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Einstein-Vlasov system with equal-angular momenta in AdS;
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We investigate solutions of the five-dimensional rotating Einstein-Vlasov system with an R x SU(2) x
U(1) isometry group. In a five-dimensional spacetime, there are two independent planes of rotation; thus,
considering U(1) symmetry on each rotation plane, we may impose an R x U(1) x U(1) isometry to a
stationary spacetime. Furthermore, when the values of the two angular momenta are equal to each other, the
spatial symmetry gets enhanced to R x SU(2) x U(1) symmetry, and the spacetime has a cohomogeneity-1
structure. Imposing the same symmetry to the distribution function of the particles of which the Vlasov
system consists, the distribution function can be dependent on three mutually independent and
commutative conserved charges for particle motion [energy, total angular momentum on SU(2) and
U(1) angular momentum]. We consider the distribution function which exponentially depends on the U(1)
angular momentum and reduces to the thermal equilibrium state in spherical symmetry. Then, in this paper,
we numerically construct solutions of the asymptotically anti—de Sitter Einstein-Vlasov system.

DOI: 10.1103/PhysRevD.107.064022

I. INTRODUCTION

General relativistic self-gravitating collisionless many-
particle systems, which are often called Einstein-Vlasov
systems, have long been investigated in astrophysics. In
particular, spherically symmetric systems have been studied
in detail, and a great deal of research has been done on
the existence of solutions [1-4] and the stability of the
systems [5-10] (see also a review [11]). To realize a specific
configuration of the Einstein-Vlasov system, it is necessary
to impose an appropriate ansatz on the distribution function.
For example, to give a static configuration surrounding a
black hole, we have to assume a distribution with a lower
cutoff of the angular momentum [12]. If we assume a
Maxwell-Jiittner distribution, we can realize a thermal
equilibrium state of the self-gravitating system. However,
there are no thermal equilibrium states with finite mass in
asymptotically flat spacetimes because gravity is a long-
range interaction. Antonov investigated the nonrelativistic
many-particle systems with finite mass by introducing an
adiabatic wall confining the particles [13], and the proper-
ties of those systems have been generalized and investigated
in detail by Lynden-Bell and Wood [14].

The thermodynamical instability of self-gravitating sys-
tems is often called the gravothermal catastrophe, which
also applies to relativistic cases. It should be noted that,
however, since the thermal equilibrium states have infinite
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mass with a vanishing cosmological constant, the analyses
of the gravothermal catastrophe in asymptotically flat
spacetime always require an artificial wall to confine the
system. On the other hand, in a system with a negative
cosmological constant, the anti-de Sitter (AdS) barrier
confines the particle system, allowing it to naturally be in a
thermal equilibrium state. Some of the authors have
constructed a thermal equilibrium state of such a system
confined by the AdS barrier under the assumption of static
spherical symmetry and analyzed its stability [15,16].
Properties of the Einstein-Vlasov system in static
and spherically symmetric cases have been intensively
studied, but there are still few studies on systems with
rotation [17-21]. The properties of a system, such as
stability, generally depend on the presence of angular
momentum because the total angular momentum may
prevent the system from collapsing. In the case of a self-
gravitating many-particle system, it is expected that the
instability associated with gravitational collapse may be
inhibited by the angular momentum of the system.
However, the existence of the nonzero angular momentum
inevitably reduces the spacetime symmetry, and the analy-
ses become much more difficult. To avoid this technical
difficulty, we focus on five-dimensional spacetimes because
it is known that the spacetime can have a cohomogeneity-1
structure even with nonzero angular momentum in five-
dimensional spacetimes. That is, we can construct a
spacetime with finite angular momentum solving a set of
ordinary differential equations for unknown variables
depending only on a radial coordinate. More specifically,
in a five-dimensional spacetime, if the values of the angular

© 2023 American Physical Society


https://orcid.org/0000-0002-6238-5167
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.064022&domain=pdf&date_stamp=2023-03-10
https://doi.org/10.1103/PhysRevD.107.064022
https://doi.org/10.1103/PhysRevD.107.064022
https://doi.org/10.1103/PhysRevD.107.064022
https://doi.org/10.1103/PhysRevD.107.064022

ASAMI, YOO, KITAKU, and UEMICHI

PHYS. REV. D 107, 064022 (2023)

momenta on the two independent rotation planes are equal
to each other, the spacetime symmetry can be enhanced to
R x SU(2) x U(1). The corresponding black hole solution
is called the Myers-Perry (AdS) black hole with equal-
angular momenta [22-26]. Due to its high symmetry, this
spacetime is often used in the analyses of gravitational
perturbations and phenomena specific to rotating systems.

