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Stationary vacuum bubble in a Kerr—de Sitter spacetime
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We study false vacuum decay in a black hole (BH) spacetime with an angular momentum. Considering
the false vacuum region described by a Kerr—de Sitter geometry, under the thin wall approximation, we can
obtain the stationary configuration of the vacuum bubble seen from the outside false vacuum region without
specifying the geometry inside the domain wall. Then, assuming the true vacuum region is described by a
Kerr geometry, we can fix the mass and the spin parameter for the Kerr geometry by imposing the first
junction conditions and conservation of the angular momentum. Although the assumption of the Kerr
geometry inside the domain wall cannot be fully consistent with the second junction conditions, we can
roughly evaluate the error associated with this inconsistency by calculating the Brown-York quasilocal
energy on the domain wall. Then the decay rate can be estimated by using the obtained parameters for
the inside Kerr geometry and the Brown-York quasilocal energy. Our results support the statement that the
BH spin suppresses the false vacuum decay in a BH spacetime.
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I. INTRODUCTION

False vacuum decay is transition of a field from a
metastable state (false vacuum) to a stable state (true
vacuum) (Fig. 1). The phenomenon is triggered by, e.g.,
a thermal excitation and a quantum tunneling, which we
focus on in this paper. Let us consider the transition in the
spacetime filled up with a false vacuum field. The false
vacuum decay occurs stochastically, and there will be some
finite number of true vacuum regions, called vacuum
bubbles. The bubbles expand typically and the true vacuum
region will fill the spacetime eventually (vacuum phase
transition) (Fig. 2).

False vacuum decay has been studied for more than
40 years since the pioneering work about vacuum decay in
the flat background spacetime by Coleman [1]. Coleman
and De Luccia investigated vacuum decay in the maximal
symmetric spacetime including the gravitational effect
in [2], and vacuum decay in a black hole (BH) spacetime
was discussed in [3] for the first time. In [3], it was reported
that, for the Schwarzschild solution, namely, the static and
spherically symmetric vacuum solution of the Einstein
equations, a BH acts as a nucleation site for the decay. More
recently, the transition in the Schwarzschild spacetime
has been investigated in more detail [4,5]. According to
the results in Refs. [4,5], there are some cases where the
existence of BHs raises the decay rate.

Although there is no perfect understanding of a physical
reason for the promoting effect of BHs, one of the most
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plausible explanations is that the effect is associated with
thermal assistance [6]. In [6], the authors give an inter-
pretation of the effect in some limiting cases as follows:
BHs are thermal sources of which temperatures are those
Hawking temperatures, and tunneling with them is ther-
mally assisted tunneling with the temperature. That is to
say, the authors stated that the thermal radiation from the
BHs enhance the vacuum decay rate. The thermal nature of
BHs is regarded as a quantum gravity effect, so if we follow
this interpretation, vacuum decay in BH spacetimes has
quantum nature of gravity at a semiclassical level. In [4,5],
decreasing horizon area, which violates the area theorem in
the classical gravity theory, was reported, so we can also
regard this result as a consequence of the quantum nature of
gravity. These facts imply that vacuum decay with BHs
may be a clue to quantum gravity theory.

False vacuum decay in BH spacetimes is getting atten-
tion for its applications in recent years. In 2012, the Higgs
particle has been found [7,8]. And then, it has been pointed
out by several authors that the Higgs vacuum may be
metastable and decay [9-16]. If the Higgs vacuum is
metastable and there are many BHs to trigger the decay,
the lifetime of the Higgs particle in our Universe is
shortened. Following such a perspective, in [17], a con-
straint on the mass spectrum of primordial black holes
is provided.

At the present time, there is much room to discuss
vacuum decay with BHs. Besides poor understanding of
physical meanings, we can point out that most of the related
previous research focused on spherically symmetric space-
times. In general, realistic BHs are rotating, so discussions
in spherically symmetric spacetimes are insufficient for
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FIG. 1. The schematic figure for the vacuum decay via quantum
tunneling.

applications. Therefore, it would be meaningful to consider
transitions in a rotating BH spacetime. Because of the lack
of spherical symmetry, it is difficult to treat the problem as a
one-dimensional problem as in Ref. [4]. Indeed, no robust
way has been established to treat vacuum decay in a non-
spherically-symmetric BH spacetime. An analysis in the
Kerr spacetime has been done in Ref. [18] for the first time
with some assumptions such as no backreaction to the
spacetime. According to Ref. [18], increasing the BH spin
decreases the decay rate. On the other hand, different from
the result in Ref. [18], we found that the spin of the BH
promotes the decay in the Banados-Teitelboim-Zanelli
(BTZ) spacetime, which is a three-dimensional spacetime
with an angular momentum [19]. The origin of this
discrepancy has not been clarified yet. In this paper, we
aim to obtain a deeper understanding by analyzing vacuum
decay in the Kerr spacetime with different settings and
assumptions from [18]. We take the thin wall approxima-
tion as in many previous researches. In addition, we focus
on the transition with a stationary bubble wall and evaluate
the decay rate.

