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The construction of quasitopological gravities in three-dimensions requires coupling a scalar field to the
metric. As shown in [arXiv:2104.10172], the resulting “electromagnetic” quasitopological (EQT) theories
admit charged black hole solutions characterized by a single-function for the metric, —g,, = g5,' = f(r),
and a simple azimuthal form for the scalar. Such black holes, whose metric can be determined fully
analytically, generalize the Bafiados-Teiteilboim-Zanelli black hole (BTZ) solution in various ways,
including singularity-free black holes without any fine-tuning of couplings or parameters. In this paper we
extend the family of EQT theories to general curvature orders. We show that, beyond linear order, f(r)
satisfies a second-order differential equation rather than an algebraic one, making the corresponding
theories belong to the electromagnetic generalized quasitopological (EGQT) class. We prove that at each
curvature order, the most general EGQT density is given by a single term which contributes nontrivially to
the equation of f(r) plus densities which do not contribute at all to such equation. The proof relies on the
counting of the exact number of independent order-n densities of the form £(R,, d,¢), which we carry
out. We study some general aspects of the new families of EGQT black-hole solutions, including
their thermodynamic properties and the fulfillment of the first law, and explicitly construct a few of

them numerically.
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I. INTRODUCTION

Gravity is different in three spacetime dimensions. On the
one hand, the three-dimensional Riemann tensor is fully
determined by the Ricci tensor. This implies that all Einstein
metrics are locally equivalent to maximally symmetric
spacetimes and that—in the absence of additional fields
—no local degrees of freedom propagate [1]. Classical
three-dimensional Einstein gravity is far from trivial though.
In the presence of a negative cosmological constant this is
reflected, for instance, in the existence of black hole
solutions [2,3]. In spite of various fundamental differences
with its higher-dimensional cousins—such as being locally
equivalent to pure AdS; and possessing no curvature
singularity—the Bafiados-Teiteilboim-Zanelli (BTZ) black
hole does feature many of their characteristic properties,
including the presence of event and Cauchy horizons, or
their thermodynamic and holographic interpretations.
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Since all non-Riemann curvatures can be generically
removed from the action by field redefinitions, all higher-
curvature corrections to Einstein gravity built exclusively
from the metric are trivial when considered as perturbative
corrections. However, when included with finite couplings,
they typically give rise to nontrivial local dynamics—mani-
fest in the propagation of massive spin-2 and spin-0 modes
[4,5]. Also, while the BTZ black hole is a solution of all
higher-curvature gravities, new solutions have also been
constructed in certain cases. For instance, new massive
gravity [6] and its generalizations [7-9] allow for black holes
which differ from the BTZ by: being locally inequivalent to
AdSj; possessing dS;, flat, or Lifshitz asymptotes; or
presenting curvature singularities [10-21]. Various classes
of new black holes arise when gravity is coupled to
additional fields. These include solutions to Einstein-
Maxwell [22-29], Einstein-Maxwell-dilaton [30-33], and
Maxwell-Brans-Dicke [34,35] systems. For these, the metric
typically presents a curvature singularity and some of the
matter fields include logarithmic profiles. Black hole
solutions of various types have also been found for
theories with minimally and nonminimally coupled scalar
fields [36—46]. Some of these are obtained from well-defined
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limits of Lovelock gravities to three-dimensions, [47-50].
Again, the solutions generically contain curvature singular-
ities and, sometimes, globally regular scalars. There also exist
black-hole solutions to gravity theories coupled to nonlinear
electrodynamics in various ways [51-57]. In some cases,
special choices of the modified electromagnetic Lagrangian
give rise to singularity-free black holes [58-60]. On a
different front, in the context of braneworld holography,
modified versions of the BTZ black hole which incorporate
the full backreaction of strongly coupled quantum fields have
been studied in [61-63].

In addition to these results, a new collection of analytic
generalizations of the BTZ black hole was presented
in [64]. The new configurations solve the equations of a
new family of Einstein gravity modifications which involve
a nonminimally coupled scalar field and belong to the so-
called “electromagnetic quasitopological” (EQT) class—
see (2.1) below for the action. The solutions take the form

dr?

f(r)

with >0, ¢ =[0,27), and where p is an arbitrary
dimensionless constant. It is notable the presence of a
single function, f(r), characterizing the metric, as well as
the explicit “magnetic” form of the scalar field.' The
general solution—see (2.4)—includes various types of
spacetimes, depending on the values of the gravitational
couplings. These include black holes with one or several
horizons and with various kinds of possible singularities
(BTZ-like, conical and curvature singularities), including
completely regular ones. In some of the latter, global
regularity is achieved without imposing any kind of fine
tuning between the gravitational couplings and the physical
parameters of the solutions. This situation occurs for
solutions which behave as f(r) Z=3O(r>) with s > 1
and is special to three-dimensions.

The results in [64] were motivated by a set of ideas which
have led to the construction of numerous higher-curvature
generalizations of Einstein gravity black holes in higher
dimensions [65-86]. The corresponding theories possess
static solutions which are continuous deformations of the
Schwarzschild black hole. These are characteristically
determined by a single metric function f(r) which: either
satisfies an algebraic equation (in that case, the theories are
called “quasitopological” (QT) gravities) or, alternatively,
satisfies a second order differential equation (in that case,
the theories are called ‘“generalized quasitopological”
(GQT) gravities insteadz). As argued in [82,83] and later

ds? = —f(r)df* + + rde, ¢ =pe, (1.1

'"The scalar field should be understood in this context as a
O-form with field strength d¢, which is the gauge-invariant
quantity. Analogously to a magnetic monopole in D = 4, the
scalar field ¢ can be defined globally by gluing two patches.

*Often, the term generalized quasitopological is used to refer to
both types when considered together.

in [64,87], matter fields can be implemented within this
framework in a natural way. Explicitly, the idea is to
nonminimally couple gravity to a (D — 2)-form field-
strength H and consider solutions for which H is given
by the volume form of the space transverse to the (z,r)
directions in the black hole ansatz times an arbitrary
constant p. This “magnetic” ansatz automatically solves
the equation of motion of H. For instance, in four
dimensions, this corresponds to a standard 2-form field
strength given by H = psin0dd A d¢. While H is auto-
matically determined for all theories in a unique way, its
presence changes the metric in a nontrivial way. In the case
of interest here, the 1-form field strength is given by d¢,
where ¢ is a real scalar, and the magnetic ansatz is just
d¢ = pde, as shown in (1.1). The presence of H in the
corresponding Lagrangians gives rise to the notion of
electromagnetic generalized quasitopological (EGQT) the-
ories, in order to distinguish them from the purely gravi-
tational generalized quasitopological ones.’

