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Gravitational waves travel through the distributions of matter and dark energy during propagation. For
this reason, gravitational waves emitted from binary compact objects serve as a useful tool especially to
probe the nature of dark energy. The geometrical optics approximation is a conventional way of
investigating wave propagation. However, the approximation becomes less accurate as the wavelength
approaches the curvature radius of the background, which can occur in generic situations. In this paper, we
suggest a formulation for higher-order corrections of the geometrical optics expansion, applied to
Horndeski theory which accommodates many dark energy models. At the level of the background,
assuming that the derivative of the scalar field is nonvanishing and timelike, we choose the time slices to
coincide with the contours of the scalar field. This choice of the background time slices is advantageous as
the sound cones of both scalar and tensor gravitational waves are upright with respect to the background
time slices whenever the scalar field behaves as a perfect fluid. We then analyze the equations of motion for
scalar and tensor components of gravitational waves at the leading and next-to-leading order in the
geometrical optics expansion, deriving the evolution equations for their amplitudes under certain
conditions. In particular, for generalized Brans-Dicke theories, we find a simple description of equations
for gravitational waves in terms of an effective metric.

DOI: 10.1103/PhysRevD.107.064002

I. INTRODUCTION

Gravitational waves (GWs), which were first detected
by LIGO in 2015 [1], open a new way of studying
the fundamental physics. GWs generated by binary
compact objects carry abundant physical information
throughout the processes of emission and propagation.
The stage of emission provides opportunities for testing
the theory of gravity in a strong gravitational field and
nuclear physics in a high-density region, whereas the
stage of propagation accumulates the effects of dark
energy, i.e. the unidentified principal component of the
present Universe at cosmological distances (see e.g. [2]
for a review). In this paper, we focus on the phenom-
enology of the propagation for the purpose of studying
the nature of dark energy.
Horndeski theory [3–5] is one of the covariant extensions

of general relativity (GR) by adding a single scalar field.
Horndeski theory is able to provide a number of interesting
features on gravity and dark energy. Horndeski theory is
the most general theory in which a Lagrangian density
contains a metric and single scalar field and the covariant
equations of motion (EoMs) are at most second-order
differential equations in four dimensions. Horndeski theory

contains gravity theories such as Jordan-Brans-Dicke
theory [6], fðRÞ gravity [7], kinetic gravity branding [8,9],
and major dark energy models: quintessence [10,11] and
k-essence [12,13]. Hence it is meaningful to study GW
propagation in the framework of Horndeski theory in order
to understand gravity and dark energy.
Propagation of GWs in Horndeski theory has been

studied in the literature. Most studies assume Minkowski
spacetime e.g. [14] for fðRÞ gravity or Friedmann-
Lemaître-Robertson-Waker (FLRW) spacetime as a back-
ground. Considering the late-time Universe,1 GWs
acquire two major aspects of dark energy in Horndeski
theory that differ from the standard model of the Uni-
verse at late time i.e. GR with the cosmological constant.
One is that the coupling with the dynamical dark-
energy field changes the amplitude and phase of GWs.
(The original derivation is shown in [5]. See [16,17] for
details of phenomenological formulation.) The other is
that an extra scalar polarization emerges other than the

1There is an interesting phenomenon of Landau damping in a
medium of noncollisional gas of particles [15]. This is not the
case we study throughout the paper.
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two standard tensor ones [18].2 Constraints have been
placed on these features using observed GWs from
binary compact objects (see e.g. [2] for a review).
Currently, the constraint on the phase velocity with
the binary neutron star merger GW170817 and the
associating gamma ray burst GW170817A [22] is the
most stringent [23–28]. A constraint on the damping
rate of GW amplitude has been obtained [27] although it
is still loose. The authors of [29] placed a constraint on
the ratio of the scalar-mode amplitudes to the tensor-
mode amplitudes for GWs with a mixture of the scalar
and tensor polarizations. Hence, it is expected that
formulating the propagation of GWs for Horndeski
theory provides a way to discriminate the models of
dark energy from the standard model.
In order to model a more precise universe in accord with

observations, however, assuming the FLRW universe as a
background spacetime is not necessarily adequate, it breaks
at the scales where structures are formed. Although the
measurements of cosmic microwave background and the
observations of the large-scale structure have revealed that
our Universe becomes spatially homogeneous and isotropic
as it goes to larger distances [30,31], matter inhomoge-
neously distributes at galactic scales. Since GW sources
are believed to be hosted in galaxies based on their
population syntheses [32–34], GWs indeed propagate
through inhomogeneous spacetime, ending up with aban-
doning the FLRW spacetime. Hence, it is necessary to
formulate a way to investigate the propagation of GWs
including the inhomogeneities of matter and dark energy.
(See also [35–38] for other implications of interactions
between tensor GWs and scalar dark energy perturbations.)
The geometrical optics approximation [39,40] (see

e.g. [41]) is available to study the propagation of GWs
on the background spacetime with inhomogeneities of
matter and dark energy. A perturbative field can be
separated into the amplitude and phase (called “eikonal”),
which varies rapidly. The approximation is consistent in
any background spacetime whose variation scales are
sufficiently longer than the wavelength of GWs.
Applying this approximation to GWs in GR, we can see
that GWs propagate along the null geodesic, that the
amplitude evolves to conserve the number of gravitons,
and that the polarization tensor is parallelly transported
along the null geodesic. In the case where the background
spacetime has angular momentum, a rotation of polariza-
tion occurs as a result of the parallel transportation of the

polarization. This is known as gravitational Faraday rota-
tion [42]. Taking into account higher-order corrections
to the approximation, we see that there is energy flow
in a direction orthogonal to the propagation direction (see
e.g. [43,44] in the context of electromagnetic wave). The
approximation becomes less accurate as the wavelength is
longer. GWs from heavier binary systems, e.g. super-
massive black hole binaries or ones emitted during the
inspiral phase long before a merger, may lie beyond the
approximation. The case where a wavelength of a GW
approaches the Schwarzschild radius of a lensing mass can
no longer be treated with the geometrical optics due to non-
negligible wave effects [45]. Toward this end, we suggest a
formulation for the systematic computation of higher orders
of the geometrical optics expansion.
The purpose of this paper is to suggest a formulation to

systematically compute higher orders of the geometrical
optics expansion in a subclass of Horndeski theory, study-
ing the physical effects as much as possible toward higher
orders in geometrical optics. At present, the solutions for
the leading and next-to-leading order in the equations of
motion for perturbations are known. Recently, the propa-
gation of scalar and tensor modes in Horndeski theory has
been studied in [46,47] (see also [48]) in the framework of
geometrical optics approximation. In [46], the authors
consider the subclass of Horndeski theory in which speeds
of sound for both scalar and tensor modes are the speed of
light. In [47], the authors derived the evolution equations
for the amplitude of both scalar and tensor modes in the
subclass of Horndeski theory in which the sound speed of
tensor modes is the speed of light and the sound speed of
the scalar field is arbitrary. In this paper, we shall study the
latter subclass.
The rest of this paper is organized as follows. In Sec. II,

we present the theory that we study in this paper. In Sec. III,
we suggest the formulation to systematically compute
higher orders of geometrical optics expansion taking into
account inhomogeneities of matter and dark energy in our
Universe. In Sec. IV, we study the leading and next-to-
leading-order terms of the equations for perturbative
variables and derive the sound speeds and the evolution
equations for the amplitudes. Finally, we summarize and
discuss our results in Sec. V. Throughout this paper, we
use the following notation. The metric signature is
ð−;þ;þ;þÞ. The indices of tensors a; b; c; d; � � � run over
0 to 3, and the spatial indices i; j; k; l; � � � run over 1 to 3.
TðabÞ ≔ 1

2
ðTab þ TbaÞ denotes the symmetrization of the

indices and T ½ab� ≔ 1
2
ðTab − TbaÞ denotes the antisymmet-

rization of the indices. The numbers in the upper left of the
Ricci tensor and Riemann tensor are the space/spacetime
dimensions. The left numbers in the upper right of the
amplitude represent the order of perturbative expansion
and the right numbers represent the order of geometrical
optics expansion. The numbers in the upper right of
the other variables are the order of perturbative expansion.

2It is known that static, spherically symmetric, and asymp-
totically flat black holes cannot take nontrivial scalar field
profiles in shift symmetric Horndeski theory without the coupling
with Gauss-Bonnet invariant [19–21]. However, the theorem is
applicable to neither the propagation of GWs in galactic and
intergalactic space nor the generation of GWs by binary black
holes since the system is not static, spherically symmetric, and
asymptotically flat.
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The variables with a bar are the background variables. We
use the unit c ¼ 1.

