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We investigate the shadow of an exact black hole solution of Einstein’s equations recently proposed by
Cardoso et al., to describe a supermassive black hole immersed in a dark matter halo. We analyze and
discuss the light rings and the gravitational lensing of this spacetime comparing them with an isolated
Schwarzschild black hole. Using backward ray-tracing techniques, we study the shadows cast by such
black hole when illuminated by a celestial sphere that emits radiation isotropically. We find that when the
dark matter distribution concentrates near the event horizon of the black hole, multiple light rings emerge.
In this high compactness regime, the shadows and gravitational lensing are significantly different from
the Schwarzschild one. We also use the M87* and SgrA* shadow data, obtained by the Event Horizon
Telescope collaboration, to constrain the parameters of the dark matter halo.
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I. INTRODUCTION

The groundbreaking results of the Event Horizon
Telescope (EHT) collaboration powered the field of black
hole (BH) imaging research. The image of the M87* BH,
released in 2019 [1–6], inspired several studies on BH
shadows to test different gravity theories and to investigate
features of the electromagnetic resemblance of BHs (for
some recent works see, e.g., Refs. [7–17]). The recent EHT
results, released in May 2022, targeted the center of our
galaxy and revealed the image of SgrA* surrounded by an
asymmetric emission ring [18–23]. These recent results
increased the statistical significance of black hole shadow
data, which can be used to constrain even further alternative
black hole models beyond the Kerr hypothesis [24].
The edge of a BH shadow is determined by light rays that

approach asymptotically bound photon orbits [25,26]. In
the case of nonspherical spacetimes, these orbits are called
fundamental photon orbits (FPOs) [27], generalizing the
planar light rings (LRs), which fully describe the shadows
in spherically symmetric spacetimes. For the particular case
of Kerr spacetime, where the Hamilton-Jacobi equation is
separable in the Boyer-Lindquist coordinates, all the FPOs
are known as spherical photon orbits (SPO) [28].
It is unlikely that BHs are completely isolated objects in

the universe. The astrophysical scenarios where most of
these objects live are rich environments. In particular, there
is strong evidence that supermassive BHs source active
galactic nuclei [29–31]. On these galactic stages, another
character plays an important role: dark matter. There is a

large amount of evidence that dark matter surrounds most
galaxies in a halo extending beyond the luminous part of
the galaxy [32]. Dark matter constitutes one of the most
important puzzles in modern astronomy. Some studies
about the implications of dark matter in the image of
BHs were performed in the last years (see Refs. [33–38] for
some recent works and references therein).
Recently, Cardoso et al. proposed an exact solution of

Einstein gravity minimally coupled with an anisotropic
fluid, representing a BH immersed in a dark matter halo
described by a Hernquist profile [39]. In that paper, the
authors studied the influence of the dark matter component
in the propagation of gravitational waves (GW) and geo-
desics (at the linear level). In Ref. [40], the electromagnetic
perturbations and the Unruh temperature were studied
within that dark matter configuration, and the authors of
Ref. [41] analyzed the epicyclic oscillatory motion of test
particles. Tidal forces generated by this BH-dark matter
system were investigated in Refs. [42,43]. Other BH
models with different dark matter halo distributions were
obtained in Refs. [44,45].
We extend the geodesic analysis made at the linear level

in Ref. [39]. In particular, we investigate the shadows and
gravitational lensing, using backward ray-tracing methods,
for a wide range of the halo compactness parameter.
Moreover, we use the EHT data of M87* and SgrA* to
constrain the parameters of the dark matter halo of the
solution proposed in Ref. [39].
The remainder of this paper is organized as follows. In

Sec. II, we review the properties of the spacetime of a BH
immersed in a Hernquist distribution of matter. In Sec. III,
we study the motion of null geodesics and the LRs. In
Sec. IV, we discuss the shadow and lensing of such BH
when illuminated by a celestial sphere. Using the EHT
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observations of M87* and SgrA*, in Sec. V we report
constraints on the parameters of this metric. Our final
remarks are presented in Sec. VI. Unless otherwise stated,
natural units c ¼ G ¼ 1 are used.

