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Semiclassical energy density of kinks and solitons

Maria Angeles Alberti Martin®,” Robert Schlesier®,” and Jochen Zahn®*
Institut fiir Theoretische Physik, Universitdit Leipzig, Briiderstrafle 16, 04103 Leipzig, Germany

® (Received 5 September 2022; accepted 8 February 2023; published 2 March 2023)

We compute semiclassical corrections to the energy density of kinks in ¢* theory and of solitons in the
sine-Gordon model in (1 + 1) dimensions, using local and covariant renormalization techniques from
quantum field theory in curved spacetimes. For the semiclassical correction to the energy, we recover the
known results. Our analysis highlights a subtlety in the definition of a conserved stress tensor for scalar

field theories in (1 + 1) dimensions.
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I. INTRODUCTION

Kink solutions of the ¢* model in (1 + 1) dimensions are
not only relevant for understanding properties of long-chain
polymers, such as polyacetylene [1], but also have a long
history as toy models for solitonic solutions in higher
dimensions [2]. In recent years, they have been reconsid-
ered for example in the context of the Hamiltonian
truncation method [3—-6] or Borel resummations [7], in
particular in relation to Chang duality [8].

Soliton solutions of the sine-Gordon model are inti-
mately linked to the integrable structure of the theory, and
there are strong indications that the WKB approximation
for quantum corrections to their mass is exact [9]. These
results pass a number of nontrivial consistency checks [9],
also in connection with the Coleman duality to the massive
Thirring model [10].

Here, we will reinvestigate the “classical” results of [2,9]
for semiclassical corrections to the energy of kinks and
solitons from the point of view of modern local and
covariant renormalization techniques. Specifically, we con-
sider the ¢* and the sine-Gordon model in (1 + 1)
dimensions, specified by the potentials

A m>\ 2 m* A
V¢4_Z<¢2_ﬂ>’ VsG—T[l—cos(%gb)} (1)

These have vacuum solutions ¢, = j:\/% and ¢y, =
2zn % respectively, and the parameters were chosen such
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that the fluctuations around these vacua have mass m in
both cases.' A kink solution is a minimal energy stationary
solution for the ¢* model that connects these two vacua,
ie., im,_ . dpink(t,2) = i\;%, whereas for the sine-

Gordon model we consider solitons, i.e., stationary sol-
utions connecting neighboring vacua. The semiclassical
correction to the energy, or mass, of a kink or soliton can be
computed by expanding the field around the corresponding
solution,

¢(t7 Z) = ¢kink/soliton(z> + (p(tv Z)’ (2)

expanding the action to second order in the perturbation ¢
and quantizing it. The result obtained in [2,9], cf. also [11],
for these quantities is

. 3 3 i 1
Eiq(e;nll(lclass — <£ _ _> m, Esemlclass = ——m. (3)

in 12 o soliton T

In order to compute the semiclassical correction, renorm-
alization has to be performed. In [2,9], this is done globally;
the system is first confined to a spatial interval, a formal
(divergent) expression for the total energy is determined,
from which a (also divergent) formal expression for the
vacuum energy is subtracted. One then considers the limit
in which the interval covers the whole real line, so that the
mode sums become integrals (apart from a finite number of
bound states). The result is still logarithmically divergent,
but this divergence is cancelled by the difference of
mass counterterms for the kink/soliton and the vacuum
background.

Apart from the somewhat formal nature of this renorm-
alization procedure (in the subtraction of two divergent
series, one may, by reordering, change the result by an

'One recovers the conventions of [2] by the replacement
m? = 2m? in V¢4.
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arbitrary amount), it has the conceptual disadvantage that it
is not explicitly local. Locality is a guiding principle for
renormalization and crucial for its predictivity; namely, in
the absence of translation invariance (due to the presence of
the kink/soliton), the local energy density can a priori be
subject to arbitrary position dependent finite renormaliza-
tion, unless there are clear principles restricting the
renormalization freedom.

Such principles restricting the renormalization freedom
were developed in the context of quantum field theory on
curved spacetimes [12—14], where the same difficulty is
present. Applying these concepts to the present case, we
find that the calculation of the semiclassical corrections to
the energy density is analytically feasible by elementary
means, so that an infrared regularization by restriction to a
finite interval is not necessary. Upon integration, we
recover the above result for the semiclassical correction
to the energy, if a subtlety in the definition of a conserved
stress tensor for scalar fields in (1 + 1) dimensions (in
nontrivial backgrounds) is taken into account. Hence, we
find consistency of the global approach pursued in [2,9]
and the local approach, which in our opinion is more
fundamental.

The guiding principles for renormalization in curved
spacetime are locality and covariance, i.e., for the renorm-
alization of a nonlinear field monomial such as ¢?*(x), only
the local geometric data at x (or rather an infinitesimal
neighborhood thereof) can be used. There are further
constraints, in particular that power counting must be
respected. A renormalization scheme fulfilling these
requirements is Hadamard point-splitting, where the
expectation value in some state Q) of a Wick square with
derivatives is defined as

(QIVapVo(x)|Q)
= ImV, Vi ((Qlp(x)e(x)|Q) - H(x, X)), (4)

where «, f are multi-indices, V' acts on the primed
variables, and H (x, x') is the Hadamard parametrix, which
is determined by the local geometric data on the geodesic
connecting x to x". For physically reasonable states, ground
states in particular, the expression in brackets on the rhs is
smooth, so that one can safely take derivatives and the limit
of coinciding points. The remaining renormalization free-
dom is then, for each field V,V ¢, finite dimensional and
restricted by power counting. For example, in (3 + 1)
spacetime dimensions, where ¢ has mass dimension 1,
the finite renormalization ambiguity for ¢?(x) amounts to

@*(x) = @*(x) + aR(x) + fu’(x). (5)

with R(x) the scalar curvature and p?(x) the (possibly
position-dependent) mass squared (the coefficient of ¢? in
the Lagrangian). In particular, the Hadamard parametrix

H(x,x) is not unique, but contains a scale parameter in a
logarithmic term, and changing that scale leads to a
redefinition of this form.