II. HORNDESKI THEORY WITH LUMINAL
TENSOR GW PROPAGATION

We consider a certain subclass of Horndeski theory
in which a tensor perturbation propagates at the speed of
light. The authors of [5] derived the sound speeds of the
scalar and tensor perturbations around FLRW background
spacetime. The sound speeds are written in Appendix A
for the whole Horndeski theory containing four free
functions G2;3;4;5ðϕ; XÞ, where ϕ is the scalar field and
X ≡ −gab∂aϕ∂bϕ=2. In the following, subscripts ϕ and X
denote the derivative with respect to ϕ and X, respectively.
In general, G4X ≠ 0 or G5 ≠ 0 are allowed, and then the
propagation speed of the tensor mode around the FLRW
spacetime is different from the speed of light.
However, the simultaneous detection of GW170817 [49]

and GRB170817A [50,51] has established that the
tensor sound speed is the same as the speed of light
with the allowed difference at the order of 10−15 [49].
Then models with G4X ≠ 0 or G5 ≠ 0 have been severely
constrained [23–27], otherwise it is necessary to invoke
fine-tuning of the background dynamics (see e.g. [52,53]).
We consider the subclasses of Horndeski theory that satisfy
G4X ¼ 0 and G5 ¼ 0 on any spacetime so that the tensor
modes propagate at the speed of light without fine-tuning of
the background dynamics. This subclass is given with the
Lagrangian density as

L ¼ 1

2κ2
ðG2ðϕ; XÞ þ G3ðϕ; XÞ□ϕþ G4ðϕÞRÞ þ LðmatterÞ;

ð1Þ

where κ2 ≔ 8πGN and GN is the Newton constant. We
consider the matter component minimally coupled to the
metric. The variation of the action (1) with respect to the
metric gives the EoMs for the metric as

Gab ¼ κ2TðeffÞ
ab ¼ κ2

�
TðG2Þ
ab þ TðG3Þ

ab þ TðG4Þ
ab þ TðmatterÞ

ab

G4

�
;

ð2Þ

whereGab is Einstein tensor and T
ðG2Þ
ab ; TðG3Þ

ab ; TðG4Þ
ab ; TðmatterÞ

ab
are

TðG2Þ
ab ≔

1

2κ2G4

½G2X∇aϕ∇bϕþ G2gab�; ð3Þ

TðG3Þ
ab ≔

1

2κ2G4

½G3X□ϕ∇aϕ∇bϕþ∇aG3∇bϕ

þ∇bG3∇aϕ − gab∇cG3∇cϕ�; ð4Þ

TðG4Þ
ab ≔

1

κ2G4

½G4ϕð∇a∇bϕ − gab□ϕÞ

þ G4ϕϕð∇aϕ∇bϕþ 2XgabÞ�; ð5Þ

TðmatterÞ
ab ≔ −

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgcdÞ

p δSðmatterÞ

δgab
;

SðmatterÞ ≔
Z

d4x
ffiffiffiffiffiffi
−g

p
LðmatterÞ: ð6Þ

Variation of the action (1) with respect to the scalar field
gives the EoM for the scalar field as

X4
i¼2

EðGiÞ ¼
X4
i¼2

½PðGiÞ −∇aJ ðGiÞ
a � ¼ 0; ð7Þ

where EðGiÞ ≔ PðGiÞ −∇aJ ðGiÞ
a , and

PðG2Þ ≔ G2ϕ; ð8Þ

PðG3Þ ≔ −ð∇aG3ϕÞð∇aϕÞ; ð9Þ

PðG4Þ ≔ G4ϕR; ð10Þ

J ðG2Þ
a ≔ −G2X∇aϕ; ð11Þ

J ðG3Þ
a ≔ −G3X□ϕ∇aϕ −G3X∇aX − 2G3ϕ∇aϕ; ð12Þ

J ðG4Þ
a ≔ 0: ð13Þ

If the Lagrangian density is shift symmetric, i.e. if it is
invariant under scalar field constant shift ϕ → ϕþ const.,
then the EoM for ϕ is reduced to the conservation equa-
tion of the Noether current associated with the shift

symmetry, namely J ðGiÞ
a becomes the contribution of Gi

to the Noether current and PðGiÞ identically vanishes (see,
e.g. [5]). In the following, we do not assume the shift
symmetry and thus PðGiÞ is nonvanishing in general. In the
following sections, we analyze these equations with geo-
metrical optics expansion.

III. GEOMETRICAL OPTICS EXPANSION
WITH BACKGROUND UNITARY GAUGE

We formulate a method to systematically compute higher
orders of the geometrical optics expansion (see e.g. [41])
for the purpose of analyzing GWs in Horndeski theory. The
geometrical optics expansion enables us to treat the
propagation of GWs on the background with inhomo-
geneous distributions of matter and dark energy. To trace
the time evolution of perturbations, it is useful to adopt a
specific choice of time slicing, called the unitary gauge or
the uniform scalar slicing, at the level of the background.
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This is because, with this choice of the background time
slicing, the sound cones of both scalar and tensor gravi-
tational waves are upright with respect to the time slicing
whenever the scalar field behaves as a perfect fluid. For this
reason, the behavior of perturbations can be understood
intuitively.
We now briefly describe our methodology. We split the

metric and scalar field into a background and perturbations
according to their spatial and temporal variation scales. We
then assume that the derivative of the scalar field is
nonvanishing and timelike at the level of the background.
This allows us to choose the unitary gauge for the back-
ground. For perturbations, we employ the scalar-vector-
tensor (SVT) decomposition based on the transformation
properties under the spatial diffeomorphism on each con-
stant background time surface. Then we divide the pertur-
bative variables into the amplitudes and the phases for
propagating modes.
There are a couple of advantages of our method. The

background unitary gauge (or the background uniform
scalar slicing) makes the sound cones of both scalar and
tensor gravitational waves upright with respect to the
background time slicing whenever the scalar field behaves
as a perfect fluid, while the sound speeds, i.e. the opening
angles of the sound cones, vary both spatially and tempo-
rally. Hence, the propagation of perturbations can be
understood intuitively with this choice of the background
time slicing. In particular, the phase evolution of the scalar
GW is simple. On the other hand, the SVT decomposition
helps to solve the dynamics of the GWs for individual
propagating modes order by order in the geometrical optics
expansion. Based on these procedures, we derive the
equations of motion for the scalar and tensor GWs in each
order of geometrical optics expansion. We shall show the
details in the following subsections.

A. Separation into background and perturbations

We split the metric and scalar field into a background and
perturbations as

gab ¼ ḡab þ hab; ϕ ¼ ϕ̄þ φ: ð14Þ
Here the bars denote the background variables, and hab and
φ denote the perturbations. We assume that the norms of the
perturbations are sufficiently smaller than those of the
background, imposing

khabk ≪ kḡabk; kφk ≪ kϕ̄k: ð15Þ
We suppose that metric and scalar-field perturbations lie in
the same order, and use the notation

hab ∼ φ ∼OðhÞ; ð16Þ

where h is a bookkeeping parameter that represents
the smallness of the perturbations in comparison to the

background variables ḡab ∼ ϕ̄ ∼Oð1Þ.3 Hereafter, the indi-
ces of the tensors defined on the background spacetime are
raised and lowered by ḡab and ḡab, where ḡab is the inverse
of ḡab.
Let us introduce typical scales corresponding to the

background and perturbations, respectively. Suppose that
the typical variation scales of ḡab and ϕ̄ are controlled byR,

∂ḡab ¼ OðR−1Þ; ∂ϕ̄ ¼ OðR−1Þ: ð17Þ

The perturbations hab and φ vary in scales of their wave-
length. We thus suppose that their variations are controlled
by the single scale λ, and we write λ ¼ 2πƛ,

∂hab ∼
hab
ƛ

; ∂φ ∼
φ

ƛ
: ð18Þ

We assume that the wavelength λ is sufficiently smaller
than the typical variation scale R of the background4 for
validity of the geometrical optics expansion. In order to
make this statement quantitative we introduce

ϵ ≔
ƛ
R

≪ 1 ð19Þ

as a bookkeeping parameter. Let us take an example to
demonstrate that our assumptions are reasonable and
applicable to the observed Universe and the first gra-
vitational wave event GW150914. We estimate the radius
of curvature generated by our galaxy. Supposing that
deviation from GR is not too significant, the Einstein
equations give the estimate of the radius of curvature gen-
erated by the density ρ as R ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2=ðGNρÞ

p
. Substituting

the average density of our galaxy ρ ∼ 10−22 kgm−3 into
this expression of R, the radius of curvature generated by
the matter density is estimated to be R ∼ 1021 m. On the
other hand, the observed frequency of GW150914 is
f ∼ 10 Hz and thus the wavelength is λ ∼ 107 m while
the strain is h ∼ 10−21 [1]. Therefore, our assumptions are
valid for GW150914 when inhomogeneities at the galactic
scales are included in the background. The frequencies of
the GWs detected by LIGO and Virgo are in the range of Hz
to kHz and the amplitude is at most 10−21. Thus, we
conclude that our assumptions are valid in many situations.
Furthermore, we assume that the sound speeds of the

perturbations areOð1Þ so that the period and wavelength lie
in the same order. This assumption combined with (19)
implies

3We adopt the normalization of the scalar field such that it is
dimensionless.

4When this assumption does not hold, geometrical optics
approximation is invalid. In such a situation, we need to use
wave optics (see e.g. [45]).
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ðperiod of perturbationsÞ
ðtime variation scale of background variablesÞ ≪ 1: ð20Þ

We introduced the two small bookkeeping parameters.
One is the smallness parameter h for the perturbative
expansion, and the other is the shortness parameter ϵ for
the geometrical optics expansion. In general, the hierarchy
between h and ε is not a priori determined. To proceed
further we assume the following hierarchy between h and ϵ,

h ≪ ϵ ≪ 1: ð21Þ

Under this assumption (21), the backreaction of the GWs to
the background metric can be negligible at least up to the
next-to-leading order considered in this paper. Similarly to
the above demonstration for GW150914, we confirm that
this assumption is also valid for typical GWs detected by
LIGO and Virgo when inhomogeneities at galactic scales
are included in the background. Considering Horndeski
theory, the hierarchy (21) allows the arbitrary functions
G2;3;4;5 to be expanded in δX given by

δX ≔ X − X̄ ¼ 1

2
ðhab∇̄aϕ̄∇̄bϕ̄Þ − ∇̄aφ∇̄aϕ̄þ � � �

¼ Oðhϵ−1Þ ≪ 1: ð22Þ

For the subclass of Horndeski theory we consider in this
paper, the expansion with respect to δX is needed for G2

andG3. As already stated earlier, the quantities with the bar
represent the background value.

