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Redshift drift in a universe with structure. II. Light rays propagated
through a Newtonian N-body simulation
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The redshift drift is computed along light rays propagating through a simulated universe based on the
Newtonian N-body simulation code GADGET-2 combined with a perturbed Friedmann-Lemaitre-
Robertson-Walker metric in the Newtonian gauge. It is found that the mean redshift drift is equal to
the drift of the mean redshift to the precision of the numerical computations and that this is due to a high
degree of cancellation between two dominant components of the redshift drift. This result is contrary to

earlier findings based on inhomogeneous cosmological models exhibiting cosmic backreaction. For

simplicity, the results neglect contributions from optical drift. Based on a study of the redshift drift in a
Lemaitre-Tolman-Bondi model, the optical drift effects are estimated to be at most of order 10% of the
redshift drift signal. In addition, it is found that the redshift drift contribution from peculiar acceleration of
the emitter is negligible in the simulation setup. However, it is expected that the contribution from peculiar

acceleration of the emitter is suppressed in the setup due to low resolution of structures, and it is hence
expected that this contribution will be larger for real observations.

DOI: 10.1103/PhysRevD.107.063544

I. INTRODUCTION

Obtaining new observational data is key for understanding
the reason(s) behind the discrepancies between the ACDM
model (the standard model of cosmology) and various
observational datasets, discussed in e.g. Refs. [I-7].
Such new data should not only include more of the same
types of data that we already have but also new types of
observations. A prime example of a “new” type of observable
is the redshift drift, i.e. the change of a source’s redshift
in time.

Redshift drift measurements were envisioned already
in 1962 in Refs. [8,9]. In the former of these, it was concluded
that it would require at the order of 107 years of observation
time for the signal to be large enough for detection. With
today’s technology, it is instead estimated that the measure-
ments may be feasible within only a few decades [10-16],
although it will not be an easy achievement.

The possibility of actually measuring the redshift drift
within our lifetime has spurred a significant amount of
research into redshift drift in recent years. The redshift drift
has for instance been studied in various homogeneous and
isotropic cosmological models such as in Refs. [17-19] and
also in less standard scenarios with e.g. modified gravity
theories [20] and with a varying speed of light [21]. In
addition, the redshift drift has been considered in a variety of
different inhomogeneous and/or anisotropic models such as
in the Lemaitre-Tolman-Bondi [22-25], Szekeres [26,27],
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Stephani [28,29], Bianchi I [30-32], perturbative, [32-34],
and Einstein-Strauss models [35] and has been utilized to
develop different cosmological tests [36-38] (see e.g.
Ref. [25] regarding a correction of the first of these).

The redshift drift is a particularly interesting observable
because it within the Friedmann-Lemaitre-Robertson-
Walker (FLRW) cosmologies is given by

6z = dto[(1 + 2)Hy — H(2)]
= (1 +2)[a(ty) — a,(t.)]. (1)

where 6t is the time interval and ¢, is the emission time.
Clearly, if H, is known by other means, the redshift
drift yields a direct measurement of the expansion rate
of the FLRW universe. A direct measurement of H(z) is
important in its own right since today’s observables only
indirectly teach us about the expansion rate of the Universe.
However, the importance of measuring the redshift drift
becomes even more clear when noticing that the sign of the
redshift drift can become positive only if the expansion rate
has accelerating periods. This is clear for the FLRW models
as seen by Eq. (1), but an important follow-up question is to
what extent this extrapolates to other cosmological models.
It was shown in Ref. [39] that the redshift drift in a model
universe with average accelerated expansion generated by
cosmic backreaction [40—42] was negative. In other words,
it was shown that the observed redshift drift in the model
was negative despite structures leading to apparent accel-
erated expansion, and based on that it was conjectured
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in Ref. [39] that the redshift drift in a statistically homo-
geneous and isotropic universe will be positive only if the
Universe is undergoing local accelerated expansion due to
dark energy—a conjecture that was later supported by e.g.
Ref. [43]. On the other hand, within the ambitious and quite
complex inhomogeneous cosmological model known as
timescape cosmology, the redshift drift can still be positive
at low redshift [44,45] without local accelerated expansion
induced by dark energy.

