation of motion is also reduced as

πφðzÞ ¼ λχðzÞ
�
∂zφðzÞ þ β

λ2χðzÞφðzÞ
2w2

ψðzÞ
�

→ λχðzÞ∂zφðzÞ;

∂zπφðzÞ ¼ β
λ2χðzÞφðzÞ
2w2

ψðzÞ
þ βπφðzÞ

λ2χðzÞ
2w2

ψ ðzÞ
→ 0: ð81Þ

Then, the Lagrange equation of motion is given by

∂
2
zφðzÞ −

2λ2χðzÞφðzÞ
w4
ψ ðzÞ

þ β
φ2ðzÞ
2w2

ψðzÞ
½∂zφðzÞ� − β

λχðzÞφðzÞ
2w2

ψðzÞ
¼ 0 → ∂

2
zφðzÞ −

2λ2χðzÞφðzÞ
w4
ψðzÞ

¼ 0: ð82Þ

This equation is supported by the UV boundary condition

∂zφðzÞjz¼0 ¼ φð0Þ − β
λ2χð0Þφð0Þ
2w2

ψ ð0Þ
→ φð0Þ: ð83Þ

Considering the zeroth order in β and introducing the UV boundary condition into this equation, we obtain

∂
2
zφðzÞ ¼

2λ2χðzÞ
w4
ψðzÞ

∂zφðzÞ → φðzÞ ¼ φð0Þ w
4
ψ ð0Þ

2λ2χð0Þ
�
exp

�
2λ2χð0Þ
w4
ψð0Þ

z

�
− 1

�
þ φð0Þ ð84Þ

for the chiral condensate. φð0Þ is the UV value of the chiral symmetry breaking. Here, we do not discuss this high-
temperature physics further.

D. Possible vacuum solutions at zero temperature (β → ∞)

1. Matching method

We enforce the reality condition for the chiral condensate as φðxÞ → iφðxÞ and πφðxÞ → iπφðxÞ, where x ¼ z
Λ is a

“normalized” coordinate of the extradimension. Taking the zero-temperature limit of β → ∞, we have the RG flow
equations for the coupling functions as

1

Λ
∂xwψ ðxÞ ¼ −

1

w2
ψ ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2ð1 − xÞ2v2ψ ðxÞ þ λ2χðxÞφ2ðxÞ

q
; ð85Þ

1

Λ
∂xvψðxÞ ¼ −

1

wψ ðxÞ
Λ2ð1 − xÞ2vψðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ2ð1 − xÞ2v2ψ ðxÞ þ λ2χðxÞφ2ðxÞ
q ; ð86Þ

1

Λ
∂xλχðxÞ ¼ −

1

wψ ðxÞ
λχðxÞφ2ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ2ð1 − xÞ2v2ψðxÞ þ λ2χðxÞφ2ðxÞ
q ; ð87Þ

and the Hamiltonian equation of motion for the chiral condensate as

πφðxÞ ¼ λχðxÞ
 
1

Λ
∂xφðxÞ þ

1

wψðxÞ
λ2χðxÞφðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ2ð1 − xÞ2v2ψðxÞ þ λ2χðxÞφ2ðxÞ
q

!
; ð88Þ

1

Λ
∂xπφðxÞ ¼

1

wψ ðxÞ
λ2χðxÞφðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ2ð1 − xÞ2v2ψ ðxÞ þ λ2χðxÞφ2ðxÞ
q þ πφðxÞ

1

wψðxÞ
λ2χðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ2ð1 − xÞ2v2ψðxÞ þ λ2χðxÞφ2ðxÞ
q

− πφðxÞ
1

wψðxÞ
λ4χðxÞφ2ðxÞ

ðΛ2ð1 − xÞ2v2ψ ðxÞ þ λ2χðxÞφ2ðxÞÞ32 : ð89Þ
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Both IR and UV boundary conditions in the zero-
temperature limit are given by

1

Λ
∂xφðxÞjx¼1 ¼ −

�
1þ 1

λχð1Þ
�

λχð1Þ
wψ ð1Þ

; ð90Þ

1

Λ
∂xφðxÞjx¼0 ¼ φð0Þ − 1

wψð0Þ
λ2χð0Þφð0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψð0ÞΛ2 þ λ2χð0Þφ2ð0Þ
q ;

ð91Þ
supporting the Hamiltonian equation of motion for the chiral
condensate. Here, we introduce the following notations

wψð0Þ ¼ w0; vψð0Þ ¼ v0; λχð0Þ ¼ λ0; φð0Þ ¼ φ0

ð92Þ

for the UV boundary values and

wψð1Þ ¼ wf; vψ ð1Þ ¼ vf; λχð1Þ ¼ λf; φð1Þ ¼ φf

ð93Þ

for the IR boundary values. w0, v0, and λ0 are given at UV
while wf, vf, and λf are unknown to be determined by the
matchingmethod. In addition,φ0 andφf are also unknown to
be determined by the matching method.
To solve these coupled nonlinear differential equations,

we consider the matching method as follows:
(1) λχðxÞ, wψðxÞ, and vψ ðxÞ: We say λχðxÞ [wψðxÞ and

vψðxÞ] near UV boundary as λuvðxÞ [wuvðxÞ and
vuvðxÞ] and λχðxÞ [wψðxÞ and vψðxÞ] near IR
boundary as λirðxÞ [wirðxÞ and virðxÞ]. Then, we
consider the matching condition at x1 (x2 and x3),
given by λuvðx1Þ ¼ λirðx1Þ [wuvðx2Þ ¼ wirðx2Þ and

vuvðx3Þ ¼ virðx3Þ] and ∂xλuvðxÞjx¼x1 ¼ ∂xλirðxÞjx¼x1
[∂xwuvðxÞjx¼x2 ¼ ∂xwirðxÞjx¼x2 and ∂xvuvðxÞjx¼x3 ¼
∂xvirðxÞjx¼x3]. Solving these two equations, we
obtain x1 (x2 and x3) and determine λf (wf and
vf) in a self-consistent way.

(2) φðxÞ: Unlike the above three cases, φðxÞ satisfies
the second-order nonlinear differential equation.
Then, we consider the following matching equa-
tion of (1) φuvðx4Þ ¼ φirðx4Þ, (2) ∂xφuvðxÞjx¼x4 ¼
∂xφirðxÞjx¼x4 , and (3) ∂2xφuvðxÞjx¼x4¼∂

2
xφirðxÞjx¼x4 .

Solving these three equations, we determine x4, φ0,
and φf.

2. wψðxÞ, vψðxÞ, λχ ðxÞ, and φðxÞ near IR boundary

Based on three RG flow equations of (85)–(87), we
obtain

φðxÞ ¼ Λð1 − xÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vψ ðxÞ∂xλχðxÞ
λχðxÞ∂xvψðxÞ

s
: ð94Þ

Substituting Eqs. (85)–(88) and Eq. (94) into (89), we find
the following second-order nonlinear bulk equation forφðxÞ:

AðxÞφ00ðxÞ þ BðxÞφ0ðxÞ þ CðxÞφðxÞ ¼ 0; ð95Þ
where

AðxÞ ¼ λχðxÞwψðxÞ12w0
ψðxÞ5

Λ5
; ð96Þ

BðxÞ ¼ λ0χðxÞwψðxÞ12w0
ψ ðxÞ5

Λ5
; ð97Þ

and

CðxÞ ¼ ðx − 1Þ2Λ3λχðxÞ2vψðxÞ2
�
−
Λ2ðx − 1Þ2λχðxÞ2λ0χðxÞ2

v0ψ ðxÞ2
ðwψðxÞðΛ − 2λ0ðxÞÞ þ λχðxÞw0

ψðxÞÞ

− Λ2ðx − 1Þ2vψðxÞ2wψðxÞðΛ − 3λ0χðxÞÞ þ λχðxÞ3wψðxÞ2w0
ψðxÞ

þ Λ2ð1 − xÞλχðxÞvψðxÞððx − 1Þwψ ðxÞv0ψðxÞ þ vψ ðxÞððx − 1Þw0
ψðxÞ þ wψðxÞÞÞ

−
Λ2ðx − 1ÞλχðxÞλ0χðxÞ

v0ψðxÞ
ðvψðxÞ½wψ ðxÞfðx − 1Þð2Λ − 5λ0χðxÞÞ þ λχðxÞg þ 2ðx − 1ÞλχðxÞw0

ψ ðxÞ�

þ ðx − 1ÞλχðxÞwψ ðxÞv0ψðxÞÞ
�
: ð98Þ

Here, the 0 symbol denotes a derivative with resect to the
argument of the corresponding function.
Taking the x → 1 limit (IR boundary), we observe that

