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We put constraints on the peak absolute magnitude, M  of type la supernova using the Pantheon sample for
type la supernova observations and the cosmic chronometers data for the Hubble parameter by a model
independent and nonparametric approach. Our analysis is based on the Gaussian process regression. We find
percent level bounds on the peak absolute magnitude given as Mz = —19.384 4+ 0.052. For completeness and
to check the consistency of the results, we also include the baryon acoustic oscillation data and the prior of the
comoving sound horizon from Planck 2018 cosmic microwave background observations. The inclusion of
these two data gives tighter constraints on M at the subpercent level. We obtain constraints on Mg from the
combination of Pantheon compilation of type Ia supernova observations and baryon acoustic oscillation
observations givenas Mz = —19.396 + 0.016. When adding the cosmic chronometer observations with these
observations, we find Mz = —19.395 + 0.015. The mean values of peak absolute magnitude from all these

data are consistent with each other and the values are approximately equal to —19.4.
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I. INTRODUCTION

The late time cosmic acceleration was first discovered by
the type la supernovae observations [1-3]. These obser-
vations are based on the fact that the type Ia supernovae are
standard candles and the peak absolute magnitude, My of a
type la supernova is uniform. The discovery of the late time
cosmic acceleration led to the concept of dark energy (for
details see [4,5]), where the dark energy is considered to be
an exotic matter component in the Universe that has an
effective large negative pressure.

The peak absolute magnitude, M of type la supernova
plays an important role in the determination of the
expansion history of the Universe since the cosmic dis-
tances like the luminosity distance of an astronomical
object are related to the distance modulus of the type Ia
supernovae. This distance modulus depends both on the
observed magnitude, m, and the absolute magnitude, Mp
[6-9]. That is why the observational constraints on the
cosmological parameters like the deceleration parameter,
the matter-energy density parameter, the dark energy
density parameter, etc. are estimated based on the value
of the absolute peak magnitude, My [10,11]. Thus it is
important to know the exact value of Mp.

In most of the recent type la supernova-based cosmo-
logical studies, the parameter My is considered to be a
nuisance parameter and fitted with the other parameters of
the stretch color relation [12]. This is because the constraints
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on the cosmological parameters from the type Ia supernova
observations are degenerate to M z and this degeneracy stems
from the degeneracy between My and H, (present value of
the Hubble parameter). This is the reason, alternatively, we
need to calibrate M by combining type la supernova data
with other astrophysics and cosmological data [7]. We also
note that, in recent investigations, the determination of the
distance modulus from the type Ia supernova observations
is dependent on the distance bias corrections, mass step
corrections, etc [8]. Indeed, this steals the importance of My
a bit, but the value of M} still finds use in the determination
of the Hubble constant, H, whenever type la supernova
observations are considered [13,14].

In literature, we find the inconsistency in the values of
H, from low redshift observations like SHOES [15] and the
high redshift observations like cosmic microwave back-
ground (CMB) [16]. This is the so-called Hubble tension
[17-19]. However, recently, some authors have argued that
the Hubble tension is not the fundamental tension, rather
M g tension is the more fundamental one when we compare
the low redshift observations with the high redshift obser-
vations (with the presence of the type Ia supernova
observations). For details see [20-22]. Thus, in this regard,
the determination of Mp from different combinations of
data is also important.

We also find the relevance of the knowledge of M in
some other cases. For example, for some nonstandard
cosmological studies like the measurement of Newtonian
gravitational constant and its time variation [23], the
determination of the speed of light and its time variation
[24], and the determination of the fine structure constant
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and also its time variation [24,25] from the combination of
supernova and other observations depend on the value of
the type Ia supernova peak absolute magnitude. So, in these
cases, the value of Mp plays a key role. Note that these
studies are independent of the degeneracy between My and
H,. This is because these studies are directly dependent on
the cosmological distance like luminosity distance. These
are not directly dependent on the Hubble parameter or the
relevant quantities. That is why H, is not involved. So, in
these cases, the M parameter is the main parameter and the
results depend on its value.

Thus it is found that M still plays a crucial role in some
measurements and a secondary role in some others, and is
still quite a relevant quantity. This motivates the present
work, which deals with the estimation of M.

