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A topological approach has been successfully used to study the properties of the light ring and the null
circular orbit in a generic black hole background. However, for the equatorial timelike circular orbit, quite
different from the light ring case, its radius is closely dependent of the energy and angular momentum of a test
particle. This fact seems to restrict the extension of the topological treatment to the timelike circular orbit. In
this paper, we confirm that the angular momentum does not affect the asymptotic behavior of the constructed
vector with its zero points denoting the equatorial timelike circular orbits. As a result, a well-behaved
topology to characterize the equatorial timelike circular orbits can be constructed. Our study shows that the
total topological number of the timelike circular orbits vanishes for a generic black hole, which is dependent
of the energy of the particle. Significantly, it reveals that if the timelike circular orbits exist, they always come
in pairs for fixed angular momentum. Meanwhile, the stable and unstable timelike circular orbits have positive
or negative winding number. Of particular interest is that the marginally stable circular orbit corresponds to
the bifurcation point of the zero point of the constructed vector. Moreover, we also examine the case when the
particle energy acts as the control parameter. It is shown that there will be topological phase transition when
the value of the particle energy is one. Below this value, the timelike circular orbits always come in pairs for
fixed energy. Otherwise, we will have one more unstable timelike circular orbit. Such a topological phase
transition actually measures whether there are bounded orbits. We further apply the treatment to the Kerr
black hole. All the results given in a generic black hole background are exactly reproduced. These strongly

indicate that our topological approach can be generalized to the equatorial timelike circular orbits.
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I. INTRODUCTION

Topology provides a powerful tool to understand the light
rings (LRs) around compact objects and black holes. It was
shown that LRs can be well-explored by calculating the
topological charge while ignoring where the LRs are located
[1,2]. Due to the fact that the LRs are closely related to the
ringdown stage of a black hole merger and formation of black
hole shadow, further study of the topology approach may
peek into the modern observations of the LIGO/Virgo
Collaboration [3] and EHT Collaboration [4,5].

In 2017, Cunha, Berti, and Herdeiro [1] constructed a
special vector by using the null geodesics and found that the
LRs are exactly at the zero points of the vector. Then in the
vector space, the winding number of a zero point can provide
us with some interesting topological results. Meanwhile,

*Corresponding author.
weishw @lzu.edu.cn

Tiuyx @lzu.edu.cn

2470-0010/2023/107(6)/064006(16)

064006-1

summing the winding numbers of all the zero points, one
can obtain the topological charge for the LRs. Via such a
topological approach, they originally proposed that under
a stationary and axisymmetric equilibrium ultracompact
object, the topological charge of the LRs always vanishes.
This indicates that if the LRs exist, they must come in pairs
for such ultracompact objects. Moreover, if one of the LRs is
stable, the other one must be unstable [6,7].

Shortly afterwards, the study was generalized to the black
hole backgrounds [2]. The result suggests that for a sta-
tionary, axisymmetric, asymptotically flat black hole space-
time in four dimensions, it possesses at least one standard LR
outside the horizon for each rotation sense. Other related
issues including the stability of angular motion were dis-
cussed in Refs. [8—10]. In particular, it was found that there
exists a topological phase transition for the dilatonic Melvin
spacetime and Schwarzschilld-dilatonic-Melvin black hole
at a certain value of the dilatonic parameter [11].

Combining this with Duan’s topological current
¢-mapping theory [12], we also applied the study to the
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nonrotating black hole case [13]. The inner structure of
the topological charge, as well as the bifurcation phenom-
ena was investigated. For the Dyonic black hole solution
[14], the previous study showed that there exist several
photon spheres (PSs), which are the counterpart of LRs in
spherically-symmetric spacetime. This provides us with a
good opportunity to test the nontrivial topological argu-
ment. After calculating the topological charge, we found
that its value is always —1 independent of other parameters.
This implies that the standard PSs are always one more than
the exotic ones. So the topological approach holds even
when multi-PSs are presented. The black hole spin will also
not affect the value of the topological charge.

Inspiring by the study, we proposed a topological
approach for the black hole thermodynamics [15].
Starting with the first law of black hole thermodynamics,
we constructed a vector. The critical point of the phase
transition was found to exactly locate at the zero point of
the vector. By making use of the Duan’s topological current
¢-mapping theory, we endowed each critical point with a
winding number. Summing the winding numbers for all the
critical points, we shall obtain the topological charge,
which remains unchanged for the system. Unexpectedly,
we found that besides the conventional critical point of
negative winding number, there is another novel critical
point with positive winding number. Combining with the
black hole thermodynamics, we pointed out that only the
conventional critical point acts as an indicator of the first
order black hole phase transition. Such a topological study
was also extended to the Gauss-Bonnet black hole [16],
where three critical points appear. Nevertheless, the total
topological charge remains unchanged with the black hole
electric charge.

Considering that the black hole solutions with the critical
points are very limited, we introduced another topological
approach by the free energy of the black hole system [17].
Each actual black hole solution corresponds to the zero
point of a constructed vector. Thus, it will be endowed with
a winding number in the vector space. Taking the inverse
Hawking temperature as the control parameter, the total
topological number is universal and independent of the
black hole temperature and other parameters. By taking
advantage of such topological properties, different black
hole systems are divided into different topological classes.
For example, the Schwarzschild, Reissner-Nordstrom,
and Reissner-Nordstrom-anti—de Sitter (AdS) black holes,
respectively, have topological number —1, 0, 1, which
indicates they belong in different topological classes. All
these results indicate that the topological approach is a
promising way to study the LRs and thermodynamic
properties of the black hole systems.

Comparing with the photons, the massive particles can
also go around the black hole along the timelike circular
orbits (TCOs). In certain astronomical processes, such
orbits serve as the endpoints of dynamical evolution due

to the dissipative effects [18,19]. In particular, there is the
innermost stable circular orbit (ISCO), below which the
massive particles shall quickly plunge into the black hole.
Therefore, the stable accretion disk can only be formed
above this bound, and provide a light source to illuminate
the black hole, which may cast potential features of the
black hole shadow in the observation of EHT [4,5]. For a
particle falls towards the black hole at a large radius, it will
pass through a series of TCOs by losing angular momen-
tum, and converting its energy into radiation, and finally
reaches the ISCO before it plunges into the black hole. In
the extremal Kerr black hole background, a particle could
convert its 42% energy, or achieve a higher efficiency in
compact bosonic objects [20]. Via this process, which leads
to the possible fact that black holes could be the powerful
luminosity sources to trigger energetic astronomical phe-
nomena in strong gravity regime.