B. Foliation of background spacetime by scalar field

Recall that the derivative of the scalar field is non-
vanishing and timelike at the level of the background as we
assumed. We can therefore choose the background time
coordinate so that the background scalar field is a function
of the time only and independent of spatial coordinates.5

An advantage of this choice is that, as we shall see later, the
sound cones for both scalar and tensor gravitational waves
are always upright, i.e. the axis of each sound cone is
normal to the constant time hypersurface (see Fig. 1),
whenever the scalar field behaves as a perfect fluid. The
unit vector normal to each constant time hypersurface is

n̄a ¼ ∇̄aϕ̄ffiffiffiffiffiffi
2X̄

p : ð23Þ

The background induced metric on the hypersurface Σϕ̄

is then

FIG. 1. By choosing the time coordinate to set ϕ̄ ¼ ϕ̄ðtÞ, we foliate the background spacetime by spacelike hypersurfaces with normal
vectors having the same direction as the axis of the sound cone whenever the scalar field behaves as a perfect fluid. The sound cone is
tilted with respect to the normal vector of other hypersurfaces even when the scalar field behaves as a perfect fluid.

5Hence at the level of the background, the background scalar
field is homogeneous on each constant time hypersurface. Note
that geometry and matter are not necessarily homogeneous on
each constant time hypersurface.
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γ̄ab ≔ ḡab þ n̄an̄b: ð24Þ

By definition the background induced metric is of rank-3
and the normal vector n̄a is in its kernel, i.e. γ̄abn̄a ¼ 0.
Hence, the background induced metric acts as a projection
operator, i.e. γ̄ab ¼ ḡacγ̄cb ¼ γ̄acγ̄

c
b.

Using the acceleration āa ≔ n̄c∇̄cn̄a and the extrinsic
curvature K̄ab ≔ £n̄γ̄ab=2 ¼ γ̄a

c∇̄cn̄b, the covariant deriva-
tive of the normal vector na can be written as

∇̄an̄b ¼ K̄ab − n̄aāb: ð25Þ

To define the Riemann tensor of the hypersurface Σϕ̄, we
introduce the covariant derivative operator D̄a associated
with the induced metric γ̄ab which maps spatial tensors to
spatial tensors. The covariant derivative operator D̄a can be
defined to act on any spatial tensor Sb1b2���bkc1c2���cl as

D̄aS
b1b2���bk

c1c2���cl ≔ γ̄a
cγ̄c1

e1 γ̄c2
e2 � � � γ̄cl el γ̄b1d1 γ̄

b2
d2

� � � γ̄bkdk∇̄cS
d1d2���dk

e1e2���el : ð26Þ

The covariant derivative operator D̄a satisfies the metric
compatibility of the induced metric, that is, D̄cγ̄ab ¼ 0. The
three-dimensional Riemann tensor of the hypersurface Σϕ̄,
ð3ÞR̄abcd can be defined as a variable that stands for the
noncommutativity of the covariant derivative operator D̄a:

ð3ÞR̄abc
dSd ≔ ðD̄aD̄b − D̄bD̄aÞSc; ð27Þ

where Sa denotes any spatial vectors. Using Gauss equa-
tion, Codazzi equation, and Ricci equation (see e.g. [54]),
the four-dimensional Riemann tensor ð4ÞR̄abcd is written by
the acceleration, extrinsic curvature, and its Lie derivative
along n̄a as

ð4ÞR̄abcd ¼ ð3ÞR̄abcd þ 2K̄a½cK̄d�b − 4ðD̄½aK̄b�½cÞn̄d�
− 4ðD̄½cK̄d�½aÞn̄b� þ 4n̄½að£n̄K̄b�½cÞn̄d�
− 4n̄½aK̄ e

b�K̄e½cn̄d� − 4n̄½aāb�ā½cn̄d�

− 4n̄½aðD̄b�ā½cÞn̄d�: ð28Þ

C. Decomposition of metric perturbations

We decompose the metric perturbation in the way of the
SVT decomposition following [55] in order to simplify our
analysis. We denote the time-time component of the metric
perturbation as

A ≔ habn̄an̄b; ð29Þ

the time-space component of the metric perturbation as

Ba ≔ −hbcn̄bγ̄ca; ð30Þ

the trace part of the space-space component of the metric
perturbation as

C ≔
1

3
hcdγ̄caγ̄dbγ̄ab ¼

1

3
hcdγ̄cd; ð31Þ

and the traceless part of the space-space component of the
metric perturbation as

Fab ≔ hef γ̄ecγ̄fd

�
γ̄caγ̄

d
b −

1

3
γ̄cdγ̄ab

�

¼ hef

�
γ̄eaγ̄

f
b −

1

3
γ̄ef γ̄ab

�
: ð32Þ

By using these variables, the metric perturbation can be
expressed as

hab ¼ An̄an̄b þ Ban̄b þ Bbn̄a þ Cγ̄ab þ Fab: ð33Þ

Furthermore, Ba is decomposed into the scalar mode B and

vector mode BðVÞ
a as

Ba ¼ D̄aBþ BðVÞ
a ; ð34Þ

where BðVÞ
a is a transverse component, i.e. D̄aBðVÞ

a ¼ 0, and
Fab is decomposed into the scalar mode E, vector mode

EðVÞ
a , and tensor mode EðTÞ

ab as

Fab ¼
�
D̄aD̄b −

1

3
γ̄abγ̄

cdD̄cD̄d

�
Eþ D̄aE

ðVÞ
b

þ D̄bE
ðVÞ
a þ EðTÞ

ab ; ð35Þ

where EðVÞ
a and EðTÞ

ab are respectively transverse and

transverse-traceless components, i.e. D̄aEðVÞ
a ¼ 0 and

D̄aEðTÞ
ab ¼ 0 ¼ γ̄abEðTÞ

ab .
We comment that the decomposition is efficient to

proceed the geometrical optics expansion. As we shall
see in Sec. IV, at the leading order in the geometrical optics
expansion all covariant derivatives in the field equations for
the perturbations act on the phases of the perturbation
variables, and hence in particular the spatial vector or
spatial tensor components produced by the derivative acted
on the background variables do not show up. Thus, at the
leading order in the geometrical optics expansion the EoMs
for the scalar perturbations and the tensor perturbation
defined by the SVT decomposition are decoupled from
each other, and we obtain the individual sound speed.
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1. Gauge fixing

We consider the infinitesimal gauge transformation
xa → x0a ¼ xa þ ξa. We also decompose the gauge param-
eter ξa into scalar and vector components as

ξa ¼ Tn̄a þ D̄aLþ LðVÞa; ð36Þ

where D̄aLðVÞ
a ¼ 0. Under the infinitesimal gauge trans-

formation, the metric perturbation transforms as

hab → h0ab ¼ hab − £ξḡab: ð37Þ

The transformation of each component of the metric is
written in Appendix B.
Since we discuss the perturbations around the arbitrary

background and the spatial metric cannot be separated
into a part depending on time coordinates and a part
depending on spatial coordinates, the commutator of time
derivative and spatial derivative cannot generally be zero,
i.e. ½∂t; D̄i� ≠ 0. As a result, if we take the unitary gauge
φ ¼ 0, then the EoMs that complicatedly include the scalar
modes obtained from the perturbed metric should need to
derive the EoM of the scalar propagating mode. On the
other hand, if we do not take the unitary gauge then we can
extract the EoM for the scalar mode directly from the
perturbed scalar field EoM, which already shows decou-
pling between the scalar and tensor modes at the leading
order in the geometric optics expansion. Thus, we do not
take the unitary gauge.
In this paper, we take a gauge in which the following

components are eliminated using gauge degrees of freedom:

B ¼ E ¼ 0; EðVÞ
a ¼ 0: ð38Þ

Under this gauge fixing, the metric perturbation can be
written as

hab ¼ An̄an̄b þ BðVÞ
a n̄b þ BðVÞ

b n̄a þ n̄bB
ðVÞ
a þ Cγ̄ab þ EðTÞ

ab :

ð39Þ

Whenwe perturbatively expand themetrichab¼
P∞

i¼1h
ðiÞ
abh

i,

we can eliminate BðiÞ; EðiÞ; EðiÞ
a from the ith-order metric

perturbation hðiÞab using the ith-order gauge parameter
ξðiÞa [56]. Thus the ith-order metric perturbation can be
written in the form

hðiÞab ¼ AðiÞn̄an̄b þ BðVÞðiÞ
a n̄b þ BðVÞðiÞ

b n̄a þ CðiÞγ̄ab þ EðTÞðiÞ
ab :

ð40Þ

Hereafter, we take the gauge in which all orders ofB;E; EðVÞ
a

are zero.