In the three-dimensional case, it was shown in [5] that only
trivial GQT theories exist in the absence of nongravitational
fields. As mentioned above, the situation changes when a
scalar field is introduced. We say that a three-dimensional
Lagrangian L[R ,, d,¢] belongs to the EGQT class when the

reduced Lagrangian obtained from evaluating \/@ Lcqr on
the single-function magnetic ansatz (1.1) becomes a total
derivative. In that case, the equations of motion of the theory
reduce to a single equation for the metric function f(r)
[64,87]. In this paper we characterize all EGQT gravities in
three dimensions. In particular, we show that the most general
theory of that kind can be written as’

2
IEGQT:m d*x+/19] {R‘Fﬁ

+ Zﬂo,kLz(k_U(DS - Zgn] . (12)
k=1 n=1

where the order-n EGQT family reads

—1)"
G, = Z( )" Pk Lz(k+2n—1)q)/6

oy n

X [(2k +5n = 2)®@; — n® R]D™",  (1.3)

and we defined

®, =R,,0°¢d" .

D) = g0, 0, (1.4)

'EGQT gravities should not be confused with the quasitopo-
logical electromagnetism theories studied, e.g., in [88-91].

We show this to be true up to densities which make no
contribution at all to the equation of f(r). As a consequence, we
refer to those as “trivial” densities, even though they generally
possess nontrivial equations for other backgrounds.
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In these expressions, L is a length scale and p,; are
dimensionless constants. Observe also that at each curvature
order, G, contains terms with an arbitrary number of
derivatives of the scalar field. For n = 1, the above action
reduces to the one presented in [64], and we find that it is only
in that case that the equation for f(r) is algebraic. Indeed, the
equations of motion for the action (1.2) admit solutions of the
form (1.1) where f(r) satisfies

’,.2

’
—f—l—ﬂo,lpzlog H
ﬂOkPZkLZk 1)
2ok e T 2 =

Here, 4 is an integration constant related to the mass of the
solution and &,y reads

g(n) = Z

k=0

+ (l’l _ 1)’,[ m o__ nff/"_zf”ﬂ ,

(1.5)

2(2n—1+k) ,,2(k+n
—BuiL ( ) p2kn)
nr3n+2k—1

[n(3n 42k = 2)ff10D)
(1.6)

where it is manifest that only for n = 1 the theory is of the
EQT class. A detailed review of EQT theories and their
solutions can be found in Sec. I

In order to count the number of EGQT families, in
Sec. III we count the exact number of independent densities
constructed from arbitrary contractions of the Ricci tensor
and d,¢. We do so both as a function of the total number of
derivatives of fields, and as a function of the curvature order
(namely, independently of the number of derivatives of ¢).
In particular, we find that there exist

#(n) = {(nzg) (O(=1)" +n® +17n% +95n + 184) + %J ,
(1.7)

three-dimensional densities £(R,;, d,¢) of curvature-order
n, where || is the floor function.

We use this result in Sec. IV to prove that there exists one
and only one nontrivial EGQT family of order-n densities,
parametrized by an arbitrary function of g**d,¢d),¢ (which
is obviously order-0 in curvature) as well as #(n) —n — 1
“trivial” densities. We find a recursive formula which
allows one to construct arbitrary-order densities from
lower-order ones as well as the explicit expression shown
in (1.3). Then, we study the near-horizon and asymptotic
behavior of the black-hole solutions, finding that there will
in general be a unique solution in each case. In order to
actually verify their existence, we construct numerically the
corresponding solutions in a few cases.

We wrap up in Sec. V, where we mention a few ideas for the
future. Finally, Appendix contains a proof that the number of

conditions one needs to impose to a general order-n density in
order for it to be of the EGQT class equals n.

II. EQT GRAVITIES IN THREE DIMENSIONS

In this section we review the electromagnetic quasitopo-
logical gravity theories constructed in [64], which we aim
to generalize in the rest of the paper. In Sec. II B we present
new results regarding the thermodynamic properties of the
EQT black holes. In particular, we compute all the relevant
quantities in the most general case, and we verify that they
satisfy the first law.

A. Review of the theories and their black holes

In [64] we presented a new family of three-dimensional
gravity theories nonminimally coupled to a scalar field
admitting new classes of static black-hole solutions. The
Lagrangian of such a family can be written as

- 21: g,,] L@
n=0

where we assumed a negative cosmological constant with
length scale L and where

1
Leqr(Rap. 0,0) = 162Gy {

Go = +Zﬂo,L2 @, (2.2)

Gi==> BiL2UD)[(3+2))®; — DR].  (2.3)

J=0

are the electromagnetic quasitopological densities. Here,
Po.i» P1,j are dimensionless constants which parametrize the
infinite terms contained in both G, and G,. Indeed, observe
that the new densities are, respectively, order-0 and order-1
in curvature, but both contain terms of arbitrarily high order
in derivatives of ¢.

For these theories, the effective Lagrangian Lpgr =
\/EEEQT(RW, 0,¢) becomes a total derivative when
evaluated in the magnetic ansatz (1.1). This implies that
they admit solutions characterized by a single function
f(r). Indeed, the full nonlinear equations of motion reduce
to a single independent equation for f(r) which can be
integrated once and reads [64]

’,.2

2 —f(r)+ &0+ = (2.4)

Poip® (pL\2D .
+Zﬁ<7> —ﬂ0,1P210g<z>, (2.5)

——Zﬂl,zj+ (”L> . @)
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are the contributions from G, and G, respectively, and 4 is
an integration constant.