In this paper, we consider rotating solutions for the
Einstein-Vlasov system with an R x SU(2) x U(1) isom-
etry group appropriately setting the distribution function of
the Vlasov field. A negative cosmological constant is
introduced for the realization of the stationary solutions
with finite total mass and angular momentum. In general, a
resultant spacetime has an asymptotically locally AdS
structure, whose spatial geometry is given by the foliation
of squashed S* hypersurfaces even at spatial infinity. The
squashing parameter at spatial infinity can be set to zero by
tuning the boundary condition at the center, and the
spacetime can be asymptotically AdS without squashing
of $3 at spatial infinity. We note that a similar situation has
been reported in the vacuum cases [27].

The purpose of introducing a negative cosmological
constant is not only for the construction of a physical
solution with finite mass. Recently, asymptotically AdS
spacetimes have attracted much attention in the context of
the AdS/CFT correspondence [28-30] and the gravitational
turbulent instability [31]. The conditions for the onset of the
instability have not yet been clarified [32-45], and there are
still few clues to the final state. The system provided in this
paper may be treated as a macroscopic model of the final
state of a system complicated by turbulent phenomena, and
we expect that our analyses will be helpful to get useful
insights into the final state of turbulent instability. In
addition, the instability in the Einstein-Vlasov system is
also discussed in Refs. [8,46,47], and the possible relation
with the Hawking-Page transition has been pointed out in
Refs. [48,49]. Another related phenomenon is the super-
radiant instability of rotating black holes in asymptotically
AdS spacetime, for which the existence of finite angular
momentum is essential. The final fate of the superradiant
instability has not been also clarified yet. In order to
approach the superradiant instability through the construc-
tion of a macroscopic model with the Einstein-Vlasov
system, the introduction of finite angular momentum is a
necessary step to be performed.

This paper is organized as follows. In Sec. II, we provide
the metric ansatz of the spacetime with an R x SU(2) x
U(1) isometry group. We also define the conserved
quantities along the geodesic of a particle and list the
conditions which we impose on the metric functions for
technical and practical reasons. In Sec. III, a specific form
of the distribution function, we show the explicit forms for
the energy-momentum tensors (detailed calculations are
shown in Appendix A). We write down the Einstein field
equations for our system in Sec. IV and numerically solve

them in Sec. V. Section VI is devoted to a summary and
conclusion.

Throughout this paper, we use the geometrized units in
which both the speed of light and gravitational constant in
5-dimension are unity, ¢ = G = 1.

II. METRIC ANSATZ AND CONSERVED
QUANTITIES

A. Metric ansatz with an R x SU(2) x U(1)
isometry group

We start with the following form of the metric:

g:=- e2;4(r)dt2 + eZu(r)er

2
+’"Z [(0.1)2 ()2 + (0.3)2]
+ h(r) (dt—% 3) , (2.1)
where 6’ are one-forms defined as
6! == —sin ¢df + sin O cos pdy, (2.2a)
6° := —cos ¢pdf — sin @ sin pdy, (2.2b)
63 := d¢p + cos Ody, (2.2¢)

satisfying the Maurer-Cartan equation de’ +3€’ ;67 A
6X=0. The ranges of the coordinate variables are given
by 1t € (-0, ), r€[0,0), 6 €[0,7], ¢ €[0,47) and
w € [0,2x). The third term in the metric,

yi= |0+ 62+ (@)
1

(d6? + dgp? + dy? + 2cos Odgpdy),  (2.3)

N

describes the metric on S°.
The three-sphere S® has two sets of SU(2) generators
{€i}ic(123) and {6,},e(1 25y Written in the form

& = —sinydy + cscHcosyady — cotfcosyo,. (2.4a)

& = —cosydy — cscOsinydy + cot@sinya,, (2.4b)

& =0, (2.4c)
and

6, = —sin¢dy — cotfcos pa, + cscHcos pd,, (2.5a)

6, = —C0S pdy + cot@sin ¢pd, — cscfsinpa,,, (2.5b)

63 = 0. (2.5¢)

064022-2



EINSTEIN-VLASOV SYSTEM WITH EQUAL-ANGULAR MOMENTA ...

PHYS. REV. D 107, 064022 (2023)

The SU(2) generators {&;,6,} satisfy the following
commutation relations:

[fi»*fj] = €ijk§kv [Gi"’j] = eijko-ka [gi»o-j] = [Giﬁfj] =0,
(2.6)
or equivalently
L&l =B, Lo0/=c/i6", Leo/=0. (2.7)

The Killing vectors {€;} and 63 on the three-sphere are also
the Killing vectors on the spacetime due to Eq. (2.7). On the
other hand, neither ¢, nor o, is the Killing vector on the
spacetime due to the last term in Eq. (2.1) unless a(r) =0
everywhere. Since the vector 63 generates a U(1) isometry
group and the metric has a timelike Killing vector n = d,,
the spacetime has the R, x SU(2)¢x U(1), isometry
group. The black hole solutions which have the same
symmetry are known as the Myers-Perry black holes with
equal-angular momenta [24,25]. It would be worth noting
that the angular coordinates 0, ¢ and y are related to the
Hopf coordinates 0, ¢ and through @ = 20,y = —¢ +
and ¢ = ¢ + . Then the two equal angular momenta are
the conserved charges associated with the Killing vectors
d; and 0.