Eq. (95) becomes simplified as

λ0χðxÞφ0ðxÞ þ λχðxÞφ00ðxÞ ¼ 0: ð99Þ

Its solution is given by

φ0ðxÞ ¼ −
k

λχðxÞ
; ð100Þ

where k is an integration constant.
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Again, as x → 1, Eqs. (85)–(87) become

1

Λ
∂xwψðxÞ ¼ −

λχðxÞφðxÞ
w2
ψ ðxÞ

; ð101Þ

1

Λ
∂xvψðxÞ ¼ −

Λ2ð1 − xÞ2vψðxÞ
wψðxÞλχðxÞφðxÞ

; ð102Þ

1

Λ
∂xλχðxÞ ¼ −

φðxÞ
wψðxÞ

: ð103Þ

These simplified RG flow equations near the IR boundary
result in

wψ ðxÞw0
ψðxÞ − λχðxÞλ0χðxÞ ¼ 0: ð104Þ

Then, we obtain

wψðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λχðxÞ2 þ w2

f − λ2f

q
: ð105Þ

Substituting Eqs. (100) and (105) into Eq. (103), we find
the second-order nonlinear differential equation for λχðxÞ as

λ00χðxÞ þ
λχðxÞλ0χðxÞ2

λχðxÞ2 þ w2
f − λ2f

−
kΛ

λχðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λχðxÞ2 þ w2

f − λ2f

q ¼ 0:

ð106Þ

To this end, we use the following recursion equation

λðnþ1Þ00
χ ðxÞ þ λðnÞχ ðxÞλðnþ1Þ0

χ ðxÞ2
λðnÞχ ðxÞ2 þ w2

f − λ2f

−
kΛ

λðnÞχ ðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðnÞχ ðxÞ2 þ w2

f − λ2f

q ¼ 0; ð107Þ

starting with

λð0Þχ ðxÞ ¼ λf: ð108Þ

For n ¼ 0, the solution of Eq. (107) is given by

λð1Þχ ðxÞ ¼ λirðxÞ

¼ λf þ
w2
f

λf

�
log

�
cosh

� ffiffiffi
k

p ffiffiffiffi
Λ

p ðx − c1λfw3
fÞ

w3=2
f

��

− log

�
cosh

� ffiffiffi
k

p ffiffiffiffi
Λ

p ð1 − c1λfw3
fÞ

w3=2
f

���
; ð109Þ

where c1 is an undetermined constant. We point out that
Eq. (103) gives

λ0f ¼ −
Λφf

wf
: ð110Þ

Taking the first derivative in Eq. (109), we see that this
result should be equivalent to Eq. (110). Then, c1 is
determined as

c1 ¼
1

λf

�
1ffiffiffi

k
p ffiffiffiffi

Λ
p

w3=2
f

tanh−1
� ffiffiffiffi

Λ
p

λfφfffiffiffi
k

p
w3=2
f

�
þ 1

w3
f

�
: ð111Þ

The IR boundary condition Eq. (90) with Eq. (100) gives

k ¼ Λλfðλf þ 1Þ
wf

: ð112Þ

Substituting Eqs. (111) and (112) into Eq. (109), we obtain
λχðxÞ for n ¼ 0 near the IR boundary as

λirðxÞ ¼ λf þ
w2
f

λf
log

 
φf

wf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf

λf þ 1

s
sinh

�
Λð1 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

�
þ cosh

�
Λð1 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

�!
: ð113Þ

From now on, we change the notation as λð1Þχ ðxÞ→ λχðxÞ.
To justify this solution, we compare it with the solution of the full differential equation (106) near the IR boundary x ∼ 1.

The red curve in Fig. 1 is the numerical result of Eq. (106). Here, we set Λ ¼ 100; λf ¼ 5;φf ¼ 1; wf ¼ 2. The blue curve
is the plot of Eq. (113), obtained by the iteration method. As x → 1, the two curves become identical.

0.80 0.85 0.90 0.95 1.00
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FIG. 1. Comparison between the iteration solution of Eq. (113)
and the solution of the full differential equation (106) near the IR
boundary x ∼ 1.
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Substituting Eq. (113) into Eq. (105), we obtain

wirðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
f − λ2f þ

�
λf þ

w2
f

λf
log

�
φf

wf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf

λf þ 1

s
sinh

�
Λð1 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

�
þ cosh

�
Λð1 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

���2vuut :

ð114Þ
Substituting Eqs. (113) and (114) into Eq. (103), we find

φirðxÞ ¼ wf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

λf

s
coth

�
1

2
log

�
T þ 1

T − 1

�
þ Zx

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

λ2f
w2
f

þ
w2
f

	
2λ2f
w2
f
þ log ððU − 1Þsinh2ð1

2
logðT þ1

T −1Þ þ ZxÞÞ


2

4λ2f

vuuut ð115Þ

with

T ¼ λfφfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

wf
;

U ¼ λfφ
2
f

ðλf þ 1Þw2
f

;

Zx ¼
Λð1 − xÞ

w2
f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þ

q
:

To find virðxÞ, we consider Eqs. (113)–(115) to expand − Λ3

wψ ðxÞλχðxÞφðxÞ at x ¼ 1. Then, we obtain

−
Λ3

wψðxÞλχðxÞφðxÞ
¼ −

Λ3

λfwfφf

X∞
n¼0

ð−1Þn
�ð1 − xÞðΛðλf þ 1ÞÞ

wfφf

�
n

¼ Λ3

λfðΛðx − 1Þðλf þ 1Þ − wfφfÞ
: ð116Þ

Substituting Eq. (116) into Eq. (105), we obtain

virðxÞ ¼ vf

�
Λð1 − xÞðλf þ 1Þ

wfφf
þ 1

� w2
f
φ2
f

λf ðλfþ1Þ3
exp

�
2Λðx − 1Þðλf þ 1Þwfφf þ Λ2ðx − 1Þ2ðλf þ 1Þ2

2λfðλf þ 1Þ3
�
: ð117Þ

All these procedures are rather tedious but straightforward. However, we show them explicitly to demonstrate how all
these analytic solutions can be found.

3. wψðxÞ, vψðxÞ, λχ ðxÞ and φðxÞ near UV boundary

Substituting Eqs. (85)–(88) into Eq. (89), we obtain

φ0ðxÞ þ φ0ðxÞ
�
λ0χðxÞ
λχðxÞ

þ λχðxÞ6φðxÞ4
Λ4ðx − 1Þ5vψðxÞ5wψ ðxÞ

�
−

λχðxÞ3φðxÞ3λ0χðxÞ
Λ2ð1 − xÞ3vψðxÞ3wψðxÞ

−
λχðxÞφðxÞðΛ − 3λ0χðxÞÞ
ð1 − xÞvψ ðxÞwψðxÞ

−
λχðxÞ4φðxÞðΛ2ð1 − xÞvψðxÞ þ φðxÞ2w0

ψ ðxÞÞ
Λ2ð1 − xÞ3vψðxÞ3wψðxÞ2

þ λχðxÞ2φðxÞ
ð1 − xÞ2vψðxÞ2ωðxÞ2

× fðx − 1Þwψ ðxÞv0ψðxÞ þ vψ ðxÞðwψðxÞ − ð1 − xÞw0
ψðxÞÞg ¼ 0: ð118Þ

Here, we point out φ0 < 0 although this sign does not change the spectrum. We further simplify this equation, neglecting
higher-power terms in φnðxÞ. As a result, Eq. (118) is more simplified as

φ00ðxÞ þ
�

λχðxÞ2
ð1 − xÞ2vψ ðxÞwψðxÞ

−
ΛλχðxÞ

ð1 − xÞvψ ðxÞwψðxÞ
−
λχðxÞ2ðwψ ðxÞv0ψðxÞ þ vψðxÞw0

ψðxÞÞ
ð1 − xÞvψ ðxÞ2wψ ðxÞ2

−
λχðxÞ4

ð1 − xÞ2vψðxÞ2wψðxÞ2
�

× φðxÞ ¼ 0: ð119Þ
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Considering the x → 0 limit (UV boundary), we find w0
ψ ðxÞ; v0ψðxÞ → 0. Then, this equation becomes further

simplified as

φ00ðxÞ þ
�

λχðxÞ2
ð1 − xÞ2vψ ðxÞwψðxÞ

−
ΛλχðxÞ

ð1 − xÞvψ ðxÞwψðxÞ
−

λχðxÞ4
ð1 − xÞ2vψðxÞ2wψ ðxÞ2

�
φðxÞ ¼ 0 ð120Þ

near x ¼ 0. To this end, we consider the following recursion equation

φðnþ1Þ00 ðxÞ þ
�

λðnÞχ ðxÞ2
ð1 − xÞ2vðnÞψ ðxÞwðnÞ

ψ ðxÞ
−

ΛλðnÞχ ðxÞ
ð1 − xÞvðnÞψ ðxÞwðnÞ

ψ ðxÞ
−

λðnÞχ ðxÞ4
ð1 − xÞ2vðnÞψ ðxÞ2wðnÞ

ψ ðxÞ2
�
φðnþ1ÞðxÞ ¼ 0; ð121Þ

starting with

λð0Þχ ðxÞ ¼ λ0;

vð0Þψ ðxÞ ¼ v0;

wð0Þ
ψ ðxÞ ¼ w0:

As a result, we find

φð1ÞðxÞ ¼ φuvðxÞ ¼
φ0

ffiffiffiffiffiffiffiffiffiffi
1− x

p

ðv0w0Þ5=2
�
−
πλ3=20

ffiffiffiffi
Λ

p
v0w0p

j
2
−1 cscðπjÞI1−jð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1− xÞp Þ½λ0ðjþ 2ΛÞ0F1ð; j;pÞ þΛ0F1ð; jþ 1;pÞ�

Γðjþ 1Þ

−
ðv0w0Þ5=2Ij−1ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1− xÞp Þ½0F1ð; 2− j;pÞfλ0ðjþ 2ΛÞ0F1ð; j;pÞ þΛ0F1ð; jþ 1;pÞg− 2jλ0 þ 2λ0�

2ðj− 1Þλ0Ij−1ð2 ffiffiffiffi
p

p Þ
�

ð122Þ

for n ¼ 0, where j ¼ 2λ2
0

v0w0
and p ¼ λ0Λ

v0w0
. The F symbol (I)

represents a hypergeometric (modified Bessel) function,
given by Mathematica.
For sufficiently large Λ, the RG flow equations of

Eqs. (85)–(87) and the UV boundary condition Eq. (91)
become simplified as

w2
ψ ðxÞ∂xwψ ðxÞ ¼ −Λ2ð1 − xÞvψðxÞ; ð123Þ

∂xvψðxÞ ¼ −
Λ2ð1 − xÞ
wψðxÞ

; ð124Þ

∂xλχðxÞ
λχðxÞ

¼ −
φ2ðxÞ

ð1 − xÞvψ ðxÞwψðxÞ
; ð125Þ

and

∂xφðxÞjx¼0 ¼ Λφ0: ð126Þ

Similarly, Eqs. (123)–(125) become

wðnþ1Þ2
ψ ðxÞwðnþ1Þ0

ψ ðxÞ ¼ −Λ2ð1 − xÞvðnÞψ ðxÞ; ð127Þ

vðnþ1Þ0
ψ ðxÞ ¼ −

Λ2ð1 − xÞ
wðnÞ
ψ ðxÞ

; ð128Þ

λðnþ1Þ0
χ ðxÞ
λðnþ1Þ
χ ðxÞ

¼ −
φðnÞ2ðxÞ

ð1 − xÞvðnÞψ ðxÞwðnÞ
ψ ðxÞ

; ð129Þ

starting with

wð0Þ
ψ ðxÞ ¼ w0 −

Λ2v0x
w2
0

; ð130Þ

vð0Þψ ðxÞ ¼ v0 −
Λ2x
w0

; ð131Þ

φð0ÞðxÞ ¼ ϕ0 þ ϕ0Λx: ð132Þ
As a result, we find

vð1Þψ ðxÞ ¼ vuvðxÞ ¼ v0 þ
w5
0

Λ2v20
log

�
w3
0

w3
0 − Λ2v0x

�
−
w2
0

v0

�
log

�
w3
0

w3
0 − Λ2v0x

�
þ x

�
; ð133Þ
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wð1Þ
ψ ðxÞ ¼ wuvðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Λ2v0w0ðx − 2Þxþ 2w4

0 þ Λ4x2ð3 − 2xÞ
2w0

3

s
≈ w0 −

Λ2v0x
w2
0

for near x ¼ 0; ð134Þ

λð1Þχ ðxÞ ¼ λuvðxÞ ¼ λ0ð1 − xÞ
φ2
0

v0w0 ð135Þ

for n ¼ 0.
In the sameway as discussed before, all these n ¼ 0 solutions are verified in the UV limit. The red curve in Fig. 2(a) is the

result of the full differential equation for vψðxÞ. Here, we setΛ ¼ 1000; w0 ¼ 0.9Λ; v0 ¼ 0.7Λ. The blue curve is the plot of
Eq. (133), obtained by the iteration method. As x → 0, two curves are identical to each other. Similarly, the red (blue) curve
in Fig. 2(b) is the plot of the full differential equation [Eq. (134)] for wψðxÞ.

4. The matching solution for λχ ðxÞ
Substituting Eqs. (113) and (135) into λuvðx1Þ ¼ λirðx1Þ and ∂xλuvðxÞjx¼x1 ¼ ∂xλirðxÞjx¼x1 , we obtain two matching

equations as follows:
(1)

λ0ð1 − x1Þ
φ2
0

v0w0 ¼ λf þ
w2
f

λf
log

 
φf

wf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf

λf þ 1

s
sinh

�
Λð1 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

�
þ cosh

�
Λð1 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

�!
;

ð136Þ

(2)

λ0φ
2
0ð1 − x1Þ

φ2
0

v0w0
−1

v0w0

¼ Λ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf þ 1

λf

s
tanh

�
tanh−1

�
λfφfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λfðλf þ 1Þp
wf

�
þ Λð1 − x1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

�
− λf: ð137Þ

Our numerical results show that the condition of λ0 ≪ v0; w0 should be satisfied. Otherwise, these two functions λuvðxÞ
and λirðxÞ do not meet at any point in 0 ≤ x ≤ 1. In this respect we consider λ0 ∼ 1 and v0; w0 ∼ Λ as UV boundary values.
We discuss v0; w0 ∼ Λ below in more details.
Blue (yellow) curves in Figs. 3(a) and 3(b) represent contour plots of Eq. (136) [Eq. (137)]. We notice that the intersection

of these two curves occurs near x1 ¼ 1 and λ0 ¼ λf. Then, Eqs. (136) and (137) near x1 ¼ 1 become
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FIG. 2. Verification of the iteration solution near the UV boundary x ∼ 0. (a) vψ ðxÞ vs x. (b) wψ ðxÞ vs x.
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(1)

λ0ð1 − x1Þ
φ2
0

v0w0 ¼ λf −
Λðx1 − 1Þφf

wf
; ð138Þ

(2)

λ0ϕ
2
0

v0w0

ð1 − x1Þ
φ2
0

v0w0
−1 ¼ Λφf

wf
: ð139Þ

Based on these simplified equations, we find an analytic
expression for x1 and λf as follows:

x1 ¼ 1 −
φ2
0λfwf

Λφfðv0w0 − φ2
0Þ
; ð140Þ

λf ¼ λ0ðv0w0 − φ2
0Þ

v0w0

�
λ0φ

2
0wf

Λφfðv0w0 − φ2
0Þ
� φ2

0
v0w0

: ð141Þ

For small φ0, Eq. (141) becomes

λf ¼ λ0

�
1þ φ2

0

v0w0

log

�
φ2
0wf

Λv0w0φf

��
≈ λ0: ð142Þ

Figure 4 shows an RG flow of the interaction parameter
λχðxÞ in the parameter range ofΛ ¼ 50, λ0 ¼ 5, w0 ¼ 1.1Λ,
v0 ¼ 1.305Λ, wf ¼ 2, φf ¼ 0.001, φ0 ¼ 0.1. The green
curve in Fig. 4(b) is a plot of Eq. (135) while the red one is a
plot of Eq. (113). The matching point is given by Eqs. (140)
and (141).