Equation (2.4) can then be trivially solved for f(r), and
one finds

[z—zz—ﬂ—ﬁo,lpzbg( )+ 22%,[71 (B> pLy2(i U}

f(r)= [1 I <,,L> 2<J+1>]

’

(2.7)

where A4 is an integration constant.” The new metrics
represent continuous generalizations of the static BTZ
black hole [2,3], which is obtained for fy; =f;; =0
Vi, j, as well as of its charged version [22-24], which we
recover for f ;.1 = p; = 0 V j. The charged BTZ black
hole is obtained as a solution to Einstein gravity minimally
coupled to a scalar field because theories of the type
L(R,p,d,¢) are dual to theories with an electromagnetic
field, i.e., of the form L(R, F.; = 204 ), and the kinetic
term of a free scalar simply gets mapped to the usual
Maxwell term [64]. In the general case, the dual field
strength is defined by

oL
9(0:0)°

and one can in principle invert this relation to find d¢(F)
and, from this, the dual Lagrangian, Ly (Rup, Foy) =
L — = F;0.¢e. This is something difficult to do in
general but, in the present case, one can consider a
perturbative expansion in powers of the length scale L,
which yields, for By, # 0,

=47Ge e ——~ (2.8)

1 2 2
L R Fab
dual = g G{ t3 +ﬂ,1 ab
—41? [ﬁ“ (FpF)? —3@’0 FabF“CR<bC>”
0.1 0,1
+OLY, (2.9)

where R ;) is the traceless part of the Ricci tensor. Observe
the appearance of the usual Maxwell term controlled by
Po1, as anticipated. While the original “magnetic” frame
Lagrangian may contain a finite number of terms, the dual
one contains infinitely many in general. One can choose to
work on either frame, and the magnetically charged
solutions of the original frame become electrically charged

>This constant is related to the mass of the solution, but the
precise identification would require a careful analysis of the
conserved charges in the theory (2.1) as the density with f
seems to yield a nontrivial contribution. Instead, below we obtain
the mass from the free energy.

in the dual one, with a field strength given by F,, =
where the electrostatic potential reads

(2

2j+1)
RAGI jﬂl,j<j+1>(7p) ; +2p/31,0] + o,
J=0

(2.10)

—0,A,

lﬂOzp
2 i—1)

[ﬁo 1P log

and r, an IR cutoff, prevents the potential from diverging
within the radius r. Also, @ is an integration constant which
corresponds to the potential in the asymptotic region and
whose value can be fixed by imposing that A,(r) vanishes at
the horizon of the black hole. Since the expression of the
magnetic-frame Lagrangian is simpler, and so is the form of
¢ for the class of solutions we are interested in, from now on
we will perform all our calculations in such a frame.
Going back to the solutions, observe that, on general
grounds, they will describe black holes whenever the
function f(r) has at least one positive root. If f(r) has
several positive roots, then the solution possesses several
horizons and the largest root represents the event horizon,
that we denote by
r, = max {r > 0|f(r) = 0}. (2.11)
More generally, as we show in detail in [64], depending
on the values of the gravitational couplings, the new metrics
describe different types of solutions, including: black holes
with curvature singularities, black holes with conical
singularities, black holes with “BTZ-like” singularities,

regular black holes for which f (r)r—_)o>1 (which require
some degree of fine tuning of the parameters), regular black

holes for which f (r)ﬂ)»O (which do not require any fine
tuning), as well as solutions with no horizons which are
regular everywhere.

B. Black hole thermodynamics

Let us now consider the thermodynamic properties of the
above black hole solutions.’®

The temperature T = f'(r,)/(4x) can be straightfor-
wardly obtained from the metric function (2.7) using the
horizon condition f(ry,) = 0. The result reads

|:2rh Zﬁo p21L21 1:|
2(j+1)7 -1
' [1 +Z;:oﬁ1,j(2j+ 1)(%) " ] . (212)

°A previous study of various thermodynamic aspects of these
black holes in several particular cases can be found in [92].
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Regarding the entropy, we can use Wald’s formula [93,94],
given by

S = —2ﬂ/dqo\/_€ €op —— (2.13)

oL
OR,’

where h is the horizon surface, \/E is the determinant of the
induced metric and €,, is the binormal to the horizon
surface, normalized so that €,,e”? = —2. We find

]

(2.14)

1

F=—
8G

1
e Lz Bop® log +Z

2(k+1)

+ Zﬂl J 2k+1 f,<rh):|

where in the second line we wrote 4 in terms of ry, using that
f(ry) = 0. The thermodynamic mass of the black holes M
can be then obtained found from the relation ¥ = M — TS,
this is’

1
3G

1
T 8G

ﬂOzp
Z 2(i—1)

14
M= P + Bo.1P* log—o - 2192/31.0}

{ 2+ﬁ01l?210g——2p2ﬂ10
G

Moreover, the electric charge can be trivially computed in
the “magnetic frame,” yielding

(2.17)

__1 _ P
Q—4ﬂG/§]d¢—2G. (2.18)

Finally, we can give an expression for the potential, that is,
the quantity conjugate to the charge. This is defined as
® = lim,_, ., A,, so using (2.10) we find

"Note that this does not coincide with the ADM mass
[100,101] reported in [64], the difference being 3/, p>. We
suspect that a more detailed calculation of the latter may make the
mismatch disappear.

o
{/H'ﬂo,lpz logz—2p2ﬂ1,0 = rnf'(ry) +Z,51, s

ﬁOlp
2(i—1)

Note that the higher order terms proportional to f; ; lead to
corrections to the area law.

The free energy F can be computed from the
Euclidean on-shell action F = Iz, where f is the
inverse of the temperature. The full Euclidean action
reads

1 1 1
Iy = — Brygl——— | Exvi(K-=),
E 167rG/M o SJTGAM xx/_< L)
(2.15)

where the first term is the bulk action, and the second
one includes the Gibbons-Hawking-York boundary term
[95,96] and a suitable counterterm [97-99]. We find

(k+1)
(Lp)? F(r)

= "h

L\ 2(i-1)
<p ) — rnf'(rn) = 2,51,0192

(2.16)
|
1 {—ﬁmplog i+ Z z?o_lzi <LP)2(1'—1)
+ 47zTLI_ZO,B1 S+ )<Lrhp> 2J+1]‘ 1o
With all these ingredients, the first law,
dF = =8dT + @dQ, (2.20)

can be easily verified to hold.® Equivalently, we can
write it in terms of the mass instead of the free energy as

dM = TdS + ®dQ. (2.22)

III. COUNTING L(R,;.0,¢)) DENSITIES

Three-dimensional EGQT gravities are theories built
from contractions of the Ricci tensor and d,¢ admitting
black hole solutions of the form (1.1). In order to character-
ize them, we can start by counting the number of densities

8Relatedly, one can check that the relations

9, F
0,F = 0,T 3"

h

are satisfied.
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of the form £(R,,;,,d,¢) which exist in three dimensions.
Out of the Ricci tensor alone, it is possible to see that the
most general density one can build is a function of the
invariants [9,102]

R, R, = R, R, Rz =RIRSRY. (3.1)
The exact number of order-n densities of the form L£(R,;,)
was computed in [5], the result being

#(n) = % <g+ 1) +€—‘

where [x] = min{k € Z|k > x} is the ceiling function and
€ is any positive number ¢ <« 1. We have, for instance,
#(4104) = 1405621 densities of order 4104.