In this paper, to avoid possible technical problems, we
focus on the cases satisfying the following four conditions:

(1) Nondegeneracy: detg < 0,

(2) No horizon: r-r > 0,

(3) Timelike Killing vector exists everywhere: - 5 < 0,

and
(4) Timelike unit normal exists everywhere: n-n < 0,
1 1 .
where r := |¢""|2dr and n := —|g"|2d are the unit normal

to the r = const. and the ¢ = const. hypersurfaces, respec-
tively. Condition 3 implies that the spacetime has no
ergoregion.1 Conditions 14 yield

e —n(r), e,  F(r),

G(r)>0, (28)

for any r > 0, where G(r) :=r> +a*h and F(r) :=e*G — hr>.

B. Conserved quantities for the geodesic motion

The symmetry of the spacetime indicates the existence of
conserved quantities for the geodesic motion in the form of
the inner product between the Killing vector and the
momentum of a particle. Then we can consider the
following mutually independent conserved quantities for
the metric (2.1):

e=—p-n=—-p, (2.9a)

'In Ref. [20], the solution with an ergoregion is constructed in
a four-dimensional asymptotically flat spacetime.

Je, =p-& = —posiny + pycsclcosy — p,, cotfcosy,
(2.9b)

Je, =p & = —pocosy — pycscOsiny + p,, cotOsiny,

(2.9¢)
Je, =p & =py, (2.9d)
Jo =P 63 =Py, (2.9e)

where p is the momentum of the particle and ““”” denotes the
inner product concerning g. The total angular momentum
Je > 0 of the SU(2), sector can be defined as

3
1
2 . 2 _
JZ =) Jet =0,

i=1

(2.10)

where we have defined y** as y** := 4>, 6#6;*. Then ¢, j,
and J; are mutually commutative conserved charges and
can be used as independent coordinates in the phase space.

The momentum of the particle must satisfy the on-shell
condition: p? + m? = 0, which can be rewritten as follows:

e G 2ah  \?2
e
F G Jo

4 2
—e‘z”[mz—i—p(J 2_%]};2)} = (p)

We note that the left-hand side of Eq. (2.11) can be
regarded as the effective potential for the geodesic motion.
Here we impose that the momentum is future pointing
n-p < 0. Then the positivity of the local energy of the
particle is ensured:

(2.11)

2ah
e—ij6>0.

G (2.12)

The allowed region in the momentum space for the particle
is the subspace satisfying the conditions (2.11) and (2.12).

III. MODEL AND PHYSICAL QUANTITIES

A. Distribution function and the
energy-momentum tensor
Considering a collisionless many-particle system, the
particles follow the geodesic motion. Therefore the dis-
tribution function f satisfies the Vlasov (collisionless
Boltzmann) equation:

af B
op

of .
PV, f = p* Fri ., p'p*
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which implies the conservation of the distribution function
along the geodesic. If the distribution function is written in
the form

f=Fleden). (3.2)
the Vlasov equation (3.1) is automatically satisfied because
e, J; and j, are conserved quantities along the geodesic.

In this paper, as a simple specific model, we assume the
following distribution function:

f(&', ja) = exp[a —ﬂ(&' - Qja)]’

with constants @ € R, > 0 and Q > 0. The distribution
function (3.3) reduces to the Maxwell-Jiittner distribution,
which describes the relativistic thermal equilibrium states
in static cases, with Q = 0. Thus the system with this
distribution function can be regarded as an extension of the
thermal equilibrium state to the system with a finite
angular momentum. The Maxwell-Jiittner distribution is
derived by extremizing the entropy of the system fixing the
total mass and the total particle number in static cases. On
the other hand, in rotating cases, it is not clear how to
determine the most probable rotating state. Therefore the
functional form (3.3) should be regarded as a working
assumption for Q # 0.

Given a one-particle distribution function f, the energy-
momentum tensor 7, is given by

(3.3)

T, = / dv,p,p.f(x*, p'), (3.4)

where dV/, is the integral measure in the momentum space:

4V _25(1)2 +m?)0(e — 2ahj,/G)
r /—detg

Adp, ANdpg Adpy Adp,,.

dp,
(3.5)

Here the delta function 6 and Heaviside’s step function ©
describe the conditions (2.11) and (2.12), respectively.