It is important to note that once the scale in the para-
metrix and the finite renormalization ambiguities are fixed,
one has fixed a renormalization prescription on all back-
grounds simultaneously, i.e., for all (globally hyperbolic)
spacetimes and all possible x?(x). In this way, it is
meaningful to say that two renormalization prescriptions
on different backgrounds are the same (namely, when the
scale in the parametrix and all remaining finite redefinitions
are the same).

Hadamard point-split renormalization is not limited to
quantum field theory on curved spacetimes, but is appli-
cable quite generally to quantum field theory in nontrivial
background fields (it was in fact originally suggested by
Dirac [15] in the context of QED in background electro-
magnetic fields, see also [16] for the historical context). On
a flat background with no further background fields (as in
the region between the plates in a Casimir setup), the
Hadamard parametrix is essentially the vacuum two-point
function, so the prescription (4) coincides with the usual
prescription for the determination of local Casimir energy
densities, see [17,18], for example. In the context of
nontrivial background fields, Hadamard point-split renorm-
alization was for example used to compute the vacuum
polarization and the energy density of fermions or scalars in
a constant electric field in (1 + 1) dimensions [16,19], or
for computing semiclassical corrections to the energy of
rotating strings [20,21], in agreement with results obtained
previously via the Polchinski-Strominger action [22].

We note that there are other methods to compute local
quantities in quantum field theory in the presence of non-
trivial backgrounds [23-26], but in contrast to Hadamard
point-split, these have a limited range of applicability (in
particular they require stationary backgrounds). In fact, the
semiclassical energy density of the kink was already com-
puted in [25] using a “local mode regularization” and in [26]
via dimensional regularization. Apart from confirming this
result in a renormalization scheme which is more general, our
approach also provides an alternative perspective on some of
the subtleties in the calculation performed in [25,26].
Furthermore, we discuss in detail the treatment and the
physical consequences of the zero mode, an aspect which did
not receive much attention in [25,26].

In the present setting, when quantizing the perturbations
@ around the kink/soliton solution, the nontrivial back-
ground is provided by the position-dependent “mass”

Iuﬁink/soliton = V;4/S(;(¢kink/solilon) (6)

occurring in the action for ¢. Performing an analysis
according to the above principles, one finds that the only
renormalization ambiguity of the Hamiltonian energy
density p(x) [defined in (10) below] is
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plx) = p(x) + g2 (x). (7)

As 'ul%ink/soliton(z) converges to m? as z — o0, this means

that the renormalization ambiguity can be completely fixed
by requiring that the renormalized semiclassical Hamiltonian
energy density vanishes as z — +oo. Hence, with this
renormalization condition, the framework yields a unique
result for the semiclassical correction of the kink mass.

The values one thus finds do, however, not coincide with
(3). This can be understood as follows. In a covariant
setting, the energy density should be seen as a component
of the stress tensor 7,,. The latter is classically conserved,
?'T,, = 0, but this is not guaranteed in the quantum theory
in the Hadamard point-split renormalization scheme (essen-
tially because the parametrix is in general only a solution to
the equation of motion up to smooth terms). For scalar
fields in spacetime dimension greater than 2, one can
achieve conservation of the renormalized stress tensor by a
finite renormalization of d,¢d,¢ [13], and similarly also for
Dirac fields in arbitrary dimension [27]. However, this is
not possible for the scalar field in (1 + 1) dimensions. In
that case, one has to slightly deviate from the principles
spelled out in [13,14] and allow for a finite redefinition of
T,,, independent of the Wick powers that constitute it [28].
As will be explained in detail below, performing such a
redefinition, we obtain semiclassical energy densities con-
sistent with (3).

The article is structured as follows: In the next section,
we discuss perturbations ¢ around the kink/soliton
solutions and analyze the stress tensor at the semiclassical
order. In particular, we find that the semiclassical
contribution to the stress tensor splits in two terms,
Temiclass — T(()}))((p“)), the first one being the
Hamiltonian energy density p of the free field in the
kink/soliton background and the other one arising from
taking the leading order correction to the free field into
account. In Sec. IIl, we perform the quantization of the
perturbations ¢ around the kink and soliton solution. In
particular, we discuss in detail the effect of the “collective
coordinates” describing position and momentum of the
kink. In Sec. IV we investigate the local structure of
the divergence of the Hamiltonian energy density p, i.e.,
the first term on the rhs of (4). In Sec. V, we show that this
divergence can be removed by a Hadamard point-split
renormalization as in (4). We discuss the remaining
renormalization ambiguity and how to fix it. In Sec. VI,
we compute the expectation value of the further contribu-
tion T(()})) ((p(”) (corresponding to a tadpole in diagrammatic
language). In Sec. VII we discuss the need for an additional
finite renormalization of the stress tensor, in order to ensure
its conservation. Combining it with the results obtained
previously, we finally obtain the semiclassical contribu-
tion T5EMelass to the energy density. We conclude with a
summary and an outlook.

I1. CLASSICAL SOLUTIONS, THEIR
PERTURBATIONS, AND THE STRESS TENSOR

The kink and the soliton solution of ¢* and sine-Gordon
theory can be centered at any position z,, and are given by

m m(z —zo)
0= tanh ,
kink m 2
o =4 arctan(em=%)). 8
¢soht0n ﬂ ( ) ( )

These solutions can also be boosted, giving rise to a kink/
soliton travelling at constant velocity. The (nonboosted)
solutions centered at zy = 0 will be denoted by @y;nk
and ¢soliton-

We now consider the expansion of the Lagrangian in the
perturbation ¢ around such a classical solution, cf. (2). To
leading order in ¢, we find® [note that we use signature

(=]

) 1 1
£kink/solit0n - 5 0M§00”§0 - Eﬂul%ink/soliton(pz' (9)

This will be the starting point of the semiclassical quan-
tization that we perform in the next section. The corre-
sponding Hamiltonian energy density is

1. 1 1
Pxink/soliton = 5 @+ Efﬂ’z + Eﬂﬁmk /Solitonq)z, (10)

but we already anticipate that this is not the proper quantity
to interpret as the energy density. Instead, we will consider
the stress tensor, and for a consistent evaluation of its
expectation value, we will also have to consider the next
order interaction term, given by