On the other hand, very recently, the general properties
of the TCOs have been explored in Refs. [20,21]. It was
found that the stable and unstable LRs delimit the region
of stable and unstable TCOs. However, the topological
approach for the TCOs remains to be established despite
the great success gained for the LRs. In the backgrounds
of compact objects or black holes, the locations of LRs are
only dependent of the parameters of the compact objects
or black holes, while independent of the energy and
angular momentum of the photon. This states that the
LRs are intrinsic properties of the spacetime. However,
not all the photons can surround the black hole along these
LRs. Considering that these photons come from far away
from the black hole, some of them will fall into and some
of them will fly past it. Only those with appropriate energy
and angular momentum will surround the black hole along
the LRs. Moreover, if the background is fixed, the relation
of the energy and angular momentum of the photon is
linear.

Now we wonder whether a massive test particle with
certain energy and angular momentum can feel the TCOs.
Similar to the photon, there must be some conditions. As is
well-known, the radius of the TCO depends both on the
black hole parameters and the massive particles themselves.
For a given TCO, the relation of the energy and angular
momentum of these particles orbiting along the black hole
is not linear anymore. Due to these facts, it seems that we
cannot construct a well-behaved topological approach for
the TCOs as expected, or it is impossible to obtain the
corresponding topological information of the TCOs.

However, it is worthwhile pointing out that the greatest
advantage of the topological approach is that it ignores the
specific details, such as the relation of the energy and
angular momentum, as well as the locations of the TCOs.
Keeping this in mind, in order to establish a well-behaved
topological approach, we just require that, in certain
parameter regions, the asymptotic behavior of the con-
structed vector does not change. Motivated by this idea, we
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manage to construct a topological approach for the TCOs
for the first time. We shall show that when taking the
angular momentum as the control parameter, the energy of
the massive particle does not change the asymptotic behavior
of the considered vector, indicating a well-behaved topology.
In such approach, the marginally stable circular orbit
(MSCO) acts as a bifurcation point of the zero points of
the vector. More importantly, we find that the TCOs with the
same angular momentum (or energy less than one) always
come in pairs for the Kerr-like black holes.

The present paper is organized as follows. In Sec. I we start
with the geodesics and construct a vector with its zero points
corresponding to the TCOs. The asymptotic behavior of the
vector is examined when we take the angular momentum as
the control parameter, which means that the TCOs evolve with
the angular momentum. In Sec. III, we calculate the global
and local topological charges for the TCOs. Meanwhile, the
topological property of the MSCO is also discussed. We then
apply this approach to the Kerr black hole in Sec. IV as an
example. Adopting energy as the control parameter, we
investigate the corresponding topology in Sec. V. Finally,
we summarize and discuss our results in Sec. VI.

II. CIRCULAR GEODESICS AND EFFECTIVE
POTENTIAL

We consider a four-dimensional stationary, axisymmet-
ric, asymptotically-flat black hole spacetime possessing
two Killing vectors, & = (9,)* and y* = (9,,)*. Moreover,
we assume the metric is circular, i.e., §”R,[f &yl =
z//”R,[fff’l//"] =0, and has a north-south Z, symmetry. As
a result, the circular orbit motion can only be on the
equatorial plane. Then under these conditions, the most
generic metric reads

ds* = g,,(r,0)dt* + g,,(r.0)dr* + ggq(r.0)d6*
+ Gppde* + 2g,,dtdg, (1)

assuming a signature (—, +, +, +). In addition to the Kerr
black hole, most known black holes can also be described by
this metric. For a black hole, we suppose that its horizon
is located at a constant (positive) radial coordinate r = ry,.
So in the exterior region of the black hole, one should have
r, < r < oo. We also have g, > 0, ggp > 0, and g, > 0
outside the horizon. The angular coordinates 6 € [0, z] and
@ € [0,2x]. According to the Z, symmetry, the equatorial
planeisatd = x/2. Although we only concern the equatorial
TCOs, here we still expect to leave 0 as a free variable.
Considering the condition det(—g) > 0, one easily obtains

B(l", 6) = gtzl/) - gttg(/)(p > 0. (2)

At the horizon, we have B(ry,, ) = 0. Under the metric (1),
the motion of a test particle can be described by the
Lagrangian

Lo
L= gu¥% = =242, (3)

where the dots denote the derivative with respect to an affine
parameter, and /42 =1, 0, —1 are for the timelike, null, and
spacelike geodesics, respectively. The conjugate momenta
can be calculated as

oL

77.'# = @ = g/w)'CU. (4)

Therefore, the Hamiltonian for the test particle reads

H=nit—L
1 . . . . ..
= 5 (gttt2 + grrrz + 96'992 + g(pgofpz + 2gt(pt(p>
1
= —EHQ- (5)

Rearranging it, we get
grri'2 + 96092 + gtti2 + Zgr(thD +g(p(p(;02 + /42 =0. (6)

Following the treatment for the null geodesics [22,23], we
denote the kinetic term /C and potential term ) as

K = grriﬂ2 + 999927 (7)
V= gul® + 2911 § +9,yp#° + 1. (8)

Therefore, the motion of the test particle (6) turns to
K+V=0. 9)
Note that the kinetic term X > 0, and the inequality is only
saturated at # = @ = 0. Then the motion of the particle is
completely governed by the effective potential V. On the
other hand, these two Killing vectors, & and y#, are related to

two constants, the energy and orbital angular momentum of
the test particle, along each geodesic

-E= gﬂvuﬂév = gtti + gt(p(:bv (10)

I = gy’ = g1yt + Gppbs (11)

where u# denotes the tangent vector of the geodesics. Solving
the above two equations, one can obtain

|
t_

- E (Eg(/lqa + lgt(/l)’ (12)

_ 1
¢=-% (Egyy + 1g,1)- (13)

Plugging them into the potential (8), one has
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I
V= =5 (B2, + 2Elgy, + Pgy) +4>. (14)

When u? = 0, this exactly reduces to the potential of a
photon [22,23]. Similarly, we can re-express this potential as

2 E E
e (E ) (B ) e o

where H are only dependent of the black hole metric and are
given by

V:

_ —gt(/,j:\/g

e

H, (16)

For a photon with 4> = 0, it is quite clear that the LR related
with V = 0,V = 0 satisfies [22,23]

E
7:Hi? (17)

OH .
= 0. 18
P (18)

This is an amazing result that the radius r  of the LR (or the
photon sphere for the static spherically black hole) of the
black hole can be solved by Eq. (18) and is independent
the properties of the photon, indicating that it is an intrinsic
structure of the black hole just like the horizon. Then
plugging it into (17), one shall get E/I = H. (r ) for these
photons orbiting along the LR. In Ref. [2], by defining a new
vector v = ((0,H)/\/Grr: (0pH)/+\/Ggg), one finds the
location of the LR is exactly at the zero point of v from
(18). As a result, by calculating the winding number in the
vector space, we can obtain some properties of the LR. In
particular, considering all the regions of (r, €), the global
property of the LR in a black hole background will be
obtained by examining the asymptotic behaviors of » near the
boundary. This treatment mainly takes advantage of the result
that H . are independent of the energy and angular momen-
tum of the photon. However, due to the presence of the extra
term u2 in (15), the case becomes unclear.

