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Fermion scattering on topological solitons in the CPV~! model
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The scattering of Dirac fermions in the background fields of topological solitons of the (2 4 1)-
dimensional CP"~! model is studied using analytical and numerical methods. It is shown that the exact
solutions for fermionic wave functions can be expressed in terms of the confluent Heun functions. The
question of the existence of bound states for the fermion-soliton system is then investigated. General
formulas describing fermion scattering are obtained, and a symmetry property for the partial phase shifts is
derived. The amplitudes and cross sections of the fermion-soliton scattering are obtained in an analytical
form within the framework of the Born approximation, and the symmetry properties and asymptotic
forms of the Born amplitudes are investigated. The dependences of the first few partial phase shifts on the
fermion momentum are obtained by numerical methods, and some of their properties are investigated and

discussed.
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I. INTRODUCTION

A number of (2 4 1)-dimensional field models admit
the existence of planar topological solitons [1-3], which
play an important role in field theory, high-energy
physics, condensed matter physics, cosmology, and
hydrodynamics. The vortices of the effective theory of
superconductivity [4] and of the (2 + 1)-dimensional
Abelian Higgs model [5] are probably the most important
topological solitons of this type. The next most important
is the topological soliton of the (24 1)-dimensional
nonlinear O(3) sigma model [6]. One feature of the
soliton solutions of the nonlinear O(3) sigma model is
the presence of an arbitrary parameter determining their
spatial size. This is because the static energy functional of
the (2 + 1)-dimensional O(3) sigma model is invariant
under scale transformations.

Nonlinear sigma models can also be formulated for
orthogonal groups O(N) with N > 4, but unlike the O(3)
sigma model, these models have no soliton solutions.
However, there is another family of nonlinear scalar field
models whose properties are similar to those of the nonlinear
O(N) sigma models in many respects, but which have
topological soliton solutions for an arbitrary number of
fields. These are the so-called CPN—! models [7-10].
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For N = 2, the CPV~! model is reduced to the O(3) sigma
model, but for N > 3, the CP"~! model is a better gener-
alization than the O(N + 1) sigma model, as it continues to
have soliton solutions [11,12] even in this case.

Since their appearance in the late 1970s, the CPN~!
models have consistently attracted interest, primarily based
on the fact that the two-dimensional CP"~! models are an
useful instrument for studying nonperturbative effects in the
four-dimensional Yang-Mills models. The two-dimensional
CP"~! models share many common properties with four-
dimensional Yang-Mills models, including conformal
invariance at the classical level, asymptotic freedom in
the ultraviolet regime [13], strong coupling in the infrared
regime, and the existence of a topological term and instan-
tons [11,12] resulting in a complex structure of the vacuum
at the quantum level. The lower dimensionality of the CPY~!
models facilitates the analysis of nonperturbative effects in
the strong coupling regime, compared to the more complex
four-dimensional Yang-Mills models. In addition, two-
dimensional CPY~! models can be considered as effective
field theories describing low-energy dynamics on the world
sheet of non-Abelian vortex strings in a class of four-
dimensional gauge theories [14—19]. The CPV~! models
also have interesting applications in the field of condensed
matter physics [20], and particularly in (anti)ferromagnet-
ism, the Hall effect, and the Kondo effect. They also find
application in the study of the sphaleron-induced fermion
number violation at high temperature [21].

The CPV~! model can be extended to include fermionic
matter fields. This can be achieved either by a super-
symmetric extension of the CPY~! model or by minimal
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coupling between fermionic fields and a composite gauge
field of the CPM-! model (the so-called minimal
model [22]). The supersymmetric extension of the CP"~!
model involves Majorana fermion fields that satisfy non-
trivial constraints, whereas the minimal model deals with
unconstrained Dirac fermion fields. In the present paper, we
investigate a fermion-soliton system in the minimal model
within the background field approximation. In particular, we
find that the fermionic wave functions are expressed in terms
of the confluent Heun functions, and that the fermion-soliton
system has no bound states. The results obtained here can be
used to describe the interaction of fermions with two-
dimensional or threadlike three-dimensional topological
defects in condensed matter physics. We note that it was
stated in Ref. [23] that the wave functions of a Dirac fermion
minimally coupled to the two-dimensional CP' model can
be expressed in terms of the confluent Heun functions.
Furthermore, it was shown in Refs. [24,25] that the fermion
scattering on a one-dimensional kink or Q-ball can also be
described in terms of Heun-type functions.

This paper is structured as follows. In Sec. II, we
describe briefly the Lagrangian, symmetries, field equa-
tions, and topological solitons of the CP¥~! model. In
Sec. III, we study the fermion-soliton scattering in the
background field approximation. We show that for CPV~!
solitons with winding numbers n = £1, the fermionic
wave functions can be expressed in terms of the confluent
Heun functions. We also consider the question of the
existence of bound fermionic states for these solitons,
and establish a symmetry property for partial phase shifts.
In Sec. IV, we give an analytical description of the fermion
scattering within the framework of the Born approximation.
In Sec. V, we present numerical results for the first few
partial phase shifts, and compare the exact results with
those obtained in the Born approximation. In the final
section, we briefly summarize the results obtained in the
present work.

Throughout the paper, the natural units c = 1 and 2 =1
are used.

II. LAGRANGIAN, FIELD EQUATIONS, AND
TOPOLOGICAL SOLITONS OF THE MODEL

The Lagrangian density of the CPV~! model minimally
interacting with fermionic fields has the form

L =g " (D,n,) D*n, + i y*Dy, — Myp,, (1)

where n, are complex scalar fields, y, are fermionic fields,
g is a coupling constant, and the index a runs from one to
N. The complex scalar fields n, satisfy the normalization
condition njn, =1, where summation over repeated
indices is implied. In Eq. (1), the covariant derivatives
of fields are

D,n, = d,n, +iA,n,, (2a)

Dyl//a = aﬂWa + iAﬂl//av (2b)

where A, is a vector gauge field.

By varying the action S = [ Ld?xdt in the fields n,, ,,,
and A, and taking into account the constraint n;n, = 1 by
means of the Lagrange multiplier method, we obtain the
field equations for the minimal CPV~! model:

D,D"n, — (n;D,D¥ny)n, =0, (3)

(iy" Dy, = M)y, =0, (4)

A—in*an—gl/‘/yy/:O (5)
H a“pu'ra 2 arpra M

It follows from Eq. (5) that the gauge field A, is not a
dynamic one, and is expressed in terms of the fields n,
and y,.