£(3) _ 1 m

kink/soliton — 6 $*/sG (Qbkink/soliton)qo3 > ( 11 )

which, when evaluated for ¢y /soliton @8 in (8) can be seen
to be of (’)(%) We will also expand the perturbation
o=@ 4+ 4 ..
order in g In particular, (p(()) is the free field subject to the
equation of motion

-, with the superscript denoting the

(aﬂaﬂ - lul%ink/soliton)(p(()) =0 (12)

derived from the free part (9) of the action, while ¢!
fulfills

2, . . . . .
The term linear in ¢ is a total derivative, as we expand around
a classical solution.
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(5,43” - Mﬁink/sonmn)(l’(l) = 5 V;;Q /sg(¢kink/soliton)((/)(0))2'
(13)

Quite generally the stress tensor for a minimally
coupled’ scalar field ¢ subject to a potential V(¢) is
given by

T/w = aﬂ¢al/¢ ~ Y (% aiqﬁ&l(p + V(d))) . (14)

It can be obtained for example by extending the action in a
minimal coupling scheme to curved spacetimes with
Lorentzian metric g,, (x) and then varying the action with
respect to ¢**(x) (and multiplying by \;—_2_9). Expanding the
stress tensor in the perturbation ¢, the leading (zeroth)
order is just the classical energy density, for which one
obtains

4
o _Im m(z—zg)
T xink = e sech* 5
4
0 m
Thtion = 4~ sech®m(z = zo). (15)

Integration over z yields the classical energy of the kink/
soliton as

Bl =%,  ESn, =82 (16

We now notice two important facts. First, the contribu-
tion T (%) of second order in the perturbation ¢ coincides
with the Hamiltonian energy density (10). Second, for the
conservation of the stress tensor, T, = 0, it is crucial to
take the full equations of motion

=1
U — :uiink/soliton(p - Z m y &) (¢kink/80]imn)(pk—1 —0
=3 :

(17)

for the perturbation into account, not just the free equations
of motion derived from the free action (9). In particular,

recalling the expansion ¢ = ¢(© + () + ... in the cou-
pling %Z, one finds at (’)((g)o), using (13),

1 2
(1) (¢") +T12 (9)) = 0,010 (9,0 — Ky sction) '
(18)
’In the last section, we will briefly comment on the mod-

ifications occurring for nonminimal coupling to the scalar
curvature.

The rhs. vanishes on shell, cf. (12), establishing conserva-
tion of the tensor in brackets on the left hand side. We refer
to it in the following as the semiclassical contribution to the
stress tensor,”

Tsemiclass
uv

=TW (") + TR (@),  (19)
and interpret its y, v = 0 component as the proper semi-
classical energy density (in contrast to the Hamiltonian
energy density p = T () of the free Lagrangian £(2).
We will thus have to compute the expectation values of p
and

1
Téo) (40(1)) = ¢Link/solimn(ﬂ/(l) + V/(¢kink/soliton)¢<1)

= (¢{<ink/soliton(p(l))l' (20)
To obtain the second equality in (20), we have used that
@xink/soliton 18 @ time-independent solution to the classical

equations of motion. In particular, this equation shows that

the contribution of T(()}J)((p(l)) to the semiclassical energy
density is a total derivative and does thus not contribute to
the semiclassical correction of the energy. Hence, it could
be ignored if our only aim was the calculation of the latter.
However, as we can see from (18), the inclusion of

Tf)lo) (¢D) is crucial to obtain a conserved stress tensor,
even at the classical level. Furthermore, for time-dependent
classical background solutions (such as a breather), it has to
be included to ensure the conservation of the total energy.

Finally, we note that the expectation value of the first
order correction ¢(!) corresponds precisely to the quantum
correction of the classical kink/soliton solution @iy /soliton
first considered in [29], and denoted by ¢; there. In
particular, our term T&)> (¢"V) corresponds to the contri-
bution Aey,) to the semiclassical energy density computed

in [25,26].

III. QUANTIZATION OF THE PERTURBATIONS

We now want to quantize the perturbations ¢, for the
moment at the semiclassical level, i.e., with respect to the
free Lagrangian (9). In the terminology of the previous
section, we are thus considering (p<0). For concreteness, we
first consider in detail the perturbations around the kink
solution, and later state the corresponding results for the
perturbations around the soliton.

*One can easily see that the two terms are not only of the same
order in ‘/7’_1, but also of the same order in 7: As shown below, see
(41), V) is of second order in the free field ¢, and as Tf,p (o)
is of first order in (p(l), it is of second order in (p(o), and hence of
O(h), just like T,ﬁ) (9'9)). [The tilded fields present in (41) are
obtained from the “untilded” ones by omitting zero modes, a
procedure explained and justified in detail below.]
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In order to quantize the perturbations ¢(°), one considers
mode solution ¢(©)(t,7z) = p(z)e™™" to the equation of
motion (12), i.e.,

0"+ Wi = O (21)

This has the form of a one-dimensional Schrodinger
equation with potential g2 . As is well known (see
[11], for example), this is solvable, with two bound states
for wy =0 and @} =3m? and a continuous spectrum
above the asymptotic value m? of p?, ie., with @} =
k* + m? for k € R. Concretely, these are given by (we
choose z5 = 0 for simplicity)

2

m mz
7) = ———sech?—=, 22
(2) = 3m\3 hmzt hmz (23)
¢1(z) = ) sec > an 5

1,2 12 _3,2 2mz _ 35 mz
m k= —3m=sech” 5% — s ikm tanhzel.kz

1,2 42 _3;:
sm= — k= —3ikm

(24)

The modes ¢; and ¢, are normalized according to the usual
L? norm, so in particular, (¢, py) = 8(k — k'). The bound
state ¢, corresponds to an oscillation mode of the steepness
of the kink. The zero mode ¢, is due to the broken
translation symmetry (and can thus be seen as a Goldstone
mode) and corresponds to an infinitesimal shift of z,. We
have chosen its normalization such that ¢, = a_(z)g o=

—d%qﬁkink. It forms a symplectic pair with the linearly

growing mode #¢((z) which arises from differentiating a
boosted kink solution ¢y, with respect to the boost
rapidity (and evaluating at vanishing boost rapidity).
Hence, these two modes do not behave as usual oscillator
modes, but rather as position and momentum of a particle.
Using these modes, the “free” field, i.e., the perturbation ¢
at lowest order, is given by

p(1,2) = po(2) (2 + pt/E)