5. The matching solution for wψðxÞ
Substituting Eqs. (114) and (134) into wuvðx2Þ ¼ wirðx2Þ

and ∂xwuvðxÞjx¼x2 ¼ ∂xwirðxÞjx¼x2 , we obtain two match-
ing equations as follows:

(1)

w0 −
Λ2v0x2
w2
0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
f − λ2f þ

"
λf þ

w2
f

λf
log

 
φf

wf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf

λf þ 1

s
sinh

�
Λð1 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

�
þ cosh

�
Λð1 − x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

�!#2vuut ;

ð143Þ
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FIG. 3. Self-consistent solution for the matching point x1 and the IR boundary value λf. (a) We set Λ ¼ 50, λ0 ¼ 5, w0 ¼ 0.9Λ,
v0 ¼ 0.7209Λ, wf ¼ 0.5, φf ¼ 1.007, φ0 ¼ 0.0211605. (b) We take Λ ¼ 50, λ0 ¼ 5, w0 ¼ 0.9Λ, v0 ¼ 0.7209Λ, wf ¼ 2,
φf ¼ 0.01, φ0 ¼ 0.1.
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(2)

Λv0
w2
0

¼ 1

w0 −
Λ2v0x2
w2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf þ 1

λf

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2f −w2

f þ
�
w0 −

Λ2v0x2
w2
0

�
2

s
tanh

 
tanh−1

 
φf

wf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf

λf þ 1

s !
þΛð1− x2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

w2
f

!
:

ð144Þ

Figure 5 shows a self-consistent solution for the matching
point x2 and the IR boundary valuewf. Blue (yellow) curves
in Figs. 5(a)–5(c) are contour plots of Eq. (143) [Eq. (144)]
with different values of Λ. Here, we set λ0 ¼ 2, λf ¼ 2,
v0 ¼ 75, w0 ¼ 56, φf ¼ 0.0001. We notice that the inter-
section point disappears as Λ increases, given v0 and w0.
Now, considering λ0 ¼ 2, λf ¼ 2, v0¼1.5Λ, w0¼1.12Λ,

φf ¼ 0.0001, we investigate the UV cutoff Λ dependence

of wf, shown in Fig. 6. It turns out that wf increases quite
slowly as a function of Λ, confirmed in Fig. 7(a). However,
we point out wf ≪ w0, not easy to obtain in the conven-
tional quantum-field-theory calculation.
Finally, we discuss an RG flow of the wave-function

renormalization constantwψ ðxÞ. The green curve in Fig. 4(b)
is a plot of Eq. (134) while the red one is a plot of Eq. (114).
The matching point is obtained by Eqs. (143) and (144).
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FIG. 4. RG flow of the interaction parameter λχðxÞ. (a) λχðxÞ vs x overall. (b) λχðxÞ vs x zoomed.
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FIG. 5. Self-consistent solution for the matching point x2 and the IR boundary value wf , given v0 and w0. (a) x2 vs wf atΛ ¼ 50, (b) x2
vs wf at Λ ¼ 51, and (c) x2 vs wf at Λ ¼ 52.
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For sufficiently large Λ, we find an analytic expression for the matching point x2 and the IR renormalized wave-function
constant wf from Eqs. (143) and (144) as follows:

x2 ¼ 1 −
w2
f

Λ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp tanh−1

 
vr
w2
r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λf

λf þ 1

s !
; ð145Þ

wf ¼ 2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

Λ2λ2fðλf þ 1Þðvr − w3
rÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−λ2ff16Λ2ðλf þ 1Þðvr − w3
rÞ2ð4λftanh−1ðMÞ2v2r − ðλf þ 1Þlog2ð1 − JÞw4

rÞ − K2g
q

þ Kλf

vuut ð146Þ

≈
ffiffiffiffi
Λ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2λfðλf þ 1Þðvr − w3
rÞ

ðλf þ 1Þw2
r log ð1 − λfv2r

ðλfþ1Þw4
r
Þ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

vrtanh−1
 ffiffiffiffiffiffi

λf
λfþ1

q
vr

w2
r

!
vuuuuut

ð147Þ
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FIG. 6. Self-consistent solution for the matching point x2 and the IR boundary value wf as a function of the UV cutoff Λ. (a) x2 vs wf
at Λ ¼ 50, (b) x2 vs wf at Λ ¼ 100, (c) x2 vs wf at Λ ¼ 500, and (d) x2 vs wf at Λ ¼ 1000.
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with

v0 ¼ vrΛ;

w0 ¼ wrΛ;

J ¼ λfv2r
ðλf þ 1Þw4

r
;

K ¼ 4λfðλf þ 1Þðlogð1 − JÞ − 1Þw4
r þ 8Λ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þ

q
vrðw3

r − vrÞ tanh−1
0
B@

ffiffiffiffiffiffiffiffi
λf

λfþ1

q
vr

w2
r

1
CA:

We point out that Eq. (147) confirms wf ∼
ffiffiffiffi
Λ

p
.

We have to mention that there is a case in whichwf does not depend onΛ. If we consider vr ¼ vm
Λ þ w3

r as a UV boundary
value in Eq. (146), we obtain

wf ¼ 2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

λ2fðλf þ 1Þv2mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−λ2ff16ðλf þ 1Þv2mð4λftanh−1ðUÞ2ðvmΛ þ w3

rÞ2 − ðλf þ 1Þw4
r log2ð1 − TÞÞ − 16P2

Λ2 g
q

þQ

vuut ; ð148Þ

≈
ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−

λfðλfþ1Þv2m
w2
rf−2F 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλfþ1Þ

p
vmwrþ

ffiffiffiffiffiffiffiffiffiffiffi
λfþ1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2mðF 2

0ðλfþ1Þ−4F 2
1λfw

2
rÞþðF 0−1Þ2λ2fðλfþ1Þw4

r

q
þðF 0−1Þλfðλfþ1Þw2

rg

vuut ;

ð149Þ

where
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FIG. 7. RG flow of the wave-function renormalization constant wψ ðxÞ. (a) wf vs Λ overall with λ0 ¼ 2, λf ¼ 2, v0 ¼ 1.5Λ,
w0 ¼ 1.12Λ, φf ¼ 0.0001. (b) wψ ðxÞ vs x overall. The matching point x2 and the IR renormalized value wf are obtained from Fig. 6(a).
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T ¼ λfðvmΛ þ w3
rÞ2

ðλf þ 1Þw4
r
;

U ¼
vm
Λ þ w3

rffiffiffiffiffiffiffiffiffiffiffiffi
1
λf
þ 1

q
w2
r

;

P ¼ Λw3
rð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þ

q
vmtanh−1ðUÞ − λfðλf þ 1Þwrðlogð1 − TÞ − 1ÞÞ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þ

q
v2mtanh−1ðUÞ;

Q ¼ 4λ2fðλf þ 1Þw4
rðlogð1 − TÞ − 1Þ − 8λf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þ

q
vmtanh−1ðUÞ

�
vm
Λ

þ w3
r

�
;

F 0 ¼ log

�
1 −

λfw2
r

λf þ 1

�
;

F 1 ¼ tanh−1
 ffiffiffiffiffiffiffiffiffiffiffiffiffi

λf
λf þ 1

s
wr

!
:

We see that Eq. (149) is independent ofΛ. Figure 8 confirms that wf is independent ofΛ if we set vr ¼ vm
Λ þ w3

r . Roughly,
we have wf ≈ 3.607. But, the matching point depends on Λ, given by x2 → 1 as Λ → ∞.
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FIG. 8. The case when the IR renormalized wave-function constant wf does not depend on the UV cutoff Λ. Here, we take vr ¼
vm
Λ þ w3

r with λ0 ¼ 2, λf ¼ 2, vm ¼ 1, wr ¼ 1.12, φf ¼ 0.0001: (a) x2 vs wf atΛ ¼ 50, (b) x2 vs wf atΛ ¼ 100, (c) x2 vs wf atΛ ¼ 500,
and (d) x2 vs wf at Λ ¼ 1000.
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6. The matching solution for vψðxÞ
Substituting Eqs. (117) and (133) into vuvðx3Þ ¼ virðx3Þ and ∂xvuvðxÞjx¼x3 ¼ ∂xvirðxÞjx¼x3 , we obtain two matching

equations as follows:
(1)

Λvr þ
Λw5

r

v2r
log

�
w3
r

w3
r − x3vr

�
−
Λw2

r

vr

�
log

�
w3
r

w3
r − x3vr

�
þ x3

�

¼ vf

�
Λð1 − x3Þðλf þ 1Þ

φfwf
þ 1

� φ2
f
w2
f

λf ðλfþ1Þ3
exp

�
2Λðx3 − 1Þðλf þ 1Þφfwf þ Λ2ð1 − x3Þ2ðλf þ 1Þ2

2λfðλf þ 1Þ3
�
; ð150Þ

(2)

