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In general, energy extraction methods such as the Penrose process and the magnetic Penrose process are
thought to be reliant on the existence of an ergoregion. Inside an ergoregion, there are negative energy
states that allow a particle to extract energy and escape to an observer at infinity. In this paper, we
considered the electromagnetic field in the rotating Janis-Newman-Winicour (JNW) spacetime. This
concept is feasible because an accretion disc forms an electromagnetic field around compact objects. After
that, we briefly examine negative energy orbits and their significance in energy extraction. The ergoregion
is absent in a rotating JNW geometry, but we show that the effective ergoregion is there. The change in a
negative energy orbit concerning the magnetic field (B), spin parameter (a), and electric charge (Q) is
analyzed. We find that the total energy extraction efficiency within this process can be around 60% for the
rotating JNW naked singularity.
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I. INTRODUCTION

The major concerns in high-energy astrophysics these
days are the powering of active galactic nuclei, x-ray
binaries, and quasars. To understand the reason behind
these high-energy phenomena such as gamma ray bursts,
fast radio bursts, and the formation of jets, many efforts
have been made by researchers by studying the energy
extraction mechanisms. These mechanisms have been
studied for various compact objects, but mainly for black
holes. On the other hand, it is well known now that by the
end state of collapsing star both a visible and hidden
singularity can form [1–9]. On that count, the presence or
absence of the event horizon should be responsible for the
distinct physical signature of a black hole and naked
singularity. A number of articles in the literature are devoted
to investigating accretiondisks, tidal disruption, gravitational
lensing, and timelike and null geodesics around such
compact objects [10–54]. As expected, studying these
properties indeed gives a distinct observable signature. In
addition to that, for the energy extraction due to the absence
of an event horizon, naked singularity should give high
energy extraction efficiency rate than the black hole.
The exciting idea of energy extraction leads back to 1969

when R. Penrose and R. M. Floyd gave the rotational

energy extraction mechanism [55], in which they consid-
ered the ergoregion of Kerr black hole where negative
energy orbits exist. Later on, numerous studies were carried
out where the effects of the magnetic field around the
compact objects on the energy extraction processes were
considered which is known as the magnetic Penrose
process. Apart from this, the concept of collision of
particles in the Kerr black hole was also developed, now
known as the collisional Penrose process [56–67]. The
radiative Penrose effect and its potential significance to
the formation of relativistic jets are discussed in [68]. The
general relativistic rotational energy extraction from the
accretion disk has been investigated in [69]. A few other
mechanisms of energy extraction such as the Blandford-
Znajek (BZ) process, and the Blandford Payne process,
involving rotating black holes as a source, also extensively
include the effects of magnetohydrodynamics [70]. There
are several other processes where the collision of particles
in the vicinity of static and rotating compact objects have
also been studied which are the Banados-Silk-West (BSW)
process and particle acceleration process [71–80].
In addition to this, many articles show these energy

extraction mechanisms for other classes of compact objects
as well along with Kerr black hole. The magnetic Penrose
process is studied for the Kerr naked singularity in which
energy extraction efficiency is about 150% [81]. The
energy extraction using the super Penrose process is also
studied in which Reissner–Nordström (RN) naked singu-
larity is considered as a central compact object [82].
Authors have explored particle acceleration and energy
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extraction for singular as well as regular black hole
spacetimes [83–85]. However, mechanisms related to rota-
tional energy extraction have not been explored for naked
singularity spacetimes as compared to black hole space-
times. Therefore in this paper, we will analyze the presence
of an ergoregion in the naked singularity spacetime.
There are multiple studies investigating the behavior of

an ergoregion and negative energy orbits [86–88]. For the
JNW naked singularity spacetime, many properties includ-
ing an ergoregion have been studied in [89], where the
authors show that an ergoregion does not exist in rotating
JNW naked singularity spacetime. In this paper, we
consider the rotating JNW naked singularity spacetime
in the electromagnetic field. This configuration can act as a
good source that emits highly energetic radiation. However,
we show that energy extraction mechanisms such as the
Penrose process and other rotational energy extraction
mechanisms defined by modifying the Penrose process,
do not require the existence of an ergoregion, rather it
mainly depends on the behavior of negative energy orbits.
Another article also suggests this fact [90]. When a rotating
compact object in the magnetic field is considered, particles
can extract energy from the rotation of the geometry as well
as the magnetic field around the compact object.
In this paper, the effect of the magnetic field around the