This paper is organized as follows. In Sec. II, we briefly
summarize the working hypotheses we make in this paper.
In Sec. III, we show how to calculate the configuration of
the bubble wall without knowing the geometry inside the
bubble wall. In Sec. IV, assuming the inside geometry is
given by a Kerr geometry, we fix the mass and spin
parameters by demanding the continuity of the metric
and the conservation of the angular momentum. In Sec. V,

we discuss how we deal with the inconsistency in the
second junction conditions associated with the use of the
Kerr geometry inside the bubble wall. We show the results
in Sec. VI and discuss their implications in Sec. VIL

Throughout this paper, we use the geometrized units in
which both the speed of light and Newton’s gravitational
constant are unity, G = ¢ = 1.

II. SUMMARY OF THE PROCEDURE TO
EVALUATE THE DECAY RATE

As is stated in the Introduction, no sophisticated treat-
ment is known for the evaluation of the vacuum decay rate
in a non-spherically-symmetric spacetime. Our understand-
ing is still far from a fully consistent treatment for the
evaluation of the decay rate, and we need to introduce some
working hypotheses. In order to avoid any confusion, let us
first summarize our procedure to evaluate the decay rate in
this section.

According to Ref. [1], in a vacuum decay process via a
quantum tunneling, the decay rate per unit spacetime
volume I is given by

I e B/ = e_(SE_SEOVh’ (21)
where S and Sg are the values of the Euclidean action for
the Euclidean tunneling solution and the false vacuum
solution, respectively, and B has been defined as

B:=Sg— Sg. (2.2)
Apart from the overall factor, the decay rate can be mostly
evaluated by the value of 3, and we focus on the evaluation
of B in this paper.

Throughout this paper, we rely on the thin wall approxi-
mation for the bubble wall between true and false vacuum
regions and do not consider any specific matter contents
which realize the vacuum decay process. Although the thin
wall approximation is one of our working hypotheses,
at least in the case of the transition of a scalar field in the
flat spacetime with a double well potential, the thin wall
assumption would be justified under some conditions: a
steeper potential peak between two minima and a smaller
gap in the potential values in the local minima [1]. This
assumption is also adopted in many related papers, e.g.,
Refs. [3,4,6]. Then we also regard the system we treat as
composed of a false vacuum region, a true vacuum region,
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FIG. 2. The schematic figure for vacuum phase transition.
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and a thin wall that mediates them satisfying the Israel
junction conditions [20]. In the neighborhood of the bubble
wall, the system can be locally approximated by a planar
domain wall system, and the intrinsic energy-momentum
tensor S,;, of the wall would be approximated by the pure
tension type,

Sap = —0hgp, (23)

where ¢ > 0 is the tension of the shell and &, is the
induced metric on the shell.

For further simplification, we focus on the stationary
configurations of the system, that is, we consider time-
independent configurations. This assumption is not just a
simplification. According to the results in Ref. [4], in the
spherically symmetric case, the transition with the static
shell gives the largest decay rate for a sufficiently large BH
mass in the false vacuum region. Based on this fact, at least
for slowly rotating cases, we may expect that the transition
with the stationary shell also gives the maximum proba-
bility, and we focus on such cases. Then, as is reviewed in
Appendix A, the difference of the Euclidean action B can
be evaluated by computing the difference of the black hole
horizon area before and after the transition. Since our
purpose is reduced to the computation of the horizon
areas in the stationary system, we perform all computations
in the main text with the Lorentzian metric to avoid
possible confusion.

Our procedure to calculate the decay rate can be divided
into the following three steps:

(1) For a given value of the tension o, solving the shell
equation of motion, we determine the bubble wall
configuration seen from the outside Kerr—de Sitter
region which is characterized by the mass parameter
M, the spin parameter a, , and the de Sitter length /.
This process can be done without specifying the
geometry inside the wall once we assume the
vanishing vacuum energy for the inside geometry
as will be explained in Sec. III.