II. THE GEOMETRY OF ASYMPTOTICALLY
FLAT BLACK HOLES WITH HAIR

AND REGULAR HORIZON

In order to construct an exact field solution for a BH
surrounded by dark matter, the authors of Ref. [39]
employed a generalized version of the “Einstein cluster”—
a technique that generates a stationary system of many
gravitating masses. To model the galactic profiles, they
used a Hernquist-type density distribution, namely

ρðrÞ ¼ Ma0
2πrðrþ a0Þ3

; ð1Þ

where M is the total mass of the halo and a0 is a typical
length scale of the galaxy.
The geometry of the resulting spacetime is described by

the following line element:

ds2 ¼ −fðrÞdt2 þ dr2

1 − 2mðrÞ=rþ r2dΩ2; ð2Þ

where dΩ2 is the line element of a 2-sphere of unitary
radius. The function fðrÞ is obtained from the mass
function mðrÞ, which, for this spacetime, is given by:

mðrÞ ¼ MBH þ Mr2

ða0 þ rÞ2
�
1 −

2MBH

r

�
2

: ð3Þ

In large scales, this mass function corresponds to a
distribution of matter described by the Hernquist profile (1)
and, at small distances, it describes a BH with mass MBH.
After imposing the asymptotic flatness condition, one

obtains an analytic solution of Einstein’s equations corre-
sponding to the following function fðrÞ:

fðrÞ ¼
�
1 −

2MBH

r

�
eϒ; ð4Þ

with

ϒ ¼ −π
ffiffiffiffiffi
M
ξ

r
þ 2

ffiffiffiffiffi
M
ξ

r
arctan

�
rþ a0 −Mffiffiffiffiffiffiffi

Mξ
p

�
; ð5Þ

ξ ¼ 2a0 −M þ 4MBH: ð6Þ

The matter density associated with this profile is

4πρðrÞ ¼ 2Mða0 þ 2MBHÞð1 − 2MBH=rÞ
rðrþ a0Þ3

: ð7Þ

Note that the event horizon is located at rH ¼ 2MBH,
as in the Schwarzschild solution. The ADM mass of this
spacetime is the sum of the mass of the BH and the mass of
the halo of matter, MADM ¼ M þMBH.
We will focus mainly on the astrophysical setup that is

determined by the regime:

MBH ≪ M ≪ a0; ð8Þ

although we also study some particular cases beyond this
range. To compare different halo configurations, one can
define the compactness parameter as:

C ¼ M
a0

: ð9Þ

In galactic contexts, this parameter can assume values
greater than 10−4 [39].

III. NULL GEODESICS AND LIGHT RINGS

Null geodesics can be obtained by Hamilton’s equations:

_xμ ¼ ∂H
∂pμ

; ð10Þ

_pμ ¼ −
∂H
∂xμ

; ð11Þ

where H is the Hamiltonian, given by

H ¼ 1

2
gμνpμpν ¼ 0: ð12Þ

The spherical symmetry allows us to perform the
analysis in the equatorial plane (θ ¼ π=2) without loss
of generality. Besides that, the axial symmetry, together
with stationarity, guarantees that this spacetime has the
following constants along the geodesic motion:

pt ¼ −fðrÞ_t ¼ −E; ð13Þ

pφ ¼ L; ð14Þ

where E and L are the energy and the total angular
momentum of the photon, respectively.
Following Ref. [10], we can write the Hamiltonian in

the form

H ¼ Tðr; θÞ þ Vðr; θ; E; LÞ; ð15Þ

where T and V are kinetic and potential terms, respectively,
defined as:
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T ≡ p2
rgrr þ p2

θg
θθ; ð16Þ

V ≡ p2
t gtt þ p2

φgφφ: ð17Þ

In order to perform an analysis independent of E and L, we
can define the effective potential HðrÞ, related to V, as

Vðr; π=2; E; LÞ ¼ −
L2

fðrÞ
�
1

b
−HðrÞ

��
1

b
þHðrÞ

�
; ð18Þ

where b≡ L=E is the impact parameter. The effective
potential HðrÞ can be written as:

HðrÞ ¼
ffiffiffiffiffiffiffiffiffi
fðrÞp
r

: ð19Þ

A LR, in this approach, corresponds to a critical point of
HðrÞ, i.e.,

H0ðrLRÞ ¼ 0; ð20Þ
with the prime denoting derivative with respect to the
radial coordinate. The impact parameter related to the LR
is given by

bcrit ¼
1

HðrLRÞ
: ð21Þ

As shown in Ref. [39], keeping only terms up to Oð1=a30Þ,
the LR, in this geometry, lies at

rLR ≈ 3MBH

�
1þMMBH

a20

�
; ð22Þ

and the critical impact parameter bcrit is given by:

bcrit ¼ 3
ffiffiffi
3

p
MBH

�
1þM

a0
þMð5M − 18MBHÞ

6a20

�
: ð23Þ

In the top panel of Fig. 1, we show the effective potential
HðrÞ, given by Eq. (19), for different values ofM=MBH and
a0=MBH corresponding to small values of the compactness
parameter C. In this regime, one can see the local extremum
associated with an unstable LR. In the bottom panel of
Fig. 1, we exhibit an example of a halo configuration with
compactness C ¼ 1.5 (M ¼ 15MBH and a0 ¼ 10MBH).
Although this case may not describe plausible astrophysical
BH-halo systems, it presents features of theoretical interest.
In such case, one can identify three local extrema corre-
sponding to two unstable LRs (represented by the two local
maxima of the effective potential) and one stable LR—
characterized by the presence of a local minimum in
HðrÞ—in agreement with the topological charge conser-
vation results of Ref. [46].

From Eqs. (12)–(14), one can obtain the following
expression:

fðrÞ
r2

�
1

r2ð1 − 2mðrÞ=rÞ
�
dr
dφ

�
2

þ 1

�
−

1

b2
¼ 0: ð24Þ

After integrating Eq. (24), one finds the total variation in
the φ angle. In Fig. 2, we exhibit the scattering angle as a
function of the impact parameter. For values of b close to
bcrit, we note a divergence in Δφ, what means that the
photon winds several turns around the BH before being
scattered. For the case when there are multiple LRs
(C ¼ 1.5), the scattering angle presents more than one
divergent position associated with each unstable LR. In
Fig. 2 we also exhibit null trajectories at the equatorial
plane for the same value of the impact parameter b=MBH
and different values of M=MBH and a0=MBH. One can see
that, by increasing the compactness, for a fixed impact
parameter, light rays that would initially escape to infinity
are trapped in the event horizon. This behavior is due to an
enormous concentration of dark matter around the BH,
which causes the critical impact parameter to increase.
This property is evident, in particular, for the case C ¼ 1.5,
shown in the bottom panels of Figs. 1 and 2.

FIG. 1. Effective potentialHðrÞ of the spacetime represented by
Eq. (2) for different values of the halo properties, namely C ≪ 1
(top panel) and C ¼ 1.5 (bottom panel).
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IV. BLACK HOLE SHADOW AND
GRAVITATIONAL LENSING

In this section, we investigate the shadow and the
gravitational lensing of the BH solution (2) when illumi-
nated by a celestial sphere, which is concentric with the BH
and emits radiation isotropically. The boundary of the BH
shadow, in these spherically symmetric cases, is related to
the critical impact parameter associated with the LR [25]. In
Fig. 3, we show the shadow edge of the BH solution (2), as
seen by an observer at infinity, for different choices of M
and a0, compared to an isolated Schwarzschild BH.

As mentioned in Ref. [39], at dominant order, the effect
of the mass halo is essentially to redshift the dynamics,
which means that there is no deformation of the spherical
symmetry of the shadow. Therefore, a Schwarzschild BH
and the BH solution (2) with the same ADMmass will have
a similar shadow. One can show that the shadow degen-
eracy conditions found in Ref. [17] are not satisfied, which
means that the shadow of solution (2) is not degenerate with
the Schwarzschild shadow. Moreover, it is worth drawing
attention to the fact that although the shadow sizes are not

FIG. 2. Top panel: scattering angle for null geodesic, as a
function of the impact parameter, for different values of a0=MBH
and M=MBH. Middle panel: scattering angle for the case with
C ¼ 1.5 (M ¼ 15MBH and a0 ¼ 10MBH). Bottom panel: null
geodesics with impact parameter b=MBH ¼ 5.25 and different
values of the halo parameters, including the case C ¼ 1.5.

FIG. 3. Top panel: shadow edge of the BH solution (2) for
different values of M and a0, in the low compactness regime.
Bottom panel: shadow edge for the case with C ¼ 1.5 (high
compactness), compared with the low compactness regime.
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the same, it is unlikely that the EHT observations would
perceive this difference, as we discuss in Sec. V.
In the bottom panel of Fig. 3, we show the shadow edge

for the case with high compactness, together with the low
compactness cases. We notice that the shadow size for
the high compactness case is much larger than the low
compactness ones.
In Fig. 4, we show the shadow and gravitational lensing of