2. Amplitudes and phases for individual modes

Wedivide the perturbations into the partAðmÞ expðiθðTÞ=ϵÞ
propagating at the speed of light and the part
BðmÞ expðiθðSÞ=ϵÞ propagating at the sound speed of the
scalar field, wherem ¼ fφ; A; C;V;Tg.Wewrite the type of
perturbations on the upper right,

φ ¼ AðφÞ exp ðiθðTÞ=ϵÞ þ BðφÞ exp ðiθðSÞ=ϵÞ; ð41Þ

A ¼ AðAÞ exp ðiθðTÞ=ϵÞ þ BðAÞ exp ðiθðSÞ=ϵÞ; ð42Þ

C ¼ AðCÞ exp ðiθðTÞ=ϵÞ þ BðCÞ exp ðiθðSÞ=ϵÞ; ð43Þ

BðVÞ
a ¼ AðVÞ

a exp ðiθðTÞ=ϵÞ þ BðVÞ
a exp ðiθðSÞ=ϵÞ; ð44Þ

EðTÞ
ab ¼ AðTÞ

ab exp ðiθðTÞ=ϵÞ þ BðTÞ
ab exp ðiθðSÞ=ϵÞ; ð45Þ

whereAðmÞ and BðmÞ denote the amplitudes of each part. We
expand the amplitude AðmÞ and BðmÞ with respect to the
bookkeeping parameter h for the perturbative expansion and
the bookkeeping parameter ϵ for the geometrical optics
expansion,

AðmÞ ¼
X∞
i¼1

X∞
j¼0

AðmÞði;jÞhiϵj;

BðmÞ ¼
X∞
i¼1

X∞
j¼0

BðmÞði;jÞhiϵj: ð46Þ

D. Equations of motion

We divide the EoMs into a low-frequency part and a
high-frequency part. For this purpose we introduce a scale
l, which is larger than the wavelength λ and shorter than the
typical variation scale R of the background, i.e.

ƛ ≪ l ≪ R: ð47Þ

Averaging the EoMs over the scale l (e.g. Brill-Hartle
average [57]) yields the equations of motion that determine
the behavior of the background variables [39,40]. By
averaging the EoMs (2) over l, we obtain

0 ¼ hGab − κ2TðeffÞ
ab il ¼ Ḡab − κ2T̄ðeffÞ þOðh2ϵ−2Þ: ð48Þ

By averaging the EoM for the scalar field (7) over l, we
obtain

0 ¼ hEðG2Þ þ EðG3Þ þ EðG4Þil ¼ ĒðG2Þ þ ĒðG3Þ þ ĒðG4Þ

þOðh2ϵ−2Þ: ð49Þ

The equations after subtracting the part averaged over l
from the original equations become the equations for the
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perturbations. Subtracting the averaged part, the original
EoMs (2) become

0 ¼ Gab − κ2TðeffÞ
ab − hGab − κ2TðeffÞ

ab il
¼ ½Gab − κ2TðeffÞ

ab �ð1Þ þOðh2ϵ−2Þ; ð50Þ

where ½� � ��ð1Þ denotes the first order in perturbative expan-
sion. The original EoM for the scalar field (7) becomes

0 ¼ EðG2Þ þ EðG3Þ þ EðG4Þ − hEðG2Þ þ EðG3Þ þ EðG4Þil
¼ ½EðG2Þ þ EðG3Þ þ EðG4Þ�ð1Þ þOðh2ϵ−2Þ: ð51Þ

In this paper, we do not take into account matter fluc-
tuations on scales comparable to or smaller than the
wavelength of the gravitational waves. Thus, the matter
energy-momentum tensor does not have the high-frequency
part, i.e.

TðmatterÞ
ab − hTðmatterÞ

ab il ¼ 0: ð52Þ

To study the individual behavior of each mode, i.e. the
sound speed and evolution of amplitude in the direction of
the wave vector, the high-frequency part of the EoMs (50)
have to be decomposed. We project the perturbed EoMs
for the metric into time-time, time-space, and space-space
components in the manner of the SVT decomposition. Pro-
jecting Eq. (50) by n̄an̄b; n̄aγ̄bc; γ̄ab, and ðγ̄ac γ̄bd − γ̄cdγ̄

ab=3Þ,
it is decomposed into the perturbative equations of the
Hamiltonian constraint, the momentum constraint, and
the trace and traceless part of the evolution equation for
the extrinsic curvature, respectively.
For example, let us perform the perturbative expansion

of the Hamiltonian constraint as

0 ¼ ½Ḡab − κ2T̄ðeffÞ
ab �n̄an̄b þ ½Gab − κ2TðeffÞ

ab �ð1Þn̄an̄b

þ ½Ḡab − κ2T̄ðeffÞ
ab �nð1Þanð1Þb þOðh2ϵ−2Þ; ð53Þ

where nð1Þa denotes the first-order part of na ¼ ∇aϕ=
ffiffiffiffiffiffi
2X

p
in the perturbative expansion. Since the first and third terms
of this equation are zero up to Oðh2ϵ−2Þ by using Eq. (48),
this equation yields

0 ¼ ½Gab − κ2TðeffÞ
ab �ð1Þn̄an̄b þOðh2ϵ−2Þ: ð54Þ

Thus Eq. (50) projected by n̄an̄b is the high-frequency part
of the Hamiltonian constraint equation. Similarly, the high-
frequency part of the momentum constraint and the trace
and traceless part of the evolution equation for the extrinsic
curvature respectively are derived by projecting Eq. (50) by
n̄aγ̄bc; γ̄ab, and ðγ̄ac γ̄bd − γ̄cdγ̄

ab=3Þ. The linearized Einstein
tensor is presented in Appendix C.

We mention the physical meaning for each order of the
EoMs. As we shall explicitly show in the next section, the
leading-order Oðh1ϵ−2Þ terms of the high-frequency part
turns out to be the equation for the wave vector. The next-
to-leading-orderOðh1ϵ−1Þ terms of the high-frequency part
turns out to be the evolution equation for the leading
amplitudes Að1;0Þ, Bð1;0Þ. Let us argue the next-to-next-to-
leading order. The terms in such order of the high frequency
part turns out to be the evolution equation for the next-to-
leading amplitude Að1;1Þ, Bð1;1Þ. The candidates for the
next-to-next-to-leading order are Oðh1ϵ0Þ and Oðh2ϵ−2Þ,
and we need more information about the hierarchy between
h and ϵ to know to identify the next-to-next-to-leading
order. If ϵ2 ≪ h, then the next-to-next-to-leading order is
Oðh2ϵ−2Þ, if ϵ2 ≫ h, then the next-to-next-to-leading order
is Oðh1ϵ0Þ. Similarly, assuming magnitude relations
between h and ϵ2 allows us to find the evolution of further
higher-order amplitudes expressed in terms of lower-order
amplitudes. In this way, we can systematically obtain the
equations for the higher-order amplitudes.

IV. SCALAR AND TENSOR GRAVITATIONAL
WAVES IN GEOMETRICAL OPTICS

We expand the EoMs in the previous section by h and ϵ
under the assumption Eq. (21). If the assumption (21)
holds, the leading order isOðhϵ−2Þ, and the next-to-leading
order is Oðhϵ−1Þ. We shall obtain the conditions for the
wave vectors from the leading order and the evolution of

the amplitudes of the variables φ and EðTÞ
ab in the direction of

the wave vector from the next-to-leading order, respec-
tively. In addition, we shall find the relations among the

variables A,C, and BðVÞ
a to satisfy all the EoMs consistently.

For analyzing the subclass of Horndeski theory given in
Sec. II, we consider the two cases further specifying
G3ðϕ; XÞ and G4ðϕÞ on the background. In the case with
Ḡ3X ≠ 0 or Ḡ4ϕ ≠ 0, the scalar modes of the metric and
scalar field lie in the same order, otherwise they are not.
Therefore, the following two cases,

Case with hðscalarÞab ∼ ϵφ∶L¼ 1

2κ2
ðG2ðϕ;XÞþRÞþLðmatterÞ;

ð55Þ

Case with hðscalarÞab ∼ φ∶ L ¼ 1

2κ2
ðG2ðϕ; XÞ þG3ðϕ; XÞ□ϕ

þG4ðϕÞRÞ þ LðmatterÞ;

Ḡ3X ≠ 0 or =and Ḡ4ϕ ≠ 0; ð56Þ

should be separately considered.
Let us comment on the case with G3 ¼ G3ðϕÞ and

G4ϕ ¼ 0. This case belongs to the first case and is
equivalent to the case with G3 ¼ 0 and G4ϕ ¼ 0 for the
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following reason. The G3 term in the action in this case is
written as

Z ffiffiffiffiffiffi
−g

p
d4xðG3ðϕÞ□ϕÞ ¼

Z ffiffiffiffiffiffi
−g

p
d4xð−ð∇aG3ðϕÞÞ∇aϕÞ

¼
Z ffiffiffiffiffiffi

−g
p

d4xðG3ϕðϕÞ2XÞ; ð57Þ

up to a boundary term, which does not contribute
to the bulk EoMs. Redefining G2ðϕ;XÞ as G0

2ðϕ; XÞ ≔
G2ðϕ; XÞ þ 2XG3ϕðϕÞ, G3ðϕÞ is absorbed by G2ðϕ; XÞ.

A. Case with hðscalarÞab ∼ ϵφ: k-essence

We investigate the leading and next-to-leading order of
Eqs. (50) and (51) for the model in which the Lagrangian
density is Eq. (55). In this case, as we shall see below, the
scalar modes of the metric perturbations are not in the same
order as the scalar field perturbation.