rotating JNW naked singularity spacetime is studied. This
concept of considering the magnetic field around the
compact object is certainly interesting, but not surprising.
A magnetic field appears in very small-scale stars for
example the Sun. Thus studies also include magnetic fields
around black hole spacetimes as it can give answers to many
questions, mostly related to the high energy phenomena as
one can consider energy released through excitation of
charged particles along the magnetic field lines, as well as
phenomena such as magnetic reconnection (MR) [91].
This paper is organized as follows: we discuss the JNW

naked singularity metric and electromagnetic four compo-
nents of the external electromagnetic field in Sec. II. In
Sec. III, we first explain the importance of negative energy
orbits and then analyze the behavior of negative energy
orbits for rotating JNW spacetime with the uniform
electromagnetic field. In Sec. IV, we discuss the magnetic
Penrose process and the behavior of the energy extraction
efficiency with magnetic field parameter B, the spin
parameter a, and JNW metric parameter ν. In the last
Sec. V, we discuss the results and conclusions of this study.
Throughout the paper, we have considered geometrized
units. Hence, the gravitational constant (G) and the speed of
light (c) are set equal to one. The signature of the metric is
considered as (−;þ;þ;þ).

II. JANIS-NEWMAN-WINICOUR NAKED
SINGULARITY SPACETIME

The extended geometry of Schwarzschild spacetime with
a massless scalar field is known as Janis-Newman-Winicour

spacetime. The rotating version of the JNWmetric is derived
in [92], using Newman-Janis algorithm (NJA) without
complexification. The rotating JNWnaked singularity space-
time can be written as,

ds2 ¼ −
�
1 −

2f
ρ2

�
dt2 −

4af sin2 θ
ρ2

dtdϕþ Σ sin2 θ
ρ2

dϕ2

þ ρ2

Δ
dr2 þ ρ2dθ2; ð1Þ

where,

ν ¼ 2m
b

; ð2Þ

b ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ q2s

q
; ð3Þ

f ¼ 1

2
r2
��

1 −
2m
νr

�
−ν

− 1

��
1 −

2m
νr

�
; ð4Þ

ρ2 ¼ a2 cos2ðθÞ þ r2
�
1 −

2m
νr

�
1−ν

; ð5Þ

Σ ¼ ða2 sin2ðθÞ þ ρ2Þ2 − a2 sin2ðθÞΔ: ð6Þ

Δ ¼ a2 −
2mr
ν

þ r2; ð7Þ

where m, a, and qs represent the ADM mass of spacetime,
spin parameter, and scalar field charge respectively. In the
spacetime, the limit for the ν is 0 < ν < 1 and the scalar field
charge is nonzero. The Eq. (1) is reduced to a Kerr black hole
and static JNW naked singularity when ν ¼ 1 and a ¼ 0
respectively.
There are multiple methods to consider the different

profiles of the magnetic field around the compact object as
the exact distribution of the magnetic field is unknown.
Here, we consider an external magnetic field with intensity
B which is asymptotically uniform [91]. The field lines are
oriented along the z-axis, i.e., orthogonal to the equatorial
plane of the spacetime geometry. This can be described
using the electromagnetic four components Aμ having two
nonzero components of the form,

At ¼
B
2
ðgtϕ þ 2agttÞ −

Q
2
gtt −

Q
2
; ð8Þ

Aϕ ¼ B
2
ðgϕϕ þ 2agtϕÞ −

Q
2
gtt; ð9Þ

where Q is the externally induced charge in the rotating
JNW geometry. In the next section, we derive the equations
of motion for the charged particle to observe the behavior
of negative energy orbits in the rotating JNW geometry, in
an external asymptotically uniform magnetic field B.
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III. NEGATIVE ENERGY ORBITS (NEO)