The determination of My is based on the anchors like
stellar parallax [26—28], detached eclipsing binary stars [29],
and maser emission from supermassive black holes [30-32].
These methods are mainly astrophysical and restricted to
lower redshift observations only. For example, in SHOES
observations, the determination of M is based on type Ia
supernova data for redshift, z < 0.15 with the anchors
mentioned above [15,33]. It is also important to include
the higher redshift type la supernova observations to deter-
mine the value of M . For this purpose, the Pantheon sample
for type Ia supernova observations is useful, where the data
have the redshift range up to nearly 2.2 [8].

In the literature, there are some attempts to compute Mp
from the cosmological point of view [7,20,34—37]. These
studies are mainly based on the type Ia supernovae data like
Pantheon [8] with other combinations of datasets like CMB
observations [16,38], baryon acoustic oscillations (BAO)
observations [39] etc. Some of these methods like in Refs.
[7,20] are not completely independent of astrophysical
anchors like stellar parallax [26-28] and masers [30-32].
However, a few other methods like in Refs. [34-37] depend
completely on the cosmological data. These methods are
either cosmological model dependent or based on the para-
metrization of M. Thus it is worthwhile to consider a model
independent and nonparametric approach to estimate Mp
from the cosmological data and this estimation should be
independent of any astrophysical data or any other data.

The motivation of this work is to compute the bounds on
M p with a complete model independent and parameter-free
approach from the cosmological data only. For this pur-
pose, we mainly consider the Pantheon sample for the
supernova type la observations [8] and the cosmic chro-
nometer data for the Hubble parameter [40,41], because
these data are independent of any fiducial cosmological
model. For the methodology, we consider the Gaussian
process regression (GPR) analysis [42-46].

Inrecent years, GPR is quite frequently used in cosmology
[47-73]. For example, in [47-51], the cosmographic param-
eters like Hubble parameter, deceleration parameter, jerk
parameter, etc. have been constrained from the cosmic

chronometers, type la supernova, and BAO data using
GPR. In [52-54], constraining cosmic curvature density
parameter has been discussed using the gravitational wave
(GW) observations from binary neutron star mergers with the
future generation of space-based Deci-hertz Interferometer
Gravitational-wave Observatory (DECIGO) and other cos-
mological observations. In [55-59], the dark energy equation
of state and other dark energy properties have been studied
from different cosmological observations. In [60], the
interaction of dark energy and dark matter has been con-
strained by different cosmological observations using GPR.

The CMB [16] and the BAO [39] data, on the other hand,
are dependent on a fiducial cosmological model. As the
primary motivation of the present work is a model-
independent estimation of Mg, we do not include these
datasets to start with. However, we will see that as BAO and
CMB datasets have significantly smaller error margins
(standard deviation), their inclusion in the analysis helps
obtain tighter constraints on M. It is important to note that
this difference in the error margins is the only effect of the
inclusion of the model dependent datasets, as we will see,
the mean value of My is hardly affected by the addition of
the model-dependent data in the analysis.

This paper is organized as follows. In Sec. II, we mention
basic equations related to the cosmological background
dynamics. In Sec. III, we mention some details of the
observational data used in our analysis. In Sec. IV, we
present our model independent and nonparametric meth-
odology to obtain bounds on the My parameter from these
observational data. In Sec. V, we present our results and
discuss the significance of these results. Finally, in Sec. VI,
we summarize the work.

II. BASICS

A. Basic cosmological relations

In our entire analysis, we consider that the Universe is
spatially homogeneous and isotropic. We further assume
that the Universe is spatially flat too. With these two
assumptions, the background geometry can be described by
the flat Friedmann-Lemaitre-Robertson-Walker (FLRW)
metric given by dS? = —dt* + a*(t)dR?, where dS is the
line element of the space-time, dR is the three-dimensional
Euclidean line element, ¢ is the cosmic time and « is the
cosmic scale factor. In this scenario, the luminosity dis-
tance, d; is related to the Hubble parameter, H with an
integration equation given as

z d7
L HE) (1)

di(z) = c(1+2)
where z (also, Z) is the cosmological redshift given as
1+z= %, where q is the present value of a; c is the speed
of light in vacuum.
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The observed luminosity distance of a type Ia supernova,
located at a particular redshift, is related to the observed
apparent peak magnitude (m) of the supernovae with a
simple equation given as

dp(z)
Mpc

m(z) — My = 5log, [ } +25, (2)

where Mp is the peak absolute magnitude of the same
supernova. The above equation is independent of any
cosmological model and valid for the only assumption
that the Universe is spatially homogeneous and isotropic.