Including the scalar into the game amounts to consider
three additional building blocks besides the pure-curvature
ones. These are

(3.2)

Q) = gabaaﬁbabéb, Q= Rabaaébabfﬁ’

@, = R, R0°$pd° . (3.3)
Invariants whose curvature order is greater or equal to three,
n > 3, can be written in terms of lower-order invariants
using Schouten identities, analogously to what happens
with pure-gravity densities for n > 4. Indeed,

8y RGRE -0, pPrp =0, forn>3.  (3.4)

This greatly reduces the number of independent invariants
and allows us to express the most general Lagrangian as

’C(Rab’ aa¢) = Z aijklmnpRiRéngq)(l)q)’lnq)g'
i,j,k,l,m,p

(3.5)

The curvature order of a particular density is given by
n=1i+2j+3k+ m+ 2p whereas the number of scalar
fields is given by ny = 2(I + m + p).

We are interested in characterizing the possible mono-
mials from Eq. (3.5) through the number of derivatives
N =2n+ny,=2(i+2j+3k+1+2m+3p), either in
the metric or in the scalar field. For N’ =2, 4, 6, 8, the
independent densities read

D, ={R, D}, (3.6)
Dy =R Dy U{®} R, @}, (3.7)
Dg =R - D, U {®}, Ry®y, D, R3, Dy},  (3.8)
Dg = R - Dg U {® D}, D}, R, D5, R;3D, P, Dy,
R3, R,®;, D?}. (3.9)

So we have #(2) =2, #(4) = 5, #(6) = 10 and #(8) = 18,
respectively. We can obtain the number of possible invar-
iants with N derivatives using a generating function of
the form

1

G(x,y) =

(1 =) (1 =x)(1=x0)(1 = y*)(1 = x2y?) (1 = x*y?)”

(3.10)

where x and y parametrize the number of derivatives in the metric tensor and in the scalar field respectively. The Maclaurin

series reads

G(x,y) = +1 + (1-x2 4+ 1-y%) + (2x* +2x29% + y*) + (3 + 4x*y? + 2x2y* +y°)

~—~

N=0 N=2

N=4 N=6
+ (4% + 6x0y7 5ty + 220 38 L~ Y RN )Y
N=0

(3.11)

N=8

where the coefficients are to be read as follows: there are two densities with N = 2, one purely geometrical and another that
only depends on the scalar field; then, there are 5 densities with A = 4 derivatives: two that depend only on derivatives of
the metric, two mixed and one with only derivatives of the scalar field; and so on and so forth.

Setting x = y in (3.10), we are able to explicitly compute the number of densities with A/ number of derivatives

N3 N* 101N

20M?

(3.12)

#N) = {138240 2304

10368 288

24299+(—1)%’Jr W EAEAYIVN
51840 '~ 128 ' 81 3 “

where 0 < € < 1. This can be written in a somewhat more explicit fashion as
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960
1

#(N) =< 50 [=75((=)% = 1) + k(941 — 45(=)* + 2k(900 + k(680 + 9k(25 + 3k))))],

555 [60((=)F = 1) + k(131 4 45(=)* + 2k(360 + k(410 + 9k(20 + 3k))))],

(3.13)

1435 4 45(=)% + 2k(4 + k) (146 + 27k(4 + k)],

valid for N = 6k —4, N/ = 6k —2 and N = 6k, respec-
tively. For large A, the number of densities behaves as

N3 N?
¥ 138240 T 2304

101/\/3+29N2
10368 = 288 °

#(N) (3.14)

It will also be relevant for our purposes to know how
many densities there exist of a certain curvature order n—
i.e., independently of the number of derivatives of ¢. From
this perspective, the possible densities for the first few
orders read

dl — {R,(Dl}, (315)
d2 - R . d] U {Rz,‘b%,CDQ}, (316)
d3 :R'd2U{R3,(D?,(I)2cD1,R2ch}, (317)

d4 - R . d3 U {CI)4, q)zq)z, qu)%, Rz, ®%,R2®2,R3(D1}.
(3.18)

where it is understood that each density can in fact be
multiplied by an arbitrary function of ®(, which has n = 0.
Again, we can find the total number of invariant terms at
any given order n following the generating functional
procedure. In this case, we have

1
O == =)

(3.19)

where the (1 — x!)? comes from the 2 independent order-1
invariants, the (1 —x*)? comes from the 2 independent
order-2 invariants, and the (1 — x*)! comes from the single
independent order-3 one. Expanding, we find

G(x) =14 2x + 5x% + 9x> + 16x* +25x° + ...

= Z#(n)x".
n=0

(3.20)

We see that the corresponding coefficients match the
number of densities enumerated above for n =1, 2, 3,
4, namely, #(1) =2, #(2) =5, #(3) =9, #(4)=16.
Similarly, we expect #(5) = 25, and so on and so forth.
The number of invariants of order n can be written in a
closed form as

1
[9(=1)" + n3 + 1702 + 95n + 184] +§J,

(3.21)

where |x| = max{k € Z|k < x} is the floor function. For
large n, the number of densities grows as

n* n®  Tn?

16 18"

B(n) ~ o 322
(M~ 16T (3.22)

Again, we stress that each density of order n can be
multiplied by an arbitrary function of ®;, which means
that, strictly speaking, there are infinitely many indepen-
dent densities at each order n. In spite of this, we still find it
more illuminating to classify our families of densities as a
function of n instead of N.

IV. EGQT GRAVITIES IN THREE DIMENSIONS

In this section we construct new families of electromag-
netic generalized quasitopological gravities. We show that
there exists exactly one single nontrivial family of theories
of that kind at each curvature order n—each family
parametrized by an arbitrary function of d,¢0“¢. We find
a recurrence relation which allows for the construction of
general-order densities starting from lower-order ones, and
find an explicit expression for the general-n family. For
n = 1, such family reduces to the electromagnetic quasi-
topological gravities presented in [64] and reviewed in
Sec. II, for which the metric function f(r) satisfies an
algebraic equation. For n > 2, we find that the resulting
theories are all genuinely “generalized,” namely, f(r)
satisfies a second-order differential equation instead. We
study the near-horizon and asymptotic behavior of the
black hole solutions of these theories and construct their
profiles numerically in a few cases. Finally, we compute the
relevant thermodynamic quantities and verify the first law
in the general case.