1. Leading order

First, we investigate the leading-order terms of Eqs. (50)
and (51). We reduce the number of derivatives acting on
the perturbed variables as much as possible using the

transverse conditions D̄aBðVÞ
a ¼ 0 and D̄aEðTÞ

ab ¼ 0, and use
Eqs. (25) and (28). Then each mode decouples because the
leading-order terms do not contain the background com-
ponents with derivatives such as the acceleration and
extrinsic curvature.
The linearized energy-momentum tensor does not con-

tain the covariant derivative acting twice on the perturba-
tions. Thus the leading-order terms of the time-time
components of the metric EoMs and the trace part of the
space-space components yield trivial conditions on the
scalar-mode amplitudes as

AðAÞð1;0Þ ¼ AðCÞð1;0Þ ¼ BðCÞð1;0Þ ¼ BðAÞð1;0Þ ¼ 0; ð58Þ

where γ̄ab∇̄aθ
ðSÞ∇̄bθ

ðSÞ ≠ 0, γ̄ab∇̄aθ
ðTÞ∇̄bθ

ðTÞ ≠ 0 because
we consider propagating modes. This means that the scalar
modes contained in the metric are smaller than the
amplitudes of scalar-field perturbation and tensor modes.
The leading-order term of the EoM for the scalar field

(51) yields

ĝablalb ¼ 0; ð59Þ

where BðφÞ ≠ 0 and la ≔ −∇̄aθ
ðSÞ is the wave vector of the

scalar field perturbation,

ĝab ≔ ðḠ2X þ 2X̄Ḡ2XXÞð−n̄an̄b þ c2ðSÞγ̄
abÞ; ð60Þ

and

c2ðSÞ ≔
Ḡ2X

Ḡ2X þ 2X̄Ḡ2XX
ð61Þ

is the sound speed squared given by the background value
of the scalar field.
The leading-order terms of the time-space components

of the metric EoMs yield also trivial conditions on the
vector modes amplitudes as

AðVÞð1;0Þ
a ¼ BðVÞð1;0Þ

a ¼ 0: ð62Þ

This means also that the vector modes contained in the
metric are smaller than the amplitudes of the scalar-field
perturbation and tensor modes.
The leading-order terms of the traceless part of the space-

space components yield the equation for the tensor wave
vector ka ≔ −∇̄aθ

ðTÞ as

kaka ¼ 0; ð63Þ

where AðTÞ
ab ≠ 0. This means that the tensor modes propa-

gate at the speed of light.

2. Next-to-leading order

Next, we investigate the next-to-leading order. The next-
to-leading-order term of the time-time component of the
metric EoMs yields

�
AðCÞð1;1Þ − i

K̄ab

2ωðTÞA
ðTÞð1;0Þ
ab

�
eiθ

ðTÞ=ϵ

þ
�
BðCÞð1;1Þ þ i

ffiffiffiffiffiffi
2X̄

p
Ḡ2X

2ωðSÞ BðφÞð1;0Þ
�
eiθ

ðSÞ=ϵ ¼ 0; ð64Þ

where ωðTÞ ≔ −kan̄a and ωðSÞ ≔ −lan̄a are frequencies of
the scalar and tensor modes measured by an observer
moving with four-velocity n̄a. In the case where the sound
speed of the scalar-field perturbation is not the speed of
light i.e. cðSÞ ≠ 1, eiðθðSÞ−θðTÞÞ=ϵ oscillates rapidly over time
unless the sound speed of the scalar field is fine-tuned to be
close to the speed of light. Thus multiplying e−iθ

ðTÞ=ϵ by
Eq. (64) and integrating over a time interval sufficiently
longer than the oscillation period, we obtain

AðCÞð1;1Þ ¼ i
K̄ab

2ωðTÞA
ðTÞð1;0Þ
ab : ð65Þ

Similarly multiplying e−iθ
ðSÞ=ϵ by Eq. (64) and integrating

yields

BðCÞð1;1Þ ¼ −i
ffiffiffiffiffiffi
2X̄

p
Ḡ2X

2ωðSÞ BðφÞð1;0Þ: ð66Þ

In the case where the scalar sound speed is the speed of
light cðSÞ ¼ 1, the amplitudes cannot be separated by the
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difference in the speed of sound, and the sum of the
amplitudes satisfies the constraint

AðCÞð1;1Þ þBðCÞð1;1Þ ¼ i
K̄ab

2ωðTÞA
ðTÞð1;0Þ
ab − i

ffiffiffiffiffiffi
2X̄

p
Ḡ2X

2ωðSÞ BðφÞð1;0Þ:

ð67Þ

Hereafter, we write equations only for the case of cðSÞ ≠ 1.
Using the above results and the next-to-leading-order term
of the trace part of the space-space components, we obtain

AðAÞð1;1Þ ¼ i
K̄ab

2ωðTÞ A
ðTÞð1;0Þ
ab ; ð68Þ

BðAÞð1;1Þ ¼ −
i

ffiffiffiffiffiffi
2X̄

p
Ḡ2X

2ωðSÞ BðφÞð1;0Þ: ð69Þ

These equations mean that the scalar-mode amplitudes
included in the metric, which are one order higher than the
tensor-mode amplitudes and the amplitude of the scalar-
field perturbation, are coupled with the tensor-mode
amplitudes as well as the scalar-mode amplitudes of the
scalar-field perturbation.
The next-to-leading-order term of the EoM for the scalar

field yields the evolution equation for the leading amplitude
of the scalar-field perturbation BðφÞð1;0Þ,

∇̄aðĝabðBðφÞð1;0ÞÞ2lbÞ ¼ 0: ð70Þ

This means that the current of the scalar field perturbation
conserves in time.
Using the above results and the next-to-leading-order

term of the time-space components of the metric EoMs, we
obtain

AðVÞð1;1Þ
a ¼ −i

ābωðTÞ þ 2K̄c
bkc

ωðTÞ2 AðTÞð1;0Þ
ab ; ð71Þ

BðVÞð1;1Þ
a ¼ 0: ð72Þ

This means that there are vector modes that are one order
higher than the tensor modes that couple to the amplitude of
the tensor modes and scalar-field perturbation.

The next-to-leading-order term of the traceless part of the
space-space components of the metric EoMs yields the
evolution of the tensor-mode amplitudes

0 ¼ kc∇̄cA
ðTÞð1;0Þ
ab þ 1

2
AðTÞð1;0Þ

ab ∇̄ckc

−
1

ωðTÞ

�
2AðTÞð1;0Þ

dða kbÞkc∇̄cn̄d
�
: ð73Þ

This equation represents the conservation of the graviton
number. We show that by dividing the leading amplitude

AðTÞð1;0Þ
ab into two independent polarizations as

AðTÞð1;0Þ
ab ¼ AðTÞð1;0Þ

þ eþab þAðTÞð1;0Þ
× e×ab; ð74Þ

where eþabe
abþ ¼ e×abe

ab
× ¼ 1 and eþabe

ab
× ¼ 0. Multiplying

Eq. (73) by eabþ , we obtain

0 ¼ kc∇̄cA
ðTÞð1;0Þ
þ þ 1

2
AðTÞð1;0Þ

þ ∇̄ckc; ð75Þ

where we have used kaeab ¼ 0þOðϵÞ derived from the

transverse condition D̄aEðTÞ
ab ¼ 0 and eabþ ∇̄ce

þ
ab ¼ 0 derived

from the normalization of the polarization tensor
eþabe

abþ ¼ 1. Similarly, multiplying Eq. (73) by eab× , we
obtain

0 ¼ kc∇̄cA
ðTÞð1;0Þ
× þ 1

2
AðTÞð1;0Þ

× ∇̄ckc: ð76Þ

Using Eqs. (75) and (76), we obtain the following equation,
which is equivalent to the conservation of the graviton
number:

∇̄aððAðTÞð1;0ÞÞ2kaÞ ¼ 0; ð77Þ

where ðAðTÞð1;0ÞÞ2 ≔ ðAðTÞð1;0Þ
þ Þ2 þ ðAðTÞð1;0Þ

× Þ2.
The leading amplitudes of the tensor modes EðTÞ

ab and
scalar -field perturbation φ evolve along the wave vectors,
which are given in Eqs. (70) and (73), respectively. The

leading amplitudes of the other perturbations A;C; BðVÞ
a are

obtained by the relation between these amplitudes and the

TABLE I. Equations for the amplitudes in the case with hðscalarÞab ∼ ϵφ.

Mode m AðmÞð1;0Þ AðmÞð1;1Þ BðmÞð1;0Þ BðmÞð1;1Þ

φ 0 0 Equation (70)
Scalar A 0 Equation (68) 0 Equation (69)

C 0 Equation (65) 0 Equation (66)

Vector V 0 Equation (71) 0 0

Tensor T Equation (73) 0 0
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amplitudes of EðTÞ
ab and φ, Eqs. (65), (66), (68), (69), and

(71). Table I summarizes these equations.

B. Case with hðscalarÞab ∼ φ: Kinetic gravity branding
and/or nonminimal coupling

We investigate the leading and next-to-leading-order
terms of Eqs. (50) and (51) for the models with kinetic
gravity branding (G3X ≠ 0) and/or nonminimal coupling
(G4ϕ ≠ 0) in which the Lagrangian density is Eq. (55).