Note that, the above equation has a more generalized
version with other parameters involved through the stretch
color relation (for details see [12]). In the Pantheon
compilation of type Ia supernova data, the other parameters
are marginalized with the zero centralized value [8]. Since
we are considering the Pantheon compilation data, we are
using the above equation only.

B. H(z) from m(z)

We use Eq. (2), to get luminosity distance from m and the
solution is given as

dy (z) = 10s0m(2)=25-Ms] Vpc. (3)

The above equation can be rewritten as a combination of
a redshift independent part and a redshift dependent part.
For the redshift independent part, we define a parameter,
given as

B =10~ Mpc. (4)

For the redshift dependent part, we define a quantity, dy
given as

dy(z) = 10sm(@)=25], (5)

With the definitions of # and d, the luminosity distance,
d; can be rewritten as

dy(z) = pdy(2). (6)

In the above equation, we can see that d; is linear in dy
and dy is independent of the M p parameter because the Mp
parameter is absorbed in the constant parameter, /.

Not only d;, we also need d; = % to find H.
Throughout this paper, the prime denotes the derivative
with respect to the redshift, z. To compute d}, we do the

differentiation of Eq. (6) with respect to z and we get

dy(z) = pdy(2), (7)

where d) is given as (by doing differentiation of Eq. (5)
with respect to z)

diy(z) = am! (2108721 = () (2),  (8)
with

log; 10
5

: ©)

To get the Hubble parameter, we have to differentiate
Eq. (1). By doing this, we get

=[5y + | )

_c(l42z)  di(z)
 H(z) +1+z' (10)

From this equation, we get the Hubble parameter
given as

B c(1+7)?
1O = a0 - 46 .
_ c(L+2)° (12)

Pl(1 + 2)dy(2) — dn(2)]

where in the second equality, we have used Egs. (6) and (7).

Similar to the case for the luminosity distance, here also,
we can separate the parameter independent part (which is
redshift dependent) and the parameter dependent part
(which is redshift independent). For the parameter inde-
pendent part, we define a quantity, G given as

B (1+2)?
Oree-am P

For the parameter dependent part, we define a parameter,
F given as

F:%:c 10 Mpe™, (14)

where in the second equality we have used the definition of
p from Eq. (4). Using the above two definitions, the Hubble
parameter can be rewritten as

H(z) = FG(z). (15)
We can see that H is linear in G.

C. Propagation of uncertainty

Using propagation of uncertainty through Eq. (5), we
compute the uncertainty in dy (denoted by Ady) given as

Ady = \/Var(dy), (16)
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Var(dy) = (%52 ) Vatn)

= a?d} Var(m). (17)

Throughout this paper, we denote the 1o uncertainty (or
equivalently the standard deviation) of a quantity, Q as
AQ and the corresponding variance as Var(Q), where
Var(Q) = (AQ)?. We also denote the covariance between
two quantities, Q; and Q; as Cov[Q;, Q;]. Note that if the
two quantities are the same, the covariance is the same as
the variance, i.e., Cov[Q, Q] = Var(Q).