Penrose and Floyd showed that how particles can extract
the energy from an ergoregion of a Kerr black hole, where
the negative energy orbits are also possible. Later on,
Wheeler suggested that the Penrose process can act as a
possible mechanism to explain the high energy phenomena
in the universe. Thus many research works are carried out
in the domain of rotational energy extraction and discuss
the ergoregion of compact objects [86–88]. However,
studies suggest that energy extraction requires the existence
of negative energy orbits [90]. The ergoregion is not always
necessary for energy extraction phenomena. Therefore in
this section, we first discuss the negative energy orbits.
Negative energy orbits are energy states in which the

total energy of the particle is negative with respect to an
observer at infinity. It can be easily understood for classical
mechanics, where one can consider a system of a central
object and a particle. If the particle is far enough from the
central object, the potential energy of a particle far from the
central object is taken to be zero, as the point of zero
potential energy can be chosen arbitrarily. Thus if the
particle is near the central object with zero kinetic energy,
the total energy of the particle can be considered to be
negative. If the particle gets the energy equivalent to the
negative energy, it will escape to the infinite distance where
it possesses the zero potential energy i.e. it will be free from
the gravitational influence of the central object.
However, in special relativity, a timelike particle always

possesses rest mass energy. Even if the particle is far
enough from any central object, it will have nonzero rest
mass energy. If the particle is near a Schwarzschild black
hole, it needs energy equivalent to the rest mass energy to
escape the gravitational influence of the Schwarzschild
black hole. But in the case of the Kerr black hole, when the
particle is inside the ergoregion, the particle possesses rest
mass energy as well as energy because of the frame-
dragging effect. In addition to that, presence of electro-
magnetic field also increases the energy of the particle near
the central compact object. In this case, the particle require
energy equivalent to the sum of its rest mass energy and
energy because of other properties such as rotation and
electromagnetic field to escape from the gravitational
influence of the central compact object. This energy state
of the particle is known as the negative energy state. Since
the particle possesses the negative energy state only in
certain orbits, those orbits are known as negative energy
orbits. For the Kerr black hole, the negative energy orbits
exist only inside the ergoregion.
In the Penrose process, a particle splits into two particles

inside an ergoregion of the Kerr black hole. One particle
enters into an orbit with a negative energy state and falls
inside the central black hole, while the other particle gets
the energy equivalent to the frame-dragging energy of the
particle, in addition to the rest mass energy and thus
escapes to infinity. As mentioned for Kerr black hole case,

the negative energy orbits exist only inside the ergoregion,
thus Penrose process is defined only inside the ergoregion.
Following this, one can understand that a particle can

possess a negative energy state because of certain proper-
ties of the compact object such as rotation, and electro-
magnetic. Other particle can extract this energy and escape
to infinity. Thus in this section, we first discuss the negative
energy orbits of a particle around a rotating compact object
in the presence of a general electromagnetic field tensor Aμ.
We then discuss the negative energy orbits for a charged
particle around a rotating JNW naked singularity in an
asymptotically uniform magnetic field.
Consider a rotating compact object metric gμν sur-

rounded with an electromagnetic field denoted by general
electromagnetic four components Aμ. For the simplicity, we
consider that a particle with charge q and nonzero massm is
moving in an equatorial plane. The conserved energy and
angular momentum can be written as,

−E ¼ gtt_tþ gtϕ _ϕþ qAt; ð10Þ

L ¼ gϕϕ _ϕþ gtϕ_tþ qAϕ: ð11Þ

From Eqs. (10) and (11), expressions of four velocity of the
charged particle ut and uϕ can be written as,

uϕ ¼ −
�
Egtϕ þ Lgtt
g2tϕ − gttgϕϕ

�
− q

�
Atgtϕ − Aϕgtt
g2tϕ − gttgϕϕ

�
; ð12Þ

ut ¼ −
�
Egϕϕ þ Lgtϕ
gttgϕϕ − g2tϕ

�
− q

�
Atgϕϕ − Aϕgtϕ
gttgϕϕ − g2tϕ

�
: ð13Þ

From uαuα ¼ −1 we can write the equation of total energy
for the motion of a charged particle in an equatorial plane at
any constant radius (θ ¼ π=2),

gttðutÞ2 þ 2gtϕðutÞðuϕÞ þ gϕϕðuϕÞ2 ¼ −1: ð14Þ

Using Eq. (12), and (13) and solving it for E, we get general
equations that describe the energy states of the particle in
orbits around the compact object.
Using the Eq. (1) and expressions of four components of

the electromagnetic four vectors from Eq. (8) as well as
Eq. (9) in Eq. (14) to obtain the expression for energy states
of the charged particle around the rotating JNW naked
singularity, which is given in the Appendix.
Here, we consider the negative energy orbits E < 0 for