1. Leading order

We compute the leading order. As in the case with

hðscalarÞab ∼ ϵφ, the leading-order terms of the time-time
component of the metric EoMs and the trace part of the
space-space components yield

AðAÞð1;0Þ ¼ 0; AðCÞð1;0Þ ¼ 0; ð78Þ

and

BðCÞð1;0Þ ¼ −
Ḡ4ϕ þ X̄Ḡ3X

Ḡ4

BðφÞð1;0Þ; ð79Þ

BðAÞð1;0Þ ¼ Ḡ4ϕ − X̄Ḡ3X

Ḡ4

BðφÞð1;0Þ: ð80Þ

This means that there are scalar modes included in the
metric that are of the same order as the scalar-field
perturbation. This is a significant difference from the case

with hðscalarÞab ∼ ϵφ.
The leading-order term of the EoM for the scalar field

yields the equation for the wave vector asX
i¼G2;G3;G4

½EðiÞ�Oðhϵ−2Þ ¼
X

i¼G2;G3;G4

ĝabðiÞlalbB
ðφÞð1;0ÞeiθðSÞ=ϵ ¼ 0;

ð81Þ
where

ĝabðG2Þ ¼ ðḠ2X þ 2X̄Ḡ2XXÞð−n̄an̄bÞ þ Ḡ2X γ̄
ab; ð82Þ

ĝabðG3Þ ¼ ð2Ḡ3ϕ þ 2Ḡ3X□̄ ϕ̄þ2X̄Ḡ3ϕX þ Ḡ3XXð∇̄cϕ̄∇̄cX̄ þ 2X̄ □̄ ϕ̄Þ

þ 1

Ḡ4

ð3X̄Ḡ3XḠ4ϕ þ 3X̄2Ḡ2
3XÞÞð−n̄an̄bÞ þ

�
2Ḡ3ϕ̄ þ 2Ḡ3X□̄ ϕ̄−2X̄Ḡ3ϕX þ Ḡ3XX∇̄cϕ̄∇̄cX

þ 1

Ḡ4

ðX̄Ḡ3XḠ4ϕ − X̄2Ḡ2
3XÞ

�
γ̄ab þ ð−2Ḡ3XX∇̄ðaX̄∇̄bÞϕ̄ − 2Ḡ3X∇̄ða∇̄bÞϕ̄Þ; ð83Þ

ĝabðG4Þ ¼
1

Ḡ4

ðð3Ḡ2
4ϕ þ 3X̄Ḡ3XḠ4ϕÞð−n̄an̄bÞ þ ð3Ḡ2

4ϕ þ X̄Ḡ3XḠ4ϕÞγ̄abÞ: ð84Þ

For convenience of notation, we write ĝab ¼ ĝabðG2Þþ
ĝabðG3Þ þ ĝabðG4Þ. Then Eq. (81) yields

ĝablalb ¼ 0; ð85Þ

where BðφÞ ≠ 0. For G3X ≠ 0, the scalar field is regarded as
an imperfect fluid [8], thus the sound speed depends on the
propagation direction and the background value of the
scalar field.
The leading-order terms of the time-space components

of the metric EoMs yield the condition on the vector-mode
amplitudes as

AðVÞð1;0Þ
a ¼ 0; BðVÞð1;0Þ

a ¼ 0: ð86Þ

This means that the vector modes contained in the metric
are smaller than the amplitudes of the scalar field pertur-
bation and tensor modes as in the previous case.
The traceless part for the space-space components of the

metric EoMs yields that the wave vector is null, i.e.

kaka ¼ 0; ð87Þ

where AðTÞ
ab ≠ 0.

2. Next-to-leading order

We now compute the next-to-leading order. The next-to-
leading-order terms of the time-time component of the
metric EoMs and the trace part of the space-space compo-
nents yield the conditions for the scalar-mode amplitudes as

AðφÞð1;1Þ ¼ 0; ð88Þ

AðCÞð1;1Þ ¼ AðAÞð1;1Þ ¼ i
K̄ab

2ωðTÞ A
ðTÞð1;0Þ
ab : ð89Þ

These equations mean that scalar and tensor modes do not
decouple from each other at this order. Note that the
derivative of the factors of BðφÞð1;0Þ in Eqs. (79) and (80)
should be taken into account when calculating the con-
ditions for the next-to-leading-order amplitudes BðAÞð1;1Þ;
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BðCÞð1;1Þ. Those conditions can be written using the ampli-
tudes one order lower, and each mode does not decouple at
this order. Those equations are not written in this paper
because it is lengthy for presentation.

Using Eqs. (85) and (86) and the next-to-leading-order
termofEoMfor the scalar field,we obtain the evolution equa-
tion for the leading amplitude of the scalar-field perturbation

∇̄aðĝablbðBðφÞð1;0ÞÞ2Þ ¼ −ðBðφÞð1;0ÞÞ2Ḡ3X

Ḡ2
4

½ð4Ḡ4X̄2āala −ωðSÞð−6K̄Ḡ4X̄2 − 3Ḡ4X̄n̄b∇̄bX̄ − 6
ffiffiffi
2

p
X̄5=2Ḡ4ϕÞÞðḠ3XÞ

þ 4Ḡ4X̄3āalaḠ3XX −ωðSÞð−6
ffiffiffi
2

p
X̄3=2ðḠ4ϕÞ2 − 2

ffiffiffi
2

p
Ḡ4X̄3=2Ḡ2X −

ffiffiffi
2

p
Ḡ4X̄5=2Ḡ2XX − 2K̄Ḡ4X̄3Ḡ3XX

− 3Ḡ4X̄2n̄b∇̄bX̄Ḡ3XX − 4
ffiffiffi
2

p
Ḡ4X̄3=2Ḡ3ϕ þ 2

ffiffiffi
2

p
Ḡ4X̄5=2Ḡ3ϕXÞ�: ð90Þ

The right-hand side of this equation is zero when kinetic
gravity branding is absent, i.e. G3X ¼ 0. Then the current
for the scalar field perturbation conserves in time. The fact
that the current does not conserve for the model with kinetic
gravity branding is consistent with the fact that the fluid has
the diffusion when this model is interpreted as an imperfect
fluid [58].
The next-to-leading-order terms of the time-space com-

ponents of the metric EoMs yield the conditions for the
vector-mode amplitudes as

AðVÞð1;1Þ
a ¼ −i

ābωðTÞ þ 2K̄c
bkc

ωðTÞ2 AðTÞð1;0Þ
ab : ð91Þ

This means that the vector-mode amplitudes AðVÞð1;1Þ
a

couple with the tensor-mode amplitudes at one order

lower. The equation for BðVÞð1;1Þ
a shows that the vector-

mode amplitudes BðVÞð1;1Þ
a couple with the scalar-mode

amplitudes at one order lower. It is not written in this paper
because it is lengthy for presentation.
The next-to-leading-order term of the traceless part of the

space-space components of the metric EoMs yields the
evolution equation for the tensor-mode leading amplitude,

kc∇̄cA
ðTÞð1;0Þ
ab þ 1

2
AðTÞð1;0Þ

ab ∇̄ckc

−
1

ωðTÞ

�
2AðTÞð1;0Þ

dða kbÞkc∇̄cn̄d
�

−

ffiffiffiffiffiffi
2X̄

p
ωðTÞḠ4ϕ

2Ḡ4

AðTÞð1;0Þ
ab ¼ 0 ð92Þ

and the equation for BðTÞð1;1Þ
ab ,

lalaB
ðTÞð1;1Þ
cd −

4iωðSÞBðφÞð1;0ÞX̄Ḡ3X

3Ḡ4

× ð3K̄cd − K̄ḡcd − K̄n̄cn̄dÞ ¼ 0: ð93Þ

This also means that each mode does not decouple at this
order. By the same procedure as in the previous case,
Eq. (92) yields the following equation, which implies
conservation of the graviton number,

1

2Ḡ4

∇̄cðḠ4ðAðTÞð1;0ÞÞ2kcÞ ¼ 0: ð94Þ

The graviton flux density 4-vector in the subclass we

consider is ðḠ4ðAðTÞð1;0Þ
ab Þ2kcÞ=ð4πGNℏÞ [59]. Thus this

equation expresses graviton number conservation.

As in the case with hðscalarÞab ∼ ϵφ, the evolution equations
for the leading amplitudes along the wave vectors of the

tensor mode EðTÞ
ab and scalar field perturbation φ are

Eqs. (90) and (94), respectively. The leading amplitudes

of the other perturbations A;C; BðVÞ
a are obtained by the

relation between these amplitudes and the amplitudes of
EðTÞ and φ, Eqs. (79), (80), (89), and (91). Table II
summarizes these equations.

TABLE II. Equations for the amplitudes in the case with hðscalarÞab ∼ φ.