The minimal CP¥~! model possesses a number of
symmetries. The invariance of the model (1) under the
global U(N) transformations n, — Ug,ny, w, = Uy,
results in the existence of the Noether current, which is a
vector field with values in complex anti-Hermitian
(N x N)-matrices, with matrix entries

(jﬂ)ah = g_] [na(Dunb)* - (Duna)nZ] + il/_/ayyl//b- (6)

In addition, the model is also invariant under the local U(1)
transformations

na(x) = ¢™n,(x), (7a)
Wa(x) = ™y, (), (7b)
A, (x) = A, (x) + ie Mg, M), (7¢)

The corresponding gauge current is the trace of the matrix-
valued current in Eq. (6).

A characteristic feature of the CPV~! models is that they
possess localized solutions [11,12], which can be inter-
preted either as instantons in the two-dimensional
Euclidean case or as static topological solitons in the
(2 4+ 1)-dimensional case. All of these solutions can be
obtained in analytical form. In particular, the Z),| sym-

metric soliton solution of the (2 + 1)-dimensional CPVN-!
model can be written as

ﬂ\n\u _|_p\n\ein9v

~ (A Ay (8)

n(p,0)

where 7 is a nonzero integer, p and 6 are polar coordinates,
u=(1,0,...,0) and v=(0,0,...,1) are orthonormal
N-dimensional vectors, and 4 is a scaling parameter, which
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determines the effective size of the soliton. The gauge field
A, that corresponds to the solution (8) is

pRni=1)

u = nm (0,y,—x), )
where we factor out the common factor of the covariant
components of the gauge field.

Equation (8) tells us that n — ¢"’v as p — o0, and,
consequently, the solution (8) tends to the same element of
the complex projective space CPV~! in this limit. It follows
that the field configurations in Eq. (8) map from the
compactified plane (which is topologically equivalent to
the two-sphere S?) to CPV~!. Since the second homotopic
group 7,(CPN=!) = Z, the field configurations in Eq. (8)
can be labeled by an integer Q called the winding number,
as explicitly given in Ref. [11]:

inf

1 1 .
Q = —2—/ d2x€l-jal-Aj = —2—71/9[ Aidx . (10)

T

where ¢;; is the two-dimensional antisymmetric tensor and
€1, = 1. It can easily be shown that for the soliton solutions
(8), the winding number Q = n, meaning that they are
stable to transition into field configurations belonging to
the topologically trivial sector with n = 0.

In contrast to the usual solutions satisfying second-order
field equations, the solution (8) also satisfies the first-order
equations,

Depending on the sign, this is called the self-duality or
antiself-duality condition. It can be shown [11] that the
energy of any solution in the topological sector with Q = n
satisfies the inequality

E > 2z|n|g7!, (12)

and that saturation of this inequality is possible only for
(anti-)self-dual solutions satisfying Eq. (11). Note that for
N > 2, the CPY~! models also have nonself-dual solutions
[26—-32] that do not satisfy Eq. (11) and are only unstable
saddle points of the energy functional.

The energy density of the soliton solution (8) is

& = g7 '[(Don,)*Don, + (D;n,)*D;n,]
(4p)2(n1-D)

292 -1
=2y (o2 3 722

and the soliton energy

E = Zﬂ/S(/))dp =2zlnlg™" =22|Qlg™". (14)
0

We see that the soliton energy (14) saturates the inequality
(12), and therefore is the absolute minimum in the
topological sector with a given Q. The soliton energy does
not depend on the scaling parameter 4 since the bosonic
part of the action of the model (1) is invariant under scale
transformations x — ax.

III. FERMIONS IN THE BACKGROUND FIELD
OF A CPV-! SOLITON

We consider fermion scattering on the topological
CPN-! soliton within the background field approximation,
i.e., we neglect the fermion backreaction on the soliton
field configuration (8). Equation (5) tells us that the gauge
field A, = inzo,n, + 2‘191/7uyﬂy/a. The background field
approximation involves neglecting the fermionic term
279wy, w, in comparison with the bosonic term
ing0,n,. In this case, the gauge field A, = in;d,n,, and
it follows from Eqgs. (2) and (3) that there is no fermion
backreaction on the soliton field. An analysis shows that
this approximation is possible under the condition

g<Inla”ler, (15)

where ¢ is the two-dimensional density of incident
fermions.

The presence of the fermionic part in the gauge field A,
causes the Dirac equation (4) to be nonlinear (cubic) in
fermionic fields, which does not allow us to obtain an
analytical solution. In order to avoid this, we must neglect
this nonlinear cubic term compared to the linear Dirac mass
term in Eq. (4). This is possible if the condition

g < Moy (16)

1s satisfied, where M is the fermion mass.

We see that the conditions (15) and (16) can always be
fulfilled if the density of incident fermions is sufficiently
low. From the viewpoint of QFT, however, we are talking
about the scattering of a fermion of mass M on a CPN~!
soliton of mass My = 2x|n|g~'. To allow us to neglect the
recoil of the CPY~! soliton in fermion scattering, the mass
M must be much larger than the energy ¢ of the incident
fermion, which leads to the condition

g < 2zx|nle™! < 2x|n|M~". (17)

The conditions (15), (16), and (17) do not contradict
each other, and can always be satisfied if the coupling
constant ¢ is sufficiently small. In this case, the Dirac
equation (4) can be written in the Hamiltonian form
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iy, = Hy,, (18)
where the Hamiltonian
H = —ia"[0; = (n,0n,)] + pM, (19)

the matrices o = y’y’ and 8 = y°, and the Dirac matrices

=05  yl=—io;, P =-ic. (20
Note that all components y, of the fermionic multiplet
(w1, ...,wy) satisfy the same equation (18).

We now discuss the symmetry properties of the Dirac
equation (18) under discrete transformations. Let y(7, x) be
a solution to the Dirac equation (18) in the background field
of CPV~! soliton (8). It can easily be shown that in this
case,

wC(t.x) = oy (1. %), (21)
' (1.x) = o3y (1. -x), (22)

and
y™ (1 x,y) =y (=t x, —y) (23)

are also solutions to this equation. The solutions (21)—(23)
are obtained from the original solution (7, X) by means of
the C, P, and combined I1,7 transformations, respectively,
where the symbol I1, denotes the operation of coordinate
reflection about the Ox; axis.

A. Exact fermionic wave functions

It can easily be shown that the Hamiltonian (19)
commutes with the angular momentum operator

Iy = —idy + 03/2. (24)

The presence of the conserved angular momentum J5 is due
to the fact that according to Eq. (9), the vector field A, =
iny0,n, in the Hamiltonian (19) is invariant under in-plane
rotations. The common eigenfunctions of the operators H
and J; have the form

i(m—1/2)0
l//m — e' f(p) e_igt, (25)
el(m+1/2)ﬁg(p>

where & and m are the eigenvalues of H and Jj,
respectively.