the BH solution (2) in comparison with the Schwarzschild
case. These images were obtained using the backward ray-
tracing technique, which consists in numerically evolving,
backward in time, the null geodesics from the observer
position until their absorption by the event horizon or
scattering to infinity. The setup used is the same as in
Refs. [7,47], where we divided the celestial sphere (which is
the light source) into four quadrantswith different colors: red,
green, blue, and yellow (RGBY). For each light ray that falls
into the event horizon, we assign a dark pixel, whereas for
light trajectories scattered to infinity, we designate one of the
four colors of the grid. These images were generated by the
employment of the PYHOLE code [9]. We also cross-checked
our results with a C++ code.
For the configuration shown in the middle panel of Fig. 4,

the shadow and gravitational lensing are very similar to the
Schwarzschild case (top panel of Fig. 4), although not equal.
When there is a concentrated dark matter distribution near
the event horizon of the BH (high values of C), the shadow
and lensing pattern is significantly different from the
Schwarzschild one. In the bottom panel of Fig. 4 we show
the shadow and gravitational lensing for a BH geometry
withM ¼ 15MBH and a0 ¼ 10MBH (C ¼ 1.5). These values
correspond to the same configuration considered in the
bottom panels of Figs. 1–3. We note that this BH geometry
is not in the astrophysical regime specified in Eq. (8).
However, it presents several interesting properties from a
theoretical point of view. For this configuration, we have
chosen the observer to be outside the LRs and far away from
the event horizon. We note that this BH geometry possesses
three LRs: two unstable and one stable. The existence of two
unstable LRs gives rise to a gravitational lensing quite
different from the Schwarzschild one, as can be seen in
the bottom panel of Fig. 4. We also note that the shadow
radius is much larger than the Schwarzschild value with
the same MBH, which is why we have chosen the radial
coordinate of the observer to be greater than the other cases in
Fig 4. The shadow boundary is determined by the unstable
LR associatedwith the highest potential barrier, the so-called
dominantLR[17]. From thebottompanel ofFig. 1,wenotice
that, forM ¼ 15MBH and a0 ¼ 10MBH, the dominant LR is
the one closest to the event horizon.

V. CONSTRAINTS FROM THE EHT
OBSERVATIONS OF M87* AND SGRA*

The EHT collaboration imaged the central BH at M87
and Milk Way galaxies. The errors associated with these

FIG. 4. Shadow and gravitational lensing of the spacetime
solution (2). In panels (a) and (b), the observer is located at the
equatorial plane with radial coordinate Robs ¼ 15MBH. In panel (c),
the observer is located far away from the event horizon.
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results were around 10%. This means that geometries
deviating up to 10% from the vacuum Schwarzschild/
Kerr solutions cannot be distinguished with the current
precision of the EHT. Based on this error of 10%, we can
scan the (M; a0)-plane and check whether a given hairy BH
is favored or disfavored. In Fig. 5 we show the regions
favored (green/lighter region) and disfavored (gray/darker
region) by the current results of the EHT collaboration.
These results were obtained by solving numerically
Eqs. (20) and (21) and computing the relative deviation
with respect to the Schwarzschild result (bcrit ¼ 3

ffiffiffi
3

p
MBH).

If the relative deviation from the Schwarzschild result is
less (greater) than 10%, the solution is in the favorable
(disfavored) region.
Motivated by Ref. [48], one can define another constraint

in the parametersM and a0 by analyzing the shadow radius.
The idea arises from prior knowledge of the angular
gravitational radius of the M87* from stellar dynamics
[49]. Hence, as presented in Ref. [6], one can determine the
deviation of the angular gravitational radius obtained by the
2017 EHT observations and the previously well-known
value inferred from stellar dynamics. The difference found
was −0.01� 0.17, for a 68% level of confidence, which
means that the inferred shadow size of M87*, as measured
by the EHT collaboration, is consistent within a range of
17% with the previous estimates, based on those stellar
dynamics observations. This result can be translated into
bounds on the allowed shadow radius rsh, i.e.,

4.31MBH ≤ rsh ≤ 6.08MBH: ð25Þ

In our case, due to spherical symmetry, rsh ¼ bcrit.