(2) Assuming that the geometry inside the shell is given
by the Kerr metric, we fix the mass parameter M _
and the spin parameter a_ by imposing the con-
servation of the angular momentum and the first
junction conditions on the shell. Then we can
evaluate the decay rate by calculating the horizon
area of the BH in the true vacuum region. However,
in this process, the assumption of the inside Kerr
geometry cannot be justified without a nonspherical
version of Birkhoff’s theorem and leads to incon-
sistency in the second junction conditions.

(3) We quantitatively evaluate the inconsistency in the
second junction conditions by calculating the Brown-
York energy inside the shell with the Kerr geometry
being the reference metric. Since the evaluated
Brown-York energy must be zero if the procedure

is fully consistent, the value of the Brown-York energy
allows us to evaluate an uncertainty for the decay rate.
Then we also show the decay rate with the correction
evaluated from the Brown-York energy.
A more concrete description will be given in the following
sections.

III. BUBBLE CONFIGURATION
IN A KERR-DE SITTER SPACETIME

The Israel junction conditions consist of the first
conditions

[hap)s =0, (3.1)
and the second conditions
1
[Kaple = =87 <Sab ~5 habS>ﬂ (3.2)

where K ,;, is the extrinsic curvature on the shell. Here, for
convenience, we labeled the quantities on the spacetime
outside/inside of the bubble wall with the subscript +/—
and used the expression

(3.3)

Let us consider representing the equation of motion
(EOM) for the shell configuration only with the geomet-
rical quantities On the + side. In order to do that, we use the
junction conditions and the constraint equation on the shell.
Let us consider the projection of the Einstein equations
onto the normal direction to the shell (the Hamiltonian
constraint),

R — K% + K5 K% = —16aT ,nn®.  (3.4)
Here, T, is the energy-momentum of the +/—-side region,
and n¢ is the outward unit normal vector to the shell. By

subtracting the —-side equation from the +-side equation,
we obtain

[Kap] 1 K = [K] LK = —8[T ypnn"] (3.5)
where we defined the expression
A:%M++AJ. (3.6)
By using Eq. (3.2) and its trace
K], = 4xS, (3.7)
we can obtain
S, K = [T ,nn”].. (3.8)
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In this paper, we assume that the false vacuum has positive
_ _.3 s chi

vacuum energy 7oy = —gon Gabs abnd vanishing vacuum

energy for the true vacuum 7 ,,_n“n” = 0. Based on these

assumptions, we obtain

Tantnt]y == (3.9)

By using Eq. (2.3), we get
S, K?® = —cK, (3.10)

and

K++K_:i2. (3.11)

4rol
By contracting Eq. (3.2) with §,;,, we obtain

K. - K_=-12zrc, (3.12)
and summing Eqgs. (3.11) and (3.12), we can get

K, :—67w—|—i (3.13)

8nol?’

This is the EOM for the shell configuration. Note that, in
order to obtain the EOM, the pure tension assumption is
necessary, besides the Hamiltonian constraint and the
second junction conditions.

In this paper, we consider transition from a Kerr—
de Sitter spacetime characterized by the BH mass M,
spin a, and the de Sitter length /. The metric in the Boyer-
Lindquist coordinates is given by

1
dSz =7 (A[ - CIZSiHZGAg)dtz
p

2asin’@ p? p?
— | Ap(PP +a?) - A, | dtdp +"—dr* +"—d6?
Pzzl [ H(F +a) Z] ¢+Al " +A9
sin’¢ 2, 0\ 2002 2
5 | Ap(r” +a°)” — Aja’sin“0 | dep”, (3.14)
P
2
A= (12 +a2><1 _l_2> —2Mr, (3.15)
a
Ag=1 +ﬁcos 0, (3.16)
2
a
2= 1+—. 3.17
1 +3lz ( )

Because of the axisymmetry, we can assume that the
stationary shell is given as a hypersurface

W= {(ty, 14,04, ¢1)|r — R(04) =0}, (3.18)

and the unit normal vector to this surface is computed as

1

nt = (0,)* — g?09R(05)"].  (3.19
T O~ PR @) (319

By calculating
K, =V.nl, _ge,) (3.20)

from Eq. (3.19) and putting it into Eq. (3.13), we can obtain
a second order differential equation for R(6, ). By solving
this equation, we can obtain the shell configuration seen by
an observer outside the shell. We note that our treatment is
fully consistent under the thin wall approximation thus far
without specifying the inside geometry.