To obtain numerical solutions, we have to know the local
expressions of energy-momentum tensor by integrating
over the momentum space. In spherical cases, we can
perform the integration analytically and obtain explicit
expressions because the metric is diagonal and the on-shell
condition is simple as shown in Refs. [15,16]. On the other
hand, in rotating cases, we cannot perform analytical
integrations due to the off-diagonal components of the
metric and the cross term in Eq. (2.11). As is shown in
Appendix A, we can reduce it to one-dimensional integrals
of the normalized energy under the ansatz (3.3). That is, we
can obtain the values of the energy-momentum tensor at
each radial coordinate r by performing one-dimensional
numerical integration. The explicit expressions are shown
in Appendix A.

B. Komar integral and total particle number
Before solving the Einstein equations, let us define
global conserved quantities characterizing the system in
terms of the Komar integrals.
We define the total mass of the system by the Komar
mass:

Mg :=/d2nﬂT”,,r/”, (3.6)

where dX = 272r2e¢+/Gdr is the invariant volume element
on a t = const. hypersurface. In our formulation, Eq. (3.6)
becomes

2€v
drﬁ (GT” + 2ahTt¢)

We note that the Komar mass for the distribution (3.6) can
be finite due to the potential wall for massive particles
associated with a negative cosmological constant A < 0.

We also define the total angular momentum of the
system by

MK = 27[2 (37)

Jy=— / dSn, T, (3.8)

Similarly to the Komar mass, in our formulation, we obtain
the expression

N7
Jy = —27° drr c
F

7

Since the Komar integrals associated with the Killing
vectors conserve, we can choose them as quantities
characterizing the system.

IV. EINSTEIN EQUATIONS
A. Field equations

For a five-dimensional spacetime, the Einstein field
equations G, + Ag,, = 8xT,, with A < 0 can be rewrit-
ten as

r Guw
Rﬂl/ = 87[<Tﬂy - Egm/ - F’b) s (41)

where L := /—6/A is the AdS radius.

For numerical analyses, we rewrite the equations by
dimensionless variables. We define # := (8T ,,(0))~'/? and
consider normalized variables x := r/¢ and A:=L/¢. As

alternative functions, we introduce the following dimen-
sionless metric functions:

y3(x):=e¥ —h, y(x)=e.

(4.2)

ah a’h
: ::77
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We also define f(x):=G/?> =x*>+y, and f,(x):=
F/¢? = y,> + f,y; for a notational simplicity.
Defining

1 T

Sy = Tu__gu_
T, 3

Wgﬂl/ ) (4.3)

relevant components of the Einstein equations are as
follows:

2x(¥y3—ysy1) S WYY YRV Yy — YaYiv

Y/
=

S/ /2
y,l (f3y4=2) 2y’, Yoya  Af1y1Ya
4 + , 4.4a
syt o (4.4a)
y_AX(1y1+¥5y3)
/2
+y’22y3 — [+ 2y 51 =402 +y2y3)
/2
! -2) 2 r2
+f4y4+yz(f3y4 ). yavs (6 00 22 (4 4p)
2x X X X
f 12 _ 2 +2/ /
= Y3 =Y Y3t 2Y1V3)1
f2
y’3 (f3Y4 -2) 2YI3Y2)’4 4Y12y4
+2s,y4+ + 3 T 4 (4.4¢c)
2x X X

- 2xy3+f1y’3+2y’1y1+y’2y3+f3y4+2+4y23y4 ’
f2 /2 X X

(4.4d)

where ’:=d/dx, f3:=—4(1+s44) +7"s, and f,:=
—12544 + 7"s,,. We can show the other components of
the Einstein equations are redundant by using Eq. (4.4) and
continuity equations.

B. Asymptotic behaviors and boundary conditions

Let us consider the boundary conditions for Eq. (4.4) to
realize asymptotically AdS spacetimes. We can rewrite the
metric as

£2g = —j:—?dﬂ + yadx?

2 2 2
+5 (al)2+(62)2+% <a3—fy]ldt) } (4.5)

Setting 7, = 0 and expanding the metric functions in the
vicinity of the boundary, we obtain the following asymp-
totic solutions:

2
&*x——l-l—s—l-(’)(x"),

I (4.6a)

1 x2

3
ﬂ:/12—1—1—53—&—(9@_1), (4.6Db)
fl 12 -3
2= 1—|—s—25(1+s);+0(x ). (4.6¢)
W

o+ O(x73), (4.6d)

1

where s and @ can be regarded as free parameters for the
asymptotic solution, and the coordinates ¢ and r are fixed so
that the pure AdS metric can be realized for s = @ = 0. The
leading term w of 2y,/f; can be eliminated by employing
the corotating coordinate g;ﬁ := ¢» — wt. Then we can intro-
duce one-forms &' at the boundary by replacing ¢ with ¢.
Using these one-forms, we can write

2
e g yae S 6 1622+ D).

r2g =
£§= 7 4 X

As we can see from Eqgs. (4.6) and (4.7), the parameter s
should vanish so that the spacetime has the asymptotically
AdS structure. We note that the contribution of the finite
value of s corresponds to the squashing of S at infinity as
is reported in Ref. [27] for vacuum cases.