With the expectation that redshift drift measurements are
about to become feasible, it is necessary to understand
possible sources of measurement errors that need to be
taken into account when determining the precision of the
measurements. One important question in this regard is
how big the structure-induced fluctuations of redshift drift
signals are, assuming a standard cosmological scenario
where structures are well described by e.g. Newtonian N-
body simulations. The objective with the work presented
here is therefore to compute the redshift drift along light
rays in such a simulation to quantify the fluctuations in the
measurements around the values expected based on Eq. (1).
This complements earlier studies such as Refs. [12,46—48],
which indicate that the peculiar velocities of sources
have only a small impact on the observed redshift drift
signal.

The examples of Refs. [31,39,49] show that the drift of
the mean redshift will not in general be equal to the mean
drift of the redshift. On the other hand, the results of
Refs. [23,24] show that the mean redshift drift does follow
the drift of the mean redshift in Lemaitre-Tolman-Bondi
(LTB) Swiss cheese models. These results hint toward an
important question, namely whether or not we can expect
the mean redshift drift to equal the drift of the mean redshift
in our Universe. While the answer to this question seems to
e.g. depend on whether or not there is significant cosmic
backreaction in the real universe, the standard cosmological
description of the inhomogeneous universe is based on
Newtonian N-body simulations (which are inherently
backreaction free). An important step toward answering
the question is therefore to study the mean redshift drift
versus the drift of the mean redshift in a model universe
based on a Newtonian N-body simulation. The results of
such a study will also be presented here.

Section II introduces the theoretical framework for
computing the redshift drift in a Newtonian N-body
simulation and discusses the importance of the optical
drift. Numerical results from computing the redshift drift
along light rays propagated through the N-body model are
presented in Sec. 11, while Sec. IV provides a summary and
concluding remarks.

II. REDSHIFT DRIFT IN AN
INHOMOGENEOUS UNIVERSE

Several formalisms for computing the redshift drift in
inhomogeneous cosmological models have been proposed

within the previous few years [31,49-53]. The redshift drift
will be computed here using the formalism presented in
Ref. [52], i.e. using the decomposition

A
5z = 61yE, A " dA(—KPk, + 20 + '3

e

+ete EE + RV, (2)
with
Y ::—lu/‘u”R —f—lD a"—ﬁ—la”a (3)
3 Hv 3 H 3 H
e 1 v v va
2;4 = _§9au —aoy + 3a Wpy = hﬂal’ (4)

1
2 = a,a, + Dya, — w'u’Cy, — 5h;;hi"R,,/, (5)

Xy = 2(6/411 - w/w) (6)

K* = hjév. (7)

Quantities are defined in the usual manner with R,, the
Ricci tensor, C,,,, the Weyl tensor, D, the three-dimen-
sional spatial covariant derivative, and h,, projecting onto
spatial hypersurfaces orthogonal to the velocity field u/
with a corresponding acceleration a*. The velocity field is
associated with an expansion scalar 6, vorticity w,,, and
shear 6,,. The 4-vector e* is the spatial direction vector of
the light ray as seen by the observer with velocity wu”.
Triangular brackets indicate the trace-free symmetric part
of the spatial projection. The convention ¢ =1 is used
throughout.

A. Comment on optical drift

As discussed in Ref. [24], computations of the redshift
drift simplify tremendously if the optical drift (quantified
by x*) can be neglected (see e.g. Ref. [24] for a discussion
on the optical drift and Refs. [54-57] for related consid-
erations). The optical drift will therefore be neglected for
the computations of the redshift drift along light rays
through the N-body simulation studied here. To justify
this, note that it was found in Ref. [24] that for LTB
models [58-60] with a central void surrounded by an
overdensity and with the observer placed in the FLRW
region outside the double structure, the optical drift could
be neglected to a relative precision of 10~ when computing
the redshift drift. However, the observers in a Newtonian
N-body simulation will in general be placed in an inho-
mogeneous patch of spacetime and not in an FLRW
background. Thus, to further judge the significance of
neglecting the optical drift, the redshift drift in the LTB
model used in Ref. [24] is studied here with observers
placed at different positions inside the void to verify that the
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FIG. 1. Density profile of considered LTB model with stars
marking observer positions.
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optical drift still represents a subdominant contribution to
the redshift drift.

Four nonradial light rays have been studied with three
different observers with nonradial lines of sight. Figure 1
shows the present-day density profile of the LTB model
with stars marking the positions of the observers. Two
different lines of sight have been considered for the
observer represented by the middle star.