In order to establish the topology for the TCO, we
reexpress the effective potential (14) in the following form

V== (E=c)(E-e). (19)

where

_lgt(p + \/E lz + /’lzggo(p (20)
e = ,
: 999

_lgtqa - \/E 12 + ﬂZg(M)
e, = )
? 900

Obviously, V = 0 leads to the energy of the test particle
E = e, ,. Considering the condition (2) and g, > 0, it is
easy to obtain e, < g,,(|l| = 1)/g,,- For Il > 0, it is easy to
obtain e, < 0, and for I <0, e, < -2lg,,/9,, < 0 due to
negative g,,. Therefore, it is notable that for any value of
[, e, takes a negative value. As a result, we abandon it.
Then, the conditions V =9, =0 for determining the
TCO become

E=e, (22)

d,e; = 0. (23)

Quite different from the LR, d,e; here not only depends on
r, but also on the angular momentum / of the test particle,
so it seems that we cannot construct the topology for the
TCO as expected.

However, we would like to propose a new viewpoint
while is still similar to that for the photon. For each given
angular momentum /, we can obtain the radius of the TCO
by solving (23). Whether the equation has solution or not,
the angular momentum / of the test particle does not affect
our treatment. After obtaining the radius of the TCO, we
can substitute it into (22), and then the energy of the test
particle will be obtained.

In order to give a global topology, we only require that
the values of the angular momentum do not change the
asymptotic behavior of d,e; at the boundary of the (r, 0)
plane. Aiming at it, we define a new vector ¢ = (¢, ¢°) by
analog to Ref. [2] for the photon,

a 9
¢r _ r€1 , ¢6 — 0€1 ’ (24)
V 9rr Yoo

in a flat vector space. In order to be consistent with the
notations of Ref. [12], we write these indices with up ones.
Obviously, ¢p = 0 corresponds to the TCO and 6 = z/2 as
expected. Next, we turn to the asymptotic behavior of ¢ at the
boundary of the (r, ) plane; this shall further confirm that the
construction of the topology for the TCO is meaningful.

For our case, we should examine four asymptotic
behaviors of ¢ near the horizon r — ry, infinity r — oo,
and 6 — 0, .

A. Axis limits

Here we shall consider the axis limits of the vector ¢. In
order to clearly show them, we here follow Ref. [2] and
give a detailed calculation. Defining a local coordinate
P = \/Jgg> one can find when 6 — O or z, dp/d@ is positive
or negative. Since the metric functions are independent of
the particles, one has the same result as that of Ref. [24] by
expanding the metric function at small p

Gu~gh+0p). g~ +0p). (25)

Gpp =P*s  Gip~bop" + O(p"1), (26)
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where g, g, bo are constants, and n € N. Assuming C*
smoothness and regularity close to the axis, one shall have
n > 2 [24]. Plugging them into Eq. (20), we obtain

\/ gOZZpZ 4
p?

—gon’p?

(27)

At zero order in p, one has g,,dp* ~ ggpd6?, and thus

dp
[ a
@¢” ~ sign <a’9>

dp e
¢’ ~ sign<d9>a e~ 51gn<d6> (=9 2'0)% , (28)

for nonvanishing and vanishing /, respectively. Therefore, it
is clear that ¢ diverges at p — 0 and the angular momen-
tum do not affect the behavior of ¢¢ at small p. Further
combining with ¢" ~ p~!, we have ¢’ > ¢’. This indicates
that the direction of the vector is vertical near & = 0 and .
Moreover, considering the fact that dp/d6 is positive and
negative as & — 0 and z, we find the vector is outward at
0 =0 and .

31gn< )IZI\/—,

p°

B. Horizon limit

Here we would like to consider the behavior of the vector
¢ when r — r;. As discussed in Ref. [25], we can set a
local radial coordinate x such that g, = 1, and x = 0 at the
black hole horizon. Near the horizon, one can obtain these
metric functions [25]

w=oy+ 0P, g2l +0x?), (29

Gip = —OuGhy. B~ gg¢K2x2, Gir = w%ggw (30)
where @ = —g,,/9,, and k denotes the surface gravity of

the black hole. gﬁ,’w and wy are zero-order terms of the
expansions in x. Then

12
0,e1 2Ky | + u* + O(x). (31)
9o

By using (1/,/9x)(9/0x) = (1/./9,,)(0/0r), one shall

obtain
are] 12
¢ ==Ky [+ u (32)
Vrr Gy

For a nonextremal black hole with ¥ > 0, we see that ¢"
takes a positive value. In order to determine the direction of
the vector ¢ at the horizon, one needs to calculate ¢?.
However, no matter whether ¢9 is positive or negative, we

can claim that the direction of the vector ¢» must be to the
right, with at most an inclination.

C. Asymptotic limit

Here let us consider the asymptotic behavior of the
vector at infinity. Here we require the spacetime tends to a
flat one in standard spherical coordinates, namely

1
Gip = —(’)(—) , Gpp = r?sin’0 + O(1),

oM 2M
g,,_—1+—+(9( ) g,,_1+—++0< >
(33)

Parameter M is a positive constant and can be treated as the
black hole mass in the asymptotically flat spacetime.
Therefore, we have

M/ u? 1
¢~ ;\5/7_‘_0(;’3)’ (34)

on the equatorial plane by taking 8 = /2, which is small
but a positive value. As a result, by ignoring the specific
value of ¢/, the direction of the vector ¢ is to the right
similar to that in the horizon limit.

In summary, we see that the angular momentum / of the
test massive particle do not affect the behavior of the vector
¢ at the boundary of the (r, ) plane in our above approach.
This result strongly implies that we can construct the
topology for the TCOs of the massive particle in a black
hole background.

III. GLOBAL AND LOCAL TOPOLOGIES

Based on the asymptotic behavior of ¢ at the boundary
of the (r, 6) plane, we here investigate the global and local
topological properties for the TCOs. Moreover, we also
examine the topology for the MSCO and ISCO.