IV. DETERMINING THE INSIDE GEOMETRY

In the spherically symmetric case, the geometry can be
restricted to the Schwarzschild—de Sitter family thanks to
Birkhoff’s theorem. However, without spherical symmetry,
we cannot easily specify the inside geometry by a known
family of solutions. For a fully consistent treatment, we
may have to solve the Euclidean Einstein field equations
inside the shell with a boundary condition specified on the
bubble wall. This is an extremely hard problem and, in this
paper, we adopt an alternative way to avoid this difficulty.
We simply assume that the inside geometry is given by the
Kerr family described by (3.14) with

A, = P+ a* = 2Mr, (4.1)
Ay — 1, (4.2)

That is, the inside geometry is characterized by two
parameters: the mass parameter M _ and the spin parameter
a_. In our situation, because of the stationarity, the differ-
ence of the Euclidean action B can be calculated from the
difference of the BH horizon areas. See Appendix A for the
derivation. BH horizon areas of a Kerr—de Sitter and Kerr
spacetime are given by

2 2

riy+a
AH+:47T+ a2+’

1 +5

Ay =8aM_ <M_ +24/M?* — a%), (4.5)

respectively, where r, is the outer event horizon radius for
the Kerr—de Sitter spacetime.

Once the values of M, a,, and [ are fixed, we can
compute 3 by knowing the values of the parameters M_
and a_. As is explained in the following subsections, we fix

(4.4)

064043-4



STATIONARY VACUUM BUBBLE IN A KERR-DE SITTER ...

PHYS. REV. D 107, 064043 (2023)

the values of M_ and a_ by using the angular momentum
conservation and the first junction conditions. Since the
forced inside geometry leads to inconsistency in the second
junction condition, we will evaluate the decay rate with the
deviation associated with the inconsistency as will be
explained in Sec. V. In this section, first, we explain
how we fix the values of the parameters M_ and a_.

A. Conserved angular momentum

Since we are focusing on stationary and axisymmetric
spacetimes, we may use a conserved charge associated
with the symmetries to give a restriction on the possible
parameter space of M_ and a_. More specifically, we can
evaluate the quasilocal energy and angular momentum
with the Komar integral [21]. However, as is explained in
Appendix B, the energy conservation is not appropriate to
be used in our setting. On the other hand, we can use the

angular momentum conservation. Let us consider the
Komar integral for the angular momentum given by

o= V“(a)de (4.6)
167 J,—ro)x,  \99 “ .
on the shell, where dS,, is given by
dSqy = =2ujnydS (4.7)

with u, and dS being the unit normal 1-form to the time slice
%, and the two-dimensional surface element of the shell
2, N W. Here, it should be noted that, since the spacetime
is axisymmetric, the Killing vector (d,)¢ is globally and
uniquely defined with the period 2z of the coordinate ¢.
By explicit calculation at just outside of the shell
r, =R(0,), we can compute the value of the angular
momentum which is given by the following expression:

P /ﬂ 0 M a PPsin® 0, (a} —6R: —3aZ R} —2a3 R (0p, R.)sin20, + a? (a’ — R3 ) cos 20)
* o (a2 + I?)*(a% +2R% + a% cos 26, )? '

(4.8)

Here, we introduced the expression R, = R (6..) in order to stress that we are treating with the +-side quantities. Because
of the pure tension assumption, the shell cannot have an intrinsic momentum and cannot carry the angular momentum.
Therefore, the conservation of the angular momentum leads to

M_a_=1J,.

(4.9)

B. The first junction conditions

The first junction conditions require the continuity of the induced metric on the shell. The line element on the shell can be

written as

dR\?
ds%,v = haibdxidx’i = g”dl‘2 + Zgl(/)dtd(ﬁ + g(/,(/,d(/’)z + {g()g + grr <%> }d€2:|
re=R.

in the Boyer-Lindquist coordinates. Since the system is
stationary and axisymmetric, the metric components do not
depend on ¢ nor ¢, and a linear combination of the Killing
vectors (d,)* and (9,)¢ is also a Killing vector. Therefore,
the first three terms describe a cylinder metric, and the
continuity of the two-dimensional part of the metric can be
guaranteed by just imposing the equality of the circum-
ferential radius. That is, regarding g, as a function of 6 and
the radial coordinate R(6) on the shell, we obtain

[940(R(0).0)]. = 0 & g, (R_(6-).6-)

—g$¢(R+(«9+),9+) =0. (4.11)

Here, we introduced the notation g, (R (6..),6..) for the
metric component on the shell to emphasize that gy,