The density fields along the light rays are shown in
Fig. 2, and in Fig. 3, the different contributions to the
redshift drift are shown. Note that £ is identically zero in
the LTB spacetime and therefore not included in the plots.
The figures show that, even for an observer in the
inhomogeneous LTB region, the terms involving the optical
drift are clearly subdominant. However, for one particular
observer and line of sight, the optical drift becomes as large
as roughly of order 10% based on an overall estimate along
the light ray. This indicates that the optical drift cannot be
expected to be entirely negligible for the simulation data.
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FIG. 2. Density along the four considered light rays. Line type is chosen to fit with the line type for oz in Fig. 3 as well as the

projections shown in Fig. 8.
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This must be kept in mind when considering the results
presented further below regarding the redshift drift in the
simulated model universe. It must also be kept in mind that
the study presented in this section is not a thorough
systematic study but merely an initial study tentatively
suggesting that the optical drift represents a subdominant
contribution to the redshift drift along most lines of sight
even if the observer is placed inside a structure.

Details regarding the LTB computations and a remark on
the stabilization of the effect of the optical drift around 10%
can be found in Appendix together with a discussion of
emitter velocity.

B. Formalism for computing the redshift drift
in a Newtonian N-body simulation

To apply the above formalism to simulation data from
GADGET-=2 [61,62], snapshots from the simulation must be
combined with a spacetime metric. According to Ref. [63],
this can be done by introducing the perturbed line element

ds> = —(142y)df* +a*(1 = 2y)(dx* + dy* +dz?),  (8)

where V2y = 47Ga*(p — pyy), with py, the background
matter density of the simulation and p the actual local
matter density. The densities are obtained by triangular
shaped cloud (TSC) interpolation of the particle masses
in each snapshot. The metric function y is then found using
FFTW3."

Using this line element, the geodesic equation can be
solved for light rays propagating through the simulation
box. Quadrilinear interpolation is used to interpolate within
and between snapshots.

With the line element as given above, we can compute the
integrand components in Eq. (3). For simplicity, the optical
drift is neglected. In addition, the shear, vorticity, and
acceleration all vanish at background order, so to first order
in these quantities, the integrand components reduce to

1
30 = —gu"u”Rw 9)
. 1
Zﬂ = —geaﬂ (10)
0 =—u'uCpyy. (11)

In the last line, it was also utilized that % hzthaﬂ vanishes
identically.

The total expression for the redshift drift is thus given by
the integral over just three terms: the projections of the
Ricci tensor, R,,,, and the Weyl tensor, C,,,, , along the light
path as well as the projection of the acceleration scaled by
the expansion rate, i.e.

"http://www.fftw.org.

Hv

o dt(1 42 1
5ZNE6570/0# |:——M”M”R
. E 3

1
- §9aﬂe" - upu“e/‘e”Cplwy] . (12)

Note that the energy E) under the integral is computed
using the velocity field normal to the spatial hypersurfaces
ie. n' =—(1+2y)d,t = (=(1+2y),0,0,0) and not
the fluid velocity field. In practice, the difference between
these two is of course very small, and at first order, it only
affects the background part of the Ricci term of the
integrand (see e.g. Ref. [64] for details regarding the
choice of velocity field and energy computations when
integrating over the affine parameter versus over the time
coordinate).

This integral is computed as a finite sum on the fly while
solving the geodesic equation for the given spacetime,
observer, and emitter.”

With the line element given above, the three considered
terms contributing to the redshift drift are at lowest order in
y and its derivatives given by

—%u"u”Rﬂy:—MTGp, (13)
—Oa,e" = 3H (0,6u' + Hou's})e;, (14)
and
—u'u’e’e"Cpp,
_4nGa?

ij b
——e ef<a,.ajy/+rf§ g)l//,y 3 (p_pbg)(sij)’ (15)

where the superscripted “(bg)” on the Christoffel symbol
indicates that only the background values are used. The
4-vector e := u* — k*/ E is the spatial projection of the null
geodesic tangent vector as seen by an observer comoving
with the fluid and is to be understood as given at back-
ground order everywhere except for in the last term. du/
represents the perturbation to the velocity field of the fluid
which is obtained by TSC interpolation of the velocity
field, v, from the snapshot. The full 4-velocity field is
given by u* o (1,0"), with normalization according to
wu, = —1.