A. Global property

As we have shown that the TCOs locate exactly at the
zero points of the vector ¢. Hence, we can calculate the
topological number W defined as [12]

W:/Zjodzx (35)

for a giving region X in the (r, 0) plane for the TCOs. Here
j° is the zeroth component of the topological current

a b
PR
2w ox¥ x’

(36)
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where x* = (t,r,60), and the unit vector n® = (n",n’) =
(¢7/|P], ¢°/|p|). Here, x° =t denotes the time control
parameter. One can study the evolution of the zero points
with that parameter as expected. On the other hand, other
parameters of the black hole or particle can also be chosen
as the control parameter. For a good definition, we require
that the zero points cannot reach the boundary of the (r, 9)
plane at finite value of the control parameter. In the
following study, we mainly treat the angular momentum
[ of the particle as a control parameter. The brief discussion
on choosing energy will also be given.
After some calculations, one arrives at [12]

N
W=> w, (37)
n=1

which is the sum of the winding number w for all the zero
points on the region X. On the other hand, we can also
obtain the topological charge for a region X by counting the
number of the loops that the vector makes in the vector ¢
space when x* moves along the closed curve dX in a
counterclockwise direction,

1 1
W= —?{ dQ = —]{ €apnidn?, (38)
2 el 2 C

where Q denotes the change of the direction of the vector.

Considering that the curve C = dZ encloses the entire
parameter region, one will obtain the global property of the
topology. Here we can divide the closed curve into two
parts L; and L, such that C = L; U L,. As shown in Fig. 1,
we can see that the direction of the vector are outward at
6 = 0 and =, and is to the right at » = r, and oo by ignoring
the possible inclination. According to the asymptotic
behaviors of ¢, we easily get

1 1
W:—/ dQ + — dQ
2w L, /3 L,
— e x (=0 (39)
2 d 2 =5
[7]
A
n? ?
Ly C =02
> z —>
L,
04 ¢
. . r
14 0o

FIG. 1. Representation of the contour C =0X =L, UL,
(which encloses all the parameter region X) on the (r, 6) plane.
L, and L, are the left and right parts of the contour marked in
blue and red colors, respectively. Black arrows indicate the
approximate directions of the vector ¢ in the boundaries.

This states that the total topological number vanishes for
the TCOs. Significantly, it is universal result and is
independent of the angular momentum of the massive test
particle, as well as the black hole spin. This is an amazing
result, and based on which, we can conclude that the TCOs
with the fixed angular momentum always come in pairs for
the four-dimensional stationary, axisymmetric, asymptoti-
cally flat black hole. This property is quite different from
that of the LR, whose topological number is —1 indicating
that at least one LR exists.

As shown above, the total topological number for the
TCOs vanishes where the direction of the vector ¢ is
outwards at § =0 and z. However, even under the Z,
symmetry, one may wonder whether the topological num-
ber still vanishes if the direction of the vector ¢ is inwards
at @ = 0 and #, see Fig. 2(a). After considering the change
of the direction of the vector ¢, we still obtain W = 0. On
the other hand, it is valuable to examine the total topo-
logical number if we abandon the Z, symmetry. We further
exhibit these two possible cases in Figs. 2(b) and 2(c), where
the Z, symmetry is broken as expected. Surprisingly, we
still have

W =0, (40)

for both the cases without Z, symmetry.
In short, we find that the result W = 0 always holds for
the case with or without Z, symmetry.

B. Local property and stability

As shown above, we confirm that the global topological
number of the TCOs is zero. So they either disappear or
appear in pairs. However, quite different from the LR which
is the intrinsic structure of the spacetime, TCOs are closely
dependent of the test particle. For some certain values of
the energy and angular momentum, the TCOs may be
present, while for other values, they may be absent. In this
subsection we focus on the local topological charge and the
stability for the TCOs.

For each TCO at a given radius r;, the energy and angular
momentum are not independent of each other, and they
must satisfy the conditions (22) and (23). From (23), one
can solve the angular momentum as [20]

_ gt(p + ggu(pgﬂ:

S/ “
where
q, - e tVC @)
Yoo
Pr=—09n— 29:(,;Q¢ - g(/,(,,in, (43)
C = (91p) = GuTpy- (44)
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0 0
x \ x i
L, C=0Z L C=0Z
- z —> - z —>
A L2 L2
0 1 0 _7.
r r
'y 0o 'y oo
(2) (b)
[
|
g
L, M C=0X
> = —>
L,
0 \
. r
Iy oo
(©

FIG. 2. Different patterns for the direction of the vector ¢ at € = 0 and =.

with the prime denoting the derivative with respect to the
radial coordinate. Plugging the angular momentum / into
(22), one obtains the energy

Iu + gt(/)gi
E, =—-—"——F——— . (45)
- \% ﬂi T
By making use of (19), we have
aZ—V _ (el - eZ)qu(p\/ grra;# (46)

or? B or’

for the TCOs. Since e, < 0, the coefficient is positive.
Therefore, it is easy to know

oV op"
- 0(<0
or? " >0(<0) = or

> 0(< 0). (47)

't

Note that the stable and unstable TCOs correspond to
positive and negative 0*))/dr?, respectively. Via (47), we
can also examine the radial stability of the TCOs by using
¢". In Fig. 3 we show an example that there are two TCOs
located at ry and r, (suppose r; < r,), respectively. Via the
asymptotic behaviors of ¢ at horizon and infinity, we
know ¢" is positive in the regions (ry,, r;) U (r,, +00), and
negative in (ry,r,). So near r = ry, d¢"/dr is negative,
while near r = r,, d¢p" /dr is positive. This indicates that the
TCO is unstable at r;, while stable at r,.

Here, we would like to briefly discuss the local stability
in the angular direction. Here we only consider the

equatorial TCOs with 0 = /2. As we have shown in
Sec. II, the presence of / does not change the axis limit of
the vector at & = 0 and =. Moreover, we can obtain the
result that the local stability in the vertical direction of the
TCOs is the same as that of the LRs. Then according to
Refs. [2,8], it is easy to find that the TCOs are stable in the
vertical direction.

After addressing the stability of the TCOs, we expect to
examine the value of the winding number for these two
TCOs. Considering that the component ¢ of vector ¢ or n”
of the unit vector n changes its sign at r; and r,, we also
mark the direction of the vector in Fig. 3. Counting the
change of the direction of the vector, one can easily get the
winding number w = —1 and 1 for the zero points located
at r; and r,, respectively. So we can conclude that the
unstable and stable TCOs correspond to negative and
positive winding numbers. Nevertheless, the sum of the
winding numbers vanishes.

0
" A A
e e
r r
4 \ v
- . r
14 (=)

FIG. 3. Representation of the direction of the vector ¢ along the
contours enclosing two zero points at r; and r,.
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C. MSCO and bifurcation point

We have shown above that positive or negative winding
numbers correspond to stable or unstable TCO with
?V/or? > 0 or < 0. Between these two cases, there is a
critical case with 0°V/dr? = 0, which exactly corresponds
to the MSCO or ISCO for the Kerr-like black holes.