Next, let us investigate the asymptotic behavior around
the center by expanding the metric functions as

(2)
yi(x) ~ x? [zl(o) +z7;Wx + Zlsz + O(x3)] ,  (4.8a)

(2)
Vo (x) = x? {12(0) +2,(0x + zsz2 + (’)(x3)} ,  (4.8b)
)’3(2)
y3(x) = y3©@ 4+ y,Wx + sz +O(x?), (4.8¢c)
y4(2>
ya(x) 2y, 4 y,Wx + 22 L O(x3), (4.8d)

2

with coefficients z,(%), z,(), y3() and y,(). As regularity
conditions, first we assume the metric components for the

Cartesian coordinates (7, x;, X, x3,%4)" to be g, = —yg()),

*The spatial Cartesian coordinates can be defined by

X, = rsin (g) cos B (4)—1,/)] ., x,=rsin (g) sin B (c/’)—w)} .

X3 = rcos (g) cos B((ﬁ +l//)} ,  X4=rcos (g) sin B (¢ +w)} :
(4.9)
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1

0.8

0.6
QL

0.4

0.2

T

(a) [ dependence for A =1

FIG. 1.

T

(b) X dependence for 5 =1

Parameter dependence of the distribution of the energy density for the spherically symmetric cases. As the parameter

increases, the gravitational potential gets deeper and the system gets more compact. As the parameter A decreases, the system gets more
compact because the value of 1 characterizes the radius of the potential wall associated with the negative cosmological constant.

Grr. = 1+ O(x?), and O(x?) for other components. Then,
we require all the Ricci tensor components R, to be
R,, = const. + O(x). As a result, we obtain

v, O=1, (4.10)

and y;(© is kept as a free parameter. As is shown in
Appendix B, the system has another free parameter z,®.

When we solve the Einstein equations from the center, in
general, we obtain the solution with finite values of s and @.
As will be shown later, we obtain a finite value of s at
infinity without fine-tuning for the boundary condition at
the center. In other words, we can set s = 0 at infinity by
tuning z,®) appropriately the same as Ref. [27]. Therefore,

we can construct an asymptotically AdS Einstein-Vlasov

(0)

system by tuning the parameters y;~ and 2%, As a whole,

the system has one free parameter y<30) corresponding to the

linear scaling of the time coordinate, one tuning parameter
7,'?) and three physical parameters (5, Q, 1).

To obtain a solution, we solve Einstein equations (4.4)
with boundary conditions (4.10) at the center and a parameter
set (B, Q, ). However, for a finite value of Q, the integral

log,q Mk

e 0.5 0 0.5 1
log,o

(a) B dependence for A =1

(A25) cannot be performed analytically. Therefore we need
to numerically integrate the integral (A25) at each step of
solving the differential equations (4.4). In our numerical
simulations, we used fourth-order Runge-Kutta methods in
numerical integrations of Egs. (A25) and (4.4).

V. RESULTS

A. Static and spherically symmetric cases

First, we investigate the parameter dependence for the
spherically symmetric cases with z,(?) = 0, which corre-
sponds to s = 0. Figure 1 shows the normalized energy-
density profile for the matter sector p(x) := =7",/T,,(0) as
a function of x for Q = 0. In the spherically symmetric
cases, the system is characterized by the two parameters
(p, A). The parameter f3 corresponds to the inverse temper-
ature of the system and it characterizes the depth of the
gravitational potential. Thus, increasing the value of  for a
fixed value of 4, the density distribution gets sharper and
the value of the total mass increases as is shown in Fig. 1(a)
and Fig. 2, respectively. Figure 2 shows the quasilocal mass
given by the Komar integral as a function of x. For all the
cases, the mass increases as My o x* for x < 1 and
asymptotes to a constant value for x > A. Since the AdS

0 1
- — 08
/
y
v 2
= / 0.6
o -3 ~
2
a0 0.4
L 4
5 0.2
€z -1 0 1 2
log,

(b) X dependence for 5 =1

FIG. 2. Parameter dependence of the Komar mass for the spherically symmetric cases. The system with relatively small f (i.e., high-
temperature system) has a large total mass, which implies a deep gravitational potential wall. Since the parameter A works like the size of

the system, the Komar mass takes a smaller value for smaller A.
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(a) Angular momentum density.

FIG. 3.
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(b) Komar angular momentum.

Angular momentum density j, = T’ and the total angular momentum in the Komar expression for # = 0.02 and 1 = 10.