By substituting Eq. (25) into Eq. (18), we obtain a
system of first-order differential equations for the radial
functions f(p) and g(p)

() =p~ (Aun(p) =1/2)f(p) + (M + €)g(p). (26)

gdp)=M—¢)f(p) —p (Au(p) +1/2)9(p). (27)

il

T TR (28)

Amn(p) =m-—

The system of differential equations (26) and (27) is
equivalent to the second-order differential equation

f"(p) +p7"f(p) + K2
_,0_2(1/2 - Amn(p>)2 _p_lA;nn(p)}f(p> = Ov (29)

where k> = £2 — M?, taken together with the differential
relation

9(p) = [p7 ' (1/2 = A () f(p) + f'(P)](M + &)71. (30)

The substitutions f — g, g = f, A,y & —Aun € = —€ 10
Egs. (29) and (30) lead to the second-order differential
equation and differential relation for the radial functions
g(p) and f(p), respectively.

From Eq. (28), it follows that the functions A,,, depend
only on the dimensionless combination 7 = —p? /12, which
therefore plays the role of a natural independent variable. In
terms of this new variable 7, Eq. (29) takes the form

(o) + 77 f(2) = 2727 K222 + 7!
X (1/2 = Ay (7))? + 24},,(2)]f(z) =0,  (31)

where

i

Amn(T) = m— ni(_l)lﬂl i Tl”l .

(32)

It follows from Eq. (32) that A,,,,(7) has first-order poles at
the points

T = oIk al+1)

k=0,...|n|—1. (33)
The point =0 and the |n| points of Eq. (33) are the
regular singular points of the differential equation (31),
whereas the point 7 = oo is the irregular singular point. At
present, analytical solutions to such differential equations
are known only when the number of regular singular points
does not exceed two [33]. In our case, this means that
analytical fermionic wave functions can be found only for
the winding numbers n = £1, which correspond to the
elementary soliton (n = 1) or antisoliton (n = —1) of the
model (1).

We will therefore consider the case where n = 1. As
7 — 0, the radial wave function f(z) ~ 7/, where | =
|m — 1/2|. By the substitution f(z) = z//2(1 —7)™/?F(z),
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the differential equation (31) is reduced to the confluent

Heun differential equation [33-35]

ar—q
(r—1)

F'(z) + E + T_i] + e] Fl(7) +

where the parameters are

1

y— 41, (35b)
0= -—n, (35¢)
€=0, 35d
(35d)

1 1
‘]:—Zkzﬂz—l-g(l—(m—§>>- (35¢)

Equation (34) has two independent local solutions in the
neighborhood of the point 7 = 0: the first is regular, while
the other is irregular and diverges as 7~/ for / > 0 or as In(7)
for [ = 0. To obtain the regular radial wave function, we
must choose the regular solution

F(r) =Hclg,a,7,6,€,1], (36)

which is called the confluent Heun function [33-35]. In the
same way, we can find a solution for the other radial wave
function in the form g(7) = 7//?(1 —7)"/>G(z), where
I'=|m+ 1/2|. The function G(z) is also expressed in
terms of the confluent Heun function

G(t) =H¢lq, oy, 8, €, 1], (37)
|

( k2 (p/ D)1+ (p/2)?) P Hlg ay. 8.6, =p7 2]l D0
Ym = ’ .
Kl/z(p//l)l (1 + (p/i)z)”/zHc[q’,a’,y’, 5/,6/, _pz/lz]el(mﬂ/z)e

where A is a normalization factor and the winding number
n of the CPY~! soliton can take the values +1.

We now find the symmetry properties of the wave
function (40) with respect to the discrete transformations
(21)—(23). It is easy to see that y,,,, is an eigenfunction of
the operators P and I, T

[Wemn (£, X)) = (= 1) 2y (1.%), (41)
(=)D Py, (%), (42)

[Wemn (2. )T =

where the eigenvalues of the operators H and J; and the
winding number of the CPV~! soliton are indicated. At the

where the parameters are

ad=a= —A—l‘kz/lz, (38a)
y=I+1, (38b)
& =n, (38¢)
€ =e=0, (38d)

1 1
q’——ZkW—g(l’Jr <m+§>>. (38¢)

The confluent Heun function satisfies the condition
Hclg,a,7,6,€,0] = 1. In the region |z| <1, it can be
expanded into a uniformly convergent series. Further-
more, it can be analytically extended to the entire complex
plane with a branch cut running from 1 to co.

Solutions (36) and (37) are defined up to arbitrary
multipliers «; and k5, respectively, and their ratio x =
K, /k; can be determined using the differential relation (30)
and the series expansion [33,34] of the confluent Heun
function at the origin, as follows:

A e=—M
~Smitpe m>0
k= 21/2—m (39)
1 e+M> m <0

Using the results obtained, we can write an analytical
expression for the total fermionic wave function in terms of
the radial variable p:

>e—m, (40)

|
same time, the action of the charge conjugation operator C
transforms the wave function v, into the wave function
W _e—m—n corresponding to a negative energy state, with
opposite values of the quantum numbers m and n:

[l//emn (t’ X)]C = ll/—é‘—”l—ﬂ(t’ x)’ (43)
where
i(=m=1/2)0
W (1 X) = e' 9(p) et (44)
el(—m+l/2)9f<p)

Note that the permutation of the radial wave functions
in Eq. (44) compared to Eq. (25) is equivalent to the
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replacements ¢ — —¢, m — —m, n — —n, as follows from
Egs. (35)—(40). Equation (43) tells us that in the study of
fermion-soliton systems, it is sufficient to restrict ourselves
to fermionic (x e ") solutions, since antifermionic ( ")
solutions are obtained from the fermionic ones via charge
conjugation.

B. Existence of fermionic bound states

Consider the question of the existence of fermionic
bound states in the background field of a CPY~! soliton
with winding number n = %1. It is convenient to perform
the substitution f(p) = p~"2u(p), glp) =p~'"*v(p) to
give differential equations for the new radial functions as
follows:

W) - [ + Ulp.m.mu(p) =0, (45)
V(p) - [+ V(pmm)o(p) =0, (46)

where p = p/1, %*> = 22(M? — €*), and the potentials

~ - m(m—=1) nn-2m+1) n(2+n)

Vg mm == 770+
(47)

. ~m(m+1) nn—-2m—-1) n(2-n)

Vpmn) == T YRR
(48)

do not depend on the scale parameter 4. Equations (45) and
(46) have the form of a one-dimensional Schrodinger
equation with the potentials (47) and (48), respectively.
The quantity —3” plays the role of energy and must be
negative for fermionic bound states. At the same time, the
potentials U and V have second-order poles at p = 0, and
tend to zero as p — oo. From the general properties [36] of
the Schrodinger equation, it follows that for bound states to
exist, U and V must take negative values. An analysis
shows that both U and V have areas of negative values only
for m=1/2, n=1 and m = —1/2, n = —1. For other
values of m and n, at least one of U and V turns out to be
positive for all p € (0, ), which makes the existence of
bound fermionic states impossible.