As noted in Refs. [20,26,27], MSCO and ISCO are two
different concepts for (hairy) black hole or generic ultra-
compact objects. The MSCO denotes the stable TCO with
the smallest radius, which can be continuously connected to
spatial infinity by a set of stable TCOs. While ISCO
denotes the stable TCO with the smallest radius among all
the TCOs, which can be determined by C = 0 (44). For the
Schwarzschild and Kerr black holes, the MSCO meets the
ISCO; however, for other rotating black holes, such as
the boson stars, Proca stars, and the hairy black holes, they
are different. In order to avoid confusing, we here adopt the
treatment of Ref. [20].

In general, the MSCO is determined by

oV o?V

V=0, 3 0, 32 0. (48)
The first condition is naturally satisfied with £ = e;, which
is dependent of the angular momentum / and radius r, of the
TCOs. Meanwhile, the radius r, can be obtained by solving
the second equation. As expected, we denote its solution as
r = r(l). For different values of /, the TCOs have different
orbit radii, so we can treat the angular momentum as a
control parameter. After a simple calculation, the third
condition 0*V/dr* = 0 or d¢"/or = 0 turns to

dl

= =o. 4
dry 0 (49)

()

According to Duan’s topological current theory, the point
(I*, r{) related by the MSCO is a bifurcation point. Near the
point, we can expand the angular momentum as

* ]dZI *\2 *\3
-1 :Ed_rtz (re=ri)*+0(r—rf). (50)

)

Via this equation, one can obtain two branch solutions in
the r,— [ plane. When i > |y > 0, these two branch
solutions are present for l > [*, and otherwise, they are
present for [ < I*. According to this property, the bifurca-
tion point can be, respectively, divided into the generated
and annihilated points [28].

Here, let us focus on the topological number of the
MSCO. To clearly show it, we take the BP, branch
described by the blue curve in Fig. 7(a) as an example.
For the large angular momentum, there are two TCOs,
while no TCO for small one. This implies that BP, is a
generated point. As we have shown above, for the fixed
angular momentum, the TCOs with large and small radius

are stable and unstable, and which have positive winding
number w = 1 and —1, respectively. Therefore, the upper
branch has positive winding number, while the lower
branch has negative winding number. Obviously, we can
see that the branches with positive slope and negative slope,
or equivalently with ‘;ZT’{ > (0 and < 0 have w =1 and —1,
respectively. Starting with a large angular momentum, the
upper and lower branches have ‘327‘2’ >0 and < 0. This
property holds with the decrease of the angular momentum.
However, when the point BP, is reached, such pattern
changes. These two branches merge and only one MSCO

with ‘3;‘2’ = 0 leaves. So one can regard the MSCO as one
degenerated TCO. For any angular momentum slightly
larger than that of BP,, the MSCO will be split into two
TCOs, one of which have w =1, while other one has

w = —1. Considering that Y'> 0 and <0, respectlvely,

correspond to w = +1 and —1 The MSCO with £ > 2V —
will not take w = +1 or —1. Therefore, The MSCO must
have w = 0. This result is exactly consistent with the result
of Ref. [12]. Thus, we can say that the topological charge of
the MSCO vanishes. It can also be further confirmed in
Fig. 6(a) and Fig. 6(c) by calculating the change of the
vector direction along the constructed closed loop.

IV. TIMELIKE CIRCULAR ORBITS AND
TOPOLOGY IN KERR BLACK HOLE

In the previous section, we constructed the topology
for the TCOs in a generic black hole background. In this
section we manage to apply it to the Kerr black hole and to
confirm whether the above study is applicable. This shall
uncover the detailed properties for a specific example.

A. Effective potential
The metric of the Kerr black hole is given by

A 2
ds* = ——= (dt — asin’0dg)* + /)Kdrz + p*d6?
p

sin%0

(adt — (r* + a®)dy)?, (51)

where the metric functions read
p? = r* + a*cos’0, (52)
A=7r>=2Mr+ a’. (53)

Solving A = 0, one can obtain the radii of the black hole
horizons

ry =M+ M? - a. (54)

Obviously, for a black hole, its spin must be a/M € (0, 1).
From (19), the effective potential )V can be obtained, and
ej, are given by
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FIG. 4. Behavior of the effective potential V witha = 0.98 and M = 1. (a) [ = —4.5. E = 0.9650, 0.9691, 0.9750, 0.9776, and 0.9850
from top to bottom. (b) [ = —4.2209. E = 0.9450, 0.9500, 0.9620, 0.9700, and 0.9800 from top to bottom. (c) / = —4. E = 0.9450,
0.9500, 0.9620, 0.9700, and 0.9800 from top to bottom. (d) / = 1.5. E = 0.65, 0.70, 0.75, 0.80, and 0.85 from top to bottom.
(e) I =1.6827. E=0.75, 0.76, 0.7661, 0.77, and 0.78 from top to bottom. (f) / = 1.9. E = 0.81, 0.8210, 0.83, 0.8474, and 0.86 from
top to bottom. Black dots denote these points satisfying V = 0,) = 0.

2alMr + pcsc 0/ A((a® + r?)?sin?6 + I*p* — a® Asin*0)

= . 55
é12 (a* + r*)* — a®Asin®0 (53)
|
where we have taken > = 1. In the equatorial plane, they @ = 0.98 and M = 1. When [ = —4.5, we observe from
reduce to Fig. 4(a) that there are two extremal points for fixed

energy E. When E = 0.9691 and 0.9776, there exists
one point with V=0,V =0 for each curve. It is
obvious that these points are just the locations of
TCOs, where the surrounding particles have zero
radial velocity. So there are two TCOs for [ = —4.5.
Slightly increasing the angular momentum such that

In order to show the characteristic behavior of the [ = —4.2209, we can find from Fig. 4(b) that there are
potential, we plot it in Fig. 4 for the black hole with  two extremal points for the small value of the energy.

2alMr + r\/A((a®> + )2 + Pr? — a®A)
(@ + 1) —d’A :

(56)

€12 =
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With the increase of the energy, these two extremal
points coincide at the black dot with energy
E =0.9620, and an extra condition 9,,)V =0 is sat-
isfied. Actually, the black dot denotes the MSCO as
expected. In particular, it is worthwhile pointing out
that such MSCO exactly meets the ISCO for the Kerr
black hole. When the energy is beyond 0.9620, no
extremal point will be present. Taking / = —4, and 1.5,
we describe the effective potentials in Figs. 4(c) and
4(d), respectively. Although the angular momenta have
different signs, their patterns are quite similar. Even
varying the energy, we see that there is no extremal
point which strongly indicates that TCOs do not exist
for these cases. When [ = 1.6827 shown in Fig. 4(e),
the effective potential shows a similar behavior as that
of Fig. 4(b). The MSCO is present for the certain values
|

(a*(M +r) + r*(r —3M))

of a, [, and E. For [ = 1.7, two TCOs marked with the
black dots are shown in Fig. 4(f). These disclose the
characteristic behaviors of the effective potential. In
summary, by varying the angular momentum, we find
that there can be two TCOs, one MSCO, or no TCO.