Λ2ðx3 − 1Þvf
λffΛðx3 − 1Þðλf þ 1Þ − wfφfg

�
1 −

Λðx3 − 1Þðλf þ 1Þ
wfφf

� w2
f
φ2
f

λf ðλfþ1Þ3
exp

�
Λðx3 − 1Þð2wfφf þ Λðx3 − 1Þðλf þ 1ÞÞ

2λfðλf þ 1Þ2
�

þ w2
r

x3vr − w3
r
¼ 0: ð151Þ

With the choice of the UV boundary value vr ¼ vm
Λ þ w3

r , we find an analytic expression for the matching point x3 and the
IR renormalized velocity vf from Eqs. (150) and (151) at sufficiently large Λ as follows:

x3 ¼ 1 −
vm
Λw3

r
W

�
Λw3

r

vm
e

w3r
vm
ðΛ−wrðvmþΛw3

rÞÞ
�
; ð152Þ

vf ¼ λfðφfwf − Λðx3 − 1Þðλf þ 1ÞÞ
Λ2ðx3 − 1Þ2wr

�
1 −

Λðx3 − 1Þðλf þ 1Þ
φfwf

�−
φ2
f
w2
f

λf ðλfþ1Þ3
exp

�
−
Λðx3 − 1Þð2φfwf þ Λðx3 − 1Þðλf þ 1ÞÞ

2λfðλf þ 1Þ2
�
:

ð153Þ
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FIG. 9. (a) Self-consistent solution for the matching point x3 and the IR boundary value vf and (b) RG flow of the renormalized
velocity vψ ðxÞ. Here, we take vr ¼ vm

Λ þ w3
r as a UV boundary value with Λ ¼ 50, λ0 ¼ 5, λf ¼ 5, wr ¼ 0.9, wf ¼ 0.5, φf ¼ 1.007.
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Here, WðzÞ is the Lambert W function. We observe

vf ∼ exp

�
−

v2m
2w6

rλfðλf þ 1ÞW
�
Λw3

r

vm
e

w3r
vm
ðΛ−wrðvmþΛw3

rÞÞ
�

2
�

→ 0 ð154Þ

at sufficiently large Λ. This indicates appearance of a strong-coupling IR fixed point, where the kinetic energy vanishes.
The blue (yellow) curve in Fig. 9(a) is a contour plot of Eq. (150) [Eq. (151)]. We notice that the intersection of these two

curves occurs near vf ¼ 0.0065. The green curve in Fig. 9(b) is a plot of Eq. (133) while the red one is a plot of Eq. (117).
The matching point is obtained by Eqs. (150) and (151).

7. The matching solution for φðxÞ
Substituting Eqs. (115) and (122) into (1) φuvðx4Þ ¼ φirðx4Þ, (2) ∂xφuvðxÞjx¼x4 ¼ ∂xφirðxÞjx¼x4 , and (3) ∂

2
xφuvðxÞjx¼x4 ¼

∂
2
xφirðxÞjx¼x4 , we obtain three matching equations as follows:
(1)

wf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

λf

s
coth

�
1

2
log

�
T þ 1

T − 1

�
þ Zx

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

λ2f
w2
f

þ
w2
f

	
2λ2f
w2
f
þ log ððU − 1Þsinh2ð1

2
logðT þ1

T −1Þ þ ZxÞÞ


2

4λ2f

vuuut ����
x¼x4

¼ φ0

ðv0w0Þ5=2
ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
ððQinI1−2B1

ðYxÞ þQreI2B1−1ðYxÞÞ
����
x¼x4

; ð155Þ

(2)

wf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

λf

s
∂

∂x

2
664coth

�
1

2
log

�
T þ 1

T − 1

�
þ Zx

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

λ2f
w2
f

þ
w2
f

	
2λ2f
w2
f
þ log ððU − 1Þsinh2ð1

2
logðT þ1

T −1Þ þ ZxÞÞ


2

4λ2f

vuuut
3
775
����
x¼x4

¼ φ0

ðv0w0Þ5=2
∂

∂x
f
ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
ðQinI1−2B1

ðYxÞ þQreI2B1−1ðYxÞÞg
����
x¼x4

; ð156Þ

(3)

wf

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

λf

s
∂
2

∂x2

2
664coth

�
1

2
log

�
T þ1

T −1

�
þZx

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

λ2f
w2
f

þ
w2
f

	
2λ2f
w2
f
þ logððU−1Þsinh2ð1

2
logðT þ1

T −1ÞþZxÞÞ


2

4λ2f

vuuut
3
775
����
x¼x4

¼ φ0

ðv0w0Þ5=2
∂
2

∂x2
f
ffiffiffiffiffiffiffiffiffiffi
1−x

p
ðQinI1−2B1

ðYxÞþQreI2B1−1ðYxÞÞg
����
x¼x4

; ð157Þ

where

T ¼ λfφfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λfðλf þ 1Þp

wf
;

U ¼ λfφ
2
f

ðλf þ 1Þw2
f

;

Zx ¼
Λð1 − xÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λfðλf þ 1Þp
w2
f

;

B0 ¼
λ0Λ
v0w0

;
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B1 ¼
λ20

v0w0

;

Yx ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B0ð1 − xÞ

p
;

Qin ¼ −
πλ3=20 Λ3=2v0w0B

B1−2
0 csc ð2πB1Þ½2B10F1ð; 2B1;B0ÞðΛþ B1Þ þ B00F1ð; 2B1 þ 1;B0Þ�

Γð2B1 þ 1Þ ;

Qre ¼ −
ðv0w0Þ5=2½0F1ð; 2 − 2B1;B0Þf2λ00F1ð; 2B1;B0ÞðΛþ B1Þ þ Λ0F1ð; 2B1 þ 1;B0Þg þ 2λ0ð1 − 2B1Þ�

ð2λ0ð2B1 − 1ÞÞI2B1−1ð2
ffiffiffiffiffiffi
B0

p Þ :

Blue (yellow) curves in Figs. 10(a)–10(d) are con-
tour plots of Eq. (156) [Eq. (157)] with different values
of Λ. φ0 is obtained from Eq. (155). We notice that the
intersection of these two curves occurs near φf ≈ 13.11
and x4 ≈ 1. It is interesting to see that φf is independent

of Λ. We point out that x4 → 1 and φ0 → 0 as Λ → ∞.
For various values of Λ ¼ 50, 100, 500, 1000, we
have ðφ0; φf; x4Þ ¼ fð0.2644; 13.11; 0.9805Þ; ð0.1353;
13.11; 0.9891Þ; ð0.0273; 13.11; 0.9977Þ; ð0.0136; 13.11;
0.9988Þg.
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FIG. 10. Self-consistent solution for the matching point x4 and the IR renormalized value φf of the chiral condensate as a function of
the UV cutoff Λ. Here, we take wf ≈ 3.11568, given by Eq. (146). We use vr ¼ vm

Λ þ w3
r with λ0 ¼ 2.1, λf ¼ 2.1, wr ¼ 1.2, vm ¼ 1:

(a) x4 vs φf at Λ ¼ 50, (b) x4 vs φf at Λ ¼ 100, (c) x4 vs φf at Λ ¼ 500, and (d) x4 vs φf at Λ ¼ 1000.
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Figures 11(a) and 11(b) are based on Fig. 10(d): Λ ¼ 1000, λ0 ¼ 2.1, λf ¼ 2.1, wr ¼ 1.2, vm ¼ 1 with
ðφ0;φf; x4Þ ¼ ð0.0136; 13.11; 0.9988Þ. Green (red) curves in Figs. 11(a) and 11(b) are based on Eq. (122) [Eq. (115)].
The matching point is obtained by Eqs. (155)–(157).

E. Introduction of δφðx; zÞ fluctuations near the fixed point

Now, we are in the position to discuss how to find correlation functions, considering perturbations around the previously
discussed vacuum solution. For example, we consider δφðx; zÞ fluctuations up to the Gaussian order around the vacuum
fixed point as follows:

Z ¼ Zvac:

Z
Dδφðx; zÞ exp

�
−N

Z
d2x

�
λ2χðzfÞ
2

δφðx; zfÞ
Z

d2x0Πðx − x0; zfÞδφðx0; zfÞ þ
λχð0Þ
2

δφ2ðx; 0Þ
�

− N
Z

zf

0

dz
Z

d2x

�
λχðzÞ
2

�
∂zδφðx; zÞ þ

λ2χðzÞ
2

Z
d2x0Πðx − x0; zÞδφðx0; zÞ

�
2

þ λ2χðzÞ
2

δφðx; zÞ
Z

d2x0Πðx − x0; zÞδφðx0; zÞ
��

; ð158Þ

where the vacuum partition function is given by

Zvac: ¼ exp

�
−βLN

�
−
2

β
ln

�
2wψðzfÞ cosh

�
β

2wψðzfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzfÞ½Λ − zf�2 − λ2χðzfÞφ2ðzfÞ

q ��
þ λχð0Þ

2
φ2ð0Þ

�

− βLN
Z

zf

0

dz

�
λχðzÞ
2

�
∂zφðzÞ þ

1

wψðzÞ
λ2χðzÞφðzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2ψ ðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ
q