L < 0, and the charge of a moving particle and the charge
of the electromagnetic four components are such that the
condition qQ < 0 is maintained. The reason behind taking
L < 0 is, in the rotating compact object two scenarios are
considered for the motion of a particle. In the first scenario,
a particle is moving closer to the compact object in the
same direction as the object’s spin (L > 0). The second one
is, a particle coming from the opposite side of the objects’
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spin (L < 0). Hence, a particle coming from the same
direction as the object’s spin will eventually move in the
object’s direction. While the particle coming from the
opposite direction, have to experience the frame-dragging
effect and after that, it also goes in the direction of the
object’s spin. In a static case, due to the absence of a frame-
dragging effect the results with L < 0 and L > 0 are
similar. The other condition with charge is because we
considered the electric charge in the geometry. As per the
nature of an electric charge, having the same charges will
turn into a repulsive effect. To avoid that the qQ < 0
condition is considered.
In Fig. 1, the negative energy states in the static JNW

geometry are shown for different values of the metric

parameter ν, magnetic field parameter B, induced chargeQ,
and spin parameter a. It is clear that the energy state of the
particle is negative before a certain radial distance for given
values spin parameter a, magnetic field intensity parameter
B, and the metric parameter ν > 0.1. As we increase the
values of either of the parameter among metric parameter ν,
the spin parameter a, and magnetic field parameter B,
keeping the values of the other parameters constant, the
region of negative energy orbits increases. As discussed
above about negative energy orbit, we can expect that
energy extraction efficiency would increase with this
increasing behavior of negative energy orbits as the particle
will get more energy to escape to infinity. This expected
behavior of energy extraction efficiency is also observed in

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

FIG. 1. The above figures show the change in the total energy with respect to the radial distance in the rotating JNW geometry. The
different values on the right side of the plots indicate the intensity of the magnetic field (B) around the compact object. The mass of the
object is taken as unity for all different values of ν.
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the next section. In the range of 0.5 < ν < 1, the negative
energy orbits exist for every range of angular momentum.
The detailed discussion regarding Fig. 1 is given in Sec. V.

IV. ENERGY EXTRACTION

In this section, we study the energy extraction mecha-
nism and behavior of energy extraction efficiency for the
charged particle around the JNW naked singularity in an
asymptotically uniform magnetic field. The mechanism we
consider here is the modified version of the Penrose process
known as the magnetic Penrose process, as we are con-
sidering the presence of the magnetic field. The magnetic
Penrose process is defined in the [56–58]. Hence, here we
present a quick overview of the magnetic Penrose process.
Let us assume that a charged particle q1 with energy E1

and mass m1 is in the vicinity of the rotating JNW naked
singularity which splits into two particles with charge q2,
energy E2, mass m2 and particle with charge q3, energy E3,
massm3. Assume that, a particle with charge q3 and energy
E3 enters the negative energy state E3 < 0 and falls into the
naked singularity while the other particle with charge q2
and energy E2 gains this energy and escapes to infinity with
E2 > 0 (as the energy is conserved). Taking the conserva-
tion laws of different quantities into consideration during
this phenomenon, one can write,

E1 ¼ E2 þ E3; q1 ¼ q2 þ q3;

L1 ¼ L2 þ L3; M1 ¼ M2 þM3:

The canonical momentum is also conserved,

Pμ
ð1Þ ¼ Pμ

ð2Þ þ Pμ
ð3Þ:

From the conservation law, one can define a relationship for
the four velocity ut and uϕ as the angular velocity of the
particles,

Ω ¼ uϕ

ut
¼

_ϕ
_t
;

and from the conservation uϕ ¼ Ωβ=α where, α and β are,

α ¼ ϵþ qAt

m
; β ¼ gtt þΩgtϕ;

where ϵ ¼ E=m and by doing the algebraic manipulation
one can get the expression for the energy of the escaping
particle as,

E2 ¼ χðE1 þ q1AtÞ − q2At; ð15Þ

where, χ is,

χ ¼ Ω1 −Ω3

Ω2 −Ω3

β2
β1

; βi ¼ gtt þ Ωigtϕ;

where, Ωi is the angular velocity of the ith particle which
can be derived from the geodesic Eq. (14). The angular
velocity of a different particle is,