C. Simulation setup

The simulation data were obtained by running
GADGET-2 [61,62] with initial conditions generated with
N-GenIC.* The Einstein-de Sitter (EdS) model with a

“This was pointed out by Asta Heinesen.

3The issue regarding emitter velocity discussed in Ref. [24] is
neglected here. See Appendix for a justification and discussion.

*https://wwwmpa.mpa-garching. mpg.de/gadget.
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Components of §z along light ray
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Redshift drift and its components along the four considered light rays. The line type of 6z was chosen to fit with the line type

used for the density plots in Fig. 2 as well as the projections shown in Fig. 8 such that a given line type of 6z, density, and projection

correspond to the same light ray.

reduced Hubble parameter of 0.7 was chosen as the
simulation background. This choice will give slightly
enhanced quantitative results compared to a ACDM model
where only 30% of the energy content is inhomogeneous.
The simulation was run with 5123 particles in a box with
side lengths 512Mph/h, and 24 snapshots in the interval
roughly corresponding to z € [0, 1] were produced.

III. NUMERICAL RESULTS

For the numerical work, 189 light rays were considered,
all with random lines of sight and observers placed at
random spatial positions (all at present time). Observation
time, ot(, was set to 30 years. The main results are shown in
Fig. 4, which shows the redshift drift along the light rays
compared to the redshift drift in the EdS model. The
relative deviation between the mean redshift drift and the
redshift drift of the EdS model (which represents the drift of
the mean redshift) is of order 10~*. Considering that the

redshift drift itself is of order 1072, this means that the
deviation is of absolute order 10~'3, which is roughly
around the expected precision of the computations.
Figure 5 shows the mean and fluctuations of the
individual components of the redshift drift. The acceler-
ation term is too small to be clearly visible and is therefore
shown independently in Fig. 6, where it is seen that the
fluctuations in the acceleration term is of order 1078, The
mean of this term is of order 107!°, which is several orders
of magnitude below the other two terms. In relation to this,
it should be noted that earlier studies [33,34,65,66] show
that the full nonlinear peculiar acceleration contribution to
the redshift drift signal can be larger than the cosmic signal
along individual light rays but that the signal should
average out when considering many rays in different
directions. The small contribution from the acceleration
found here is presumably due to the peculiar acceleration
being suppressed since it was computed from a smoothed
velocity field representing large scale structures. Thus, the
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%10~ Redshift drift compared to EdS limit
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FIG. 4. Mean and fluctuations in the redshift drift along 189 light rays. In Fig. 4(a), the redshift drift is shown together with the redshift
drift of the EdS model, but the two lines are indistinguishable. The close-up in the subfigure is included to show the fluctuations around
the mean since these are too small to be visible in the ordinary plot. Figure 4(b) shows the relative deviation between the redshift drift
along the light rays compared to the EdS redshift drift. A close-up is included to show the deviation of the mean from being exactly zero.

current study cannot meaningfully contribute to the quan-
tification of effects from peculiar acceleration.

Figure 5 shows that the mean of the contribution from the
two dominant (i.e. nonacceleration) perturbative terms
cancel each other almost exactly in the mean computation,
leaving only the contribution representing the background
redshift drift. A similar symmetry is seen in the contours of
the shaded and hatched areas indicating the fluctuations of
the two components. Figure 7 shows the redshift drift along
arandom light ray and supports this symmetry; it is clearly
seen that the two dominant perturbative contributions
cancel each other to high precision at all points along
the light ray, indicating that the dominant term in Eq. (15) is

Components of redshift drift

the term proportional to the density fluctuation. This is
reminiscent of the cancellations between the shear and
expansion rate fluctuations in the redshift discussed in
Ref. [67]. Indeed, in Ref. [67], one can see that the redshift
along light rays in the studied N-body simulation is always
very close to the background redshift with a deviation of at
most of order 1075, It is therefore not surprising that the
redshift drift is also close to the background value every-
where along the light rays. However, in agreement with
earlier studies [68—70], it was found in Ref. [67] that the
redshift along individual light rays in Swiss cheese models
based on LTB structures was also everywhere close to the
background redshift, with deviations of order 10~3. But the
results of Ref. [23] are not that the redshift drift is always
close to the background redshift drift in LTB models.