ﬁ%l(gol(t, 2a+gi(1,2)a")

=l ). 25

+

This fulfills the canonical equal-time commutation rela-
tions if and only if Z and p fulfill canonical commutation
relations of position and momentum, while a, a; are
annihilation operators, i.e.,

2pl =i, [aall=1,  |a.al] =8(k—K). (26)

The operators Z, p are known as “collective coordinates”
representing the kink position and momentum, see [[11]
Sec. 2.3], [[30] Chap. 8], and references given there. They
act as usual position and momentum operator on the Hilbert
space L?(R), representing the wave function y(z) of the
kink. As there is no normalizable ground state for these
modes, it is a priori unclear how to treat them appropriately
in the calculation of semiclassical corrections. To find the
correct treatment (and also to justify the interpretation as
kink position and momentum), we consider the interacting
field ¢;, which is related to the free field by

i(t.2) = UT(1)p" (1.2)U(1) (27)

with the evolution operator given in terms of the interaction
Hamiltonian as

U(r) = Texp {—i /_ w H,(t’)dt’}, (28)

with 7 denoting time ordering. From this expression one
can extract the first order correction to the free field which
leads to

oV(t.2) = —i / "0 () H (). (29)

0

Here H,(¢) is the order % part of the interaction
Hamiltonian, which is given by, cf. (11),

1

i) = [ Vi@ (0002 ) 2. 30)

Using the fact that by the canonical equal-time commuta-
tion relations, we have that

[qo@ (), g <x’>] (G (x ) - G (x X)), (31)

with G*V/4" retarded/advanced propagators for 9, 0" — ...
Hence, as the integration in (29) is restricted to > ¢, we
can rewrite it as

1
o\ (1,2) =3 / G™ (2. X )V (in (x)) (0% (') *dx'.
(32)
We now write

§0<O) = _¢]/<inkz + ¢(O)’ (33)

with
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Z =2+ pt/EGY, (34)

~ 1 P {0
(p(o) — 2— ((pl ([, Z)a + (,0] (L Z)aT)

+ /: \/(&(gok(t D + (1. 2)a)).  (35)

i.e., ) is the free field up to the contributions from the
zero mode. Using this expansion and’

(aﬂaﬂ - :u]%ink) kink — V” (¢kmk)(¢kmk) ’ (36)
(aua” - :ul%ink)(@(o)) = V%(ff’kink)#(ink@(o)’ (37)

one finds that

9 (1,2) = 5 bk ()22 = () (1.2)Z
+5 [ GV ) 0O ) P
+0(2). (38)

The correction terms involving Z, i.e., the momentum p,
originate from the integration by parts which is necessary to
get the linearized wave operator d,0" — ud,, acting on G™
in (32). The supplementary terms omitted here implement
relativistic corrections. As we will anyway be interested in
states with negligible kinetic energy, these are irrelevant for
our purposes. Combining our result with lower-order terms,
we thus have

Pink + 'V + @V

= <¢kink G Z + 5 ff’kmk > + (@9 - ()Zz)

45 [ GV b () G0 ) P+ O(2),
(39)

This looks like a Taylor expansion in Z, and indeed one can
show [31] that upon including all orders in Z one obtains

P(t.2) = bk (t.2 = 2) + 3O (t.2 = Z2) + V(1.2 - Z)

+0(Z,V) (40)
with
§0(02) =5 [ G ) Vi () (@0 ()
(1)

We thus see that Z, p indeed play the role of collective
coordinates describing the position and momentum of the

SThe first equation follows from ¢y, being a static solution to
the equation of motion, and the second equation is valid for all
solutions to the linearized equation of motion, so in particular »©.

kink, as they implement a shift in the position and momentum
of the classical kink, as well as of the perturbations around it.
The contributions of order Z implement relativistic correc-
tions. Such a connection between the perturbative and the
relativistic expansion has already been noted in [32], where it
was also argued that including Z to all orders precisely
implements relativistic dispersion relations, at least as far as
the total energy is concerned.

Let us now consider the contribution of the first term on the
ths of (40) to the expectation value of the stress tensor
component T,. As it only depends on the collective coor-
dinates 2, p, we only need to evaluate itin a state y € L?(R),
i.e., a wave function for the position of the kink. We obtain

W|To0,col.coor.(2:1) W)
<W|T00 kmk( Z)|w)

1 A g
+W<Wl({pv¢kmk(z

Z)tgm)ly).  (42)
In the first term on the rhs, we have the classical contribution
(15) to the energy density, with z — zy replaced by z — Z. In the
second term on the rhs, an operator-ordering symmetrization
has to be performed (for example by expanding ¢}, as a
power series and fully symmetrize p in each term with all Z’s).

If, for simplicity, we restrict to ¢ = 0, and recalling that 2
acts as multiplication operator on the wave function y(z),
we see that the first term on the rhs of (42) is simply the
convolution of the classical energy density with the
probability density |y(z)>. This convolution does obvi-
ously not affect the total energy. At other times f, one
convolutes with |y, (z)|? instead, where y, is obtained from
y by acting with the time- evolution operator corresponding
to the free Hamiltonian

b D
2Bk

As for the second term on the rhs of (42), it contains a
factor p?, so this term is a contribution due to the kinetic
energy of the kink. Choosing a wave function y(z) which is
sufficiently broad, this contribution can be made arbitrarily
small, and should thus be neglected in the evaluation of the
energy density in a ground state.® For general wave functions
y(z) the contribution of this term to the expectation value of
the total energy is EC‘ = (y|p?|w), as expected for the kinetic

SThe consideration of a “broad” wave function can also be
motivated as follows: Introducing a spatial cutoff, the zero mode
turns into a mode with a small finite frequency (which converges to
0 as the cutoff is moved to infinity). Mathematically, the amplitude
of such a mode is described by a harmonic oscillator and the ground
state in a Schrodinger representation (for the mode amplitude) is a
Gaussian wave function. In the limit where the spatial cutoff is
moved to infinity, the width of the Gaussian diverges (the limit thus
does not define a normalizable wave function). The wave functions
w(z) that we are considering are precisely such “broad” wave
functions for which the variance of p (and thus the kinetic
contribution to the energy density) can be neglected.