B. Vector and asymptotic behaviors

As shown above, the TCOs are related with the zero
points of the vector. Here we would like to examine the
asymptotic behavior of the vector in the background of
the Kerr black hole and to see whether it is consistence with
the generic case shown in Sec. II.

The vector can be obtained via (24), which is in a
complicated form and we will not show them. Expanding
the vector near @ = 0, we have

2av/AIM (a? = 3r%)

r - = — -1
40— 0) o o T 0) (57)
0o VA VAB3a® +a*(9r* = 212) + a*r(9r° = P(12M + r)) + r*(I* + 37r?))
$0=0)= (a® + r2)%‘9 * 6l(a* + 1) +00. (8

and near € = z, we have

l(a*>(M +7) + r*(r—3M))

2av/AIM (a* - 372)

PO - x) = @+ r2)§ —x)”' + @+ rz)% + OO0 - n), (59)
a6 a4 ’,.2 _n72 azr ’,.3 _ 2 r r4 2 ’,.2
(0 — ) = azl\fz)g o gy - YAGL + a0 -2 “61(0(1#;“”* NFAEE30) | o6 - ).
(60)

Therefore, at § =0 and 6 =z, the direction arg¢p =
arctan(¢?/¢") of the vector is

arg (0@ — 0) ~ arctan (— VA 9—2)

(a® + r?)
~ arctan (—07%) = —g,

VA
——————07% ) ~arctan(072) = T
(a®+r7)2 2

(62)

arg (0 — m) ~arctan <

As a result, the direction of the vector is up at @ = z and is
down at @ = 0. On the equatorial plane, we can also expand
the vector at large r, which gives

T M PP 1
==, =—=—-——=4+0(—=). 63
¢< 2 r—>oo> 2 r3+ <r4) (63)

|

Near the horizon, we denote the small positive parameter
€ = r — r;,. Then expanding the vector near the horizon, we
obtain

¢r<9:g,e—>o>

R RIG - %ZW “VMI @) | .

(64)

Note that the zero order is positive. Since ¢?(0 = %) = 0,
the direction of the vector is right both at the horizon and
large r. In particular, taking a = 0, we obtain

plo=2 L — (65)
=—,r—=>ry | =—\— .
2’ ) am V am?

For the Schwarzschild black hole, one has x = 1/4M and
ggq, = 4M?, so this exactly produces the result given in (32).
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In summary, we conclude that the asymptotic behaviors
of the vector for the Kerr black hole are the same as that of
the generic discussion given above. And based on this
result, we must have the fact that total topological number
of the TCOs in the Kerr black hole background is zero.

C. Topological charge and stability

Here we would like to calculate the topological charge for
the TCOs in the Kerr black hole background. In order to show
the characteristic behavior of the unit vector n, we take the
angular momentum / = 1.5, 1.6827, and 1.9, respectively.
For the negative value of /, the behaviors are quite similar. For
simplicity, we take a = 0.98 and M = 1.

For [ = 1.5, we exhibit the unit vector » in Fig. 5, where
the arrows denote the direction of the vector. It is clear that
for different r and 0, the direction of the vector is different.
In the equatorial plane, one can see that the vector is
towards to right, and near € = 0 and 7/2, the vector is up
and down as expected. More importantly, there is no zero
point for the vector. Thus, the topological number defining
as the sum of the winding number for all the zero points is
zero, i.e., W = 0.

If we set [ = 1.6827, the MSCO or ISCO will be present.
For this particular case, we show the unit vector n in
Fig. 6(a). Its behavior is similar to that of Fig. 5. However,
one IP; point can be discovered at r = 1.61, which actually
relates to the MSCO of the black hole. To calculate the
winding number for the MSCO, we construct a closed loop
parametrized by the following parametrized form

r = cy;cosy + cgp,
{ 16 e (66)
0 =cysiny +7.

For the closed loop C;, we have (cg,ci,cy)=

(1.61,0.2,0.6). Along the loop C;, we calculate the
deflection angle Q(y) defined as [13]

Kk K K KA K K AN Kk kK
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7 A A A ANV T
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FIG. 5. The blue arrows represent the direction of the unit
vector n for M =1, a =098, and [ = 1.5.

Q(y) :/C eapnonldx’. (67)
1

The result is listed in Fig. 6(c). With the increase of y
from 0 to 2z, Q(y) first increases, then decreases, and
finally increases. However, it does not make one complete
loop. So the winding number for the MSCO is zero, and
thus W = 0.

As a third characteristic example, we take the angular
momentum [/ = 1.9. The unit vector n is exhibited in
Fig. 6(b). Quite different from previous cases, there are two
zero points ZP, and ZP5 located at r = 1.36 and 2.46. In
order to calculate their winding numbers, we construct two
closed loops C, and C; with parametrized coefficients
(co, 1, ¢2) = (1.36,0.12,0.6) and (2.46, 0.4, 0.2), respec-
tively. Along these loops, we show the deflection angle in
Fig. 6(d). With the increase of y, Q(y) decreases for C,
and increases for C3. When y vary from O to 2z denoting a
complete loop, we find that the vector makes one loop
clockwise along C,, and counterclockwise along Cj.
Therefore, we obtain wzp, = —1 and wzp, = 1 for the zero
points ZP, and ZP5. Considering that the TCOs with small
and large radii, respectively, are unstable and stable, one
can conclude that the unstable TCOs have negative winding
number, while the stable ones have positive winding
number. Since the topological number is the sum of the
winding numbers of all the zero points, we still have
W = —1+ 1 = 0. This indicates that the total topological
number still holds unchanged for this case even when two
zero points are present.

D. Evolution of control parameter

In the above, we have shown several characteristic
behaviors of the vector for different values of the angular
momentum acting as a control parameter. Here we would
like to consider the TCOs and their topological number
under the evolution of the control parameter.

We plot the radii of the TCOs as a function of the angular
momentum / in Fig. 7(a), which can vary from —co to +o0.
There are four different branches. The signs “+” and “—”
denote that the branches have positive and negative wind-
ing numbers, respectively. For sufficiently negative angular
momentum, there are two branches of TCOs. The upper
branch has a positive winding number, while the lower one
has a negative winding number; their sum vanishes. With
the increase of the angular momentum, these two branches
approach each other, and coincide at BP; at [ = —4.22. In
the region /€ (—4.22,1.68), no TCO branch can be
observed, and thus the topological number is zero.
Further increasing the angular momentum, we observe
that two branches extend from the point BP, at [ = 1.68.
The upper and the lower ones have positive and negative
winding numbers, respectively. The sum of the winding
number is still zero.
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FIG. 6.