A. One EGQT family at each order

When gravity is coupled to a scalar field, there are
infinitely many theories which belong to the EGQT class.
In fact, a family of EGQT gravities linear in curvature, i.e.,
with n = 1—but involving terms with arbitrarily high
N —was presented in [64]. The Lagrangian of such family
can be written as
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gl - (I)l <3F(]>[¢0] + Z(I)()F/(l)[¢0]> - (I)()RFU){CDO],
(4.1)

where F ;) = F(;)[®,] is some arbitrary function of the

kinetic term of the scalar field ¢ and F ’(1) = dFL(I'; ™ To this

we can add an additional order-O0 term involving an
arbitrary function of @, namely,

Go = F(0)[®@o]- (4.2)
Writing F (o) and F ;) as series expansions in @y, Gy + G,
becomes

Go+Gi = Y _PolX7V0) = gy L2
i=1 j=0

[(3+2/)®) — D], (4.3)
where f;, f, ; are arbitrary dimensionless constants, and
L is some length scale. The above is the form originally
presented in [64] and the one we used in Sec. II.

In this section, we extend the catalog of EGQT densities
to arbitrary orders in curvature. The procedure is fairly
simple: we consider the most general Lagrangian at a given
order n, which will be a linear combination of the
independent densities, each multiplied by an arbitrary
analytic function of the scalar field F; ,). Then, we impose
the condition that the reduced Lagrangian L, becomes a
total derivative when evaluated on (1.1). As a consequence,
the functions F; ,) must satisfy a set of relations. Although
the number of those is smaller than the number of
independent densities, we find that, at each order n, there
is a single way in which EGQT densities modify the
equations of the metric function f(r), namely, we can write
the most general order-n EGQT density as a single density
which contributes nontrivially to the equation of f(r), plus
a sum of densities which make no contribution whatsoever
to the equation of f(r)—sometimes we will call such
densities “trivial” even though they will not be trivial when
evaluated on other backgrounds.

Let us illustrate this with the example of n = 2. We start
considering the most general second-order Lagrangian of
the type L(R,, 0,¢), this is

£(2>

general

- Fl’(Q)RZ + F2.(2>R2 + F3‘(2>R(I)1

+ F4(2)q)% + F5’(2)(I)2. (44)

Now, introducing this expression into the EGQT condition

we obtain relations between the free functions, reducing
their number to three. The resulting Lagrangian reads

G, =G, + G2 wrivial

where

RZ
Gy = F(5)[ @)@ <7 - Rz)

_ <<I>0F’(2) @ +2F [cpo]>c1>2 (4.5)

is a density which contributes nontrivially to the equation
of f(r). Also,

G rivial = G1,0)7 1,2) + 362,27 2,02), (4.6)

where G (5), Gy (y) are arbitrary functions of @, and

Tl’(2> = (I)% - (I)o(bz,

T2 =30, — D(2R, - R?) —2R®,, (4.7)
are two densities which vanish when evaluated in such
ansatz, 7)1y = T 22|01y =0. The first density,
T\ (2), vanishes not only for static and spherically sym-
metric ansétze, but for all diagonal metrics. The other,
T 2,(2)> vanishes when evaluated in (1.1). Therefore, both
densities correspond to “trivial” EGQT densities and all
higher-curvature Lagrangians constructed from linear com-
binations of them will be as well. We can then take G, as a
representative of order-2 nontrivial EGQT densities as it
will differ from any other EGQT of the same order by a
trivial density.

We can apply the same procedure at third order in
curvature. In this case, we start with a Lagrangian con-
sisting of nine densities. Then, applying the GQT con-
dition, we obtain the nontrivial family

R2
Gy = —2F 3)[@] D, (7 - Rz)
2 !
+{ F3)[ @R + 2 F5) [@o]@y | @, (4.8)

plus five trivial combinations, which vanish when evaluated
in (1.1).

Interestingly, we find a pattern satisfied by the G, of the
first few orders when evaluated on (1.1). In particular, we
observe that they satisfy

2 2 N\ (n—1
p Pl (Y
Guly =5 F) [—2} (-) f"

r r r

2 2 2 2 /
p p 2p p /\"
-5 (F(n) [7] + FF,W {7D <7> . (4.9)

which by itself satisfies the EGQT condition for arbitrary n,
namely: \/=gG,|(; ) is a total derivative,
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2 d 2 I\ n
V=991 = %5 |:F(n) [1;—2] <f7> } (4.10)

We suspect that this on-shell expressions are valid for
EGQT densities of arbitrary order. In the particular case in
which all the general functions of @, are equal to each
other, Fjy = F(p =+ =F(,)=F we can use (4.9) to
derive a recurrence relation

o _ (1=2)(n=1)
" HD3F @) (n - 3)

[gn—2g2 - gn—lgl]y (411)

valid for n > 3. This means that using lower-order EGQT
densities, we can build arbitrarily high order ones in a
recursive way. For instance, using G;, G,, Gz we can
construct a new density, G,, which is of order n = 4 and
is guaranteed, by virtue of (4.10), to be of the EGQT class.
We can go on and build G, for general n in an analogous
way. The relation (4.11) tells us that there exists at least one
family of EGQT gravities at each order in curvature and,
from (4.9), what its on-shell form in our single-function
ansatz is. Observe that once the new density G, is
constructed, the fact that we had to take the functions
F'(;) to be equal for the densities of various orders involved
simply suggests that for each n the corresponding nontrivial
EGQT density depends on a single arbitrary function of @,
which is precisely what we have observed for the first few
orders.

This does not exclude, however, the possibility that
additional, inequivalent, EGQT densities exist for n > 3.
We will show now that, as a matter of fact, there are no
additional nontrivial densities. First, in the Appendix we
show that given the most general order-n family of
densities, we need to impose exactly n conditions to the
relative coefficients in order to obtain the most general
EGQT density of that order. On the other hand, we have to
take into account the existence of the “trivial” densities at
each order, understood as those that vanish identically for
static spherically symmetric metric. As seen above, there
are two trivial densities at second order and four at third
order. It is, however, simpler to count first the number of
nontrivial densities #,,nuiviai(72). In order to do that, it is
convenient to momentarily switch our basis of building-
block invariants. Indeed, using the traceless Ricci tensor

Sap = Ry, — % R we consider now

82 = Sahsuh’
E:1 = Suhaa¢ab¢v

Sy =8hSise,

B, =38,850pd ¢,  (4.12)
plus R and ®,. The benefit of this basis is that it allows
one to express the on-shell Lagrangians in a simpler
way. Defining the quantities A =—(2f/r+ f”) and
B = (f" — f'/r)/3, the independent on-shell densities read

p’B 3B?