Consider one of the possible cases, say m = 1/2, n = 1.
Another possible case, m = —1/2, n = —1, is reduced to
the previous one through the relation U(p,m,n) =
V(p,—m,—n). It follows from Eq. (47) that the potential
U@p.1/2.1) = =(2p)7 =31 + p°)7 + (1 + )7\,
Furthermore, Eq. (45) admits a mechanical analogy; it
describes the one-dimensional motion of a unit mass
particle along the wu-axis in time p. The motion of the
particle occurs under the action of the time-dependent
linear force F(p) = (3> + U(p,1/2,1))u(p). Since for

m = 1/2 the solution u(p) ~p'/? as p — 0, the particle
has the coordinate u = 0 and possesses an infinite speed
at the initial time p = 0. This infinite speed, however, is
compensated by the action of the force F(p), which also
tends to infinity as p — 0.

We now consider the limiting case %> =0, which
corresponds to € = =M. It is easy to see that in this case,
the system of first-order differential equations in Eqgs. (26)
and (27) splits, and its solutions can therefore be expressed
in terms of the elementary functions

22 +p2 -1/2 _
g = (CI e s
0 .
Yoyt = eMt, (49b)
M—5—1 (/12 +p2)‘1/2

Equations (49a) and (49b) are special cases of Eq. (40). It
follows from Eq. (39) that the multiplier x tends to zero
(infinity) when e > M and m=1/2 (¢ > —-M and
m = —1/2). The infinity arising in the upper (lower)
component of fermionic wave function (40) is compen-
sated, since the normalization factor A/ is proportional to
k2 (k=1/2). As a result, the lower (upper) component of
fermionic wave function (40) vanishes, and we arrive at
Eq. (49a) [Eq. (49b)]. In this case, the confluent Heun
function that corresponds to the nonzero component of the
fermionic wave function (40) degenerates to a constant.
It follows from Eqgs. (49a) and (49b) that at large distances
from the soliton, the solutions y 1y 1 /241 & p~'. Hence, the
solutions 7412+ cannot be normalized, and therefore
cannot be regarded as a part of the discrete spectrum of the
Hamiltonian (19). From Eq. (49a), we obtain the solution

uyy () = p'2(1 +p?)7/? (50)

to Eq. (45). It follows from Eq. (50) that the solution w1, (7)

increases monotonically from zero to 2~'/2 on the interval (0,
1) and then decreases monotonically to zero on the interval
(1, 00). Note that the solution uyy, (p) ~p~"/* as p — co.
Next, we define the effective potential U.g(p, ) =
4+ U(p,1/2,1), where %> =21*(M?>—¢*) must be
positive for fermionic bound states. The effective potential
Ues(p,%) increases monotonically from —oco to
0.0428454 + %> on the interval (0, 2.79921), and then
decreases monotonically to 5 on the interval (2.79921, o).
In addition, Ugy(p,%) vanishes at p = py(x), where
70(0) ~ 1.85216 and p (i) decreases monotonically with
an increase in . It follows that the force F(p) =
U (P, %)u(p) is attractive when p € (0, py(x)), and is
repulsive when p € (py(%), o0). This means that in order
to correspond to a ground state of energy &, the trajectory
Uy (p) of the particle must reach a maximum at some point

Pmax < Po(%p) in the region of attraction and then decrease
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monotonically, tending to zero as p — oco. The monotonic
decrease of u, 1 (p) is due to the fact that the radial wave
function of the ground state has no nodes. In addition,
Eq. (45) tells us that u,, (p) ~exp(—%op) as p — oo,
where %} = 22(M? — €}).

As 3? increases, the region of attraction (0,7 (%))
of U.(p, %) decreases while the region of repulsion
(po(¢),0)  increases. Since the force F(p)=
Uei(p, 2)u(p) = (3> + U(p,1/2,1))u(p), the attraction
force decreases and the repulsion force increases with
the growth of #%°. We can normalize the wave function
Ug1(P) of the assumed bound state by the condition
et (P)/up (P) = 1 as p— 0. It then follows from the
above that the trajectories u (p) and eyl (p) must satisfy

the inequality ”50%1@) > Uy (P). Recall, however, that

tp1 (P) ~p'?

hence the ratio u, 1, (5)/uy (7) must tend to zero in this

and u, 1, (p) ~exp(—xop) as p — oo, and

limit, which contradicts the condition u, 1, (p) > Uy (P)-

We can conclude that there are no bound fermionic states
with quantum numbers m = 1/2, n = 1. It follows that
there are no bound fermionic states in the background field
of a CPN~! soliton with n = +1.

C. General formalism for fermion scattering

We now turn to the description of fermion scattering in
the background field of a CPY~! soliton. For a fermion with
initial momentum k = (k,0), according to the general
principles of the theory of scattering [36,37], the asymp-
totics of the wave function of the fermionic scattering state
has the form

where

1 ( \/€+—M>e_,»kx (52)

Vek = =1 .

‘ V2e\ive—-M
is the wave function of the incoming fermion with
momentum k = (k,0),

m> 5

Uz g = .
ek (i\/e—Me

is the spinor amplitude of the wave function of the outgoing
fermion with momentum k' = (kcos(0), ksin(@)), and
f(k,0) is the scattering amplitude.