To establish the relationship between these cancellation
relations along light rays and their possible relation to

«10-8 Acceleration component of redshift drift
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FIG. 5. Mean and fluctuations of the individual components of

the redshift drift along 189 light rays. The gray shaded area
represents the fluctuations of the £° component, while the
hatched area indicates the fluctuations of the X7 component.
The fluctuations of the acceleration term are too small to be
visible in the figure.

z

FIG. 6. Mean and fluctuations of the acceleration component,
/{1" da%y, of the redshift drift along 189 light rays.

063544-6



REDSHIFT DRIFT IN A .... II. LIGHT RAYS ...

PHYS. REV. D 107, 063544 (2023)

Components of redshift drift along a single ray
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FIG.7. Redshift drift along a random light ray. Figure 7(a) shows the individual components of the redshift drift, while Fig. 7(b) shows
the relative deviation between the redshift drift along the light rays and the EdS light ray. The relative redshift drift is plotted on top of the

density distribution along the light ray.

cancellations of e.g. the terms of the kinematical back-
reaction [71,72], it could be interesting to consider models
of averaging along light cones such as the setups presented
in Refs. [73,74]. In addition, one intriguing point with the
results discussed above is the significance of the Weyl
tensor and the question of under what conditions its redshift
drift contribution (nearly) cancels with the contribution
from the fluctuation in the Ricci tensor—more specifically,
if there is a connection between the electric part of the Weyl
tensor being dominated by the Ricci curvature and other
aspects of a spacetime. It may be interesting to study this
more thoroughly, e.g. with inspiration from the analysis of
the “quiet” spacetime presented in Ref. [75].

IV. SUMMARY AND CONCLUSIONS

The redshift drift was computed along 189 light
rays through a simulated spacetime obtained with the
Newtonian N-body simulation code GADGET-2 run with
an Einstein-de Sitter background. It was found that the two
main nonbackground contributions to the redshift drift
cancel almost exactly along the light rays and therefore
the mean redshift drift equals the drift of the mean redshift
to high precision. This is contrary to earlier results based on
inhomogeneous cosmological models. Specifically, it was
found in Refs. [31,39] for specific models that exhibit
significant cosmic backreaction that the mean redshift
drift in these models deviates significantly from the drift
of the mean redshift. These combined results support the
work presented in Ref. [38], in which an observational
signal of cosmic backreaction was devised based on the
notion that the mean redshift drift deviates from the drift of
the mean redshift in a spatially statistically homogeneous
and isotropic universe only if there is significant cosmic
backreaction.

The cancellation further means that the local fluctuations
in the redshift drift along individual light rays are very
modest. The results presented here thus indicate that future
redshift drift measurements only will contain a small bias/
error due to fluctuations from structures. While this is good
news, such a conclusion is too strong based on the limits of
the considered N-body simulation; the density and velocity
fields of the simulation are smoothed to represent large
scale structures, and therefore the importance of e.g.
peculiar acceleration of the emitter cannot be realistically
determined from the simulation. Indeed, while the con-
tribution to the redshift drift from peculiar acceleration was
found here to be several orders of magnitude smaller than
the other contributions, earlier work [33,34,65,66] indicates
that the peculiar acceleration may (for some types of
sources) be even larger than the cosmological contribution
to the redshift drift. Presumably, this does not spoil the
ambition to measure the cosmic redshift drift since the
contribution from the peculiar acceleration according to
these studies should become negligible upon averaging
over several points of observation.

Itis lastly noted that the results presented here are based on
inhomogeneous cosmological models with EdS back-
grounds and thus the small fluctuations found here should
be expected to correspond to even smaller fluctuations in the
redshift drift in similar models with a ACDM background.
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APPENDIX: REDSHIFT DRIFT COMPUTATIONS
IN AN LTB MODEL

This Appendix serves to give details regarding the LTB
model studied in Sec. IT A.
The line element of the LTB model can be written as

AL (t.1)

a2
ds* = —dr* + l—k()

dr’ + A%(t,r)dQ*.  (Al)

To specify the model used in Ref. [24] and the main text
here, it is required that the LTB model has a homogeneous
big bang which is most naturally ensured by setting
A(t=0,r) =0. The model is then further specified by
setting

) {—13x10—7 P((E)0 - 1),

if r<ry (A2)

0, otherwise.