R[4y = A, Bl = Sl = -

22 3
_ p°B 3B
¢2|(1.1) = 2 53|(1.1) 3

(4.13)

Now, observe that all of the above, with the single
exception of R, are proportional to powers of B.
Therefore, all the independent densities that we can have
at order n in the curvature are R'E7~", with i =0, 1, ...n,
times arbitrary functions of ®,. Thus, the number of
nontrivial densities is
#nontrivial(n) =n+1. (414)

This result, combined with the fact that at order n there are
n constraints that must be satisfied in order to yield an
EGQT density, implies that there is only one nontrivial
family of EGQT densities at each order in the curvature—
each family characterized by a function of ®,. On the other
hand, the number of “trivial” densities has a more com-
plicated expression for general n. This can be easily
obtained as the total number of densities minus the number
of densities which belong to the nontrivial set, namely,
#trivial(n) = #(n) - #nontrivial<n) = #(l’l) —n—1 (415)
where #(n) was presented in (3.21). Hence, at each order n,
we have a single nontrivial EGQT and #(n) —n—1
trivial ones.

In fact, we have been able to obtain an explicit formula
for such an order-n EGQT density. It reads

(=)' [ 3g,]!
gn - 35 R+ 3()1 3 3I’lF(n> [CDO]

+ 20y F [%}) E +203F), [(IJO]R} . (4.16)

which of course satisfies the recursive relation (4.11) and
reduces to (4.9) when evaluated on-shell on (1.1). While
this reduces to G, as in (4.1), the expressions for G, and G5
appearing in (4.5) and (4.8) differ from the ones corre-
sponding to the n = 2, 3 cases in (4.16) by terms which are
trivial when evaluated on (1.1). Observe that G, includes
terms divided by powers of @ starting at n = 2. Because
of this, if we consider a polynomial expansion for the
arbitrary function F,)[®,], we must demand its lowest-
order term to be n — 1, i.e.,

F()[®o] = Z P L2,

j=n—1

(4.17)

where the f 1,; are dimensionless constants. Taking this into
account, we can write the most general nontrivial EGQT in
three dimensions as
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1
IEGQT_@/&X {R+— Zg} (4.18)

where G is a general function of ®y—see (4.2). Assuming
polynomial expansions for the general functions of @,
present in the G,, we have

Go =+ _PosL2-Naf, (4.19)
k=1

—E Pral?V@p[(2k + 3)@

k=0

—®R].  (4.20)

G, = +Z%L2(k+3)®6[(2k +8)D, — 2D,R|D;, (4.21)
k=0

_Z%Lz(HS)@(’;[(Zk +13)®, — 3(I)OR](D%’

(4.22)

2(k+2n—1) pk
0

g +Z ﬂnk

X [(2k+5n=2)®; —n®(R]®"~!, (n>1) (4.23)
where in the last line we have written the general form

which includes all cases with n > 1.

B. Equations of motion and black holes

As expected for EGQT gravities, the equations of motion
of (4.18) reduce, when evaluated for static and spherically
symmetric solutions, to a single equation for the metric
function f(r) which can be integrated once. The resulting
equation can be obtained either by direct evaluation of the
full nonlinear equations of the theory or, alternatively, by
considering an ansatz of the form

ds? = —N2()f(r)de* + % 1R b=l

(4.24)

r€[0,4+c0), ¢ =1[0,2z). Evaluating Ly ;4= /g
LeGqorla24) and imposing the variations with respect to
the three undetermined functions to vanish,

6LN.f,(/) _ 5LN,f,t/) _ 6LNf(/)
SN ’ Sf ’ 5

=0, (4.25)

one finds three equations which are equivalent to the ones
obtained from direct substitution of the ansatz (4.24) on the
full nonlinear equations—both for the metric and the scalar
—of the theory [64,103,104]. We find that the second and
third equations are proportional to dN/dr and d*¢/dg¢?,

respectively, and therefore can be solved by setting
N(r) =Ny and ¢ = pp+ ¢, where N, and ¢, are
integration constants which we can set to 1 and 0,
respectively, without loss of generality. On the other hand,
the first equation can be integrated once and the result reads

r Poxr® ([ pL\2*D
—f— )= 2100 — E ; =
f ﬁ(),]p OgL+k:22(k < >

-1\ r
+ Ew = (4.26)
n=1

where A is an integration constant related to the mass of the
solution and &,y reads

L2(2n—1+k) 2(k+n)
P {n(3n + 2k —2) ff/ D)

_ _ﬁn.k
S(n) = Z 3t 2k=1

k=0

T (n - 1) - nff'"—Zf”@ . (4.27)

As anticipated, the equations of motion depend, at most, on
second derivatives of the metric function f(r) for generic
higher-curvature theories. Interestingly, it is only for n = 1
that the expression reduces to an algebraic equation, which
means that only at linear order the theory is of the
quasitopological type. This is of course the set of theories
presented in [64] and reviewed in Sec. IL.

Although (4.26) cannot be solved analytically in general,
it is possible to establish the existence of black-hole
solutions and construct them numerically, as we show
below in a few cases. As explained, e.g., in [70,76], in order
for the metric to describe black holes, there are two
boundary conditions which need to be satisfied. The first
comes from requiring regularity at the horizon, and the
other comes from imposing the correct asymptotic
behavior, namely, the one corresponding to the Einstein-
gravity solutions. Let us analyze these two regimes in more
detail.

First, assuming the existence of an outermost horizon,
we can consider a Taylor expansion of the solution at ry,
namely,

f(r) =4nT(r—ry) + Z L)t (4.28)

where, again, we employed the relation T = f'(ry,)/(4n),
and g, = f (k>(rh). Substituting this ansatz into (4.26), we
can solve order by order in the expansion. The first two
orders lead to the constraints
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r Poip® (pL\2D
—i- 21oo N E : 7
ﬂU.lp 0og L + — Z(k (

—1) T
2n+k—1) n—1
_ZZﬂnk( ) %PZ(H")(%T%)",
n=1 k=0
(4.29)
and
Zrh pL\ 2(k=1)
—4xT — — | =
Z]ﬂ()k Ty <rh>

by

n=1 k=0

x p2ktn) (4 Tr )", (4.30)
respectively. These implicitly relate r, and T with 4, p and
the gravitational couplings. Meanwhile, going to higher
orders shows that all coefficients a,,- 5 are fixed in terms of
a,, which turns out to be the only free parameter of the
solution. Effectively, a, will be fixed by requiring the

2

fr)~ 5=

. (4.31)

—/30.1P210g£+fp(”) +efu(r).

