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Negative mass black holes in de Sitter space
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We show that asymptotically de Sitter black holes of negative mass can exist in Lovelock gravity.
Such black holes have horizon geometries with nonconstant curvature and are known as exotic black holes.
We explicitly examine the case of Gauss-Bonnet gravity. We briefly discuss the positive mass case where
we show how the transverse space geometry affects whether a black hole will exist or not. For negative
mass solutions we show how three different black hole spacetimes are possible depending on the transverse
space geometry. We also provide closed form bounds for the geometric parameters to ensure that a black
hole spacetime is observed. We close with a discussion of the massless case, where there are many different

spacetimes that are permitted.
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I. INTRODUCTION

In general relativity, the simplest black hole solution is
that provided by the Schwarzschild metric [1], where the
only parameter of the solution is the mass m. Less than half
a century later a more general solution was obtained [2],
which describes a black hole with three parameters: mass,
angular momentum, and charge. The introduction of a
cosmological constant admits further solutions, as do other
matter sources.

In four dimensions the assumption that the metric has
radial symmetry restricts black hole solutions to have
horizons of constant curvature in Einstein gravity. These
can be spherical, planar, or hyperbolic if a negative
cosmological constant A < 0 is introduced [3-5]. If the
geometry is hyperbolic then these black holes can have
negative mass [6] and can form from gravitational col-
lapse [7]. However if A > 0 then the situation is notably
different. While it has recently been shown that de Sitter—
Schwarzschild spacetimes with negative mass in [8,9]
can exist in Einstein gravity, these solutions consist of
spacetime bubbles. No negative mass black hole vacuum
solutions have been obtained.

We show in this paper that asymptotically de Sitter black
hole vacuum solutions of negative mass exist in Lovelock
gravity. This somewhat unexpected finding arises from a
feature recently pointed out for black holes in higher-
curvature gravity: Their event horizons need not be of
constant curvature [10-16]. The transverse space of the
(potential) black hole solution need only be an Einstein
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space admitting horizon geometries of increasing complex-
ity as the spacetime dimension increases. For this reason
these have been referred to as exotic black holes (EBHs).
We demonstrate that static asymptotically de Sitter
Lovelock EBHs can have negative mass. We explicitly
illustrate this for Gauss-Bonnet gravity, but it is clear
that this will occur in higher-order Lovelock gravity and
we expect in more general higher-curvature theories as
well. Lovelock gravity is a particular subclass of higher-
curvature gravity theories, which have garnered much
attention since quantum gravity induces such higher-order
corrections to the standard Einstein-Hilbert gravitational
action [17]. Furthermore, renormalization properties are
improved for such theories [18]. The Lovelock class [19] is
of particular interest: it is regarded as the most natural
higher-curvature generalization of Einstein gravity whose
field equations are of second order in the metric functions.
Research of EBHs has been of recent interest particu-
larly in the thermodynamics of asymptotically anti—
de Sitter (AdS) black holes. The geometry of the event
horizon was shown to greatly affect the thermodynamic
phenomena [20-23]. While investigation of black holes in
AdS space has been of great interest since the discovery the
AdS/conformal field theory correspondence [24,25], inter-
est in de Sitter black holes is motivated primarily by
cosmological considerations [26], though some motivation
comes from considerations of holographic duality [27].
We begin with a brief review of Lovelock gravity and
EBHs before moving on to Gauss-Bonnet solutions. We
provide general polynomial equations which determine the
horizon locations as well as the Kretschmann scalar, which
will function as a diagnostic for finding spacetime singu-
larities. We then discuss the positive mass case and how
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horizon geometry can dictate whether or not a black hole
may exist. We then provide an analysis of the negative mass
case, where we obtain a bound on the minimum allowed
mass for a black hole. We also present a closed form
expression that dictates the bounds on the horizon geom-
etry for which a negative mass black hole is admitted as a
vacuum solution. We show that it is possible to obtain
massless de Sitter black holes with the proper set of
parameters, and discuss this in the penultimate section
before summarizing our work.