Similarly, using propagation of uncertainty through
Eq. (8), we compute the uncertainty in dy given as

dy = \/Var(dy), (18)

I\ 2 !\ 2
Var(dy) = <aaci:,> Var(m) + (32,’) Var(m')

ad)y, ody
2— C
’zVar(m) + azd,ZVVar(m’)

'Cov[m,m']. (19)

=a*dqm

+223d3m

Similarly, using propagation of uncertainty through

Egs. (5) and (8), we also compute the covariance between
dy and d), given as

adN ad,
om' on’

ady od!,
o 6n]1v> Cov[m, m’|

'Var(m) + a*d%Cov[m,m'].  (20)

adN ad,
2 Var

",
om om’'

Cov(dy.d)] = N Var(m')

_ 3n
= a’dym

Next, using propagation of uncertainty through Eq. (13),
we compute the uncertainty in G given as

= /Var(G), (21)

Var(G) = <§C§1;v> Var(dy) + <:§> Var(dy)

9G 9G
2 %% Covldy, d,
+254, aa), SOV ]

4 4

G U

4

2 Cov[dy. d}]. (22)

Next, using propagation of uncertainty through Eq. (15),

we compute the uncertainty in H given as

AH = ‘—AG |F|AG. (23)

Similarly, using propagation of uncertainty through
Eq. (6), the uncertainty in d; can be computed from
Ady given as

ad
Ad; = ad—L Ady = || Ady. (24)

Note that, in this subsection, we have omitted the
argument, z in each quantity for the sake of simplicity
to write down the equations. So, we should keep in mind
that all the equations in this subsection are valid for each
redshift point.

III. OBSERVATIONAL DATA

As mentioned in the introduction, in our analysis, we
mainly consider two types of observational data. The first
one is the Pantheon compilation for the type Ia supernova
observations. This compilation consists of data for m(z) at
1048 redshift data points [8]. Also, these data are binned
over 40 redshift bins. We use these binned data in our
analysis and denote this as “SN” data. We are not explicitly
writing down all the m(z) values of these data in this paper,
because these data are publicly available. To get an idea of
the mean values of m(z) and the corresponding uncertain-
ties, see the black error bars in Fig. 1.

The second one is the cosmic chronometer data for the
Hubble parameter as a function of redshift [40,41]. We
denote this as “CC” data and any quantity with subscript
“C” corresponds to the values of that quantity at CC
redshift points. These data contain 31 redshift points, the
corresponding values of the Hubble parameter, and the
corresponding uncertainties. These are plotted in Fig. 2

Pantheon
k3
25.0 =
£ d
- -
- -
— 22.5 o
3
.”
£ #
— 20.0 P
N i
g 13
1754 2
1504 = I m(z) from observed SN data
0.0 0.5 1.0 15
V4
FIG. 1. The Pantheon compilation data for the observed peak

magnitude, m(z), and the associated uncertainties.
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FIG. 2. The black colored bars correspond to the CC data for
the Hubble parameter and the corresponding uncertainties at CC
redshift points. The blue colored bars correspond to the Hy(zp)
and AHp(zp) obtained from BAO data.

with black colored bars. The CC data has a redshift range
from 0.07 to 1.965.

For the sake of completeness, we have also included the
BAO data in our analysis. BAO data is not completely
model independent because the results have been obtained
by considering a fiducial cosmological model. But, it is
useful since the error bars in BAO data are smaller
compared to the CC data.

The BAO observations consist of measurements for both
the line-of-sight direction and the transverse direction [39].
The line of sight direction data is closely related to the Hubble
parameter through the quantity Dy (z) = Dy(z)/r4 where
r, is the comoving sound horizon at the baryon-drag epoch
and Dy(z) = ¢/H(z). The transverse direction data is
closely related to the luminosity distance (the comoving
angular diameter distance, Dy (z) to be more precise)
through the quantity D, (z) = Dy (z)/rs where Dy,(z) =
dp(z)/(1 + z2).

So, we need the value of ry, to include BAO data in our
analysis. We consider the r,; value obtained from the Planck
2018 result given by r, = 147.09 £ 0.26 Mpc from Planck
2018: TT,TE,EE + lowE + lensing [16], where “T”
stands for temperature in CMB map and “E” stands for
E-modes from CMB polarization map [74,75]. The combi-
nation of any two quantities corresponds to the power
spectrum, for example, “TE” means the two-point corre-
lation between temperature anisotropy and E-mode polari-
zation anisotropy [16,74,75]. In this way, we include the
CMB data too and we have

ry = 147.09 Mpc,
Ar,; = 0.26 Mpc. (25)

From the above equation, we get H(z) and AH(z)
corresponding to the BAO data given as