Here f,(r) is a particular solution of the Eq. (4.26) near
infinity, obtained as a 1/r expansion,

¢ C+1 3 1
fp(r)~=p? ( ) Zﬂnf nt12" <?fﬂ+§——)
logr/L

and f,(r) represents a perturbation over this solution,
controlled by the parameter ¢ < 1. In the above expression
we defined £ = min{n + k — 1|n > 0}, that is, the lowest
combination n+ k —1 corresponding to nonvanishing
coupling constants 3,0, and we also assumed S, # 0.
The equation of motion at O(e) is an homogeneous
differential equation that reads

(4.32)

/! ! —
solution to have the correct asymptotic behavior. In order to afy +bfy+fi=0. (4.33)
study that regime, we can assume that the solution takes the
form of the charged BTZ solution plus a correction, where
pL)2e+) CiL . )
a= PN 2= 1) + O og /L),
n=1
(pL)z(erl) 41 -
b= +w(f +2)) B2 (n—1) + O~ log r/L). (4.34)

n=1

Note that for n =1 we are left with f, =0 and
(r)~——/1 Poilogr/L — p*Bo, in agreement with

(2.7). In the general case, the two independent solutions
of (4.33) behave asymptotically as

» s
Fulr) ~Ar e"p[<f+1><L|p|>f+l ,J

£+1

—|—Br’Texp[<i+ 1)(L|p])f“ﬁ} (4.35)

where

£+1

pP= Zﬁn,f—lﬂrl (n - 1)2}1—2. (436)
n=1

This means that regularity at infinity imposes A = 0, as
long as p > 0, and the perturbation remains small (ex-
ponentially suppressed) near the asymptotic region. Thus,
requiring that the exponential mode is absent at infinity

[

fixes an extra constant and, from the horizon-expansion
point of view, this amounts to fixing a, to a particular value
for each set of gravitational couplings. On the other hand,
whenever p < 0 the solutions diverge and both coefficients
would need to vanish. Since we have a single available free
parameter, we do not expect black-hole solutions to exist
for p < 0.

We have solved (4.26) numerically in a few cases using
the “shooting method.” That is, we solved for f(r) in a
region outside the horizon r > ry, + €, specifying f(r, + €)
and f'(r, + €), according to the expansion (4.28). In each
case, we carefully adjusted the coefficient a, so that the
diverging exponential mode at infinity did not pop up and the
solution had the right asymptotic behavior. Once a, was
determined, we also solved the differential equation inside
the event horizon r < r, — €, using f(r, — €) and f'(r, — €)
as boundary conditions. Finally, we glued the interior and
exterior solutions. In the left plot of Fig. 1 we show some of
these solutions, corresponding to n = 2 EGQT gravities. In
each case, we plot the rescaled function f(r)/[1 + r*/L?],
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fr)-[t+r2/07 7

)/ — Charged BTZ ~ — Charged BTZ
— Pao=1 = Bo2=-1
B0 =2 Boz = Pio=1/8
—1 Bap =3 10=1
0 1 2 3 1 0 1 2 3 1 5
T r
FIG. 1. Left: We plot the numerical profiles obtained for black-hole solutions of n = 2 EGQT theories. Wetake L =1, p = 1,1 =1,
Po1 = 1, and we set to zero all the rest of couplings, with the exception of f3, o. Right: We plot profiles corresponding to (analytic) black-

hole solutions of EQT gravities. The solutions chosen possess one, two and three horizons, respectively.

which gives us more control on the solution in the
asymptotic region—in particular, this function is bounded
from above when the exponential mode at infinity is absent.
The blue curves represent the n = 2 EGQT black holes,
while the red one corresponds to the charged BTZ. For
additional reference, in the right plot we include some of
the analytic solutions corresponding to the EQT (n = 1)
theories. As we can see, the new solutions possess a single
horizon and they seem to behave near r — 0 in a way
analogous to the neutral BTZ black hole, i.e., f(r) = —|u|
for some constant y. This corresponds to a singularity
in the causal structure [3]. Observe that switching 3, to
zero, such solutions reduce to the charged BTZ,
which instead has a curvature singularity at the origin.
Hence, the introduction of the higher-order coupling tends
to smooth out the charged BTZ singularity. It would be
interesting to study in more detail the properties of these
new black holes, including the possible existence of
solutions with additional horizons or other kinds of
singularities.

C. Black hole thermodynamics

In this section we analyze the thermodynamics of the
EGQT black holes described above. Although it might be
natural to express the thermodynamic quantities as func-
tions of the horizon radius and the charge (or temperature),
due to the complicated relation that these satisfy, it proves

|

[/1 +ﬁo1p210g——2P2ﬁ10 = rnf'(ra +ZZﬁnk

b
_SGLZ[HﬂOIXIOg +Z Ok)

more convenient to make some redefinitions. We rewrite
(4.30) in the form

2=y =3 e S, B2 i

n=1 k=0
(4.37)
where
L?p? 4zL*T
x= I; , and y= il , (4.38)
AN 'y

are dimensionless variables. Since expressed in these new
variables (4.30) looks tidier, we find it simpler to work with
the set {ry, x, y} rather than {r,, T, p}. We stress that by
virtue of the above equation all the thermodynamic
quantities will implicitly depend only on two of these
variables, for instance {ry, x}.

The entropy, computed using Wald’s formula (2.13),
reads

(4.39)

ﬂ'rh |:1_ZZ:B anrk n— 1:|

n=1 k=0

The free energy is calculated according to the procedure
described in [87], and the result reads

L2(2n+k—1) 2(k+n)

14
3nt2k—2
Ty

f’(rh)"}

n=1 k=0

2yt S Pkt

n=1 k=

064050-12



ELECTROMAGNETIC GENERALIZED QUASITOPOLOGICAL ...