(a) The blue arrows represent the direction of the unit vector n for M = 1, a = 0.98, and [ = 1.6827. (b) The red arrows

represent the direction of unit vector n for M = 1, a = 0.98, and [ = 1.9. (c) The deflection angle Q(y) along the closed loop C;.
(d) The deflection angle Q(y) along the closed loops C, (red solid curve) and C; (blue dashed curve). “IP” and “ZP” denote the

locations of the ISCO and the zero points of the vector.

From this behavior of r, of the TCOs, we can find that
the topological number always stays at zero for different
values of the angular momentum /. We show the details in
Fig. 7(b). The dashed lines denote the winding number of
different TCO branches, and the black solid line is the total
topological number of the TCOs. It implies that the total
topological number always vanishes.

Moreover, from Fig. 7(a), one can clearly see that the
points BP; and BP, are two bifurcation points. Actually,
they are the MSCOs for the Kerr black hole with a = 0.98
and M = 1. Near these two points, we have

d*l

dr%:—0.0S and 2.31,

(68)

which indicates that BP; and BP, are the annihilated and
generated points, respectively. This is also consistent with
the result shown in Fig. 7(a).

Before ending this section, we briefly summarize our
results. For the Kerr black hole, the topological number
relating to the TCOs vanishes, indicating if the TCOs exist,
they always come in pairs for the fixed angular momentum.

Note that although we here take a = 0.98 and M = 1 for an
example, this result holds for other values of the black hole
mass and spin.

V. CONTROL PARAMETER AND TOPOLOGY

As shown above, we take the angular momentum / as
the control parameter to construct the topology. Since the
energy E is also an alternative parameter for the massive
test particle, it is interesting to consider this case.

Here we need to reformulate the effective potential ) as

V== -1)(-1). (69)
where [, , are given by
 _~Eout VBV gy +E* (70)
I
[ — _Egt¢+\/§\/g,,+E2. 1)
Gt
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FIG. 7. (a) The evolution of the radius r, of the TCO as the angular momentum /. BP; and BP, are two bifurcation points. The signs
“+” and “—" denote that the branches have positive and negative winding numbers, respectively. (b) The total topological number W

(black solid line) relating to the TCOs as a function of the angular momentum /. Dashed lines denote the winding numbers of these TCO
branches. These black dots are for the bifurcation points (BP). The black hole parameters are set to M = 1 and a = 0.98.

It is obvious that [; <0 corresponds to the retrograde
orbits. Otherwise, [, corresponds to prograde orbits. So the
conditions of the TCO reduces to

[=1;, and 9, =0, (72)
for retrograde cases, and
=1, and 0d,,, =0, (73)

for prograde cases. As a result, we need to construct two
different vectors to describe the TCOs for each rotating sense.
Case I: the vector ¢, is constructed as

a,l oyl
¢,1f _ 1 ’ ¢? _ 0'1 )
9rr oo

(74)

Via solving the zero point of ¢;, we obtain that the
corresponding energy is E = E_ given in (45). Plugging
E_ into [, one can obtain the angular momentum / = [_ as
expected.

Case II: the vector ¢, reads

0,1 0Ol
¢£ — rt2 , g — 0L2 . (75)
9rr v/ Y960
For such case, we can obtain the zero pointof ¢p, at E = E .

and [ =1,.

For each rotating sense, we can follow the treatment
shown in Sec. III to obtain the topological number by
analyzing the asymptotic behaviors of the vectors ¢; and
¢,. Owing to that the process is quite similar, we just
present our result here. For both the retrograde and
prograde TCOs, we observe that, the topological number
W vanishes for E € (0, 1), while when the energy is larger
than one, the topological number is W = —1. This is mainly
because that the direction of vectors ¢ , at large r changes
when the energy crosses E = 1. So there is a topological
phase transition at E =1 for both the rotating senses.

As we know, in an asymptotically-flat spacetime, the
motion of the massive particles with energy E <1 is
bounded and cannot reach the infinity. Instead, these
particles with E > 1 still keep moving at the infinity,
and bounded orbits cannot be observed. So the critical
case is that these particles with energy £ = 1 can stay at
rest in the infinity. As a result, the energy £ = 1 plays a
characteristic point to distinguish these particles which
cannot reach or freely move at infinity. It also measures
whether the bounded orbits exist or not. From our topo-
logical approach, we clearly see that this physical feature
can be well-described by the topological phase transition
at E=1.

In order to clearly show them, we exhibit our results in
Figs. 8 and 9 for the Kerr black hole with M =1 and a =
0.98 for these two rotating senses. In Figs. 8(a) and 9(a), we
plot the evolutions of the radii r; of the TCOs as the control
parameter E for the retrograde and prograde cases, respec-
tively. For the retrograde case, when E < 0.96, there is no
TCO branch, and thus the total topological number is zero.
When E = 0.96, two branches of negative and positive
winding numbers emerge from the point BP;, And for the
prograde case we observe a similar behavior near BP,
at E=0.77.

Near these two points BP; and BP,, we have

d*E
F:0.0018 and 0.7631,

Ty

(76)

which indicates that all these bifurcation points are gen-
erated points. Note that the bifurcation points BP; and BP,
are exactly the ones shown in Fig. 7(a).

As the energy approaches one, these two branches
possessing positive winding number tend to infinity
r. — oo. Nevertheless, the total topological number always
stays at zero as expected. When the energy is larger than
one only one branch is left for each rotating sense, but
both them have negative winding number w = —1.
Therefore, the topological number is W = —1 for each

064006-13



SHAO-WEN WEI and YU-XIAO LIU PHYS. REV. D 107, 064006 (2023)

50
40} Al —
30+
N 2 o0
201
-1} -
10} BP, _
0 , ; . . . -2 . . . . . . .
0.90 0.95 1.00 1.05 1.10 1.15 1.20 0.80 0.85 0.90 0.95 1.00 1.05 1.10 1.15 1.20
E E
(a) (b)

FIG. 8. Topological behaviors for the retrograde TCOs. (a) The evolution of the radius r, of the TCO as the control parameter E. BP; is
a bifurcation point at £ = 0.96. The signs “4” and “—” denote that the branches have positive and negative winding numbers,
respectively. (b) The total topological number W (black solid line) relating to the TCOs as a function of the energy E. Dashed lines
denote the winding numbers of these TCO branches. The first and second black dots are for the bifurcation point and phase transition
point. The black hole parameters are set to M = 1 and a = 0.98.
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FIG.9. Topological behaviors for the prograde TCOs. (a) The evolution of the radius r, of the TCO as the control parameter E. BP, is a
bifurcation point at E = 0.77. The signs “+” and “—” denote that the branches have positive and negative winding numbers,
respectively. (b) The total topological number W (black solid line) relating to the TCOs as a function of the energy E. Dashed lines
denote the winding numbers of these TCO branches. The first and second black dots are for the bifurcation point and phase transition
point. The black hole parameters are set to M = 1 and a = 0.98.

case. These behaviors suggest that there is a topological
phase transition at E = 1, where the topological number W
turns from O to —1. Note that the values of the winding
number correspond the stability of the TCOs. As we have
shown, the TCCOs with a negative winding number are
unstable. Any tiny perturbation will make the particle
deviate from the TCO, so for the particles with £ > 1
only unstable TCOs exist. Although these TCOs are very
limited for the study of astronomical observable effects, it
can help us understand the complete structure of TCOs in
the black hole backgrounds.