20000 -
f dB(zg) from observed BAO data I
15000 -
)
o
=
= 3
N 10000 1
=
S
5000 A .
. -
05 1.0 1.5 2.0

z

FIG. 3. The d?(z3) and Ad8(zp) data that obtained from the
BAO data.

c
raDp(zs)’
AHg(z ADy(zp)]* | [Ar,]?
B( B) — |: - H( B):| + |:_d:| i (26)
Hpg(zp) Dy(zp) T4
respectively. These Hy(zp) values and the corresponding
uncertainties are plotted in Fig. 2 with blue colored bars.
Throughout this paper, subscript “B” and superscript “B”
to a quantity corresponding to the quantity at the BAO
redshift points.

Similarly, we get d; (z) and Ad, (z) corresponding to the
BAO observations given by

Hyg(zp) =

df(zp) = (1 4+ 2)raDy(zp).

Ad¥(zp) \/ {ADM@B)]Q {Ard

2
dE(ZB) B DM(ZB) " r_d] ’ @7)

respectively. The obtained values of d?(zz) and the
corresponding uncertainties are plotted in Fig. 3 with black
colored bars.

Throughout this paper, the BAO data is denoted by the
notation “BAO.” By the BAO notation, we also mean that
the value of r; from Planck 2018 data has been used.

IV. METHODOLOGY

If we know the observed m and d; corresponding to a type
Ia supernova, we can in principle find its peak absolute
magnitude Mz with the help of Eq. (2). For this purpose, we
have type Ia supernova observations like Pantheon compi-
lation [8] which provides us the data for m(z). If we consider
any theoretical model or any parametrization, we can get a
functional form of d; (z) either directly or via the functional
form of H(z) through Eq. (1). Once we have the functional
form of d; (z), we can put constraints on the parameter M
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(along with other parameters of that model or parametriza-
tion). For this case, in principle, it is possible that we can get
a constraint on the parameter Mz from only the type Ia
supernova observations and this constraint should degenerate
to the constraints on other parameters, for example, the
Hubble constant, H,, [the Hubble parameter at present, i.e.,
H, = H(z = 0)]. For better constraints on Mg, one can add
other datasets.

But, in this analysis, we are not considering any model or
any parametrization, rather we want constraints on My in a
model independent way. Without considering any model or
any parametrization, we cannot compute Mg with only the
type la supernova observations. We have to add at least one
another type of observation either related to the luminosity
distance (or any other quantity closely related to it like the
angular diameter distance) or related to the Hubble param-
eter. For the first case, cosmological observations like BAO
[39] are useful. For the second case, observations like the
cosmic chronometers [40,41] are useful. Or one can also
combine all of these three data.

In general, d; (z) data (here BAO data) and the m(z) data
(here Pantheon compilation) are not at the same redshift
points. For this reason, we cannot use Eq. (2) to compute
My from the combination of these two datasets in a
straightforward way. For similar reasons, we cannot use
the Hubble parameter data (here CC data) and the m(z) data
together to put a constraint on M in a straightforward way.

One possible way to overcome these problems is to use
the Gaussian process regression (GPR) technique [42—46].
This technique is useful to predict the values of any relevant
quantity at some target points and the corresponding
uncertainties from an observation that consists of data of
that quantity at some other points, in general. For example,
from z, m, and Am data points (obtained from the SN data),
we can construct values of m(z) and the corresponding
uncertainties at CC redshift points.

A. Brief overview of basic GPR analysis

In GPR, we assume that the observed data, Y (for
example, in this case, it is m from SN data) is a multivariate
normal distribution, described by only a mean vector and a
covariance matrix. The data Y can be expressed by a vector
as Y =[y;,y2,....yn)7, where yi,y,,...,y, are all the
observed values at given data points xi, X, ..., X, respec-
tively; n is the number of observed data points. The
superscript T represents the transpose of a vector or a
matrix. The data points can also be expressed by a vector X
givenas X = [x;,x,, ..., x,]7 (for example, in this case, it is
the redshift points of the SN data).

Throughout the discussion, we follow the notation that
capital letters correspond to vectors or matrices and the
small letters correspond to a single value.