PHYS. REV. D 107, 064050 (2023)

where rg is an IR cutoff. From the definition F = M — T'S one gets for the mass

1
M = 3G [/1 + Bo.P? log— - 2p*p o]

8GL2 |:1 + ﬁo 1x10g + Z

On the other hand, the variable conjugate to the charge is
the electric potential A,(r) at infinity, which is computed
from the relation

oL
9(0cp)’

Choosing an integration constant ® such that A,(r,) = 0,
the solution to the above equation is

Foap = 20,,Ay = 47Ge (4.41)

Al =+ |Puapoe - e 2 (2
(n+k-1) 2N\ n
) (s
+zﬂ1,0p] Lo (4.42)
Hence,
®= rh\/_{—/)’mlog——Zﬂlo—i—ZﬁOkkx)
+Zzﬂ"" (ktn ”*"‘ly"} (4.43)
o

Finally, written in the suitable variables, the charge and the
temperature read

"'
4.44
0= 2G =26L V™ (444)
and
Yy
T = . 4.45
4rxL? ( )

Using (4.37), we can check that the first law holds:

oM dQ
— = T 4.46
ory, ory, + drh ( )

and

oM 9
B %2,

(4.47)
ox  ox ox

[}Ok

x —2f10x — ZZﬁnk

"+ky"] . (4.40)

n=1 k=0

|

In the above expressions we must take into account that all
the quantities are implicitly functions of r;, and x alone, so
that for a function f(ry,x,y) we must apply the chain rule
af __ + dy of

ox — ox dy*

V. CONCLUSIONS

In this paper we have characterized and constructed the
most general electromagnetic (generalized) quasitopolog-
ical theory of gravity in three dimensions. This class
includes densities of arbitrarily high curvature orders and
generalizes the results presented in [64]. Up to terms which
make no contribution to the equations of motion when
considered for static and spherically symmetric ansétze, the
most general theory appears in (1.2). The theories
admit solutions of the form (1.1). The metric function
f(r) satisfies a second-order differential equation whenever
the EGQT theory includes terms of order n = 2 or higher in
curvatures, and an algebraic one when only n = 0, 1 terms
are present—see (1.6). We have shown that at each
curvature order there exists a single EGQT family, G,,
which can be modified by adding to it any linear
combination of the #(n) —n — 1 order-n densities which
are trivial when evaluated on a static and spherically
symmetric ansatz—see (3.21) for the explicit form of
#(n). We have studied some general properties of the
black-hole solutions of these theories, explicitly construct-
ing the profiles numerically in a couple of cases. We have
computed the relevant thermodynamic quantities for the
most general theory and verified that the first law is
satisfied.

It would be interesting to study further the black holes
of these theories. In particular, a better understanding of
aspects such as the number of horizons or the types of
singularities which may arise would clearly be desirable.
This would allow for a better comparison with the analytic
EQT cases more thoroughly studied in [64]. Unexplored
aspects both of the EQT and the new EGQT solutions
presented here include the study of their causal structure
and orbits, conserved charges, quasinormal modes and
dynamical stability—e.g., along the lines of [105-107]. On
a different front, EGQT gravities in higher dimensions have
been used, in their holographic toy models facet, to prove a
universal property satisfied by charged entanglement
entropy for general CFTs [108]. In two-dimensional
CFTs, the charged Rényi entropies display interesting
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nonanalyticity features in the case of free fields [109] and it
would be interesting to find out if a similar behavior is
realized for other theories. Our three-dimensional
EGQT gravities are ideal candidates for this. On a different
front, it would be interesting to see if double-copy
ideas [110,111] may make sense for these theories and,
if so, characterize the corresponding solutions from the
gauge-field perspective.
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APPENDIX: NUMBER OF CONDITION FOR A
GENERAL-ORDER DENSITY TO BE EGQT

In this appendix we show that, given a general order-n
density, n conditions need to be imposed on the coefficients
so that the resulting density is of the EGQT class. In order
to do so, it is convenient to change our basis of invariants.
We write now our independent building blocks in terms of
the traceless Ricci tensor S, = R, — % R. Our set of seed
invariants reads now

82 = SabSab,
B = Sabaa¢ab¢’

plus R and ®,. The benefit of this basis is that it
allows one to express the on-shell Lagrangians in a
simpler way. Defining the quantities A = —(2f"/r + f")
and B = (f" — f'/r)/3, the independent on-shell densities

Sy = ShSsse,

By = 8,800}, (A1)

read
2 2
_ p°B 3B
R[4y = A, Eila =5 Sala =5
2p2 3
p°B 3B
dz|(1.1) = 2 S3|(1‘1) =0 (A2)

In this basis, the general form of an order-n density can be
written as

n—(2j+3k+m+2
E ijmp [@]R (2j r)

J.k.m,p

x SiSkEm=b I

general
(A3)

where G i, (n) [@o] are arbitrary functions and the last term
is introduced for convenience. The expression of the on-
shell Lagrangian evaluated on (1.1) reads

general

f/ n—(2j+3k+m+2p)
Z ijmp (n) |: :||:f”+2 :|

J.k.m,p

1] @j+3k+m+2p)
X { " ——} , (A4)

where we defined

5 2 1 (2j+3k+m+2p) 2n
G jkmp,(n) p_ =G jkmp,(n) ( ) p2 :
Jkmp.(n) "2 Jjkmp, r2 18/+2k 21

(AS)

Now we follow the steps of [5], where it was proven, for the
case without additional fields besides gravity, that the GQT
condition—namely, the fact that the effective Lagrangian
Lj(,") = \/—_gﬁ(ggleralhl_l) evaluated on the single-function
ansatz becomes a total derivative—imposes exactly n
constraints on the couplings. We will show that the same
applies in the EGQT case. We start by employing the
binomial identity twice in (A4) so that the effective

Lagrangian reads
2 N\ n—qg—
P A
2] (D)7 o

(n) _ :
Ly =r Z G jimpgs.(n)

J.k.m,p.q.s

where

Jjkmpgs,(n)

é (_ 1 ) (2j+3k+m+2p)—s <n —

(2j+3k+m+2p))

2j+3k+m+2p+qg—n
2 q

(A7)

2j 4 3k+m+2p\ -
x s Jjkmp.(n)

(n)

A necessary condition for L y to be a total derivative is that
the terms with powers of f” higher than one must vanish.
Since 0 < g + s < n, there are n — 1 constraints that we
need to impose in order to remove all such terms and keep
the densities of orders 0 and 1 in f”. By doing so, the

general on-shell density becomes

/ / —
~ f n—1
; =r Z |: ]kmpOO( ) +2ijmp(10) <7 f” ’

J.k.m.p
(A8)
where Zéjkinp(l()) = éjkmpl() + (zijkmpm. Now, in order for

this to be an EGQT density, LJ(C") needs to satisfy the Euler-

Lagrangian equation for f(r), which in three dimensions is
known to take the form [5]

(n) (n)
oL d oL
S S
o dr o + const. (A9)
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By doing so, we obtain a single additional condition which
can be straightforwardly read from (A8). Adding this to the
n — 1 constraints obtained above, we obtain a total of n

conditions that one must impose to a general order-n
density in order to obtain the most general EGQT density
of that order.
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