0 0.1
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-0.1
=
0.06
= N\ G
T 02 B
[N N 0.04
0.02
-0.3
0
0 20 40 60 80 100
xX

(b) The function 2y;/ f1

FIG. 4. Functions f;/x? and 2y,/f1 for z,® =0, # = 0.001 and 4 = 10. Both of the functions asymptote to constants.

1.2 0.25
PR e 02 _
8 ' a

N
(hag R
1 0.15
0.9 0.1
0 10 20 30 40 50 60
xT

(a) The function f;/z?

0
0.3
-0.05
— 0.2
= D
< -0.1 o
> Q
N 0.1
0.15 0
024 20 40 60 80 100 O
x

(b) The function 2y;/f1

FIG. 5. z,® dependence of the functions f/x? and 2y, /f;1 with fixed Q = 0.1, # = 0.001 and A = 10. We can construct solutions

with f,/x* = 0 at infinity keeping 2y, /f; finite by tuning z,®.

radius A gives the characteristic radius of the potential wall
which confines the Vlasov matter, the Komar mass gets
larger for large A if the parameter f is fixed.

B. Stationary and rotating case

We investigate the nonspherically symmetric cases by
setting finite values of Q. Since the dependence on f and A
is similar to the spherically symmetric cases, we focus on
the ©Q dependence and the distribution of the angular
momentum density of the system. Figure 3 shows the
profile of the angular momentum density j := 7", and the

Komar angular momentum J for % =0, =0.01 and
A =10. For Q # 0, the spherical symmetry is broken and
the system has a finite angular momentum. Since the
angular momentum is carried by the Vlasov matter, the
distribution of the angular momentum density also starts to
decay around the AdS radius x = 4. Therefore, as is shown
in Fig. 3, the angular momentum density increases as x
increases up to a certain value and then it decreases and
vanishes asymptotically.

Let us check the functions f,/x*> and 2y,/f; which
characterize the squashing of S® and the frame-dragging
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effect, respectively. Figure 4 shows the functions f,/x* and
2y,/f) for 5 =0, #=0.001 and 1 = 10. Unlike the
Q =0 case, S° is squashed at infinity even if we set
2,?) = 0. This is because of the contribution of the rotating
Vlasov matter. Figure 5 shows the z,(> dependence of the
functions f,/x* and 2y,/f; for Q = 0.1, # = 0.001 and
A =10. As we can see from Fig. 5(a), we can choose the
value of f,/x? at infinity by tuning z,(?. On the other hand,
the value of 2y,/f; at infinity is kept finite in general
although it can be eliminated at infinity by taking the
corotating frame. As in this example, we can always
construct an asymptotically AdS solution that is not
squashed at infinity with a finite angular momentum by
tuning z,?.

VI. CONCLUSION

We have constructed rotating Einstein-Vlasov systems
with the R, x SU(2)¢ x U(1), isometry group imposing
the exponential form of the distribution function as
~exp [f(e — Qj,)] with ¢ and j, being the conserved
energy- and angular momentum for the particle motion.
Under this assumption, the system reduces to the thermal
equilibrium state in the limit Q — 0. Since we assume the
cosmological constant is negative, we can construct sta-
tionary solutions with finite mass without any artificial wall
due to the confined structure of the AdS potential. The
distribution of the angular momentum density also decays
towards infinity because the angular momentum is carried
by the Vlasov matter. Therefore we can construct the
system with finite mass and total angular momentum by
setting Q # 0 and solving the Einstein equations.

Even if we set Q =0, the system has an additional
degree of freedom describing the squashing of §° at
infinity. We can control the squashing parameter s at
infinity to vanish by tuning the free parameter zf) for
the boundary conditions at the center. For € = 0 cases, we

can construct nonsquashed solutions by setting zf) =0

because the spherical symmetry is trivially kept with

Zgz) = 0. On the other hand, for Q # 0, each spatial
hypersurface of a given value of radial coordinate r is
nontrivially squashed with zg) = 0 due to the contribution
of the nonspherical distribution of the Vlasov matter.
Therefore the parameter z,(® has to be adjusted for the
solution with s = 0 and the spacetime to be asymptotically
AdS with finite total angular momentum. We have explic-
itly demonstrated that this fine-tuning is possible for a
specific parameter set.

In this paper, we have assumed that the distribution
function of the particles is dependent on only (e, j,) as a
simple model. The system has, however, one more con-
served quantity J: so we can construct solutions with J,
dependence keeping the system having the same symmetry.
If we assume an appropriate ansatz, we may construct

rotating-shell solutions with finite total angular momentum
with/without a central black hole. Although it is hard to
analyze such a system in a four-dimensional spacetime
without spherical symmetry, similar analyses would be
relatively easier for a five-dimensional spacetime with
respecting the symmetry of R, x SU(2)g x U(1),.
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APPENDIX A: INTEGRATION OVER THE
MOMENTUM SPACE

In this appendix, we derive the expressions (A27). In A 1,
to obtain expressions available in massless cases, we do not
set the particle mass to unity. On the other hand, in A 2, we
set m =1 because we restrict the distribution function
to Eq. (3.3).