We show the topological number W in Figs. 8(b) and 9(b)
for the retrograde and prograde cases, respectively. Itis clear
that the topological number stays at zero when E < 1 for
both cases, regardless of the bifurcation point. When E > 1,
the topological number turns to —1 as expected. Thus, there
is a topological phase transition at £ = 1.

Noting that in our discussion above we only take
a = 0.98, it is worth examining whether topological pattern
and phase transition depend on the mass and spin of the

black hole. As shown in Sec. IV B, even though the black
hole mass and spin modify the coefficients of the expansion
of the vector, they do not affect the asymptotic behaviors.
Thus, the total topological number is independent of the
black hole mass and spin. Nevertheless, the locations of the
TCOs and the MSCOs will be shifted. On the other hand,
the topological phase transition at £ = 1, is only dependent
of the behavior of ¢” at the infinity, so such a phase
transition holds for arbitrary values of the black hole mass
and spin.

VI. CONCLUSIONS AND DISCUSSIONS

In this paper, we constructed a well-behaved topology
for the TCOs in a generic black hole spacetime, even
though the TCOs are closely dependent of the energy and
angular momentum of the massive particle.

At first, we treated the angular momentum as the control
parameter. Similar to the treatment of the photon [1,2], we
started with the timelike geodesics and constructed a vector
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FIG. 10. Schematic illustration of the removal of degeneracy of the circular orbit with M =1 and a = 0.98. The PS of the
Schwarzschild black hole is broken by the black hole spin a and particle mass x?. Light red and blue color regions are for the stable and

unstable TCOs. (risco, llas+co) = (1.61,1.68) and (8.94, —4.22).

¢ by using the effective potential. The TCO exactly locates
at the zero point of ¢. Thus, one can endow each of them
with a local topological charge—the winding number, for
the TCO. Moreover, we studied the asymptotic behaviors
of ¢ near the boundaries in the -6 plane. Via examining the
axis limit, horizon limit, and asymptotic limit, we found
the value of the angular momentum does not change the
asymptotic behaviors of the vector. This strongly implies
that the topological approach can be applied to the TCOs,
just like that for the LRs.

Then we considered the global and local topologies
relating with the TCOs. From the local viewpoint, we found
that the positive or negative winding number, respectively,
corresponds to stable or unstable TCO. In particular, the
MSCO is just the bifurcation point that the stable and
unstable TCOs can generate from or annihilate into.
Nevertheless, the sum of the winding number stays the
same before or after the bifurcation point. From the global
viewpoint, we observed that the total topological number,
defined as the sum of the winding numbers of all the zero
points, always vanishes for a generic black hole spacetime.
It suggests that the TCOs with fixed angular momentum
come in pairs with one being stable and another being
unstable. It is worth pointing out that this result is universal
and is independent of the angular momentum of the particle
and the black hole parameters. However, the total topo-
logical number for the LR is —1, indicating there exists a
standard LR at least for a generic black hole.

As a specific example, we studied the Kerr black hole.
As expected, the vector is outwards at @ = 0 and 7. Also the
vector is to the right both at r = r;, and oco. This pattern
indicates that the total topological number of the TCO is
W = 0 for the Kerr black hole. So, if one treats the angular
momentum as the control parameter, the stable and unstable
TCOs always come in pairs. Of particular interest is that
the two MSCOs for both the rotating senses act as the
bifurcation points. The one with negative angular momen-
tum is an annihilated point and the other one with positive
angular momentum is a generated point. Although for

different values of the angular momentum there may two or
zero TCO branches, the total topological number is always
zero as expected.

Besides the angular momentum, the energy of the test
particle is also an alternative control parameter. Hence, we
examine the corresponding topology for both the rotating
senses, respectively. The results show that the total topo-
logical numberis W = 0 for 0 < E < 1, while W = —1 for
E > 1. This suggests that there exists a topological phase
transition at £ = 1 both for the retrograde and prograde
cases, which actually measures different motions of the
massive particles at infinity. Moreover, the MSCOs in this
case exactly correspond to two generated points.

Before ending this paper, we would like to address three
points for the topology of the TCO that are different from
the LR: (i) For the LR, the energy and angular momentum
are linear, while for the TCO they have a nonlinear relation;
(i1) When the black hole background is fixed the radius of
the LR is independent of the parameters of the photon,
while for the TCO its radius closely depends on the test
particle. It appears that the degeneracy of the circular orbit
is broken when the test particle gets mass, see Fig. 10 for an
example; (iii) The total topological number is W = —1 for
LR, while 0 for TCO. This implies that for a generic black
hole, there exists at least one standard LR, while the TCOs
always come in pairs for the fixed angular momentum.
Here we developed a general topological treatment for the
TCOs, and applied it to the Kerr black hole. We believe that
more information about the TCOs could be disclosed for
other rotating and nonrotating black holes in GR or
modified theories of gravity by employing this topological
approach and more general black hole solutions without Z,
will be further investigated.
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APPENDIX: REMOVAL OF DEGENERACY
OF THE CIRCULAR ORBIT

Taking M = 1 and a = 0.98 as an example, we shown
the removal of degeneracy of the circular orbit due to the
black hole spin and mass of the test particle in Fig. 10. For
the Schwarzschild black hole, the radius of the photon
sphere rpg = 3. When the black hole spin is present it is
split into two; the prograde and retrograde LRs located at
rig = 1.24 and 3.98, respectively. Here a* denotes that
the black hole spin a and angular momentum / have the
same or opposite direction. When the test particle gains

mass, its motion will be described by the timelike geo-
desics rather than the null geodesics. Each LR will turn
into a continuous set of TCOs with the radius extending
from the value of LR to infinity. The unstable and stable
TCOs are separated by the MSCOs or ISCOs. Note that
the radii of the unstable TCOs are bounded by the ISCOs
and LRs. For the a™ branch, the particle angular momen-
tum starts at the MSCO with / = 1.68 to r%éo = 1.24 and
oo with [ = oo, and for the a~ branch, the particle angular

momentum starts at the MSCO with [ = —4.22 to r%ico =
3.98 and co with [ = —co0.
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