The scattering amplitude f(k,6) can be expanded in
terms of the partial scattering amplitudes f,,(k) as

F(k,0) = fou(k)eltm=1/20, (54)

where the summation is taken over the half-integer eigen-
values of the angular momentum (24). The partial scatter-
ing amplitudes can in turn be written in terms of the partial
elements of the S-matrix as

1

Similarly, the wave function (51) can also be decomposed
into partial waves as ¥ = > w,,. The asymptotic behav-

v 1 f(k,0) etke (51)  ior of the partial waves can be expressed in terms of the
NMWek T =lek ,0) ——,
V2e V—=ip partial elements of the S-matrix as follows:
|
(c)i4 [ I SEHED) e 45, el 20
m "~ (56)

Ve EM[i(—1)mH1/2e=ikp 4§, eike]im+1/2)0

Using standard methods from the theory of scattering oy = 2a|f (k) = k71[S,, (k) - 1]*. (58)

[36,37], we can write the differential cross section for the
elastic fermion scattering in terms of the scattering ampli-
tude f(k,6) as

do/do = |f (k. 0)[>. (57)

In turn, the partial cross sections for the elastic fermion
scattering are expressed in terms of the partial scattering
amplitudes as

Note that in (2 + 1) dimensions, the cross sections do/df
and o, have the dimension of length [36]. The unitarity
of the S-matrix, SS* = S'S =1, results in the unitarity
condition for the partial S-matrix elements, |S,, (k)| = 1.
This condition allows us to express the partial S-matrix
elements S,, in terms of the partial phase shifts J,, as

S, (k) = e2onk), (59)
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The scale invariance of the bosonic sector of the model
(1) leads to the existence of the parameter A, which
determines the effective size of the soliton solution (8),
and hence affects the fermion-soliton scattering. It follows
from a dimensional analysis and Egs. (35)—(40) that the
dependence of S,, on the momentum k = (¢ — M?)'/? and
the scale parameter A enters only through the dimensionless
combination k = kA.

The phase shifts &,,(k) are determined only by the
arguments of the confluent Heun functions in Eq. (40),
and do not depend on the prefactors. These arguments
depend on the parameter € only through the momentum
squared k*> = &> — M?, i.e., only through &*. The charge
conjugation in Eq. (21) is reduced to a permutation of the
wave function components and to their complex conjuga-
tion, which cannot change the phase shifts. This is because
all arguments of the confluent Heun functions in Eq. (40)
are real, meaning that these functions are also real, and
therefore do not change under the complex conjugation.
From this and Eq. (43), we come to the conclusion that the
phase shifts satisfy the relation

Omn (7() = 5—m—n(7()v (60)

where the dependence of the phase shift on the soliton
winding number n = =£1 is indicated.

IV. FERMION SCATTERING IN THE BORN
APPROXIMATION

In Sec. I, we were able to obtain the analytical
expression (40) for the fermionic wave functions in the
background field of the CPV~! soliton for winding num-
bers n = 4+1. The next step would be to obtain an exact
analytical expression for the scattering amplitude (54). To
do this, according to Egs. (55) and (59), we need to know
exact analytical expressions for the partial phase shifts
6,,(k). However, unlike the well-studied Bessel functions,
exact analytical expressions &,,(k) are unknown for the
confluent Heun functions appearing in Eq. (40). Hence,
we cannot obtain an exact analytical expression for the
scattering amplitude. In view of this, it is important to study
the fermion scattering in the Born approximation, which
gives us a chance to obtain an approximate analytical
expression for the scattering amplitude.

It follows from Eqgs. (1) and (2) that the fermion-soliton
interaction is described by the potential term

Vine = l/_/ayﬂAyl//a . (61)

In the background field approximation, the gauge field A,
defined by Eq. (9) does not depend on the fermion fields y,,.
It follows from this and Eq. (61) that all components of the
fermionic multiplet (y, ..., yy) interact with the CPV~!
soliton in the same way and independently of each other.

Using Eq. (61), we can write the first-order Born
amplitude for the fermion-soliton scattering as follows:

f(k' k) = —(87k)" 2t 0y A, (Quex.  (62)

where

Aq) = /Aﬂ(x)e‘iq"‘aax (63)

and q =k’ —k is the momentum transfer. The Born
amplitude (62) can be expressed in an analytical form.
For winding numbers |n| > 2, the Born amplitude is
expressed in terms of the Meijer G-functions [38]; however,
for winding numbers n = £1, corresponding to the elemen-
tary CPV~! solitons, the Born amplitude can be written in
terms of modified Bessel functions of the second kind:

f(K',K) = inV2zk'/?Jsign(8, — 9, )e~(%279/2K  (gA),
(64)

where the angle J; (9,) defines the direction of motion of the
“in” (“out”) fermion, g = 2ksin (|9, — 9|/2) is the mag-
nitude of the momentum transfer, and n = =£1 is the winding
number of the CPV~! soliton. The amplitude of antifermion
scattering differs only in terms of its sign from the amplitude
of fermion scattering in Eq. (64). Using known criteria
[36,37], it can be shown that the Born approximation is
applicable under the following conditions
ki1 and |9 —8| < (kA)? < 1. (65)

It follows from Eq. (65) that the Born approximation is
suitable for describing the low-angle scattering of high-
energy fermions.

Equation (64) tells us that the amplitude f(k’,Kk) is
Hermitian with respect to the permutation of the fermion
momenta

f(K'. k) = f*(k. k'), (66)

as it should be in the Born approximation [36,37]. Another
symmetry relation

f(K'. k) = f(k.K), (67)

where k = (k,.—k,) and k' = (k}, —k}), follows from the
invariance of the Dirac equation (18) under the II,T
transformation in Eq. (23). As already mentioned, the
scattering amplitude for antifermions is obtained from
Eq. (64) by the replacement n — —n. It follows that the
scattering of an antifermion on the CPV~! soliton with
winding number n = +1 is equivalent to the scattering of a
fermion on the CPM~! soliton with winding number
n = ZFI1, which corresponds to Eq. (43).
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Using Eq. (64) and the known asymptotic forms of the
modified Bessel function K; (gl), we can study the
behavior of the Born amplitude for large and small values
of the momentum transfer ¢. For large momentum transfers,
we find that the Born amplitude

f ~inz(4/2)/2sign(9, — 8, )e~i(%79)/2
x e~ sin (|9, — 9,|/2)7V/2, (68)

where the angles 9, and 9, are fixed and 9, # 9,. It follows
from Eq. (68) that the Born amplitude decreases
exponentially with an increase in the dimensionless com-
bination Ag. We now consider the case of low momentum
transfer ¢ and high fixed fermion momentum k, which
corresponds to small scattering angles A9 = |9, — 9| =
2 arcsin [q/(2k)] ~ ¢/k. In this case, the asymptotics of the
Born amplitude is

f~inV 27k g7t + ny/7 )2k 12, (69)

We see that in the limit of small ¢, the Born amplitude
diverges as ¢~'. Furthermore, unlike Eq. (68), the leading
asymptotic terms shown in Eq. (69) do not depend on the
parameter A determining the soliton size.