065002-6



SEMICLASSICAL ENERGY DENSITY OF KINKS AND ...

PHYS. REV. D 107, 065002 (2023)

energy. Analogous considerations apply to the other con-
tributions to the energy density, i.e., those involving also the
second and third term on the rhs of (40).

Hence, up to a contribution from the kinetic energy,
which can be made arbitrarily small, the effect of the
collective coordinates is to smear (convolute) the classical
energy density and its semiclassical correction (computed
with the “tilded” fields) with the probability density |y (z)|*
for the position of the kink. As there is no preferred choice
(ground state) for the wave function y/(z), and we do not
intend to introduce an ad hoc choice, this is as much as can
be said about the influence of the collective coordinates. We
will thus continue with the evaluation of the semiclassical

corrections due to the “tilded” perturbations, i.e., TE)O) (@)
and T(()lo> (D). The basic ingredient for the computation of
their contribution to the semiclassical energy density is the

two-point function of »(®) in the ground state | Q) which
is defined to be the state annihilated by a, a,,

<Qkink|¢<0) (x)¢(0) (") | ucink)
1

- (N p—iw (11
2o 1 (2)g1(2)e

o dk — )
[ o,

43

32

IV. EVALUATING T ()

As discussed above, cf. (19), there are two contributions
to the semiclassical energy density, the Hamiltonian energy
density Té%)) () = p corresponding to the free action, and
T&)) (#1)). We now focus on the first (the second one will
be treated in Sec. VI). A naive evaluation of the expectation
value of Téz) () will be divergent. In order to prepare for
the Hadamard point-split renormalization to be performed
in the next section, we regularize it by a point-split, i.e., in
the products of fields occurring in (10), we evaluate the first
field at x = (7,z) and the second one at X' = (¢ + 7, z).
Such a point-split in the time direction is typically advanta-
geous in static backgrounds. The relevant expression
is thus

PP(z7) = 5 (00 + 0.0, + ()@ ()50 () )
(44)

A straightforward calculation gives7 (we introduced an ie
prescription to ensure convergence)

3 A
Pk (2:7) = V3 m? (IOsech6 % — 17sech* % + 8sech? %) el

eik (z+ie)

[ [eie_smem
—0 8T W} (4K* + m?)

4

The first summand comes from the @; mode. In that term,
the coinciding point limit 7 — 0 can be taken. Integration of
this term over z then gives the contribution %a)l to the
semiclassical energy, consistent with the expectation for a
single oscillator mode. To treat the integral term in (45), we

first perform a change of variables to write it as

/oo I((x), Z)eiw(f+i£)da), (46)

with I(w, z) a polynomial in sech® % with functions of w as
coefficients. We perform an asymptotic expansion of
I(w, 7) for large w, yielding

"These and all the other calculations relevant for the kink
background are performed in a MATHEMATICA notebook that is
associated to the arXiv submission as an ancillary file.

9 4
+ = m*(3k?* + 5m?*)sech* % -

3
[2@2 (4k? + m?) — > m*w? (4k* + 5m?)sech? %

(45)

5
g mPsech® ’Zz] )

1 2. 1
[(w,2) = —w +Hk1L(Z)—+ R(w,z),

47
2w dr w (47)

where the remainder R(w, z) is of O(w™3). We also used
that

3
i (2) = m? (1 -5 sech? %) : (48)

We now write the integral (46) as

/oo R(w, Z)giw(f-&-ie)dw
/"]%ink( )

0 1 z 1 . .
) yio(t+ie) 4
+/n <2ﬂa)+ ym w)e dw. (49)
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The integrand of the first term is absolutely convergent, so
we may take the coinciding point limit z — 0 directly inside
the integral, which can then be performed analytically. To
deal with the second term, we note that

© _ 2
et dy — — 1™ L0, (50)
m (T + i€)2 2 ’

1 1

pS .\ 2
Pk (257) = — m - gﬂkink

2

96 8z

12 16z

Here, we have written the terms which are finite in the
coinciding point limit 7 — 0 and vanish as z - 4o in the
last line. In the first line, we find a leading quadratic
divergence, which is z independent, and a logarithmic
divergence, which is proportional to the position-dependent
“mass” ug, (). As we will see, this is no coincidence, but
reflects the Hadamard property of the ground state, i.e., that
the singularities of the two-point function are captured by
the Hadamard parametrix.

For the evaluation of the second contribution to the
semiclassical energy density, T(%) ((ﬁ(l)), we will need also
the (renormalized) expectation value of (®)?(x). In a
point-split prescription, this amounts to computing the two-
point function, i.e., we consider

P*P(z:7) = (Q[p1% (150 ()12), (53)

where again x = (¢,z) and X' = (¢ + 7, z). Proceeding as
before, one obtains

1
4 (log[-m?(z + ie)?] + 2y — log 4)

2ps .
€0kiglq<(z’7) = T Ar

V3 mz 3 V3 mz

Y gech2 /= - [ 4 X2 h* —
+lzsec > <8ﬂ+12)sec >
+ O(7). (54)

Let us now briefly state the corresponding expressions
for the perturbations around the soliton. We note that

:ugoliton - m2(1 - 2sech2mz) ’ (55)
so the differential equation for the modes is very similar to
the one for the kink perturbations, for which we had (48). In
contrast to the kink, there is now only the zero mode (due to
translational symmetry) as a bound state. The normalized
continuum modes are given by

o ] . , 1
/ — pio(ttie) dgy — _Elog[_mz(f[ + ig)z] -7+ O(T)a

(51)

with y the Euler-Mascheroni constant. In this way, we have
completely determined the divergence in the coinciding
point limit, including the finite term. Combining all the
contributions, we find

(z)(log[-m?(z + ie)*] + 2y + 1 —log 4)

1
)mQSeCh4 % + <l§ + —5) m?*sech® % +0(r). (52)