1. Integral measure

First, let us rewrite the integral measure in the momen-
tum space:

165( p> O(e —2ahj./G
w1607 )0 =20, /G)
r2\/Fe’ sin

ANdp, Adpg Adpy Adpy,,

(A1)

in terms of the conserved quantities. Since the definition of
the total angular momentum J; (2.10) can be rewritten as
(J2 = j,*)sin?0 = (pysin6)* + (p, — pycos6)?,  (A2)

the variables (J¢, j,) satisfy J:2 > j,% Introducing the
variable y defined as

Rcosy = pysinf,  Rsiny = p, — p,cos0, (A3)
with R? = (J:2 — j,?)sin®6, we obtain
dpg Adpy A dp, = RcescOdR A dj, A dy
:Jgslnﬁde/\d]g/\d)( (A4)

Defining alternative quantities as
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2ah ~ a*h
E=e——rj, S =Jl—-—j (A5
£ £ G Jo & G Jo ( )
we can simplify the on-shell condition (2.11) as
3 4J*
ng - <m2 +7> =q. (A6)

and the positive-energy condition as & > 0. Using this
condition, we can eliminate the delta function. Solving
Eq. (A6) with respect to g := e“p”, we obtain

. G 2ah  \?2
q(e, va]a) = [f (8 —?Ja>

(i (-] e

for positive g. Using the fact that the integrand is an even
function of ¢ due to the ansatz of the distribution function
(3.2), we obtain

2evde

—2/5 p* +m?)dp, ANdp, = ———.
( ) ' q(e"li’]o')

(A8)

As a result, the integral measure in the momentum space
dV, becomes

160(&)J;

= 2 Genddp Adj, Ady.
" rqle e j,)NF :

(A9)

By the definition of (&,J), it can be rewritten as

160(2)J [G 477\ 1 -
dv, = —B2—(m?+—)| deAdIAdj, Ady.
Prwﬁbg(m+ﬂﬂ e

(A10)

We consider the domain of tilded variables based on the
on-shell condition (A6). Since j, satisfies j,> <J:2 =
2+ ‘%h jo°, the region of j, becomes

G- G -
_£J§jas\/__J_
r r

(Al1)

With a fixed value of & the angular momentum J is
bounded by J.x:

- r*[G .
JZ :Z |:F€2 - (m2 + qz)

2 [G._

(A12)

then, we obtain 0 < J < J, ..

The variable Z takes the minimum value m+/F /G when
j» and J vanish. Since & does not have an upper bound, the
variable & takes the range

(A13)

\/:; <_ < 0
m & .

For the massive particles, we can normalize the variable &
by the rest mass. Then we can define the variables as

_ \/5 g j J B rooJjs
£ = —_——, = s = — .
F m Jmax J \/EJIHB.X

If we treat a massless particle system, we should replace
&/m with & so £ has the dimension of energy. The integral
regions of these variables are

(Al14)

g€(l,o), Je0,1], and je€[-J,J], (A15)
and the integral measure becomes
20(8)k*J -
dV, =———=—de AdJ Ad] A dy, Al6
T (A16)

where k:= V& —1 is the local kinetic energy of the
particle.

2. Performing the integration

We set the particle mass to unity in this subsection. In our
system, the relevant components of p,p, are as follows:

(p)? = g <z:2 + %ékj + ithijZ) (Al7a)
PiPp = —€jo = —@ (‘kj + ;—%Hf), (A17b)
(Py)* =Js* = ng, (Al7¢)
(p,)? = k(1 - J?), (A17d)
oy =4l =1 (k2J2 + Cf—2hk2j2>, (Al7e)
4 pupy = —1 (A17f)

in the coordinate system defined by (A14). Similarly, the
distribution function can be rewritten as

(e, jo) = expla — p(& — QkJ)]. (A18)
The integration of (A17) is expressed in the form

) T _ [J . - | -
2/ dé/ dJ/_ djekiePe. Jnrl(1 = J?)% - jred,

1 0 -7

(A19)
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where ¢ := fQk = fQ V& — | with integers m and n. To
perform the integration over the momentum space, we
divide the integrations into the angular momentum sector
and the energy sector. The angular momentum sector in
Eq. (A19) is expressed as

1 T _
Tt () = 2/ dJ Jm (1 - Jz)ii/ djj"es/. (A20)
) -

J

For the even number m, since the integrand of Eq. (A20) is
an even function, it can be rewritten as

o - -
Tiale) = [ Q1T (1= D), (a2)
-1
where K, (¢, J) is defined by
- J .
ki) = [ aizres. (A22)
-7