II. LOVELOCK GRAVITY AND EXOTIC
BLACK HOLES

For a Lovelock theory of gravity the Lagrangian density
is given by
1 K

L= o, LK)
167Gy ; o

(2.1)

where &, are the Lovelock coupling constants and £*) are
the Euler densities with dimension 2k, which are
1

£(k) o _5a1b]...akkac]d1 Rdek

*2k cidy...cpdy " ragby T ragby (22)

with 6 representing the generalized fully antisymmetric
Kronecker delta. The first few terms are

LO=1, LW=R, LO=R>—4R,,R?P+R 4R
with R the Ricci scalar and £?) the Gauss-Bonnet term.
From the Lagrangian density (2.1) we may construct

an action

| X
_ d, /= b, LF) 2.
S /d xy/ g<167rGN ;;:0 a LV + ﬁm) (2.3)

including a matter term £,,. Variation with respect to the
metric g°° yields the field equations

K

Z&(k)gff? = 8aGNT 4,
k=0

(2.4)

where T, is the stress energy tensor of the matter field and

QEZZ) are the Lovelock tensors

g(k)a _ 1 aC|d1~~dekR31f1 Rfkfk

b 2 (k+1) beifi...exfi " erdy  edy” (25)

We will consider only vacuum solutions with £,, =0
henceforth, so the field equations will be (2.4) with the
stress energy being set to zero. The parameter K < &1
where d is the dimension of spacetime, and sets the
maximal degree of nonlinearity in the curvature. Values
of K larger than this make no contribution to the field
equations and are topological invariants in the action.

The metric ansatz we will make use of is

ds> = gijdyidy-i + )/a/;dx”dxﬂ

dr?
— —f(r)dt2 + m + rzdi%_z, (26)
where y' = (t,r) and g;; = diag(—f(r). 7). The line

element d¥2_, of the base manifold (or transverse space)
has metric y,4 and coordinates x”. We shall assume it to be
compact, with volume X,_,, the analog of the volume of a
unit sphere. If this space is not compact then quantities such
as M/X,_, will be regarded as finite.

The only other condition on the transverse space is that it
is an Einstein space, R, o y,3. The most commonly
studied special case is when the base space has constant
curvature, with curvature parameter x = (—1,0, 1), which
corresponds to negative, flat, and positive curvature respec-
tively. Solutions in which this latter condition is relaxed, so
that the transverse space is only an Einstein space [11],
shall be referred to as exotic black holes [10,28].

Introducing this metric into the field equations yields a
resulting polynomial equation for f(r) [10]

EA(E0)E) )58t

n=0 k=n
(2.7)

where M represents the mass of the black hole and £,_, the
volume of the base space. The quantities «; are rescaled
Lovelock couplings defined as

A

%
(d-1)(d-2)’

ay = GIZ&I,

2k
a =& [[(d=n) fork>2. (2.8)
n=lI

The cosmological constant is defined through the zeroth
Lovelock coupling constant A = —%.
Imposing only the condition that the transverse space is

an Einstein space admits the following possibilities:

sma _ (d=3)b,
9 = 2(d—2n—3)!5/”’
"(n): (d_z)'bn o)
£ (d—2n-2)! (29)

for its Lovelock tensor and associated intrinsic Euler density
respectively. The constants b, we refer to as topological
terms, and can take any value in R. They define the topology
of the base manifold and the geometry of the event horizon
from the condition f(r,) =0 that defines the horizon
location r,. Without loss of generality we set by = 1; to
recover Einstein gravity in the proper limit of vanishing a;,,
we will set @y = 1. The mass M is defined through the
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Hamiltonian formalism, and is the conserved charge of the
timelike Killing vector of the background spacetime. When
the dimension is d = 2K + 1 the transverse space is
restricted to be of constant curvature [29,30].

The Kretschmann scalar for a metric of the form (2.6) is

EI0V 5422 (410)

RadeRabcd = <

dr? r? dr
+2(d—2)(dr4— 3)f(r)? _4R[7]r{(’”) +’Cr[j’] ’
(2.10)

where R[y] and K[y] are the Ricci and Kretschmann scalars
of the transverse space respectively.

We pause to make a brief comment before considering
solutions to (2.7). The transverse space given in (2.6) is not
of constant curvature. Hence the solutions we obtain are,
strictly speaking, not asymptotically de Sitter. However
(as we will see) they do resemble asymptotically de Sitter
solutions insofar as their cosmological horizon properties
are concerned. With this in mind, we shall continue to refer
to our solutions as de Sitter black holes.

III. GAUSS-BONNET SOLUTIONS
Setting K = 2 in (2.7) yields

2
o (A st et
(3.1)
with the solutions
f=fi(m)
P 4 2bay+ \/(b% — )4 + 1*(1 — dayag) + 2%
= 2a, '
(3.2)
where we have written
8aM
m= e (3.3)

The two solutions are distinguished by their behavior in the
ay — 0 limit. The f_ branch is referred to as the Einstein
branch as it has a smooth a, — 0 limit, giving

2m

hmf_(m) = a0r2 + bl —F,

a,—0

(3.4)
|

If m>0,
if m <0 and b, > 0,

if m<0and b, <0,

then three roots — (x_,x,,x.) or one root — x,,

whereas the f, solution does not have a smooth limit as
a, — 0; it is referred to as the Gauss-Bonnet branch.