× tanh

�
β

2wψðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψ ðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q ��
2

−
2

β
ln

�
2wψ ðzÞ cosh

�
β

2wψ ðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2ψðzÞ½Λ − z�2 − λ2χðzÞφ2ðzÞ

q ����
; ð159Þ

and discussed before. Here, we focus on δφðx; zÞ fluctuations only just for simplicity. In principle, we have to take into
account all possible fluctuations of dynamical fields, more precisely, δwψðx; zÞ, δvψðx; zÞ, and δλχðx; zÞ in addition
to δφðx; zÞ.
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FIG. 11. RG flow of the renormalized chiral condensate φðxÞ. (a) φðxÞ vs x overall. (b) φðxÞ vs x zoomed.
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Πðx − x0; zÞ is the polarization function, given by

NΠðx − x0; zÞ≡ hψ̄σðxÞψσðxÞψ̄σ0 ðx0Þψσ0 ðx0Þic
≡ 1

ZðzÞ
Z

DψσðyÞψ̄σðxÞψσðxÞψ̄σ0 ðx0Þψσ0 ðx0Þ exp
�
−
Z

d2yfψ̄σðyÞðwψðzÞγτ∂τ − ivψðzÞγx∂yÞψσðyÞ

− iλχðzÞφðzÞψ̄σðyÞψσðyÞg
�
; ð160Þ

where the corresponding partition function for this correlation function is

ZðzÞ ¼
Z

DψσðxÞ exp
�
−
Z

d2xfψ̄σðxÞðwψ ðzÞγτ∂τ − ivψðzÞγx∂xÞψσðxÞ − iλχðzÞφðzÞψ̄σðxÞψσðxÞg
�
: ð161Þ

The last term of λ2χðzÞ
2

δφðx; zÞ R d2x0Πðx − x0; zÞδφðx0; zÞ (λ2χðzÞ
2

R
d2x0Πðx − x0; zÞδφðx0; zÞ) results from the expansion of the

effective potential Veff ½φðx; zÞ; wψ ðx; zÞ; vψðx; zÞ; λχðx; zÞ� (RG β function βφ½φðx; zÞ; wψðx; zÞ; vψ ðx; zÞ; λχðx; zÞ�) with
respect to φðx; zÞ ¼ φðzÞ þ δφðx; zÞ up to the Gaussian (first) order.
The equation of motion for δφðx; zÞ is given by

∂z

�
λχðzÞ

�
∂zδφðx; zÞ þ

λ2χðzÞ
2

Z
d2x0Πðx − x0; zÞδφðx0; zÞ

��

− λχðzÞ
λ2χðzÞ
2

Πð0; zÞ
�
∂zδφðx; zÞ þ

λ2χðzÞ
2

Z
d2x0Πðx − x0; zÞδφðx0; zÞ

�

− λ2χðzÞ
Z

d2x0Πðx − x0; zÞδφðx0; zÞ ¼ 0 ð162Þ

in the large N limit. Taking λχðzÞ ¼ λχ near the IR fixed point discussed in the previous subsection and performing the
Fourier transformation, we obtain

∂
2
zδφðiΩn; q; zÞ þ

λ2χ
2

�
ΠðiΩn; q; zÞ −

1

β

X
iΩn

Z
dD−1q
ð2πÞD−1ΠðiΩn; q; zÞ

�
∂zδφðiΩn; q; zÞ

þ
�
λ2χ
2
∂zΠðiΩn; q; zÞ −

�
λ2χ
2

�
2
�
1

β

X
iΩn

Z
dD−1q
ð2πÞD−1ΠðiΩn; q; zÞ

�
ΠðiΩn; q; zÞ − λχΠðiΩn; q; zÞ

�
δφðiΩn; q; zÞ ¼ 0:

ð163Þ
Both IR and UV boundary conditions for these fluctuations can be found as follows:

∂zfδφðiΩn; q; zfÞ ¼ −
�
1þ 1

λχ

�
λ2χ
2
ΠðiΩn; q; zfÞδφðiΩn; q; zfÞ; ð164Þ

∂zδφðiΩn; q; zÞjz¼0 ¼ δφðiΩn; q; 0Þ −
λ2χ
2
ΠðiΩn; q; 0ÞδφðiΩn; q; 0Þ: ð165Þ

Here, the polarization function is

ΠðiΩn; q; zÞ ¼ −
1

β

X
iωn

Z
dk
2π

trfGðiωn þ iΩn; kþ qÞGðiωn; kÞg; ð166Þ

where the translational invariant vacuum Green’s function is

Gðiωn; kÞ ¼
1

wψ ðzÞγτðiωnÞ þ vψðzÞγxk − iλχφðzÞ
: ð167Þ

RENORMALIZATION GROUP FLOW TO EFFECTIVE QUANTUM … PHYS. REV. D 107, 066004 (2023)

066004-31



It is straightforward to calculate this polarization function
for the vacuum state, not performed explicitly here.
Solving the equation of motion with two boundary

conditions, we would find the “meson” spectrum in the
chiral symmetry broken vacuum state. Although we do not
perform this calculation here, the present discussion shows
how the nonperturbative RG-MFT takes the essential
features of the holographic dual effective field theory.

IV. CURVATURE AND MINIMAL SURFACE ON
THE THREE-DIMENSIONAL CURVED

SPACETIME

By using the identification Eq. (56) between the vierbein
and the renormalized coupling functions, one can con-
struct a curved spacetime metric containing information of
the RG-MFT. In this section, we investigate properties of
the curved spacetime constructed from the asymptotic
solutions of the RG flow equations. In particular, we
calculate the Ricci scalar curvature and area of the minimal
surface.

A. Three-dimensional Ricci scalar

Let us consider the following three-dimensional space-
time:

ds2 ¼ dz2 þ gμνdxμdxν ¼ dz2 þ gττdτdτ þ gyydydy;

ð168Þ

where 0 ≤ z ≤ Λ, τ is a time component, and y is a spatial
component. With the identification Eq. (56), the metric gμν
is expressed by

gττ ¼ v2ψ ; gyy ¼ w2
ψ : ð169Þ

When vψ and wψ do not depend on τ and y as studied in
Sec. III, the Ricci scalar R of the three-dimensional
spacetime Eq. (168) is given by

R ¼ −2
ð∂zvψ Þð∂zwψ Þ þ ð∂2zvψ Þwψ þ vψ ð∂2zwψ Þ

vψwψ
: ð170Þ

In Sec. III, we obtained asymptotic IR solutions wirðxÞ
Eq. (114) and virðxÞ Eq. (117) near x ¼ 1 and asymptotic
UV solutions wuvðxÞ Eq. (134) and vuvðxÞ Eq. (133) near
x ¼ 0, where x ≔ z=Λ. By using them, we define two Ricci
scalars as

RuvðxÞ ≔ Rjwψ¼wuvðxÞ;vψ¼vuvðxÞ;

RirðxÞ ≔ Rjwψ¼wirðxÞ;vψ¼virðxÞ: ð171Þ

Figure 12 shows plots of RuvðxÞ and RirðxÞwithΛ ¼ 50,
λf ¼ 5, wr ¼ 0.9, wf ¼ 0.5, vr ¼ vm

Λ þ w3
r , vm ¼ 1,

vf ¼ 0.0065, φf ¼ 1.007. With the above parameters,
these two Ricci scalars have singular behaviors in certain
regions. Near x ¼ 0.65, RuvðxÞ is singular because vuvðxÞ
vanishes. Near x ¼ 1, RuvðxÞ is not well defined since w3

0 −
Λ2v0x in Eq. (133) is negative, where v0 ¼ vrΛ and
w0 ¼ wrΛ. Of course, these features are artifacts of the
asymptotic UV solution extended to the IR region. A
physically relevant point is that it is given by a negative
constant near the UV boundary. The divergence of RirðxÞ
near x ¼ 1 is actually physical, which results from the
singular behavior of the derivative of wirðxÞ. On the other
hand, the asymptotic UV behavior of RirðxÞ is not relevant.
Let us comment on the finiteness of the metric with finite

Λ. In Fig. 12, RuvðxÞ at x ¼ 0 is negative, which is similar
to asymptotic AdS geometries. However, when v0 and w0

are finite, the metric Eq. (169) is finite at x ¼ 0, which is

0.2 0.4 0.6 0.8 1.0
x

–0.015

–0.010

–0.005

0.005

Ruv (x)

(a)

0.2 0.4 0.6 0.8 1.0
x

–6

–4

–2

2

4

Rir (x)

(b)

FIG. 12. Two Ricci scalars constructed from the asymptotic UV and IR solutions. (a) RuvðxÞ with Λ ¼ 50, wr ¼ 0.9, vr ¼ vm
Λ þ w3

r ,
vm ¼ 1. We observe that it is given by a negative constant near the UV boundary. The behavior near the IR boundary is not relevant.
(b) RirðxÞ with Λ ¼ 50, λf ¼ 5, wf ¼ 0.5, vf ¼ 0.0065, φf ¼ 1.007. It diverges as x → 1. The behavior near the UV boundary is not
relevant.
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different from the asymptotic AdS geometries. Rather, its
finiteness is similar to a property of the asymptotic AdS
geometries with a finite cutoff radius.