Ω1 ¼
−gtϕðπ2vþgttÞþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðπ2vþgttÞðg2tϕ−gttgϕϕÞπ2v

q
π2vgϕϕþg2tϕ

; ð16Þ

Ω2 ¼
−gtϕ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2tϕ − gttgϕϕ

q
gϕϕ

; ð17Þ

Ω3 ¼
−gtϕ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2tϕ − gttgϕϕ

q
gϕϕ

; ð18Þ

here, πv ¼ −ðϵþ qAt=mÞ. Using the usual definition of
efficiency,

η ¼ E3 − E1

E1

¼ −E2

E1

;

using the above expression and by doing algebraic manipu-
lation with Eq. (15), we get the efficiency of the magnetic
Penrose process in the form,

η ¼ χq1At − q3At

E1

þ χ − 1: ð19Þ

The energy extraction efficiency in the magnetic Penrose
process is reduced to the original Penrose process in the
absence of an electromagnetic field. Figures 2 represent the
change in efficiency with respect to the radial distance r
[Figs. 2(a) and 2(b)] and the magnetic field intensity B
[Figs. 2(c) and 2(d)] with different electric charge (Q). The
detailed discussion is given in Sec. V.

V. DISCUSSION AND CONCLUSIONS

In this paper, we investigate the energy extraction
phenomena from a rotating JNW naked singularity case.
For this, we considered rotating JNW naked singularity in a
uniform magnetic field. We briefly discussed the impor-
tance of negative energy orbits in energy extraction and
considered the negative energy states for a charged particle
moving in this geometry. In order to understand the
magnetic Penrose process we considered the splitting of
a charged particle in JNW naked singularity surrounded by
an electromagnetic field. The following are the outcomes of
this study:

(i) In [93], it is given that for infalling neutral particle
for Kerr black hole, the negative energy orbits exist
inside the ergoregion. Whereas, for infalling charged
particle, the region of the negative energy orbits is
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larger than the ergoregion. This region is known as
effective ergoregion. For energy extraction previ-
ously, it was shown by Ruffini that the existence of
negative energy orbits is necessary. Apart from that,
it is known and in [89] authors show that there does
not exist ergoregion in the rotating JNW naked
singularity. However, in our study, using the uniform
magnetic field around the rotating JNW naked
singularity, we show the presence of negative energy

orbits for the charged particles. Hence, one can say
that there exists an effective ergoregion in the
rotating JNW naked singularity.

(ii) We proved that the negative energy orbits exist for
0.1 < ν < 1 with the conditions E < 0, L < 0 and
the charge of moving particle (q) and induced
electromagnetic charge (Q) in the geometry are such
that qQ < 0 in the rotating JNW naked singularity
surrounded by the uniform electromagnetic field.

(a) (b)

(c) (d)

(e) (f)

FIG. 2. The above figures show the change in the energy extraction efficiency with respect to the radial distance r [Figs. 2(a), 2(b)] and
the magnetic field intensity parameter B [Figs. 2(c) and 2(d)] in the rotating JNW naked singularity. The different values on the right side
of the Figs. 2(e) and 2(b)–2(d) indicates the variation in an electric charge parameter (Q) around the compact object. The density plots
[Figs. 2(e) and 2(f)] indicate the change in energy extraction efficiency with respect to the radius (r) and spin parameter (a). The bar on
the right side of the Figs. 2(e) and 2(f) represents the energy extraction efficiency (η) in percentage. The mass is taken as unity.
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Figure 1 shows the change in the energy (E) with
respect to the radial distance (r) for different
parameters. The region of the negative energy orbits
increases as the value of the parameter ν is increased
and also with the increasing magnetic field intensity
parameter (B) and spin parameter (a). The reason
behind this behavior is, with the increasing value of
the magnetic field intensity parameter and spin
parameter, the required energy for the particle to
escape to infinity also increases as discussed in
Sec. III. Figure 1 of negative energy orbits for ν ¼ 1
resemble the plots of negative energy orbits for the
Kerr geometry cases.

(iii) One may see that in the absence of the induced
electric charge, the negative energy orbits are exists
from Figs. 1(d), 1(g), and 1(j). Apart from that, when
the magnetic field reduces to zero then there is an
absence of the negative energy orbits. This con-
cludes that negative energy orbits exist in the
rotating JNW geometry in the presence of a mag-
netic field or electromagnetic field. The induced
electric charge might play a crucial role in the higher
negative energy orbit region or energy extraction
efficiency but is not necessary for the existence of
the negative energy orbit or the energy extraction.