For the remainder of this paper we will only consider the
Einstein branch for analysis; we will also choose b; = 1, so
that as a, —» 0 we recover the standard Schwarzschild
(anti—) de Sitter solution. We will only examine solutions
with d > 6, since the d =5 case only admits constant
curvature solutions in the transverse space. The cosmo-
logical constant is

L&y ay(d-1)(d-2)

A=
2 2

(3.5)

and we shall set oy <0 since we are interested in
asymptotically de Sitter solutions. This allows us to write

fo= r - \/(1 —ba)Aaz + 1 (1+ 4oy i) + 75

’

2&2
(3.6)

where we note A > 0. In the large r limit, the function (3.6)
has the same features as the metric function of an
asymptotically de Sitter spacetime.

It is convenient at this point to introduce a set of
dimensionless variables

(d=1)(d-2)z
= S A:—’
r=x\/o, 2
m:ma?, z>0 (3.7)
so that
2 \/(1+4z)x4+4(1—b2)+f,,—'_"5
f=l+=- . (3.8)

2 2

The horizon(s) are located at the roots of f, which can be
found from solving the polynomial
x4z —x43 — by x5 +2m =0 with d>6,

z>0. (3.9)

For a black hole solution we must have f(x) >0 for
x > x, for some range of x, where x, locates the outermost
event horizon of the black hole.

Superficially it appears that there will be two or zero
positive roots to this polynomial from Descartes’s rule of
signs. However if we allow both b, and m to be either
positive or negative the number of possible positive roots
are then the following:

then two roots — (x.,x.) or zero roots for any b,

then one root — x,,

(3.10)
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where x,. is the cosmological horizon, x_ is the inner
horizon, and x, is the outer horizon of the black hole.

A. Positive mass

Consider first positive mass. We plot the behavior of f in
Fig. 1 for sample values: b, = —2.5, z = 0.05, and d = 6,
while varying m. For small nonzero m we have an
asymptotically de Sitter black hole (left diagram in
Fig. 1) whereas for sufficiently large m there is no static
black hole solution and we have an expanding spacetime
with r and ¢ interchanging roles (middle diagram). As m
increases from small to large values, there is one value of m
where f has a double root and the horizons merge,
illustrated in the right diagram in Fig. 1. This is a
Gauss-Bonnet generalization of the Nariai solution. This
structure is the same in all dimensions d > 6. Only

maximum value of f slightly increases. Consequently we
will illustrate our results in six dimensions unless otherwise
stated.

We may also examine what happens when we hold all
the parameters fixed except for b,, which is seen in Fig. 2.
For a fixed mass m and cosmological parameter z increas-
ing the value of b, will shift f upward. In this manner the
geometry of the horizon plays an important role regarding
the existence of a black hole solution, namely that a
minimum allowed value of b, is required. This minimum
value occurs when f has a double root, corresponding to a
Nariai type of black hole solution. In de Sitter space this is
referred to as the maximum allowed mass a black hole can
have, other parameters being fixed. To determine the value
of x, = x, for the Nariai-type solution, the equations

quantitative differences are seen as we increase the dimen- =0 ﬁ —0 (3.11)
sion: The spread between x, and x,. increases and the ’ 0x '
0.41 0.41 0.41
/0.2 /0.2 /0.2
0 A 0 0
6 8 10 2 6 8 10 2 6 8 10
X X X

-0.21 -0.21 -0.2
-0.41 -0.41 -0.41

FIG. 1. Positive mass black hole b, = —2.5, z = 0.5, d = 6. Left: black hole with mass m = 1 showing two distinct real roots. Center:

mass m = 5, showing no roots, and a naked singularity. Right: mass m = 4.0638 showing a double root.

f 05

-0.57

-1

-1

FIG. 2. Positive mass m = 1, z = 0.1, d = 6. Left: naked singularity with b, = —2 showing no real roots. Right: de Sitter black hole
with b, = 2 showing a cosmological horizon and event horizon x,. > x_.
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must be simultaneously solved. In six dimensions there is
no closed form solution since the latter equation is a quintic
polynomial in x. For the parameters in Fig. 2 we obtain
numerically b, =~ —1.62. For b, less than this the space-
time will have a naked singularity at the origin.