B. Minimal surface

The authors of Refs. [26,27] proposed the holographic
entanglement entropy as the holographic dual of entangle-
ment entropy in boundary QFTs. They gave a prescription
to calculate the entanglement entropy using the minimal
surface that anchored on the entangling surface. This
celebrated proposal is the pioneering work to study
quantum information from the viewpoint of holography.
In this subsection, we evaluate the minimal surface for a
single interval on the three-dimensional spacetime Eq. (168)
with Eq. (169).
For a given one-dimensional surface E on a fixed time

slice, we define its area A by

A ≔
Z
E

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dz2 þ gyyðzÞdy2

q
: ð172Þ

The minimal surface anchored on the boundary of a single
interval at z ¼ 0 is defined by the surface that minimizes
the area A. Suppose that gyyðzÞ ¼ w2

ψðz=ΛÞ is a decreasing
function of z like Fig. 7(b). Then a spatial distance
gyyðzÞdy2 is minimal at z ¼ Λ. Since the metric of
Eq. (168) is finite at z ¼ Λ, the minimal surface can reach
z ¼ Λ ifΛ is finite. Such holographic geometries have been
studied for gapped systems, e.g., [16,49,50], and the shape
of the minimal surface would be as follows. When the size
of the interval is small, the minimal surface is a connected
surface as shown in Fig. 13(a), where l is the size of the
interval. As l increases, a disconnected surface becomes
the minimal surface at l ¼ lc as shown in Fig. 13(b). This
behavior is known as the confinement/deconfinement
transition at the critical length l ¼ lc [51,52].
First, we examine the connected surface [Fig. 13(a)],

whose area AcðlÞ is

AcðlÞ ¼
Z

l=2

−l=2
dy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dzðyÞ
dy

�
2

þ gyyðzðyÞÞ
s

; ð173Þ

where zðyÞ is a function that represents the shape of the
surface. To determine the minimal connected surface, we
need to find zðyÞ that minimizes the area AcðlÞ, and a
differential equation of zðyÞ for the minimal connected
surface is

d
dy

∂Lðz; dzdyÞ
∂
dz
dy

−
∂Lðz; dzdyÞ

∂z
¼ 0;

L

�
z;
dz
dy

�
≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
dz
dy

�
2

þ gyyðzÞ
s

; ð174Þ

⇒ 2gyyðzÞ
d2z
dy2

− 2
dgyyðzÞ
dz

�
dz
dy

�
2

− gyyðzÞ
dgyyðzÞ
dz

¼ 0:

ð175Þ

The minimal connected surface is given by a solution of
Eq. (175) with two boundary conditions

zðl=2Þ ¼ 0;
dzðyÞ
dy

����
y¼0

¼ 0: ð176Þ

We define Amin
c ðlÞ by the area of the minimal connected

surface, which is Eq. (173) with zðyÞ for the minimal
connected surface.
Next, the area Ad of the disconnected surface [Fig. 13(b)]

is given by

Ad ¼ 2

Z
Λ

0

dz ¼ 2Λ; ð177Þ

which does not depend on l. If Amin
c ðlÞ < Ad, the con-

nected surface is the minimal surface. If Amin
c ðlÞ > Ad, the

disconnected surface is the minimal surface.
Figure 14(a) shows zðyÞ for the minimal connected

surface with gyyðzÞ ¼ w2
uvðz=ΛÞ, Λ ¼ 50, wr ¼ 1.12,

vr ¼ 1.5. We numerically solve Eq. (175) with Eq. (176)
and plot zðyÞ with the size of the interval l ¼ 0.2, 0.4, 0.6,
0.8, 1.0. Figure 14(b) shows the l dependence of the
minimal area Amin

c ðlÞ. Note thatwuvðz=ΛÞ is the asymptotic
solution near z ¼ 0, and the approximation using wuvðz=ΛÞ
would be reasonable when l is small. Near l ¼ 0, the plot
of the minimal area in Fig. 14(b) can be approximated by

Amin
s ðlÞ ∼

Z
l=2

−l=2
dy

ffiffiffiffiffiffiffiffiffiffiffiffi
gyyð0Þ

q
¼ wuvð0Þl ðl ∼ 0Þ: ð178Þ

This linear behavior is different from the logarithmic
behavior for the asymptotic AdS geometries, and the reason
is that wuvðz=ΛÞ Eq. (134) does not decay exponentially
with respect to z. Due to dz2 in Eq. (172) and the z
dependence of wuvðz=ΛÞ, the approximation Eq. (178) is
not valid except near l ¼ 0.

FIG. 13. Schematic pictures of the minimal surface for a single
interval at z ¼ 0, where l is the size of the interval. (a) Connected
surface for l ≤ lc. (b) Disconnected surface for l ≥ lc. There is
a transition of the minimal surface at l ¼ lc.
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Figure 15(a) shows zðyÞ with l ¼ 0.5, 1.0, 1.5, 2.0, 2.5
for the minimal connected surface with gyyðzÞ ¼ w2

irðz=ΛÞ,
Λ ¼ 50, wf ¼ 2, λf ¼ 2, φf ¼ 0.0001, and we plot the l
dependence of the minimal area Amin

c ðlÞ in Fig. 15(b). At
l ¼ lc ∼ 2.4, the area of the minimal connected surface
Amin
c ðlÞ is larger than the area of the disconnected surface

Ad ¼ 2Λ ¼ 100, which means the transition from the
connected surface to the disconnected surface. Although
wirðz=ΛÞ is the asymptotic solution, this result implies the
existence of the critical length lc for the minimal surface in
the three-dimensional spacetime Eq. (168) with finite Λ
constructed from information of the RG-MFT with
Eq. (169). We note that zðyÞ with l ¼ 2.5 in Fig. 15(a)
is similar to the minimal surface in a black hole type
geometry, which gives the volume law of the holographic
entanglement entropy.
Finally, we discuss the holographic geometry in the limit

Λ → ∞. If we choose the UV boundary values as v0 ¼ vrΛ

and w0 ¼ wrΛ, the metric Eq. (169) diverges in the limit
Λ → ∞. In this case, the minimal area is not well defined,
which may be interpreted as the entanglement entropy of
QFTs is not well defined in the continuum limit. If vψ
and wψ are finite in the limit Λ → ∞, there is no transition
to the disconnected surface because Eq. (177) diverges.
Furthermore, if vψ → 0 and wψ → wf ≠ 0 at z ¼ Λ → ∞,
the metric Eq. (169) behaves as

gττ → 0; gyy → w2
f ≠ 0 ðz ¼ Λ → ∞Þ; ð179Þ

which is similar to black hole geometries if z ¼ Λ is
regarded as the horizon. Note that one can construct black
holes with zero temperature by introducing scalar or Uð1Þ
gauge field sources [53].
Appearance of a black hole type geometry is rather

unexpected since spontaneous chiral symmetry breaking
occurs to cause a single-particle excitation gap. In this
resect the only physical picture that we can have in our

(a) (b)

FIG. 15. (a) Shape of the minimal connected surface with gyyðzÞ ¼ w2
irðz=ΛÞ, Λ ¼ 50, wf ¼ 2, λf ¼ 2, φf ¼ 0.0001. (b) l

dependence of the minimal area Amin
c ðlÞ. At l ¼ lc ∼ 2.4, the disconnected surface becomes the minimal surface due

to Amin
c ðlÞ > Ad ¼ 2Λ ¼ 100.

(a) (b)

FIG. 14. (a) Shape of the minimal connected surface with gyyðzÞ ¼ w2
uvðz=ΛÞ, Λ ¼ 50, wr ¼ 1.12, vr ¼ 1.5. (b) l dependence of the

minimal area Amin
c ðlÞ.
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mind at present is that the single-particle excitation gap has to
be filled with multiparticle excitations, here dual collective
fields involved with wψ and vψ fluctuations. As discussed
in the previous section, this claim is certainly verifiable,
calculating correlation functions of δwψ , δvψ , and δφ
fluctuations around this vacuum solution. Frankly speaking,
it is not clear at all whether the present effective UV field
theory allows such a strongly coupled local fixed point or not.
It is possible that the present theoretical framework, that is,
our nonperturbative RG-MFT, may overtake quantum fluc-
tuationsmore than expected.However, it is surprising that the
nonperturbative RG-MFT can access the strong-coupling IR
fixed point from the Gaussian UV fixed point beyond the
perturbation framework, interpreted as an emergent black
hole type geometry.