48  32r¢

[
1 ik —m tanh mz

(pk(z) = \/ﬂ

again with frequency w, = Vk* + m% As for the pertur-
bations around the kink, the zero mode gives rise to
collective coordinates, which are treated in complete
analogy to the above. Following the same steps as for
the perturbations around the kink, one obtains

ikz 56
ik—m e (56)

-1 1

pS(s)liton = m - gﬂgoliton (Z) (log[_mz(T + ig)z]

+2y+1-1log4)

3 3
— —m?sech’?mz + —m?sech*mz + O(z), (57)
¥4 vi¥ys

e 1

soliton — ™ 4 - (10g[—m2 (T + ié‘)z] + 2y —log 4)

1 2
~ % sech®mz + O(z). (58)

V. HADAMARD POINT-SPLIT
RENORMALIZATION

According to the Hadamard point-split description (4),
we have to subtract from the point-split Hamiltonian energy
densities just computed the corresponding expression
derived from the Hadamard parametrix. In (1 + 1) dimen-
sions, the Hadamard parametrix is of the form (for an
overview, see [33], for example)

o+ie(t—1)

1
H(x,x') = —4—V(x,x’)log 2
n

(59)
with A alength scale, whose choice will amount to a choice
of renormalization condition, o(x,x’) being % times the
squared geodesic distance of x and X/, i.e., on Minkowski
space, 6 =1 ((z—2')> = (t—¢)?) and V(x,x’) a smooth
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function which can be expanded in terms of Hadamard
coefficients V;(x,x’) (Lorentzian analogs of heat kernel
coefficients) as

V(x,x') = i Vie(x, x)o* (x, x'). (60)
=0

The Hadamard coefficients are determined uniquely by the
geometric data occurring in the wave equation governing
the dynamics of the field. V) is the square root of the van
Vleck determinant, i.e., Vy = 1 on Minkowski space. For
our purposes, i.e., the evaluation of (4), we further only
need the coinciding point limit of V, which is V(x, x) =
11*(x) [all other contributions are at least of third order in
x' — x and are thus not relevant for the coinciding point
limit performed in (4)]. Performing the necessary deriva-
tives and again evaluating at a point-split in time direction,
x' = (t+ 1, z), one straightforwardly finds

1
5(010y +0:0. +p2(2)) H (. x')

= _M_&[MZ(Z) <10g—(1'2—|[;2i£')+ 1> + O(T)y
(61)

—(t + ie)?
H(x,x') = —ilog% + O(7). (62)

We see that the divergences of (52) and (54) (and also (57)
and (58) in the soliton background) in the coinciding point
limit are canceled by this subtraction. One thus obtains
locally finite expectation values of the renormalized
Hamiltonian energy density p and (¢(®)2. Furthermore,
we can fix the scale A by requiring that the Hamiltonian
energy density p vanishes as z — *+oo, i.e., by setting
A= \/i(eVm)‘l. Obviously, with the same value, also the
renormalized expectation value of (¢(®)?(z) vanishes as
7 — *oo. In particular, for the expansion around a classical
vacuum solution, one finds, for this value of A, vanishing
expectation values both of the Hamiltonian energy density
p and of ()2, In this sense, in the vacuum background,
our renormalization condition effectively coincides with
normal ordering of the free Hamiltonian.

As discussed in the Introduction, even after a Hadamard
point-split renormalization, there is in principle some
further, but highly constrained renormalization freedom.
In (1 4+ 1) dimensions, and in the absence of curvature, it
consists in redefinitions

(p2 N goz +a, (63)

0,00,9 = 0,00,¢ + PG, 1> (64)

with @, # € R, as a constant and the “mass” squared are the
only local geometric quantities (occurring in the free
action) of mass dimension 0 and 2, respectively. While
(64) does not affect the Hamiltonian energy density p,
cf. (10) [and obviously also the not Wick square ¢?], the
redefinition (63) amounts to adding $u*(z) to the
Hamiltonian energy density p. But this is tantamount to
the same modification of A in the subtraction terms (61)
and (62). Hence, the requirement of vanishing energy
density at z - oo fixes completely the renormalization
ambiguity for that quantity. Subtracting (61) and (62) from
(52) and (54), we obtain for the expectation values of the

renormalized p and ()2 in the kink background

premiclass (7)) — <\/§ - 3) m?*sech? %

1n|

2,semiclass \/§ mz 3 \/§ mz
Pink ()= D sech” - (@ +1 sech? 5 (66)

Similarly, in the soliton background, one obtains, from (57)
and (58),

. 3 3
peemiclass(7) — — e m?*sech’mz + e m*sech*mz, (67)

2 semiclass
soliton

1
(z) = - Zsechzmz. (68)

VI. EVALUATING T (")

While in the previous sections, we calculated the
. . . 72 ~(0)
Hamiltonian energy density p = Ty (#!°)), we now turn

to the evaluation of T(():))((o(l)) which, as seen in (20), is

linear in »("). We recall the explicit expression (41) for the
latter. For its expectation value, we thus obtain

~ 1
il 0(1.2)/ ) =5 [ G50V i)

% goiiiimidass (Z/)dzx/ , (69)

where we substituted the renormalized value for the
expectation value g™ ('), which is time independent.
The retarded propagator G™ can be expressed in terms of

the modes as
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! —t
G™ (x, ') = (1 — 1) [qoo(z)(po(Z') s

1 - ,
+Im <a)_ 91(2) () eionl=1)
1

n / dkwikwk(Z)me""”k“_”)]’ (70)

2,semiclass

with @ the step function. As both ¢y(z’) and g p (')
are even functions of 7/, while V;QQ(g[)kmk(z’ )) is odd, the

first term on the rhs does not contribute to (69). In the
remaining terms, the integration over 7 can be performed
(with the imposition of a suitable ie prescription). An
analogous expression (without the term involving ¢ ) holds
in the soliton background. In both cases the remaining
integrals (over k and z’) can be performed analytically, and
one obtains, for the expectation value of (1),

) V2IT (V3 3 mz V3
(Quink |9 (2)[Quin) = 2m [<?+§> tanhj—?mZ]
X sech2%, (71)
= ﬂtanh mzsechmz. (72)
8rm

With these expressions one obtains for the expectation

value of T(()l)((i)('))(z) at the relevant order, by using (20),

<Qsolit0n ‘ (70( b (Z) |Qsolit0n>

1)/~
<Qkink|T§)0) ((ﬂ(l))(z) | Quink)

_ 11\/§ 3 2 4
= —<9—6+§>m sech 7

5v3 15 5 mz
A T he —
N ( 48 +32n’>m e

mz

3
+ £ m3z tanh M2 secht %

16 2 27 (73)

1
1)/~
(Quation| o0 (9 (2)| Quotion) = =5 m?sech®ms

3
+-—m?sech*mz.  (74)
47

Our result for the kink coincides with the contribution
Ae(y,) to the semiclassical energy density computed in
[25,26]. Furthermore, our result (71) for the expectation
value of »'!) for the soliton coincides with the result for ¢,
computed in [26] (the semiclassical energy density of the
soliton was not computed there).