We can also make another observation, shown in Fig. 3.
That is, for a certain set of parameters f can become
discontinuous for some range of x. This discontinuity is due
to the argument inside the square root becoming negative.
Whenever this occurs the Kretschmann scalar (2.10)
diverges, yielding a spacetime singularity. Solutions to
the following polynomial

(4 —4by)x4 + (4z+ x4 +8m =0 (3.12)
yield the singularity location(s). From Descartes’s rule of
signs this will only have a root when b, > 1. This is a
necessary but not sufficient condition; as illustrated in the
right image of Fig. 3, increasing the value of z allows the

5-

4

X

FIG. 3.
z = 0.3 de Sitter black hole.

SR

two discontinuous branches to join, yielding a smooth
continuous metric function f. If we hold all parameters
fixed, increasing z shifts f down vertically and reduces the
spread between the black hole and cosmological horizons,
allowing the possibility of a smooth metric function
between them.

B. Negative mass

Negative mass solutions have more interesting behavior,
since if b, < 0 there can now be three roots to (3.9). We
illustrate this in Fig. 4. The left image depicts three
horizons, while the center and right images show the
two possible cases where horizons can merge. In the center
image x. = x, (a Nariai-type solution) and in the right
x_ =x, (an extremal black hole with a cosmological
horizon). These latter two extremes constrain the range
of allowed values of b, < 0 that yield black hole solutions
of negative mass. For the case illustrated in Fig. 4, we
approximately have —1.3 > b, > —3.

5.

4

O/ 1T N3 4 s
X

Positive mass m = 1, d = 6, b, = 3.5. Left: z = 0.1 two discontinuous branches with two spacetime singularities. Right:

2 21 21
S [ fo1
0H——~— 0 0 ,
" 2 34 5 1 2 3N\4 5
X X
e e -1

FIG. 4. Negative mass: m = —0.3, z = 0.09, d = 6. Left: b, = —2 showing three distinct horizons. Center: b, = —3 showing one
double root depicting a Nariai-like solution. Right: b, = —1.3 showing an extremal black hole with a distinct cosmological horizon.
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We also find that as x — 0, f does not have a smooth
limit, and instead becomes complex at some finite positive
value of x. For m < 0 and b, < 0 there is only one sign
change in the coefficients of the terms in (3.12) and hence
this equation has only one positive root, at which point the
Kretschmann scalar (2.10) diverges. For the admissible
range of b,, this singularity is always behind a horizon as
can be seen in Fig. 4. For the more generic 3-horizon case
shown in the left diagram in Fig. 4, the solution to (3.12)
is x = 0.1999637662.

1. Allowed values of b, for valid negative mass
black hole solutions

To determine the range of b, that allows for a valid black
hole solution of negative mass in any dimension, we must
solve the following set of equations:

=0, gzo for by,x with {x,b,]€R>0}. (3.13)
The first equation is given by (3.9) and yields
by = x4z —x% +2x9m, (3.14)
where x_ solves
2417 —x33 —m(d-5)=0 (3.15)

from the former equation. There is no analytic solution to
this set of equations except in certain dimensions.

For d = 6 Eq. (3.15) is a quintic, and there is no analytic
solution for arbitrary m, z. For the parameters used in
Fig. 4, we obtain numerically

{x14 = 0.6897087623, b, = —1.325264590},

{x24 =2.328863088, b, = —3.033847194}  (3.16)
refining the values given above.

In seven dimensions however, we can find a closed form
expression. The equations become

18z —x% +2m
by=———%—,
X+

(3.17)

(3.18)

2xiz—xi —2m =20,

which admits analytic solutions for arbitrary m, z. The latter

equation is a cubic in x2; writing m = —|m| we get

2y3z—y*+2m| =0 with y=x%,z>0. (3.19)
Now through Descartes’s rule of signs, the possible number
of distinct positive roots is either two or zero, while the
number of negative roots will always be one; this latter case
is inadmissible since we must have y > 0.