V. SUMMARY AND DISCUSSIONS

In this study, we proposed a nonperturbative Wilsonian-
RG improved mean-field theory in the large N limit, where
RG flows of the coupling functions manifest in the level of
an effective action and the equation of motion for the order-
parameter fields correspond to mean-field equations with
self-consistently renormalized coupling functions at a given

energy scale of the emergent extradimension. We argued
that this nonperturbative generalization of the RG-
improved mean-field theory takes into account essential
features of the holographic dual effective field theory,
where the dynamics of metric fluctuations describe the
RG flows of the coupling functions and the equation of dual
scalar and Maxwell fields correspond to the mean-field
equations of order-parameter fields. Here, two modifica-
tions have been introduced into the holographic dual
effective field theory. One is the appearance of RG β
functions in the bulk equation of motion for all the coupling
functions, describing the RG flow from UV to IR. The
other is that all IR boundary conditions are given by
matching all the RG flows in the bulk to the renormalized
coupling functions and order-parameter fields in the IR
effective action, which can be identified with an effective
on-shell action as the solution of the Hamilton-Jacobi
equation in the holographic dual effective field theory.
However, the coupling functions were not dynamical in

the nonperturbative Wilsonian-RG improved mean-field
theory while metric fluctuations were in the holographic
dual effective field theory. To promote all the coupling
functions dynamically, we may introduce energy terms for
random coupling fluctuations as follows:

Z¼
Z

DψσðxÞDφðxÞDwψðxÞDvψðxÞDλχðxÞexp
�
−
Z

dDx

�
ψ̄σðxÞðwψ ðxÞγτ∂τ− ivψ ðxÞγi∂iÞψσðxÞ− iλχðxÞφðxÞψ̄ σðxÞψσðxÞ

þNλχðxÞ
2

φ2ðxÞþNλwψ

2
ðwψðxÞ− w̄ψ Þ2þ

Nλvψ
2

ðvψðxÞ− v̄ψÞ2þ
Nλλχ
2

ðλχðxÞ− λ̄χÞ2
��

: ð180Þ

Taking λwψ
→ ∞, λvψ → ∞, and λλχ → ∞, such random fluctuations become frozen, where this effective UV partition

function reduces into the original one that we discussed before. Based on this effective field theory, we obtain the following
IR effective partition function

Z ¼
Z

DψσðxÞDφðx; zÞDπφðx; zÞDwψ ðx; zÞDπwψ
ðx; zÞDvψðx; zÞDπvψ ðx; zÞDλχðx; zÞDπλχ ðx; zÞ

× exp

�
−
Z

dDx

�
ψ̄σðxÞðwψðx; zfÞγτ∂τ − ivψðx; zfÞγi∂iÞψσðxÞ − iλχðx; zfÞφðx; zfÞψ̄σðxÞψσðxÞ

þ Nλχðx; 0Þ
2

φ2ðx; 0Þ þ Nλwψ

2
ðwψ ðx; 0Þ − w̄ψÞ2 þ

Nλvψ
2

ðvψðx; 0Þ − v̄ψÞ2 þ
Nλλχ
2

ðλχðx; 0Þ − λ̄χÞ2
�

− N
Z

zf

0

dz
Z

dDx

�
πφðx; zÞð∂zφðx; zÞ − βφ½φðx; zÞ; wψðx; zÞ; vψ ðx; zÞ; λχðx; zÞ�Þ −

1

2λχðx; zÞ
π2φðx; zÞ

þ πwψ
ðx; zÞð∂zwψðx; zÞ − βwψ

½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ�Þ −
1

2λwψ

π2wψ
ðx; zÞ

þ πvψ ðx; zÞð∂zvψ ðx; zÞ − βvψ ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ�Þ −
1

2λvψ
π2vψ ðx; zÞ

þ πλχ ðx; zÞð∂zλχðx; zÞ − βλχ ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ�Þ −
1

2λλχ
π2λχ ðx; zÞ

þ Veff ½φðx; zÞ; wψðx; zÞ; vψ ðx; zÞ; λχðx; zÞ�
��

: ð181Þ
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As clearly seen in this IR effective field theory, all the
coupling functions are promoted to be dynamical, where
their RG flows are given by all coupled second-order
differential equations instead of the first order. One may
regard that this generalization is analogous to the TT̄
deformation, as discussed before.
As mentioned above, the key ingredient is the effective

potential Veff ½φðx; zÞ; wψðx; zÞ; vψðx; zÞ; λχðx; zÞ� at a given
energy scale of the extradimension, which occurs from the
path integral of matter fields, here Dirac fermions. It is quite
natural to take the RG β functions as functional derivatives
of the effective potential with respect to the corresponding
coupling function and order-parameter field, respectively,
completely consistent with the quantum field theoretical
framework.
Taking the large N limit, one finds all coupled second-

order differential equations in the presence of their RG β
functions, where their IR boundary conditions are given by
matching all the RG flows in the bulk to the renormalized
coupling functions and order-parameter fields in the IR
effective action, as discussed above. To solve these coupled
differential equations, we made several assumptions. First,
we took λwψ

→ ∞, λvψ → ∞, and λλχ → ∞, resulting in the
first-order differential equations for the coupling functions.
Second, we considered translational invariance as a vacuum
solution, where D-dimensional spacetime dependencies are
all neglected. Third, we focused on the zero temperature
limit, simplifying the manifold S1 × RD−1 at finite temper-
atures toRD at zero temperature. Even this simplification did
not allow us to solve such coupled differential equations.
To solve these complicatedly intertwined differential

equations, we applied the matching method to this problem.
First, we solved such coupled differential equations near
both UV and IR boundary regions independently, where
these equations become simplified. Second, we applied the
UV (IR) boundary condition to the UV-regional (IR-
regional) solution. Since the number of boundary condi-
tions would be less than that of integration constants, some
of the integration constants remain undetermined in both
UV- and IR-regional solutions. Third, we required that the
UV-regional solution should be smoothly connected to the
IR-regional solution at one point in the extradimensional
space. Of course, there must be a certain condition for the
existence of this matching solution. Based on this delicately
working matching method, we found an RG flow from a
weakly coupled chiral-symmetric UV fixed point to a
strongly correlated chiral-symmetry broken IR fixed point,
where the renormalized velocity of Dirac fermions vanishes
most rapidly and effective quantum mechanics appears at
IR. It is a feature of the nonperturbative RG-MFT the
appearance of this local strong-coupling fixed point.

From the renormalized coupling functions that are
solutions of RG flow equations, we can build the three-
dimensional curved spacetime metric. Geometrical quan-
tities on this emergent holographic spacetime may capture
characteristics of the RG-MFT. One important measure is
the minimal surface for the holographic entanglement
entropy, and we calculate the minimal surface of the
holographic spacetime associated with the UV- and
IR-regional solutions. Our interesting result is that the
holographic entanglement entropy shows the volume law
instead of the area one. This indicates that the emergent
geometry in the infinite cutoff limit is a black hole type
even at zero temperature. We speculated that the origin of
this emergent black hole type geometry is the appearance of
gapless multiparticle spectra dual to quantum fluctuations
of the coupling functions and order-parameter field, where
such gapless multiparticle spectra would fill the single-
particle excitation gap due to spontaneous chiral symmetry
breaking. We leave it as an interesting future study to
calculate the correlation functions of collective excitations
around the black hole type geometry.
Although we focused on the zero temperature limit, we

may reinterpret the present RG flow as follows. First of all,
there is an interesting crossover regime during this dimen-
sional reduction. We recall the appearance of spontaneous
chiral symmetry breaking in the intermediate regime of the
extradimension, where the renormalized velocity of Dirac
fermions remains to be finite. In other words, the present
self-consistent matching solution not only describes the RG
flow from a weakly coupled chiral-symmetric UV fixed
point to a strongly correlated chiral-symmetry broken IR
fixed point but also indicates the existence of a weakly
coupled chiral-symmetry broken intermediate regime.
Let us close the present paper by asking the following

question: What happens above two spacetime dimensions.
Does the locally quantum critical strong-coupling fixed
point appear ubiquitously in the vicinity of spontaneous
chiral symmetry breaking? Then, does the AdS2 black hole
appear as a signature of the RG flow to a strong-coupling
fixed point?
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