(4.10)

depends only on R = R(6) and 6 there. Since we already

know R, (6, ), this gives a condition for R_(6_).
Because the unit vectors in the 4+ and — sides of the shell

must be identical to each other on the shell, we obtain

w. _ [
o, \ hy

Combining Eqgs. (4.11) and (4.12), we can obtain the
following set of ordinary differential equations:

(4.12)

do
D 0 (R,O_.0.:M), 4.13
qo = O-(R0025M) (4.13)

dR

- _RU(R.O_.0.0.:M), (4.14)

do,
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where the prime denotes the derivative with respect to 6,..
We consider M |, a, and [ as fixed parameters, and treat
R as a given function of @, . Note that the value of a_ is
given as a function of M_ through (4.8) and (4.9). We
numerically solve them in the following way. First, we put a
trial value of M_ and set the initial value of O_ as
0_(6,. = 0) = 0. Then, we obtain the initial value of R_
by demanding the second junction condition (3.2),

[Kab“a“b]i‘m:o = 4no (4.15)
at @ =0. Under this setup, we can solve and obtain
R_ = R_(6_) depending on the value of M_. Then, we
numerically find the value of M_ which satisfies the
regularity condition

R/_|9_: = 0 (416)

NIy

V. ESTIMATION OF THE DEVIATION IN THE
SECOND JUNCTION CONDITIONS

As we discussed in the previous section, we can obtain
M_ and a_ and compute B by solving the first conditions.
However, we cannot fully impose the second junction
conditions

K}, — K, + 4nch,, = 0. (5.1)
The second junction conditions are partially included in the
conditions (3.7) and (4.15), and these are sufficient in the
spherically symmetric case with the static configuration.
However, without spherical symmetry, the other compo-
nents are nontrivial and we inevitably suffer from the
inconsistency of them with our procedure. Letting Kgb
be the extrinsic curvature for the inside Kerr geometry,
we find

6K = K,, — K% = K}, + 4nch,, — K% #0. (5.2)

The origin of the inconsistency can be regarded as the
assumption of the inside Kerr geometry. In order to give a
rough quantitative estimation for the correction of the decay
rate due to the inconsistency, let us evaluate the Brown-
York quasilocal energy [22] of the region bounded by the
shell with the inside Kerr geometry being the reference
geometry. The Brown-York energy is defined by

1
Egy = ——

(k = ko)dS,
87 Jr=r(0).3,

(5.3)

where k is the extrinsic curvature on X, N W, and k, is the
fiducial extrinsic curvature to evaluate the energy. Apart
from the use of the reference geometry, the Brown-York
quasilocal energy can be evaluated only by the geometrical
quantities on the boundary. For our purpose, we may

consider the inside Kerr geometry as the reference for k.
That is,

k — ko = 6K + 6K utu®. (5.4)
Then, we may estimate the deviation 6M of the proper
value M_ from M_ evaluated on the boundary shell as

5M = M_—M_ :EBY' (55)
We note again that, for a, = 0, the rest of the second junction
conditions (5.1) are satisfied automatically and we obtain
oM = 0. We can also expect SM < M_ fora, < M.

Since the corrected mass M_ can be given by
M_ = M_ + 6M, the corrected spin can be also evaluated as

_ Jy J

CTEM. T Mot oM (5:6)
due to the angular momentum conservation (4.9). Although
the proper geometry inside the shell would be different from
the Kerr geometry and the horizon area would not be given by
Eq. (4.5), we adopt the expression (4.5) for the estimation of
the deviation. Since we have two estimated values for B
associated with M_ and M _, hereafter, we express B with the
argument as B(M_) or B(M_).

A more speculative argument about this estimated value
B(M_) is the following. Once the true vacuum region
comes out in the Lorentzian spacetime and the shell
expands far away from the BH, the BH may approach
the Kerr BH. The mass for the Kerr BH may be expected to
be bounded by the energy initially contained inside the
shell, and the horizon area of the resultant Kerr BH is at
most that with the mass M _. Namely, together with the area
law, the estimated horizon area with the mass M_ may give
an upper bound for the horizon area at the moment of the
nucleation. Consequently, the estimated value of B(M_)
would give a lower bound for B.

VI. RESULTS

A. Shell configuration
Before showing the results, we note that there should be
a lower bound on the value of M, to have a stationary
configuration. According to Ref. [4], in the spherically
symmetric case, if M is smaller than the threshold M,
there is no static transition. Here, M . is explicitly written as

Mc 102473 (ol)?
[ 27]167%(cl)? + 12

(6.1)

for the spherically symmetric case. Conversely, if M,
satisfies M- < M, < My, static transition exists, where
My/1 = 1/+/27 is the Nariai mass. Although we have no
clear criteria for the case of rotating spacetimes, since the
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FIG. 3.

situation reduces to the static shell transition in the limit of
a, — 0, werestrict the parameter regionto M- <M | <M y.