To have two distinct positive real roots for y (and thus the
same number of distinct positive values for x ), we require
the discriminant

Az = 8m|(1 = 54z*/m|) > 0 (3.20)

for (3.19), implying

1
———<m<0.

iz (3.21)

This condition must be satisfied to have three distinct roots.
Writing (3.19) as a depressed cubic, the solutions (for x) are
easily written as

1 1 2k 1
— = z _ 2y _ RN
Xy = \/3Zcos <3 arccos (1 — 108|m|z?) 3 ) 6

k=0,1,2. (3.22)

For all values of m satisfying (3.20), only k = 0, 1 yield real
solutions, where x, > x;. The value x, corresponds to the
location of the Nariai-like black hole solution whereas x;
locates the extremal black hole of negative mass. From
(3.17), the respective minimal and maximal values of b, are

_ 8cos(A)? —432/m|z? —36cos(A)* 4 30cos(A) —7
Zmin 7272 cos(A) — 362 ’

1
A = zarccos (1-108m|z?),

_ 8cos(B)* —432|m|z* —36¢os(B)? +30cos(B) -7
Zrx = 7272 cos(B) — 36z '

B =arccos (1~ 108/m|<2) -7, (3.23)
and provided b, > by > b, , there will be a valid
negative mass black hole with two horizons and a de
Sitter cosmological horizon.

We can make a further interesting observation about
(3.20). If we saturate the inequality (3.21) from above,
setting set m = 0, a range of interesting phenomena can
occur. It is possible to have a black hole, a Nariai-like black
hole, pure de Sitter space, or a naked singularity. These
scenarios are analyzed in the next section.

IV. MASSLESS BLACK HOLES

The saturation of (3.21) from above allows for the
possibility of zero mass exotic black holes. An intriguing
feature of these possible black holes is that they are
independent of the dimension of the spacetime. Taking
(3.8) and setting the mass to zero gives us

f:ij_\/(1+4z)x4+4—4b2
2 2 ‘

(4.1)
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0.5 0.5 0.5

FIG. 5.

Massless solutions z = 01. From left to right the b, values are —3, —2.5, —1, 0, 2. It depicts a naked singularity at the origin, a

Nariai-like black hole, a de Sitter black hole, pure de Sitter space, and then a nontrivial naked singularity outside of the origin,

respectively.

The root equation (3.15) is now
xtz—xr=by =0 (4.2)

which is a quadratic equation in x? so it can be written as
y?z—y—b, =0. (4.3)

We may again analyze the roots of this polynomial by
Descartes’s rule of signs. Assuming z > 0, then

for b, < 0,
for by, > 0,

tWO Or Z€ero roots,

one root. (4.4)

As a quadratic the discriminant is immediately written
down as A, = 4zb, + 1. For a valid black hole solution, we
must have A, > 0. The saturation of this inequality yields
the Nariai solution. The unsaturated inequality gives us,
similar to the negative mass case, a condition on b, as a
function of z that must be satisfied for a black hole to exist:
- 4]—Z < b, < 0.1If b, is not within these bounds there will be
a naked singularity located at the origin.

For b, > 0 the space is pure de Sitter, provided (3.12)
has no solutions so as to avoid singularities. These
equations are easily solved for any d, yielding

_ V2, - 1)
SEEEEEI -

and so we conclude that we must have 0 < b, < 1 to obtain
a pure de Sitter space without any naked singularities. The
naked singularity that would occur for b, > 1 is at a finite
value of x given by (4.5). The different scenarios are
outlined in Fig. 5. The three leftmost images display
negative values of b, respectively showing a naked singu-
larity, Nariai black hole, and de Sitter black hole. The two
rightmost images are for zero and positive values of b,
respectively, with the former being pure de Sitter space and

the latter a naked singularity outside of the origin. For
increasing values of b, > 0 the termination point of f at
x =0 moves up the vertical axes until it reaches a
maximum point at f(x, b,,z) = £(0,1,0.1) = 1.

V. CONCLUSION

We have shown that metrics of the form (2.6), with y,4
being the metric of an arbitrary Einstein space, can possess
both negative mass and massless asymptotically de Sitter
black hole solutions in Gauss-Bonnet gravity. These M < 0
black holes are all exotic black holes, and their existence
depends on the relative values of the parameters b,, z, and
m. For the massless case, there is a direct relationship
between b, and z with b, being bounded from below by z.
For M < 0 black holes there are more restrictions on the
parameters. The range of m is bounded by z, as given
by (3.21). There is also a minimum and maximum allowed
value of b, admitting such solutions.

We close by noting that the existence of such horizon
geometries is still an open question. This is due to the fact
that field equations for the transverse space are an over-
constrained partial differential equation system, where
certain topological parameters b, may not provide a
solution. However we are not aware of any theorem
forbidding the existence of nontrivial solutions to (2.9).

With the discovery of negative mass black holes in de
Sitter space interesting questions arise. These include the
behavior of geodesics, formation from gravitational col-
lapse, and possible pair production in the early Universe of
such objects. Their thermodynamic behavior is also likely
to yield interesting surprises in comparison to their anti—
de Sitter counterparts [20,21].
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