Another important assumption in GPR is that the
predicted values of the quantity at some target points also
follow a joint multivariate distribution with the data. If the

total number of target points is n*, then the joint distribu-
tion of data and predicted values has the dimension n + nx.

Let us denote the predicted mean vector as F* =
1. 15 ...,ffl*]T and a covariance matrix as Cov[F*, F*],
which has n* x n* number of elements. To find these values
using GPR, we need an important function, called the
kernel covariance function. In literature, there are some
forms of this kernel covariance function. Among those, the
squared exponential kernel covariance function is the most
used. One of the main reasons is that it is infinitely
differentiable. In this kernel covariance function, the
covariance element corresponding to two points x; and
x; is expressed as

i = x;?
k(x;,x;) = o7 exp {—TQJ ; (28)

where aj% is the signal variance that determines the average

deviation of a function from its mean along the region of
target points and / is the length scale in which the function
changes significantly. These parameters are called hyper-
parameters. In Appendix A, we consider other kernel
covariance functions and discuss the dependence of the
results on these kernels in Appendix E.

We also need prior information for the predictions of
GPR through the mean function. In practice, many authors
use the zero mean function, but we use the corresponding
mean function from the flat ACDM model. In Appendix B,
we discuss the form of the mean function for the ACDM
model. We also consider other mean functions in
Appendix B and show how the results depend on these
mean functions in Appendix F.

Let us denote the values of the mean function at data
points and the target points by vectors M(X) (with n
number of elements) and M(X*) (with n* number of
elements) respectively, where X* = [x}, x5, ..., x;|T is the
vector that corresponds to the target points. The predicted
mean vector, F* and the covariance matrix, Cov[F*, F*] are
given as [44—46]

F*=M(X")
+ K(X*, X)[K(X.X)+ C]7 (Y - M (X)),
Cov[F*, F*] = K(X*, X*)
- K(X*. X)[K(X.X)+C)7'K(X,X*), (29)

respectively. C is the noise covariance matrix of the
observed data. Note that the matrix Cov[F*, F*] has the
elements corresponding to the covariances of all pairs of
the elements of F*.

The above equations depend on the values of the
hyperparameters of the kernel covariance function and
also the parameters of the mean function. We marginalize
over all these parameters using the EMCEE package [76]
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with the log marginal likelihood (denoted by log P(Y|X))
given as [44]

log P(Y[X) = —%(Y—M(X))T[K(KX) +C7H (Y =M (X))

~log|K(X.X) +C|~2log 27).  (30)
where |K(X,X) + C| is the determinant of the K (X, X) +
C matrix. The details of the marginalization procedure have
been discussed in Appendix D.

In GPR, the derivatives of the quantity can also be
computed by assuming derivatives also follows a joint
multivariate normal distribution with the observed data.
The mean vector and the covariance matrix corresponding
to the first derivative are given as [44]

F*=M'(X*)
+ K (X X)) [K (X, X) + C]7H (Y = M(X)),
Cov[F"™*,F"*] = K" (X*,X*)
- [K'(X,X")|T[K(X,X)+ C]7'K'(X,X*),
(31)
where prime and double prime are first and second-order
derivatives of the corresponding function respectively with

respect to the argument x, for example, in our case the
redshift. Related to this, &'(x, x*) and k" (x*, x*) are given as

_6k(x,x*)
o oxt

A k(x*, x*)
K (x, x* K'(x*,x*) =——"2, (32
(x.) (o) =222 (32)
respectively. In GPR, we can also get the covariances
between the quantity and its derivatives. For example, the
covariance matrix between the quantity and its first

derivative is given as [44]

Cov[F*, F"*] = K'(X*, X*)
— [K(X, X")|]TIK(X,X) + C]7'K' (X, X*).
(33)

We have Cov[F*, F"*] = [Cov[F'*, F*]]T = Cov[F'*, F*],
since the covariance matrices are symmetric. More details
of the GPR analysis are discussed in Appendix C.