Next, we turn to the study of the partial amplitudes
Fu(k) = (27)7" [37 e 1m=1/29 £(k, 9)d9 corresponding to
the Born amplitude (64). The imaginary part of the
integrand diverges as 9 — 0,2z and is odd with respect
to & = &, and hence the corresponding integral vanishes in
the sense of the principal value. The real part of the
integrand is finite and even with respect to 9 = z, meaning
that the corresponding integral exists and is nonzero. From
this result, it is easy to show that the partial Born
amplitudes are odd under the replacement m — —m, i.e.,

Fnlk) =

The partial Born amplitudes f,,(k) can be expressed in
terms of the Meijer G-functions [38]. These expressions,
however, can be significantly simplified in the limit of large
fermion momenta k as

o ~nmy/m)247 k32, (71)

From Egs. (55) and (71), we can obtain asymptotic forms
for the partial S-matrix elements and phase shifts in the
Born approximation:

_f—m(k)' (70)

nminr

S =~ 4j—— 72
= 1 i (72)
and
nmr
~ — 7
Om 2kA (73)

It follows from Eq. (73) that the phase shifts §,, tend to zero
as k — oo, which is consistent with the basic principles of
scattering theory [36,37].

Using Eq. (64), we obtain an expression for the differ-
ential cross section of the fermion scattering in the Born
approximation

do/d9 = 2xki*K, (2kAsin (8/2))>. (74)

We see that do/d9 ~ 2nk~'972 as 8 — 0. At the same time,
do/d9 ~2nk™' (27 — 9)72 as 9 — 2x. It follows that the
total cross section ¢ = [3* (do/d9)d9 of the fermion-
soliton scattering diverges at the lower and upper
limits of the integral. However, the transport cross section
0w = J&" (1 —cos(9))(do/d9)d9 is finite, and can be
expressed in terms of the Meijer G-functions, defined
according to Ref. [38], as

=

_1
6y = 472kI2G3) <4k2/12 2 > 75
‘ 4 ~1,0,1,-1 73)
Using known asymptotic expansion for the Meijer G-

function, we obtain the asymptotics of the transport cross
section (75) for large fermion momentum k as

373

o~ 16k

+ 0(A3k). (76)

V. NUMERICAL RESULTS

In Sec. III, we found an exact solution for the fermionic
wave function in the background field of the CPN~!
soliton with winding number n = +1. This exact
solution is expressed in terms of the confluent Heun
functions [33-35]. We now want to find the partial phase
shifts &,,(k) for a range of values for the dimensionless
combination k = kA, as these will give the most complete
description of the fermion scattering. Since there is no
analytic form for the asymptotics of the confluent Heun
function in the region of large p, we need to use numerical
methods to solve this problem.

The exact solution (40) and the general asymptotic
form (56) are two-component spinors. Let us define the
ratio of the spinor components taken at two successive
points p and p + Ap as

Fon (P BP) = W (p + Dp) Wl (p).  (77)

where the index i = 1, 2 numbers the spinor components.
For sufficiently large p, the exact solution (40) tends to the
general asymptotic form (56). It follows that in this case,
the ratio ri,, calculated with Eq. (40) must be close to
that calculated with Eq. (56). Equating these two ratios
calculated for some p> 1 and Ap ~ 1, we obtain an

065011-9



A.YU. LOGINOV

PHYS. REV. D 107, 065011 (2023)

1.5}

m=1/2

— m=3/2
0.5+ |—— m=5/2
— m=7/2
— m=9/2
— m=11/2
— m=13/2
%001 0010 0.100 I 10 100
k
FIG. 1. Dependence of the phase shifts §,,, on the dimension-

less combination k =kl for
11/2,13/2, and n = 1.

m=1/2,3/2.5/2.7/2.9/2.

approximate equation to determine the partial S-matrix
element S,, = exp(2i5,,) in Eq. (56). Since we can use
both rl,, and r2,, for this purpose, we have two
approximate equations determining S,,. When p> 4,
kp > 1, and Ap ~ A, the solutions to these two equations
become very close to each other, and tend to the same limit
as p — co. We used the arithmetic mean of these two
solutions as a numerical value for S,,. To calculate the
confluent Heun functions for large values of their argu-
ments, the highly efficient numerical algorithms of the
Mathematica [39] and MAPLE [40] software packages
were used.

Figure 1 shows the dependences of the phase shifts
O, on the dimensionless combination k = kA for the
angular momentum eigenvalues m = 1/2,3/2,5/2,7/2,
9/2,11/2,13/2, and the soliton winding number n = 1.
Similarly, Fig. 2 shows the curves 8,,,(k) for m = —1/2,
-3/2,-5/2,-7/2,-9/2,-11/2,-13/2, and n=1.
Equation (60) tells us that the curves 8,,_; (k) = &_,,; (k),
and these can therefore be obtained from the curves shown
in Figs. 1 and 2. We checked Eq. (60) using numerical
methods. It follows from Eq. (60) and Figs. 1 and 2 that
S,un(0) = sign(mn)z/2. Note that in the case of short-range
forces, the phase shifts vanish if the momentum of a
scattered particle tends to zero [36]. In our case, the
nonzero value of §,,,(0) is caused by the long-range
(x p~1) character of the gauge field (9).

In the following, we discuss this issue in more detail.
Since the phase shifts depend on the dimensionless

0.0

-0.5¢

— m=-1/2
— m=-3/2
—— m=-5/2
— m=-7/2
— m=-9/2
— m=-11/2
15k |/ m=-13/2

-1.0f

0.100 1 10 100
k

0.001 0.010

FIG. 2. Dependence of the phase shifts 9,,,, on the dimensionless
combination k = kA for m = —1/2,-3/2,-5/2,-7/2,-9/2,
—11/2,-13/2,and n = 1.

combination k = kA, the regime of small k is equivalent
to the regime of small 1. Due to the long-range character of
the gauge field A,, the function A,,,(p) included in the
system of differential equations (26) and (27) tends to a
constant value m —n as 4 — 0. As a result, the system of
differential equations (26) and (27) is simplified, and its
solution can be expressed in terms of Bessel functions
Jn—n+12(kp). The free motion of fermions corresponds to
n = 0 (the absence of a CPN~! soliton). In this case, the
function A,,o(p) = m, and the solution to the system of
differential equations (26) and (27) is expressed in terms of
Bessel functions J,, 1 /> (kp). Using the well-known asymp-
totic expansions of the Bessel functions, it is easy to show
that the phase shift between J,,_,11/2(kp) and J,, 15 (kp)
is zn/2. This can be regarded as the phase shift at
zero k, and can be written as sign(n)z/2 for n = +1.
This expression is compatible with the result
S (0) = sign(mn)z/2, as the phase shifts are defined
modulo 7.