Mode m AðmÞð1;0Þ AðmÞð1;1Þ BðmÞð1;0Þ BðmÞð1;1Þ

φ 0 0 Equation (90)
Scalar A 0 Equation (89) Equation (80)

C 0 Equation (89) Equation (79)

Vector V 0 Equation (91) 0

Tensor T Equation (94) 0 Equation (93)
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C. Effective metric in generalized
Brans-Dicke theories

In generalized Brans-Dicke theories (G3 ¼ 0), the high-
frequency part of the EoM for the scalar field and the
traceless part of the space-space components of the metric
EoMs can be concisely written as

½ðĝablalbðBðφÞð1;0ÞÞ2Þhϵ−2 þ ð∇̄aðĝabðBðφÞð1;0ÞÞ2lbÞÞihϵ−1
þOðh; h2ϵ−2Þ�eiθðSÞ=ϵ þ ½Oðh; h2ϵ−2Þ�eiθðTÞ=ϵ ¼ 0; ð95Þ

and

½ðḠ4ḡabkakbðAðTÞð1;0ÞÞ2Þhϵ−2
þ ð∇̄aðḠ4ḡabðAðTÞð1;0ÞÞ2kbÞÞihϵ−1 þOðh;h2ϵ−2Þ�eiθðTÞ=ϵ
þ ½Oðh;h2ϵ−2Þ�eiθðSÞ=ϵ ¼ 0: ð96Þ

For both modes, the high-frequency part of the EoM can be
written in the same form

½ðĜabKaKbA2Þhϵ−2 þ ð∇̄aðĜabKbA2ÞÞihϵ−1
þOðh; h2ϵ−2Þ�eiθ=ϵ þ ½Oðh; h2ϵ−2Þ�eiθ0=ϵ ¼ 0: ð97Þ

Here, Ĝab is a precursor metric in terms of which the
perturbation moves along null rays as ĜabKaKb ¼ 0 and
∇̄aðĜabKbA2Þ ¼ 0, where A is the leading amplitude,
Ka ≔ −∇̄aθ is the wave vector, and θ0 denotes the
other phase.
Equation (97) becomes clearer if it is rewritten in terms

of an effective metric6 GðeffÞ
ab and the associated covariant

derivative operator ∇ðeffÞ
a , which satisfies the metric com-

patibility ∇ðeffÞ
c GðeffÞ

ab ¼ 0. We thus look for an effective

metric GðeffÞ
ab that satisfies the following conditions.

(a) The perturbation should move on the null ray of the
effective metric, i.e. Gab

ðeffÞKaKb ¼ 0.
(b) The current conservation7 can be rewritten in the

form Gab
ðeffÞ∇ðeffÞ

a ðKbA2Þ ¼ 0.

In this section, we derive the effective metric satisfying the
above two conditions.
Since the perturbations propagate along null rays of the

precursor metric Ĝab, the effective metric should be

obtained by a conformal transformation of Ĝab that does
not change the null directions as

Gab
ðeffÞ ¼ XĜab ¼ Xð−Yn̄an̄b þ Zγ̄abÞ; ð98Þ

where X , Y, and Z are functions of ϕ̄ and X̄. Thus the
effective metric is written as

GðeffÞ
ab ¼ 1

X

�
−
1

Y
n̄an̄b þ 1

Z
γ̄ab

�
; ð99Þ

where GðeffÞ
ab is defined to satisfy Gac

ðeffÞG
ðeffÞ
cb ¼ δab.

8 The

determinant of the effective metric can be written as

detðGðeffÞ
ab Þ ¼ ðX4YZ3Þ−1 detðḡabÞ: ð100Þ

By the condition (b), the effective metric should satisfy

Gab
ðeffÞ∇ðeffÞ

a ðKbA2Þ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðGðeffÞ

cd Þ
q ∂a

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðGðeffÞ

cd Þ
q

Gab
ðeffÞKbA2

�
¼ 0

ð101Þ

(see e.g. Eq. (3.4.10) of [61]). The evolution equation for
the amplitude is

∇̄aðĜabKbA2Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðḡcdÞ

p ∂a

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðḡcdÞ

p
ĜabKbA2

�

¼ 0: ð102Þ

By comparing the above two equations, we can see that the
function X should be chosen to satisfy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðGðeffÞ

cd Þ
q

Gab
ðeffÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðḡcdÞ

p
Ĝab: ð103Þ

This equation yields

X ¼ 1ffiffiffiffiffiffiffiffiffiffi
YZ3

p ¼ C
Z2

; ð104Þ

where C ≔
ffiffiffiffiffiffiffiffiffiffi
Z=Y

p
is the sound speed. We conclude that

the effective metric is given by

6While in the present setup tensor modes are luminal, in more
general setups the effective metric can be defined for nonluminal
tensor modes. For example, [60] introduces the effective metric
on which tensor modes propagate along null rays in order to
define a black hole temperature that is appropriate for black hole
thermodynamics.

7For photons propagating in a spacetime with the metric gab,
the current conservation of the number of photons can be written
as gab∇aðkbA2Þ ¼ 0, where ka is the wave vector and A is the
amplitude.

8The indices of the effective metric cannot be raised and
lowered by ḡab, i.e. G

ðeffÞ
ab ≠ ḡacḡbdGcd

ðeffÞ. The indices can be raised
and lowered by the effective metric itself and its inverse.
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Gab
ðeffÞ ¼

1

ZC
ð−n̄an̄b þ C2γ̄abÞ;

GðeffÞ
ab ¼ ZCð−n̄an̄b þ C−2γ̄abÞ: ð105Þ

Using this effective metric, Eq. (97) can be rewritten in
the form

½ðGab
ðeffÞKaKbA2Þhϵ−2 þ ðGab

ðeffÞ∇ðeffÞ
a ðKbA2ÞÞihϵ−1

þOðh; h2ϵ−2Þ�eiθ=ϵ þ ½Oðh; h2ϵ−2Þ�eiθ0=ϵ ¼ 0: ð106Þ

Furthermore, this equation can be written more simply

by using the effective d’Alembert operator □
ðeffÞ ≔

Gab
ðeffÞ∇ðeffÞ

a ∇ðeffÞ
b as

□
ðeffÞðAeiθ=ϵÞ þOðh; h2ϵ−2Þ ¼ 0: ð107Þ

The effective metrics ḡabðT;SÞ for the tensor modes and scalar

field perturbation are written as

ḡabðTÞ ¼ ḡabðEÞ ¼ 1
G4
ḡab for EðTÞ

ab ; ð108Þ

ḡabðSÞ ¼
Ḡ4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ḡ2XḠ4þ2X̄Ḡ2XXḠ4þ3Ḡ2

4ϕ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðḠ2XḠ4þ3Ḡ2

4ϕÞ3
p

�
−n̄an̄b þ Ḡ2XḠ4þ3Ḡ2

4ϕ

Ḡ2XḠ4þ2X̄Ḡ2XXḠ4þ3Ḡ2
4ϕ
γ̄ab

�
for φ ; ð109Þ

where ḡðEÞ;ab is the metric in the Einstein frame. The
effective metric for tensor modes is a metric in the Einstein
frame, in which the conservation equation of the graviton in
GR obviously holds.

D. Comparison with previous studies

In [62], the authors derived the evolution equations of the
amplitudes for a subclass of theories in which the sound
speeds of not only tensor modes but also the scalar field are
equal to the speed of light. Later, in [47], the authors
derived the equations not only for the subclass in which the
sound speed of the scalar field is equal to the speed of light,
but also for a subclass in which it is not equal. In this
subsection, we compare our study with the latter.
In Sec. IVA, we have studied the case which simply adds

the k-essence term, i.e. the casewithhðscalarÞab ∼ ϵφ, whichwas
not studied in [47]. The evolution of the amplitudes of the
tensor modes is the same as in GR. The evolution of the
amplitude of the scalar field perturbation is obtained by
Eq. (70), and the amplitudes of the scalar and vector modes
included in metric perturbations are obtained by the relation
between these and the amplitudes of the scalar-field pertur-
bation and the tensor modes, (65), (66), (68), and (69).
In Sec. IV B, we have studied the case with the kinetic

gravity branding G3ðϕ; XÞ□ϕ or/and the nonminimal

coupling G4ðϕÞR, i.e. the case with hðscalarÞab ∼ φ, which
was well studied in [47]. The evolution of the tensor modes
amplitudes is given by Eq. (94). Only when there is
nonminimal coupling G4ðϕÞR, the evolution differs from
GR. This is known as “running Planck mass” [63] on a
FLRW background. The evolution of the scalar field
perturbation amplitude is given by Eq. (90) and the
amplitudes of the scalar modes included in metric pertur-
bations are obtained by the relation between them and the
amplitude of the scalar-field perturbation, (79) and (80).

These results are consistent with [47]. The authors of [47]
extracted the tensor modes from the metric perturbation hab
by defining

hðtensorÞab ≔
�
hab−

1

2
ḡabḡcdhcd

�
þ Ḡ3X∇̄aϕ̄∇̄bϕ̄− Ḡ4ϕḡab

Ḡ4

φ;

ð110Þ

and imposing the transverse condition ∇̄ahðtensorÞab ¼ 0.

Then hðtensorÞab propagates at the speed of light and φ
propagates at the sound speed of the scalar field.
Distinct from such previous analysis, we used the SVT
decomposition, clarifying the couplings among the scalar,
vector, and tensor modes. Furthermore, we have rewritten
these equations for perturbative variables into the simple
form Eq. (107) in generalized Brans-Dicke theories by
using the effective metric, which was not derived in [47].