As in Ref. [24], r;, is chosen to be 40 Mpc. Outside the
region defined by r < r;, the model reduces to the back-
ground FLRW model, which is chosen here to be the EdS
model with reduced Hubble parameter of 0.7. To ensure
this, A(r=1;,r) =a;r is fixed for an initial time ¢
representing the time at which the scale factor of the
EdS model is equal to a; = 1/1100. This sets up the initial
|

k’k9

oo b[(r-el) o) -

17 Kk
"HZ‘P_‘</<'>2R(’”+_"> < <kf
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Utilizing the spherical symmetry of the LTB models, we
can set k? and its partial derivatives to zero. This trivially
means that ¥ = 0 initially. In addition, initial conditions
are also set to fulfill k", x? = 0 initially. This implies that
there is no optical drift at the position of the observer,
which seems a reasonable choice. To further specify initial
conditions, the partial derivatives of the null condition as
well as the deﬁnltlon = k"d,k” must also be fulfilled.

As shown in Fig. 3 these 1n1t1a1 conditions lead to a
subdominant optical drift contribution to the redshift drift.
However, to judge the significance of this result, one must
consider what the corresponding peculiar velocity field of
the emitters along the light rays are. As discussed in
Ref. [24], the choice of initial conditions for k%, fixes
the possible peculiar velocities of the emitter. In principle,
this means that the redshift drift must be computed with a

ut
><%>

. L[ kK% (R, k% A, k¢2 s AL
z<‘/:—_—2R(k,,jL > (kf)2A2<k~9’+A >+1 e s1n2(9)>(k_t+Ak‘/>}

conditions used for solving the dynamical equation for A,
which is given by

(A3)

where M = M(r) is fixed by the conditions described
above through the considerations presented in Ref. [76].

For studying light rays in the LTB model, it is necessary
to simultaneously solve the geodesic equations and propa-
gation equations for the partial derivatives of the tangent
vector, k¥,

d

d 0 dk*
T A
drr oxtdr U (A5)

where the latter set of equations was presented in Ref. [77].

Naturally, initial conditions are needed in order to
solve the above set of equations along light rays. When
setting these, the expressions for the components of x* will
be used and are therefore shown here. By defining
R := A%/(1 — k), the components can be written as

)

A
2sin%(9) <kq§ + =2 k"’)]
’ A
k‘gk¢

A sin’(6) (kf+‘%k¢)]

(A6)

|
new set of initial conditions for each point along a light ray
in order to ensure that the peculiar velocity field of the
emitter is as desired. However, for the light rays considered
in Ref. [24], it was found that the actual emitter velocity
field corresponding to a single set of initial conditions
could be chosen to be very close to the comoving velocity
field (which was the desired velocity field). In Fig. 8,
the same is shown for the four light rays considered in the
main text. Specifically, Fig. 8 shows that the comoving
velocity field projected orthogonally to the light ray tangent
vector and an actually possible velocity field of the emitter
is small—of order 1078-107".

The four light rays were generated using the initial
conditions k? =0, k' = —1, k% =0.001, 0.005, and k"
obtained from the null condition. The observers were
placed according to r;, — r = 5, 10, 20 Mpc. The observer
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Projection of comoving velocity field onto the screen space orthogonal to & and the velocity field of a possible emitter (i.e.

Pl =g =10 ™E where m* is a possible velocity field of the emitter and E,, = —m*k,). Line types are chosen to fit with the

2
E;, E, m

line types used for dz in Fig. 3 and for the densities in Fig. 2 so that the density, projection, and 6z with the same line types represent

quantities along the same individual light ray.

placed at r = r;, — 10 Mpc is the observer with two lines of
sight. For the other two observers, only initial conditions
with k¢ = 0.005 were considered. In all cases, the obser-
vation time was set to 0ty = 30 years. A fifth light ray with
initial r =r, — 10 Mpc and k? =0.01 has also been
studied, but the results are similar (of same order of

magnitude) as for the light ray with initial r =
r, — 10 Mpc and kY = 0.005, so the results for the former
light ray are not shown. The fact that the effect of the
optical drift is of same order of magnitude for these two
light rays is taken to tentatively indicate a stabilization of
the optical drift effect at about 10% in this type of model.
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