Using analytical and numerical methods, we were able to
establish the behavior of the phase shifts o,,, in the region
of small k as

. 4% if mn=1
Su(B) 3 T )
Smn 5 + kP if mn # %

where k = kA, s,,, =sign(mn), B, = |m| + 1/2 = s,
and a,, are coefficients satisfying the condition
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Qpn =A_,,—,. Based on Egs. (55), (59), and (78), we can
write the corresponding expressions for the partial ampli-

tudes as
2 | 2 .
\/?:[l_m} 1fmn:1/2
Snn & B (79)
2[i = 0ty kKPrr] i mn #1/2

We see that as k — 0, all partial amplitudes tend to the same
limiting form i./2/(zk). Accordingly, the partial cross
sections 6,,, = 27x|f,.,|> tend to 4k~', and hence attain
the unitary bound in this limit. Note that all partial waves
make the same contribution to the fermion scattering when
k = kA — 0. This is due to the fact that |5,,,(0)| = z/2 for
all m.

Let us define k;/, as the value of k at which |5, | takes
the value of z/4, i.e., half of the maximum value 7/2.
We have established numerically that the dependence of
the parameter & 2 on the eigenvalue m of the angular
momentum has the approximate linear form

As |m| grows, the main contribution to the angular
momentum in Eq. (24) comes from its orbital part.
Equation (80) then tells us that the orbital part of the
angular momentum is approximately proportional to the
fermion momentum k; /, and the linear size 4 of the soliton,
which is consistent with classical conceptions.

It follows from Figs. 1 and 2 that for fixed &, the absolute
values of §,,, increase with an increase in |m|. This is true
for both positive and negative m. Using the formula
Cmn = 4k~ 'sin(8,,,), we conclude that the partial cross
sections ¢,,, behave similarly. We see that for all values of
k, the contribution of partial waves to the fermion-soliton
scattering increases with an increase in |m|. This is because
the long-range gauge field (9) of the CPV~! soliton makes a
significant contribution to the fermion scattering, even at
large distances from the soliton. As k increases, 8|
decreases monotonically and tends to zero as k — co. We
have found numerically that in this limit, the phase shifts

S (F) 2= (nm—%). (81)

These features of the curves 6,,,(k) can be understood in
the framework of the quasiclassical approximation. Using
methods of scattering theory [36], it can be shown that for
sufficiently large |m| and k, the fermion-soliton scattering
is quasiclassical. There is an approximate quasiclassical
expression for the phase shifts, which in our case can be
written as

» by » —1/2 2 1/2
@y [ [ -2 W] ap
p
Po
o » m—1/2 271/2
_/ {kQ _%] dp. (82)
J p
Po
where the potential
-2 1 2
W(pomom) =220 D) _nCE g
1+p (1+p%)
and the lower limit of integration
po~ |m—1/2|k7". (84)

If quasiclassical conditions are fulfilled, then the potential
W will be small compared to the term k> — (m — 1/2)%p~2
in the region making the main contribution to the first
integral in Eq. (82). Expanding the integrand of the first
integral in W and keeping the first expansion term, we can
obtain an approximate analytical expression for the phase
shifts as

Sy (F) ~ % [(2m—n—1)(2F + 2m—1)?)
+22(2m 4+ 1)][4k> + 2m —1)47=. (85)

From Eq. (85), we can obtain two asymptotic expressions
for the phase shifts. The first is valid for k — oo and fixed
m, and coincides with Eq. (81). The second is valid for
|m| = co and fixed k, and has the form

T T

Omn (7{) ~Smny T o (86)

where the factor s,,, = sign(mn). Thus, the asymptotic
behavior in Eq. (81) can be obtained within the quasiclass-
ical approximation. Furthermore, Eq. (86) tells us that for
fixed k, the phase shifts 8, (k) = $,.7/2 as |m| = oo,
which is consistent with the numerical results. It follows
that the partial cross sections ,,, = 4k~! sin?(§,,,) reach
the unitary bound 4k~' as |m| — co.

As already noted, this behavior of the phase shifts &, (k)
is due to the slow (e p~!) decrease of the gauge field (9) far
from the soliton. This behavior of the gauge field leads to
the long-range asymptotics W ~ n(n —2m — 1)p=2 of the
quasiclassical potential (83). It is this asymptotic behavior
of W that leads to the fact that the phase shifts &,,,(k) —
Smn7/2 as |m| — oo. Indeed, a faster decrease in the gauge
field (9) leads to a faster decrease in the quasiclassical
potential (83). It can be shown, however, that if the
quasiclassical potential W decreases more rapidly than

/72, the quasiclassical phase shift (82) tends to zero as
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1.0

FIG. 3. Dependence of +/2zkRe[f,,,] on the dimension-
less combination k =kA for m=1/2,3/2,5/2,7/2,9/2,
11/2,13/2, and n = 1. The solid curves correspond to the exact
solution (40), and the dashed curves correspond to the Born
approximation (64).

|m| — oo. In this case, the contribution of partial waves
with sufficiently large |m| to the fermion scattering
becomes negligibly small.

It follows from the results obtained that the difference in
the phase shifts is

Omn (0) - 5mn(°°) = smnﬂ/z- (87)

This contradicts Levinson’s theorem [41], according to
which this difference must be equal to z multiplied
by the number of bound fermionic states in the partial
channel with given values of m and n. Since there are
no bound fermionic states in our case, the difference
Sn(0) = 8,,,(00) must be equal to zero, which contradicts
Eq. (87). The reason for this is that one of the conditions for
the applicability of Levinson’s theorem is a rather fast
decrease (faster than p~3) in the potential term at infinity
[37]. In our case, the slow decrease (~p~2) of the potential in
Eq. (83) for large p makes Levinson’s theorem inapplicable.

It follows from the results in Sec. IV that in the Born
approximation, the partial amplitudes f,,, are real. At the
same time, Egs. (55) and (59) tell us that Im[f,,,] =
\V/7k/2|fun|?> > 0. We see that according to scattering

theory [36,37], unitarity is broken in the Born approxima-
tion. However, it follows from Egs. (55), (59), and (81)

0.0

1
i —— m=—13/2
'I {

-1.0

b
20 40 60 80 100

FIG. 4. Dependence of \/27kRe[f,,,] on the dimensionless
combination k = k1 for m = -1/2,-3/2,-5/2,-7/2,-9/2,
—11/2,-13/2, and n = 1. The solid curves correspond to the
exact solution (40), and the dashed curves correspond to the Born
approximation (64).

that Im[f,,,] ~ z%(1 — 4mn)?(32k*)~" (2zk)~'/2, and hence
tends to zero o k~>/? as k — co. Consequently, the Born
approximation becomes applicable in the region of large
fermion momenta k.