VII. THE SEMICLASSICAL ENERGY DENSITIES

As discussed in Sec. II, the proper quantity to describe

semiclassical corrections to the energy density is
Tsemiclass — T(()Q((Z;“)) + T(()%))((Z)“))), and we have computed

the renormalized expectation values of both terms in the
previous sections. However, it turns out that the renormal-
ized expectation value of the rhs of (18) does not vanish in
the situation we are considering. Hence, we still need to
introduce a correction term in order to ensure a vanishing
divergence of the renormalized stress tensor.

For the rhs of (18) in the quantum theory, using Hadamard
point split renormalization, one finds [28] (we do not have to
take an expectation value, as this is a c-number)

29 (0,0 = )% = ~lim (9,0 )9, H(x, )
1

=—09,V,(x,x), (75)
4

where on the rhs the derivative acts on both variables. As
Vi(x,x) = % 42 (x) is not constant in the cases discussed here,
our condition for the conservation of energy is violated. From
(13), one straightforwardly finds that

PT ) = 302 9O) (76)
It follows that the redefinitions (63), (64) of (»(*))? and
0,90,3*) leave the lhs of (18) invariant, so these can not be
used to achieve a conserved stress tensor. This is a special
property of scalar field theory in (1 4+ 1) dimensions, not
present in higher dimensions [13] or for Dirac fields [27]. A
way out, proposed in [28], is to directly modify the stress
tensor as Tﬁ (x) = Tf,zy) (x) = 2= 9 V1 (x, x). As p?(z) does
not vanish as z — oo, we modify this slightly by subtracting
the asymptotic value at oo, i.e., we instead consider

1

2
- T (x) - o

T (x) gu () =m?). (77)
This can also be interpreted as considering the difference
of the modified 7’s in the kink/soliton and the vacuum
background. A generalization of this modification to the
nonperturbative sine-Gordon theory was independently pro-
posed in [34].

Combining (65) and (67) with (73) and (74) and the
redefinition (77), we finally obtain the semiclassical energy
densities

T () = (Y2 -

28v3 3\ , . .mz
S [ S h* —
< % +4ﬂ>m sech™ =

1
+ <ﬂ + —5> m?*sech® %

3 3
<£ - —) m?*sech? %

24 l6x

3 m m
+ £ m3z tanh M2 Gecht <

16 2 2 (78)
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— XA _mqclass
m7 TOO Jkink
1 semiclass

m?2 ~ 00,kink

—0.1 ¢

FIG. 1.

readability.

Tsemiclass ( Z)

3 3
00,soliton - 2_ mZSCChsz + 2_ mzsech“mz. (79)

/4 /4
These are plotted in Fig. 1, together with the corresponding
classical energy densities. Upon integration of (78), (79)
over z, one finds the semiclassical correction (3) to the
energy computed in [2,9]. However, had we omitted the
correction term (77) to ensure conservation of the stress
tensor, we would have obtained different results.

It is noteworthy that the first term in (78) dominates at
sufficiently large distances over the classical contribution
(15), due to the lower power of sech % In view of quantum
energy inequalities [35] forbidding negative energy den-
sities for arbitrarily large times, it is thus reassuring that the
coefficient \l/—g - % ~ ().025 is positive (albeit quite small, so
that the longer range of the semiclassical correction is not
perceptible in Fig. 1).

Our result (78) for the kink was previously obtained in
[25], using “local mode regularization.” In that procedure, a
correction term, termed “anomaly” is involved. In a dimen-
sional regularization approach [26], it occurs as an ¢/ ¢ term
(and would be missing in a naive momentum cutoff
regularization). This “anomaly” term precisely corresponds

to our redefinition (77), see also the concluding discussion

in [25]. With that correction, our result for T(()2> () for the
kink coincides with the “local Casimir density” €c,s +
Aéec,s computed in [25].

We are not aware of published results for the semi-
classical energy density of the soliton in the sine-Gordon
model. However, in [29] a result for the supersymmetric
sine-Gordon model is given, which is qualitatively of the
same form as (79), i.e., a linear combination of sech’mz
and sech*mz. Furthermore, as already mentioned, the
expectation value of @(!) in the sine-Gordon model was
computed in [26], consistently with our result (72).

We remark that in [36] the energy density in a similar
model was computed numerically. There, a massive free
scalar field coupled to a background sine-Gordon field was

A Tclass
30m% ~ 00,soliton
— _1_rpsemiclass
m?2 ~ 00,soliton

Comparison of the classical energy densities (15) (in blue) and the semiclassical corrections (78) and (79) (in red). Note that
both have been scaled by the appropriate powers of A and m~2. Furthermore, 75

Gl iton Das been further scaled by a factor 55 for better

considered. The latter was taken to be a kink-antikink
scattering solution, but at early times the two kinks can be
considered as isolated, and thus the situation is comparable
to ours [the Lagrangian considered is essentially (9) with an
additional mass term]. In that situation, the contribution

Tf)lo) (") is absent, so only the Hamiltonian energy density
needs to be considered. The plots shown in [36] seem to
qualitatively differ from our result for the latter, but whether
this is due to the presence of a supplementary mass term
or due to a different renormalization scheme [the modifi-
cation (77), which was crucial for consistency with the
global results, was apparently not implemented] is pres-
ently unclear.