Following an analogous rationale, one can use the recent
SgrA* EHT data to constrain, even further, the values of
the parameters M and a0. For the SgrA* case, the previous
estimates on mass-to-distance ratio obtained with the
analyses of stellar dynamics were predominantly produced
by the Keck Observatory and the Very Large Telescope
Interferometer (VLTI) [23]. The corresponding bounds are

4.5MBH ≤ rsh ≤ 5.5MBH; ð26Þ

for Keck and

4.3MBH ≤ rsh ≤ 5.3MBH; ð27Þ

for VLTI. We exhibit in Fig. 6 the shadow radius of the
hairy BH for different values of M=MBH and a0=MBH. In
the top row of Fig. 6, the green/lighter region denotes
configurations compatible with the observations of the
stellar dynamics for M87* [see Eq. (25)], while the
gray/darker region denotes configurations disfavored by
the observations of stellar dynamics. In the bottom row of
Fig. 6, the blue and pink regions denote configurations
compatible with the Keck and VLTI observations, respec-
tively [see Eqs. (26) and (27)]. The green region is the
intersection of the two compatible regions (pink and blue).
As in the top row of Fig. 6, the gray region in the bottom
row denotes configurations disfavored by the observations
of stellar dynamic. We note that for fixed values of a0, the
shadow radius increases as we increase the halo mass M.
Also, some configurations compatible with the M87*
bounds lie outside the region allowed by the SgrA*

FIG. 5. Constraint for the geometry (2) on the (M; a0)-plane, based on the EHT results for setups withMBH < M (left) andMBH ≪ M
(right). In the favored (green/lighter) region the shadow of the BH geometry (2) deviates less than 10% from the Schwarzschild result,
whereas in the unfavored (gray/darker) region, the deviation is more than 10%.
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observations, for example, the cases with a0 ¼ 1500MBH
and M=MBH ∈ ½100; 200�.

VI. FINAL REMARKS

We have investigated light propagation in the spacetime
of an asymptotically flat BH immersed in a dark matter halo
described by a Hernquist profile, according to the solution
reported in Ref. [39]. We have computed the LRs, shadows,
and lensing for different values of the compactness param-
eter C and compared them with the Schwarzschild solution
results.
Our study of the null geodesics has revealed that for a

dilute dark matter halo (which corresponds to small values
of C) the position and height of the potential barrier are
shifted, but without changing the overall behavior of the
effective potential HðrÞ. For this case, the scattering of
photons by the BH-dark matter system mimics what occurs
in the vacuum case (Schwarzschild BH). On the other hand,
we found that more compact hairy BHs can support the

existence of two unstable and one stable LR. Consequently,
the scattering pattern changes significantly, as seen by the
presence of more than one divergency in the scattering
angle plot.
We have analyzed the gravitational lensing of the BH

solution (2) employing backward ray-tracing techniques.
The parameters of this solution do not modify the spherical
symmetry of the shadow. We concluded that for small
values of the compactness parameter C, the appearance of
this hairy BH is similar to the Schwarzschild BH case.
Higher values of C imply a larger shadow than in the
Schwarzschild case. Moreover, the presence of two unsta-
ble and one stable LR in this regime leads to an intriguing
lensing pattern.
We also performed a quantitative study of the shadows and

showed that they can deviate from the Schwarzschild results
by more than 10%. Using the EHT observations, we could
rule out some halo configurations based on shadow radius
bounds. The majority of low-compactness configurations

FIG. 6. Shadow radius as a function of M for different values of a0. The gray (darker) regions correspond to values of M and a0
inconsistent with the observations of stellar dynamics for M87* (top row) and SgrA* (bottom row). In the top row, the green (lighter)
regions denote configurations consistent with the stellar dynamics for M87*. In the bottom row, the blue and pink regions denote
configurations compatible with the Keck and VLTI observations, respectively. The green region is the intersection of the two compatible
regions (pink and blue). The plots on the left column correspond to configurations withM=MBH in the interval [0, 50], whereas the plots
on the right column correspond to configurations with M=MBH in the interval [100, 1000].
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tested were compatible with the actual boundaries provided
by the EHT results. Due to the high concentration of
dark matter in the neighborhood of the BH, the systems
with compactness greater than the unity yield shadow radii
that lie outside the consistent regions of values for M87*
and SgrA*.
Observational research on the strong gravity regime is

currently experiencing an exciting era. Images of compact
objects in galactic centers, such as those targeted by the
EHT collaboration, provide an empirical evidence to
explore the landscape of BH solutions. In this context,
evaluating the impact of the galaxy environment, as for
instance, the effect of a dark matter halo, is crucial to
constrain models for astrophysical BHs. A natural follow-
up of our work would be to investigate the scenario with
other light sources, for instance when the BH is illuminated
by an accretion disk.
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