Solving Egs. (3.20), (4.13), and (4.14), we obtain the
shell configurations R, (6,) and R_(6_) seen from the
outside and inside observer, respectively, as depicted in
Fig. 3. First, we can see that the coordinate radius decreases
with a, for both cases. In addition, the shell configuration
gets more distorted for a larger value of a. as is explicitly
shown in Fig. 4, where the eccentricity obtained by fitting
R, (6. ) with an ellipsoid is depicted as a function of a.
We can also confirm that the shell is spherical for a, =0
as is expected.

B. The mass and spin of the BH after the transition

Through the procedure stated in the previous sections,
we obtain the values of M_, a_, and 6M. We plot those
values as functions of a, /I for M, /I = 0.05 and 0.125
with 6/ = 0.1/z in Fig. 5. From Fig. 5, we can see that the
values of 0M are always negative; consequently, we have
M_ <M_ and a_ > a_. While 6M =0 for a, =0, we
have nonzero oM for a, >0 and its absolute value
increases with a,. This fact implies that the assumption

M.,/1=0.15,01=0.1/rt
0.16 T T T

014l
QA2 F
01 F - : :
e
e e
0.04 o e Foni
0.02 g

0 002 004 006 008 01 012 0.14
a4/l

FIG. 4. a, dependence of the eccentricity of R, (6,).
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Configurations of the shell from the outside R, (6, ) (left) and from the inside R_(6_) (right).

of the Kerr geometry inside the shell more significantly
conflicts with the second junction conditions for a larger
value of a . In both cases for M, /I = 0.05 and 0.125, we
find an overspinning Kerr geometry, namely, a_ > M_ for
a relatively larger value of a, /I. Since the deviation 6M is
relatively smaller than the a, dependence of M_ and a_,
we also find a_ > M_ for a relatively larger value of a_ /1.
‘We note that, before the transition, the central BH is a Kerr—
de Sitter BH with a, < M, and the singularity is hidden
inside the horizon. Nevertheless, as a consequence of the
matching conditions on the shell, we obtain the over-
spinning BH. This consequence can be easily understood
by considering the angular momentum conservation as
follows. First, we can find that the resultant value of the
quasilocal angular momentum J, can be approximately
given by M a, (see Fig. 6). Then, by using the angular
momentum conservation, we obtain

Ma =J,~M,a,,

2
a. Miya, M

M. MR T M2

(6.2)

Therefore, we would find a_~a_ > M_~M_ for a
sufficiently large a, if M, > M_." Since we cannot
estimate the transition rate for the case a_ > M_ because
of the existence of the naked singularity, we will not further
discuss these cases in this paper.

C. Decay rate

Finally, we show the a, dependence of the difference of
the Euclidean action B. We normalize B with Bcp;, the

1According to Ref. [4], for the static shell transitions in
Schwarzschild spacetimes, the value of M_ is smaller than
M | unless the value of M, is large enough. For example, we
obtain M_ = M for 6/ =0.1/z and M/l = 0.1327.
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value in the maximally symmetric spacetimes [2]. The results
are depicted in Fig. 7 for M /I = 0.05, 0.1, and 0.125 with
ol =0.1/x. As is stated in Sec. VIB, since 6M < 0, we
obtain B(M_) > B(M_) and B(M_) — B(M_) increases
with a,/l. In the case of M, /Il =0.05 and ¢! = 0.1/,
both B(M_) and B(M_) increase with @, . By recalling that
the decay rate is proportional to exp(—B/#), this result
means that the spin decreases the rate. On the other hand, for
the M, /I = 0.10 and 0.125 cases, B(M_) decreases with
a, /lfora, /l < 1 and starts to increase from a certain value
of a/l. However, as is explicitly shown in the figures, B(M_)
is always an increasing function of a, . Therefore, for the
M/l =0.10, 0.125 cases, we cannot give any concrete
conclusion. Nevertheless, if we accept the speculative argu-
ment stated in the last part of Sec. V, B(M_) gives the lower
bound for B3, which gives an upper bound for the decay rate.
Since the upper bound for the decay rate is smaller than the
decay rate for a, = 0, we reach the same conclusion as for
M, /1 = 0.05, that is, the spin decreases the decay rate.