It was shown in Sec. III that the phase shifts o,
depend only on the dimensionless combination k = kA.
Equations (55) and (59) then tell us that the dimensionless
combinations \/27kf,,, also depend only on k. Figure 3
shows the dependences of \/27kRe[f,,] on k for the first
few positive eigenvalues m of the angular momentum and
the soliton winding number n = 1. In Fig. 3, the solid curves
correspond to the exact solution (40), and the dashed
curves correspond to the Born approximation (64). Similar
curves for negative eigenvalues m are shown in Fig. 4.

From Figs. 3 and 4, it follows that the accuracy of the
Born approximation improves with an increase in k. At the
same time, a comparison of Egs. (73) and (81) shows that
even for large k, the Born phases differ from those obtained
numerically (or within the quasiclassical approximation)
by a shift of z/(8k). This difference is due to the violation
of unitarity in the Born approximation, and becomes
insignificant with an increase in |m|. Note that the Born
partial amplitudes change sign under the replacement
m — —m, which is a consequence of Eq. (70). This
property, however, is true only in the Born approximation,
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and is lost when we pass to the exact partial amplitudes.
Instead, the exact partial amplitudes satisfy the condition
Smn(k) = f_u_n(k), which is a consequence of the general
symmetry relation (60).

VI. CONCLUSION

In this paper, we have investigated fermion scattering on
topological solitons of the (2 + 1)-dimensional CPV~!
model in the framework of the background field approxi-
mation. In particular, we found exact solutions to the Dirac
equation describing fermionic states in the background
fields of CP"~! solitons with winding numbers n = +1. It
turns out that these exact solutions can be expressed in
terms of the confluent Heun functions. The symmetry
properties of the fermionic wave functions under discrete
transformations of the Dirac equation were found, which
allowed us to establish the discrete symmetry property of
the phase shifts. We studied the presence of fermionic
bound states in the background fields of the CP¥~! solitons
with winding numbers n = =1, and came to the conclusion
that there are no such states.

Within the framework of the background field approxi-
mation, the process of fermion-soliton scattering is elastic,
and can therefore be fully described in terms of phase
shifts. However, the absence of analytical asymptotics for
the confluent Heun functions makes it impossible to obtain
analytical expressions for the phase shifts. In view of this,
we studied the fermion-soliton scattering in the Born
approximation, which gave us the opportunity to obtain
an approximate analytical expressions for the phase shifts,
scattering amplitudes, and differential cross sections, and to
study their asymptotic forms. We found that the total cross
section of the fermion-soliton scattering diverges due to the
long-range character of the soliton field. However, the
transport cross section of the fermion-soliton scattering
turns out to be finite, and can be expressed in terms of the
Meijer G-functions.

We have also performed a numerical study of fermion
scattering in the background fields of the CPV~! solitons
with winding numbers n = 4-1. In particular, it was found
that the phase shifts J,,,, depend only on the dimensionless
combination k = k4, and the curves &, | (7{) were obtained
for [m| < 13/2. The main feature of the curves &, (k) is
that they tend to a nonzero value &,,,(0) = sign(mn)z/2 as
k — 0. At the same time, the phase shifts (5m,1(l~<) tend to
zero « k™! as k — oo. The nonzero value of the difference
Sun(0) = 8,,,(00) in spite of the absence of bound fer-
mionic states is related to the long-range gauge field (9) of
the CPM~! soliton.

We have found that as |m| increases, the curves 8, (k)
shift to the region of larger k. Using the quasiclassical

approximation, we have shown that the phase shifts ,,, (k)

tend to sign(mn)z/2 as |m| tends to oo, which is consistent
with our numerical results. It follows that partial waves
with arbitrarily large |m| make a significant contribution
to fermion scattering at any value of k (including small
values). This feature of fermion-soliton scattering is also
related to the long-range character of the gauge field
in Eq. 9).

The nonlinear O(N + 1) sigma models and the CPV~!
models have one specific model in common, namely the
O(3) sigma model, which is equivalent to the CP' model.
The equivalence is realized via the identification
¢¢ = nyoyn;, where ¢ are the components of the
scalar isotriplet in the O(3) sigma model, and n; are the
components of the scalar isodoublet in the CP! model.
In Ref. [42], the scattering of fermions on topological
solitons of the nonlinear O(3) sigma model with winding
numbers n = %1 is studied within the framework of the
background field approximation. In this model, the fer-
mionic isodoublet y interacts with the scalar isotriplet ¢ via
the Yukawa term h¢ - woy, where h is the Yukawa
coupling constant.

After the identification ¢ = njo{;n,, the Yukawa term is
transformed to the linear combination 2h(w,n,)(njw,) —
hy ,y,, of the non-Yukawa scalar-fermion interaction term
and the mass term. We see that this scalar-fermion
interaction differs significantly from the minimal scalar-
fermion interaction in the Lagrangian (1). In particular, the
Lagrangian (1) is diagonal with respect to the index of the
internal SU(N) symmetry, which leads to the conservation
of the fermion isospin when a fermion is scattered in the
background field of the CP! soliton. In this case, the
fermion scattering is elastic, and can therefore be described
in terms of the phase shifts (59). The trivial isospin
structure of the Lagrangian (1) makes it possible to reduce
the Dirac equation (18) to the second-order linear differ-
ential equation (29), whose solution can be expressed in
terms of the confluent Heun functions.

In contrast, the Lagrangian of the model considered in
Ref. [42] is not diagonal with respect to the indices of the
internal SU(2) symmetry, and therefore the fermion isospin
is not conserved. In this case, the fermion-soliton scattering
can occur both without a change of the fermion isospin
(elastic channel) and with a change of the fermion isospin
(inelastic channel), and therefore a description of the
fermion-soliton scattering in terms of the phase shifts
becomes impossible. The nontrivial isospin structure of
the Lagrangian makes it impossible to reduce the corre-
sponding Dirac equation to a second-order differential
equation and find the fermionic wave functions in an
analytical form.

Significant differences in the scalar-fermion interaction
between the nonlinear O(3) sigma model and the CP!
model lead to differences in the properties of the
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corresponding fermion-soliton systems. In particular, if
fermions are scattered on the CP' soliton, the elastic
partial S-matrix elements tend to the universal limit of
minus one as the fermion momentum tends to zero. At the
same time, if fermions are scattered on the O(3) soliton, the
elastic partial S-matrix elements do not tend to any
universal limit when the fermion momentum vanishes.
Furthermore, the fermion-soliton system of the CP' model
considered in this paper has no bound states, whereas the

fermion-soliton system of the nonlinear O(3) sigma model
considered in Ref. [42] has bound states if the Yukawa
coupling constant is sufficiently large.
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