(iv) In general, when the region of the negative energy
orbits increases because of a change in the value of
the magnetic field intensity parameter, spin param-
eter, or the metric parameter ν, the energy extraction
efficiency also increases. This is because the escap-
ing particle gets more energy as the region of
negative energy orbits increases. This is also ob-
served in Figs. 2 as a result of an investigation. The
result of increasing energy extraction efficiency was
expected as the region of the negative energy orbits
was also increasing.

(v) The Figs. 2(a) and 2(b) show that energy extraction
efficiency increases with increasing value of mag-
netic field intensity, the spin parameter. This behav-
ior is because of the increasing negative energy

orbits region in the presence of magnetic field and
rotation as escaping particle gets more energy.
Figures 2(c), (2(d) indicates the decreasing rate of
the energy extraction efficiency with respect to the
radial distance (r) as one moves away from the
singularity. The energy extraction efficiency also
increases with the increasing value of the metric
parameter ν. Figures 2(e) and 2(f) shows the change
in energy extraction efficiency rate with respect to
the spin parameter and radial distance. As expected
it indicates that for the higher spin parameter, the
efficiency rate is increased compared to the lower
spin parameter.

(vi) The energy extraction efficiency for rotating JNW
naked singularity case is 60% for metric parameter
ν ¼ 0.9, magnetic field intensity B ¼ 0.9, and spin
parameter a ¼ 1. While for the Kerr black hole and
Kerr naked singularity case, the efficiency is around
20.7% and 150% respectively. There are many
possible reasons why there exists a high-efficiency
rate in the Kerr naked singularity than rotating JNW
naked singularity. The first reason is that a spin
parameter is higher in the Kerr naked singularity
(a > M) with the existence of an ergoregion. While
in JNW spacetime, there is no ergoregion but
negative energy orbits are present in so-called
effective ergoregion, therefore the efficiency of
energy extraction from the Kerr naked singularity
is higher than JNW naked singularity case. More-
over, we may have to look further for the relation
between the presence of an ergoregion and negative
energy orbits. These fundamental questions need to
be explored critically in future.
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APPENDIX

The expression for the energy states can be written as,

E ¼ f1 þ f2 − ðf3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðf4 − f5 þ f6Þ2 − 4f7ðf8 þ f9 þ f10 − f11 þ f12 − f13 − f14 − f15Þ

p
Þ

f0
; ðA1Þ

where, fi (i ¼ 0; ; ; 15) is function of ½B;m; q;Q; ν; a; L; r�,

f0 ¼ 2

�
8a2ν2

�
1 −

2m
νr

�
ν

− 4a2ν2
�
1 −

2m
νr

�
2ν

− 8mνrþ 4ν2r2
�
; ðA2Þ
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f1 ¼ −16aBmνqr

�
1 −

2m
νr

�
ν

þ 8mνqQr

�
1 −

2m
νr

�
ν

− 8mνqQrþ 4ν2qQr2; ðA3Þ

f2 ¼ 8a3Bν2q

�
1 −

2m
νr

�
ν

þ 4a2ν2qQ

�
1 −

2m
νr

�
ν

þ 8aBν2qr2
�
1 −

2m
νr

�
ν

þ 8aLν2
�
1 −

2m
νr

�
ν

; ðA4Þ

f3 ¼ −4a2ν2qQ
�
1 −

2m
νr

�
2ν

− 8aLν2
�
1 −

2m
νr

�
2ν

þ 4ν2qQr2
�
1 −

2m
νr

�
ν

; ðA5Þ

f4 ¼ 16aBmνqr

�
1 −

2m
νr

�
ν

− 8mνqQr

�
1 −

2m
νr

�
ν

þ 8mνqQr − 4ν2qQr2; ðA6Þ

f5 ¼ −8a3Bν2q
�
1 −
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νr

�
ν

− 4a2ν2qQ

�
1 −
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νr

�
ν
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�
1 −
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�
ν
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�
1 −
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�
ν
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�
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þ 8aLν2
�
1 −
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�
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þ 4ν2qQr2
�
1 −
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νr

�
ν
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f7 ¼ 8a2ν2
�
1 −
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νr

�
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�
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�
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− 8mνrþ 4ν2r2; ðA9Þ

f8 ¼ 2a2B2mνq2r − 4B2m2q2r2 þ 4B2mνq2r3 − 2mνq2Q2r; ðA10Þ
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�
1 −
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�
ν
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�
1 −
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�
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− 8BLmνqr

�
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�
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�
1 −

2m
νr

�
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�
1 −
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�
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�
1 −

2m
νr

�
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�
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�
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�
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