VII. SUMMARY AND DISCUSSION

In this paper, we have discussed false vacuum decay in a
Kerr—de Sitter spacetime. Because of the lack of spherical
symmetry, a fully consistent analysis is very hard. Instead
of trying to make a self-consistent procedure, we performed
the tricky analysis briefly described below.

First, we considered a Kerr—de Sitter geometry as the
false vacuum region. Assuming that the bubble wall is
described by the stationary thin shell with the equation of
state being the pure tension type, we can fix the configu-
ration of the bubble wall seen from the outside region
following the junction conditions without knowing the
inside geometry. Under these assumptions, the decay rate
can be calculated once we obtain the horizon area of a BH
in the true vacuum region. However, the inside geometry is
not necessarily given by a Kerr geometry because of the
lack of Birkhoft’s theorem which only works with spherical
symmetry. Nevertheless, we can find a Kerr geometry that
fits the shell imposing the angular momentum conservation
and the first junction conditions. That is, we can obtain the
mass parameter M _ and the spin parameter a_ for the inside
geometry. Although we expect that the decay rate estimated
from the fitted Kerr geometry I'(M_) gives a good
estimation at least for a relatively small Kerr parameter,
we can go further by evaluating the deviation associated
with the inconsistency in the second junction conditions.
Since we do not fully take into account the second junction
conditions when we look for the inside Kerr geometry,
there should be inconsistency in the second junction
conditions. In order to evaluate the inconsistency, we
calculated the Brown-York energy oM with the inside
Kerr geometry being the reference geometry. The value
of 6M can be regarded as an error associated with the
inconsistency in the second junction conditions if we
accept the inside Kerr geometry as an approximation for

the unknown true geometry. Then we may estimate the
corrected mass parameter inside geometry by M_ =
M_ + 6M. In this sense, the decay rate is estimated at
around the values I'(M_) and T'(M_) with an expected
magnitude of the uncertainly ~|['(M_) —T'(M_)|.

There might be another interpretation about the mass
parameter M_. Once the bubble is nucleated in the
Lorentzian spacetime and the bubble wall expands, the
inside geometry would approach a Kerr spacetime. Then
we naively expect that the mass inside the shell M_ would
be carried by the resultant Kerr BH. Because of the area law
in the classical gravity, the horizon area of the inside BH
increases with time in the Lorentzian spacetime. Thus the
horizon area estimated by the Kerr geometry with the mass
parameter M_ should give an upper bound for the horizon
area at the moment of the nucleation. Although this inter-
pretation is not very solid and is speculative because of the
ambiguity of the quasilocal gravitational energy, once we
accept it, the decay rate I'(M_) gives an upper limit.

The results are summarized as follows. For a relatively
small mass parameter of a Kerr—de Sitter spacetime for the
false vacuum region, letting I'g,,;, denote the decay rate for the
spherically symmetric case, we obtain I'(M_) < T(M_) <
[gpn. That is, we can safely say that the decay rate is
suppressed by the spin of the BH for a relatively small mass
parameter. For a relatively large value of the mass parameter,
weobtain['(M_) < Ty, < I'(M_). Therefore, adopting M
as an error and the estimation of the decay rate as around
['(M_) and I'(M_), we cannot make any concrete conclu-
sion. However, if we accept I'(M_) as the upper bound for
the decay rate, we may obtain the same conclusion as for
the case of a relatively small mass parameter, that is, the spin
of the BH suppresses the decay.

Let us compare these results with the previous research
in the Kerr spacetime [18]. In Ref. [18], the authors
focused on the small spin limit a, < / and assumed that
there is no backreaction to the BH parameters. Moreover,
they assumed that the shell has the anisotropic pressures
po and p,, and treated the system in the form of the
potential problem as often used in the spherically sym-
metric case. As a result, they stated that the spin of the
black hole decreases the decay rate as is consistent with
our results. On the other hand, according to our work in
the BTZ spacetime [19], the spin in the three-dimensional
rotating spacetime promotes the decay. The reason for this
difference has not yet been clarified. One possible cause is
dimensional dependence, which would be investigated
in future works. In this paper, we performed a tricky
procedure to avoid difficulties associated with lack of the
spherical symmetry and took a rough estimation. In order
to get a concrete answer, we need to perform a totally
consistent analysis which may require the construction of
the inside geometry by solving a set of elliptic equations
for geometrical quantities. Throughout the paper, we have
used the thin wall approximation and assumed that the
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shell has pure tension. Relaxing these assumptions would
be valuable future work.
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APPENDIX A: EUCLIDEAN
ACTION AND DECAY RATE

In this appendix, by following Ref. [4], we calculate Sg,
the Euclidean action of the system, and derive the specific
form in the case of a stationary configuration. Throughout
this appendix, all computations will be done with the
Euclidean signature.