V. SUMMARY AND DISCUSSION

In this paper, we have formulated a systematic way to
compute higher orders of the geometric optical expansion
in the subclass (1) of Horndeski theory, which includes
major dark energy models, to study the phenomenology of
the propagation of the metric and scalar perturbations over
the curved background spacetime with distributions of
matter and dark energy.
To develop the formulation for the propagation of GWs,

we have assumed that the amplitudes and wavelengths are
sufficiently small and the hierarchy (21) between the
smallness parameter h of the amplitudes and the shortness
parameter ϵ of the wavelength of the perturbed variables
holds. We needed to decompose the EoMs into equations
for each mode. For this purpose, we have assumed that at
the level of the background the derivative of the scalar field
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is nonvanishing and timelike. We then chose the contours
of the background scalar field as the time slices at the level
of the background. This choice of time slices is advanta-
geous and makes it easier to understand the behavior of
GWs intuitively, since the sound cones of both tensor and
scalar GWs are upright with respect to the constant time
hypersurfaces, i.e. the axes of sound cones are parallel with
each other and normal to the constant time hypersurfaces,
whenever the scalar field behaves as a perfect fluid. We
have presented the way to systematically compute the
higher orders in the geometrical optics and perturbative
expansions and derive the leading and next-to-leading order
of the high-frequency part of the EoMs. Then we were able
to obtain the equations for the wave vectors of scalar and
tensor perturbations and the evolution equation for their
leading amplitudes in the direction of the wave vectors.
We have studied only the leading and next-to-leading

order of EoMs. When the wavelengths of perturbations
approach the curvature radius of the background spacetime,
geometrical optics approximation is no longer available, and
the higher-order corrections are not negligible. To study the
next-to-next-to-leading order, which has not been solved in
the present paper, we need further details of the hierarchy
between h and ϵ beyond (21), i.e. which is larger, h or ϵ2.
Assuming the hierarchy, we can obtain the equation for the
higher-order amplitudes. The highlight is that the equations
for perturbed variables obey a simple wave equation as
shown Eq. (107) in generalized Brans-Dicke theories. This
feature has not been found in the literature e.g. [47].
Although we have focused only on GW propagation,

GW generation can also contain important features of
gravity and dark energy. Such features are necessary to
be understood toward upcoming observational tests. For
example, the orbital evolution of binary systems in
Horndeski theory has been calculated in [64]. In the
subclasses we consider, the screening mechanism such
as Vainshtein mechanism [65], chameleon mechanism [66],
and k-mouflage [67] can work. In such cases, the signals of
any deviation from GR may be suppressed [68], while it is
not clearly understood how GWs change in the presence of
screening. This topic remains opened for future work.
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APPENDIX A: THE SOUND SPEEDS ON FLRW
BACKGROUND IN HORNDESKI THEORY

The Lagrangian density of Horndeski theory is given
below using four arbitrary functions of a scalar field ϕ and
the canonical kinetic term X ≡ −gab∂aϕ∂bϕ=2,

L ¼ G2ðϕ; XÞ þ G3ðϕ; XÞ□ϕþG4ðϕ; XÞR
þ G4X½ð□ϕÞ2 − ϕ;abϕ;ab� þ G5ðϕ; XÞGabϕ;ab

−
G5X

6
½ð□ϕÞ3 − 3□ϕϕ;abϕ;ab þ 2ϕ;abϕ

;bcϕ;a
;c �; ðA1Þ

where ϕ;ab ≔ ∇b∇aϕ. In [5], the authors derived the sound
speeds of tensor modes and scalar modes on a flat FLRW
background spacetime

ds2 ¼ −dt2 þ a2ðtÞδijdxidxj; ðA2Þ

where a is the scale factor. The squared sound speed of the
tensor modes is given by

c2ðTÞ ¼
F ðTÞ
GðTÞ

; ðA3Þ

where

F ðTÞ ≔ 2½G4 − Xðϕ̈G5X þ G5ϕÞ�; ðA4Þ

GðTÞ ≔ 2½G4 − 2XG4X − XðH _ϕG5X −G5ϕÞ�; ðA5Þ

_ϕ ≔ ∂tϕ, ϕ̈ ¼ ∂
2
tϕ, and H is the Hubble expansion rate,

H ≔ ∂ta=a. The squared sound speed of scalar modes is
given by

c2ðSÞ ¼
F ðSÞ
GðSÞ

; ðA6Þ

where

F ðSÞ ≔
1

a
d
dt

�
a
Θ
G2
ðTÞ

�
− F ðTÞ; ðA7Þ

GðSÞ ≔
Σ
Θ2

G2
ðTÞ þ 3GðTÞ; ðA8Þ

Σ ≔ XG2X þ 2X2G2XX − 12H _ϕXG3X − 6H _ϕX2G3XX þ 2XG3ϕ þ 2X2G3ϕX − 6H2G4

þ 6½H2ð7XG4X þ 16X2G4XX þ 4X3G4XXXÞ−H _ϕðG4ϕ þ 5XG4ϕX þ 2X2G4ϕXXÞ�
þ 30H3 _ϕXG5X þ 26H3 _ϕX2G5XX þ 4H3 _ϕX3G5XXX − 6H2Xð6G5ϕ þ 9XG5ϕX þ 2X2G5ϕXXÞ; ðA9Þ
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Θ ≔ _ϕXG3X þ 2HG4 − 8HXG4X − 8HX2G4XX þ _ϕG4ϕ þ 2X _ϕG4ϕX

−H2 _ϕð5XG5X þ 2X2G5XXÞ þ 2HXð3G5ϕ þ 2XG5ϕXÞ: ðA10Þ

APPENDIX B: GAUGE TRANSFORMATIONS

Under the infinitesimal gauge transformation xa → x0a ¼ xa þ ξa, the metric perturbation is transformed as
hab → h0ab ¼ hab − £ξgab, and each component of the metric perturbations is transformed as

A → A0 ≔ h0abn̄
an̄b

¼ Aþ 2āaLðVÞ
a þ 2āa∇̄aLþ 2n̄a∇̄aT; ðB1Þ

Ba → B0a ≔ −h0abn̄aγ̄bc

¼ Bc − āan̄cLðVÞ
a − K̄c

aLðVÞa þ ācT þ ācn̄a∇̄aL

þ n̄a∇̄aLðVÞc − K̄c
a∇̄aL − γ̄ca∇̄aT þ γ̄cbn̄a∇̄b∇̄aL; ðB2Þ

C → C0 ≔
1

3
h0abγ̄

ab

¼ 1

3
ð3C − 2K̄T − 2K̄n̄a∇̄aL − 2γ̄ab∇̄b∇̄aLÞ; ðB3Þ

Fab → F0
ab ≔ h0ab

�
γ̄acγ̄

b
d −

1

3
γ̄cdγ̄ab

�

¼ Fcd þ K̄dan̄cLðVÞa þ K̄can̄dLðVÞa − 2K̄cdT þ 2

3
K̄γ̄cdT − 2K̄cdn̄a∇̄aL

þ 2

3
K̄γ̄cdn̄a∇̄aL − γ̄dbn̄an̄c∇̄aLðVÞb − γ̄cbn̄an̄d∇̄aLðVÞb þ 2n̄an̄bn̄cn̄d∇̄bLðVÞ

a

þ 2

3
γ̄abγ̄cd∇̄b∇̄aL − 2n̄an̄bn̄cn̄d∇̄b∇̄aLþ n̄an̄d∇̄cLðVÞ

a − γ̄da∇̄cLðVÞa

− 2n̄an̄d∇̄c∇̄aLþ n̄an̄c∇̄dLðVÞ
a − γ̄ca∇̄dLðVÞa − 2n̄an̄c∇̄d∇̄aL − 2∇̄d∇̄cL: ðB4Þ

APPENDIX C: DECOMPOSITION OF THE LINEARIZED EINSTEIN TENSOR

The linearized Einstein tensor is expressed as

Gð1Þ
ab ¼ 1

2
ð∇̄c∇̄ahbc þ ∇̄c∇̄bhac − habð4ÞR̄ − ∇̄b∇̄ahcc − ∇̄c∇̄chab þ ḡabðhcdð4ÞR̄cd − ∇̄d∇̄chcd þ ∇̄d∇̄dhccÞÞ: ðC1Þ

Under the gauge condition (38), substituting Eq. (39) into (C1) and using the transverse condition and Eqs. (25)–(28) to
reduce the derivative acted on the perturbation as much as possible, the linearized Einstein tensor can be written as

Gð1Þ
ab n̄

an̄b ¼ ½−γ̄ab∇̄a∇̄bC� þ
�
−
1

2
K̄bcn̄a∇̄aE

ðTÞ
bc − K̄ab∇̄bB

ðVÞ
a

�
þ
�
−
1

2
ð3ÞR̄A −

1

2
ð3ÞR̄C

−
1

2
ð3ÞR̄abEðTÞ

ab þ āaK̄BðVÞ
a þ āaK̄abBðVÞb þ 2BðVÞ

a ∇̄aK̄ − 2BðVÞ
a ∇̄bK̄ab

�
; ðC2Þ
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Gð1Þ
bc n̄

bγ̄ca ¼
�
−γ̄abn̄c∇̄c∇̄bCþ 1

2
γ̄bc∇̄c∇̄bB

ðVÞ
a

�

þ 2½−K̄∇̄aA − K̄∇̄aC − K̄bc∇̄aE
ðTÞ
bc − ∇̄aB

ðVÞ
b − K̄n̄an̄b∇̄bA − K̄n̄an̄b∇̄bC

− K̄cdn̄an̄b∇̄bE
ðTÞ
cd þ āb∇̄bB

ðVÞ
a þ K̄n̄b∇̄bB

ðVÞ
a þ K̄ab∇̄bAþ K̄ab∇̄bCþ 2K̄bc∇̄cE

ðTÞ
ab

− ābn̄c∇̄cE
ðTÞ
ab − 2ābn̄an̄c∇̄cB

ðVÞ
b − 2K̄bcn̄a∇̄cB

ðVÞ
b �
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ācn̄bn̄d∇̄dE

ðTÞ
ac

þ K̄cdn̄a∇̄dE
ðTÞ
bc −

1

2
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ācācn̄bB

ðVÞ
a þ 1

2
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