Explicit forms of Eq. (A22) for some specific values
of n are

- es! — e~/

Kols. J) = o (A23a)

- e/ —es! J(es! e/
Ki(g,J) = - 2 + ( c )’

(A23b)

- 2427 (e =) 2](es! 4 e/

(A23c¢)

which appear in the expression of the energy-momentum
tensor. In addition, after integration over J, we obtain

. 2nl, (g)

Tsole) =222, (A24a)
T5(e) =2, (A24b)
Tirle) = 2ﬂ(lz(€)g;L ¢l5(¢)) ’ (A24c)
Taole) = 27[<312(g2_2+ SBE) - (a2aq)
Tiole) =52, (A240)

where [,(¢) is the modified Bessel function of the first kind.
The integration for ¢ cannot be analytically performed
and we perform it numerically when we solve the Einstein

equations. For notational simplicity, let us define the
function 7, ; (., Q) as

Ii,j,zx(B’Q)
o i _
:/ déé’( 52—1> 1y<ﬁ9 Ez—l)exp(—ﬂé),
1
(A25)

where i, j and v are non-negative integers, I,(z) is the
modified Bessel function of the first kind, and

B(r) ==ﬂ\/§, Q(r) ==25F(9—2gh>. (A26)

Then, the resulting forms are given as follows:

_477260’F Zy11  2ahZy5, a’l® (Tozs | Toss
"G [pQ VFBQ  F \pPQr pQ )]

(A27a)

A ah (T, A
Ty =-2en/F[H22, 0 (Toss Toss)] - ap
1 ﬂe\/_{ﬂg—i—ﬁ ﬁ2§22+ﬂQ ( )

z
Tyy = n°e°G| =322 + 223 ), (A27c)
X Te)
T, = 4n’ee ﬁ (A27d)
2 2
VT A2e0 2 a“h\ Zoso ah\Zos;
(A27e)
7
¢*T,, = —4n?e L1 (A27f)

Performing the integral with respect to € at each r, we can
obtain the local expression of the energy-momentum tensor.

APPENDIX B: ASYMPTOTIC SOLUTIONS
AROUND THE CENTER

In this appendix, we investigate the asymptotic behavior
around the center in detail and obtain the asymptotic
solutions with Vlasov matter. That is, we determine the
coefficients of metric functions in Eq. (4.8) recursively and
confirm that z,? is a free parameter in our system.

Substituting Eq. (4.8) to Eq. (A26), we obtain

O REE)!

po=p 1+ e e vow|. B

o @ 4 @
Q(x) zEQL.x[l —%xﬂ +O(*).  (Blb)
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where B, = /30, Q. = Q/\/y;©,

, 0] , 4z, ()
U = Y3_(0) and = CL
Y3 QC V3 ©)

are constants. Then we have
1,(uk) exp(—p €)
—p.E Q v
° (ﬁc Ckx) [1 +C2 2+éx3+(’)(x4)}

“T+u)\ 4 FRRET)
(B3)
with
202
o= 4ﬂ(cl +Cu) P =puPe—w®,  Gi=—puPe—wl.

(B4)
Therefore we can obtain the asymptotic expression as
1 Q. ¥ [« o -
7 - {'BC Cx] / deg'k/tvePE [1 + %xz
1

i’j’”zF(I—I—U) 4
G o 4
t5* +O(x)|.

(B5)

Using this asymptotic expression, the central value of 7,

becomes

4n%e(2 + f.)(6 + 3p. + B%)
B

Thus we can expand the matter sector in the Einstein
equations as

c
T[f_

y; Ve (B6)

0 s;(l’;l/) 0 S}(/n) ®_o(n)

— n i — n v — n
sm,—g n!x, % s,w—g n!x, g”s;w—g n!x.
n=0 n=0 n=0

(B7)

We can calculate the relevant nonvanishing components of
them as

NECTTTIa e
e
R Tom ﬂc)2<ﬂ662+( lﬁIf +) By 7 0
sﬁjf _ 154 B.(15+6p. + 57 Q. (Bsd)

22+ B.)(6+ 3P + BV 3

and sﬁz) = 12s((p2[; = 3s§(r)> at the leading order. Substituting
these expressions into the Einstein equations and solving
them order by order, we obtain

2
@ o A5 H6P AP .
6(2+ B.)(6+ 3B, + B2)\/y;©
18+ (18 4+ p.(7T+5.) , 2
Y= ()
Y T304 )61 AG 1A B (B10)
1 2
y4<2) = Z2(2) +w—?, (Bll)

at the leading order. The value of z,® is not fixed in this
expression and is regarded as a free parameter. All other
coefficients can be determined by the equations recursively.
Therefore, the boundary conditions of the system are
Eq. (4.10) and the parameters are (y;, 2,2, 5,Q, 1) as
a whole.
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