We can divide Sg into four parts as follows (Fig. 8):

Sg=3S8n+Sm_+Sm, +Sw, (A1)
where S3; is the contribution from conical defects. By

taking appropriate coordinates near the defects [4], we can
obtain

= -2 4 (22

where Ay, and A, are the BH event horizon area and

/) s |

tg
M

FIG. 8. Schematic picture of Euclidean spacetime.

Syy 1s the contribution of the matter field on the shell W.
Under the thin wall approximation and the pure tension
assumption, we obtain

R+0
Sy = — / dw drL,,\F)
w R-0

R+0
z/ daw drod(r — R(zg))
w R-0

= / dWo,
w

where dW is the spacetime volume element and the
integration is over the wall and Euclidean time. Here,
r is the Gaussian normal coordinate to the wall.

Sp, are the contributions from the +/— side of the

domain wall with the boundary terms, which are written as

1 1 3
Sm.=— / dV(FR“E) +£Sf)) +g- / dWKg.,
M. T T JoM,

(A3)

cosmological horizon area, respectively. (A4)
|
where dV is the spacetime volume element. By taking the 3 + 1 decomposition
RE = RE) — Ky + Kpwap K + 2V, (82V,014) = 2V, (LY, i})., (A5)
on the constant (Euclidean) time slice X,  , we can write them as
s = - (v R® &2, + Rpsukt + 16227
T — Kpy + Kprap Kgl + 167L5,
+1/dWi( Jrl/dW~ iV, i (A6)
-_— - ny,u uy.
87 W E+ 87 W +a+ Vbt

Here, &4 is the unit normal to %,, , and 71,., = +n,, is the inward unit normal vector to W. K, is the Euclidean extrinsic

curvature, which is related to K, via K. = +K . The first line in Eq. (A6) vanishes due to the Hamiltonian constraint

and the Killing symmetry [4]. Then we obtain

1 1
Sm, +Su_ = g/WdW(IQ -K_)+ g/WdW(naiﬁVbﬁi — n it V,at).

(A7)

064043-10



STATIONARY VACUUM BUBBLE IN A KERR-DE SITTER ...

PHYS. REV. D 107, 064043 (2023)

The second term can be rewritten as

1
87[1/\;

where K, = 01 ﬁ’ivbna and in the first equality, we used
the relation @47, = 0. By using the second conditions

K. - K_=-12zrc, (A9)
K.,.—K_,, = —4nch,, = —4ro, (A10)
we obtain
1 1
Sm, +Su_ = 87 )b dW(-12z0) + 87 dW (4ro)
= / dW(-o). (A1)
w

Here, h,, = ha, 1% = (gup — nanp)a4ii, = 1. Note that
19y, = 1 in the Euclidean spacetimes. Using Eqs. (A3)
and (A11), we obtain

SM++SM_+SW:/G'W(0—U):O, (AIZ)

w

and we can see that only Sz, contributes to B. Eventually,
B reduces to

1
B=—(Ay, —Ay ).

i (A13)

From the expression, we can see that the exponent of the
decay rate depends only on the BH horizon areas. Note that
the stationarity of the shell i n, = 0 is necessary to obtain
this result.

dW(n, a5 Vit — n,i® Vi) = — —
8 w

1
- dw(K_.,,—K_,,),
87[/}/\; ( “+uu uu)

1
dw (it it Vyn, — a4 Vyn,)

APPENDIX B: NO USE OF ENERGY
CONSERVATION

Because of the stationarity of the system, one might
think that the energy conservation law is useful with the use
of the Komar integral [21]

1

- B1
87 Jr=r(0)5, (B1)

EKom = vaé:?,)dsabv

where &, is a timelike Killing vector. However Exy, is ill
defined for the following reason. Let us define the timelike
Killing vector associated with the false vacuum as

a a
S+ = (a) '

For the quasilocal energy to be well defined, the Killing
vector must be defined globally in the system. Therefore,
because of the normalization, the Killing vector in the true
vacuum must be

on the bubble wall. However, the normalization factor

:Zgég; has 6 dependence and does not agree with the

(B2)

(B3)

Killing vector inside the bubble wall. Therefore, we cannot
use the energy conservation with the Komar integral in a
consistent way.
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