We also note that in [37], the similar (but more consid-
erably demanding) problem of computing semiclassical
energy densities for the Nielsen-Olesen vortex was tackled.
However, apparently the requirement of conservation of the
stress tensor was not implemented, as neither the contri-
bution TE)IO) (")) needed at the classical level, nor the finite
renormalization necessary to ensure conservation of the
stress tensor at the quantum level seem to have been taken
into account.

VIII. DISCUSSIONS AND OUTLOOK

Several remarks on our results and perspectives on future

research are in order:

(1) Situations in which the renormalized energy density
can be computed analytically in nontrivial back-
grounds are quite rare, so our results provide useful
examples for the application of the local and
covariant renormalization technique in physically
relevant settings.

(i) We used conventions such that m is the mass
corresponding to classical fluctuations around the
vacuum ¢, .. In the quantum theory, the mass of the
associated particle is subject to self-energy correc-
tions. With the renormalization conditions used
here (where the tadpole vanishes in the vacuum

065002-11



ALBERTI MARTIN, SCHLESIER, and ZAHN

PHYS. REV. D 107, 065002 (2023)

(iii)

(iv)

background), only the ¢ “setting sun” graph con-

tributes to the self-energy at the one-loop level, and
one obtains, for the ¢* model, the physical mass

i =m(1—Y2 4+ O(%)) [38] (the sine-Gordon
model does not have a ¢ term, so it is not subject
to such a modification). Using a correspondingly
adjusted coupling constant 4 = Z—zl it is natural to
express the results for the energy density in terms of
these quantities, see [25].

By introducing a nonminimal coupling —£R¢? to the
scalar curvature in the Lagrangian, the stress tensor
is modified as

T;w - T;w + i(nyualal - ayazx)d)z (80)

at the classical level. The divergence of the supple-
mentary term vanishes identically, so that the redefi-
nition (77) needed to ensure conservation at the

quantum level is not modified. For the classical energy

density, this amounts to T(()o> - T00 — E2 2.\, while

for the semiclassical correction, we have

<kak|T00 ( )|kak> <kak|T00 ( )|kak>

- R, (61)

(Quini T (7))
- <Qkink|T(()}))(¢<l))|Qkink>
_2§a§(<gkink|¢<1)|Q'kink>¢kink)a (82)

see also the discussion in Sec. III B of [26]. In
particular, neither the classical energy nor its semi-
classical correction is affected. Note however, that
with a nonminimal coupling, the semiclassical energy
density of the soliton would no longer be symmetric
under z — —z, which is related to the fact that a
nonminimal coupling breaks the shift symmetry

¢+ 271% of the sine-Gordon model.

It is instructive to consider the situation in which,
instead of requiring the Hamiltonian energy density
Prink tO vanish as z — 4o, we allow for a finite limit
Poos 1.€., We choose a value of A # \/_(eym)‘1 The

corresponding py.x i obtained by adding “ 2 p00

(65). Using the same renormalization condltlon, 1.e.,
the same value of A in (59), also for the expansion
around the vacuum, the corresponding energy
density is then constant, p,,. = p, (We are thus
investigating the effect of deviating from the re-
normalization prescription amounting to normal
ordering in the vacuum background). The shift
in the renormalization condition then amounts

(2) 2) 2
o Tooxink = T00kink 4 L g s (u> —m?), so that the
semiclassical correction to the energy is modified as®

semiclass semiclass Poo
EGi™ = B = 67- (83)

At first sight, it seems counterintuitive that the
semiclassical correction to the kink mass should
depend on a renormalization condition which fixes
the vacuum energy density. However, the result
makes perfect sense if one takes into account that
the redefinition (finite renormalization) (63), which

gives rise to a nonzero p, :%mza has to be

accompanied by the redefinition ¢* — ¢* + 6a¢?,
as a consequence of the “expansion” (or “field
independence”) axiom for the definition of renor-
malized Wick and time-ordered products [12].9
Hence, such a redefinition amounts to a finite mass
renormalization m?> — m? — 6 in the original La-
grangian (1). But implementing such a shift of the
mass in the classical contribution to the energy, one
finds, with (16), that

0
~Gla 5 Efiy = ~3ma. (84)

which exactly coincides with the supplementary term
on the rhs of (83). One can easily convince oneself that
this is not a coincidence.'® We thus arrive at a coherent
picture where deviations from the “normal ordering”
renormalization prescription in the vacuum back-
ground are tantamount to a change of the mass m?
in the original Lagrangian.

(v) As explained in the Introduction, we think that a
global renormalization, as perfomed in [2,9] to arrive
at (3), is not entirely satisfactory from a conceptual
point of view. It would thus be nice to derive the
calculational rules used in [2,9] from the locally
covariant renormalization framework, which is, in
our view, more fundamental. However, we presently
do not see that this is possible.

(vi) A crucial step in our calculations was the redefini-
tion (77) of the stress tensor. The problem with such
a direct redefinition is that it is in general not clear
whether the conservation of the stress tensor can be

¥Recall that Té})) does not contribute to the energy, as it is a
total derivative, cf. (20).

*This requirement states that renormalization should commute
with functional differentiation with respect to ¢. It can be seen as
the analog of the possibility to integrate by parts in the path
1nte ral approach.

"“The variation of ES3s with respect to m? is only due the
variation of the parameter m” in the Hamiltonian, i.e., the
variation of the classical kink solution does not contribute, as
it extremizes the energy.
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upheld at higher orders in the interactions, in
contrast to the situation in which a conserved stress
tensor is achieved by redefining the Wick powers as
in (63) and (64) [13]. It was recently shown [34] that
for the case of the sine-Gordon model, a conserved
stress tensor can be achieved also in the (non-
perturbatively) interacting theory, by a modification
which reduces to (77) in the semiclassical limit. It
would be important to see whether a similar result
also holds for ¢* theory.

(vii) As already mentioned, the direct redefinition (77) of
the stress tensor is not necessary in higher dimen-
sions, or for Dirac fields. It would thus be interesting
to increase the number of dimensions, i.e., consider a
string in (2+1) or a domain wall in 3+ 1)
dimensions, or to investigate fermions in the kink

background, and to again compare with results
obtained in dimensional regularization [26] (for
higher dimensions) or “local mode regularization”
[25] (for fermions), or with results for the super-
symmetric case [29,39] (which include fermions).
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