B. Obtaining constraints on My from SN and CC data

We can use GPR to reconstruct H and AH at SN redshift
points from the CC data. With the reconstructed H we can
reconstruct m as a function of My using Eqgs. (1) and (2),
but the reconstruction of Am is difficult because an
integration in Eq. (1) is not straightforward and there is
no standard procedure for ascertaining the propagation of
uncertainty through an integration. On the other hand, we

can reconstruct m and Am at CC redshift points from SN
data using GPR. We can also reconstruct the derivative of m
and the corresponding uncertainty using the GPR itself. So
we shall choose this method. The details of this method are
given below.

1. First step: Obtaining m and m' and the
corresponding uncertainties at CC redshift
points from SN data using GPR

The SN observations have data of m. We denote this as
m(zg) and the corresponding uncertainty as Am(zg). From
here onwards by zg and z- we mean the redshift points are
at SN and CC data points respectively. In the first step, we
use GPR to reconstruct m(z¢), Am(zc), m'(z¢), Am'(z¢)
and Cov[m(zc), m'(z¢)].

In Fig. 4, we have shown the reconstructed mean and
uncertainty of m(z) obtained by GPR from the observed SN
data. The black colored bars correspond to the SN data
from the Pantheon compilation. We have plotted the mean
values and the uncertainties of m at target CC redshift
points with the blue-colored bars.

In Fig. 5, we have plotted the reconstructed m’ = dm/dz
and the associated uncertainties at CC redshift points
obtained using GPR.

2. Second step: Obtaining dy and dy, and the
corresponding uncertainties at CC redshift points

Here, we compute dy and d), from the reconstructed m
and m’ (obtained from the previous step) at each CC
redshift point using Eqgs. (5) and (8) respectively. Then, we
compute the corresponding uncertainties Ady and Ad), at
each CC redshift point. These are computed from Am, Am’,
and Cov[m, m’'| (obtained from the previous step) by the
propagation of uncertainty using Egs. (16) and (18)

Comparison of m(z): GPR vs observed SN data

25 | o e
£l -7
© /
E /
—~ 201
N F
g H

3 § m(zs) from observed SN data
151 = I  m(zc) from GPR
0.0 0.5 1.0 1.5 2.0
Z

FIG. 4. The black colored bars correspond to the Pantheon
compilation data for the observed peak magnitude, m(zg), and the
associated errors. The reconstructed m(z) and the corresponding
uncertainty at the target CC redshift points by the blue colored
bars computed by the GPR analysis.
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FIG. 5. The reconstructed first derivative of m and the corre-
sponding uncertainties at CC redshift points that obtained
using GPR.

respectively. We also compute Cov[dy, dy| from Am, Am/,
and Cov[m,m’'] (obtained from the previous step) by the
propagation of uncertainty using Eq. (20).

In Fig. 6, we have plotted the reconstructed d, and the
associated uncertainties at CC redshift points.

In Fig. 7, we have plotted the reconstructed d), and the
associated uncertainties at CC redshift points.

3. Third step: Obtaining G and the corresponding
uncertainties at CC redshift points

Here, we get G from reconstructed dy and d) (obtained
from the previous step) at each CC redshift point using
Eq. (13). Next, we compute the corresponding uncertainty,
AG from Ady, Ady, and Cov[dy, dy] (obtained from the
previous step) at each CC redshift point by the propagation
of uncertainty using Eq. (21).

In Fig. 8, we have plotted the reconstructed values of
G(z) and the corresponding uncertainties at CC redshift
points using GPR with the blue colored bars.

201 1 dy(zc) from GPR : !
1.5 1 T
—_ II
N =
2 10' -
b -
0.5 .
./
00l="
0.0 0.5 1.0 1.5 2.0
Z

FIG. 6. Reconstructed dy and the corresponding uncertainties
at CC redshift points.

1.4 1
{ ddn/dz(zc) from GPR
|
i 1l
N 1.0 i B
=N -+ -
TIo
__e"'
0.8 - -
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0.0 0.5 1.0 1.5 2.0
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FIG. 7. Reconstructed d), and the corresponding uncertainties
at CC redshift points.

4. Fourth step: Obtaining constraints
on Mg by comparing CC data and the
reconstructed H from SN data by GPR

From the reconstructed G (obtained from the previous
step), we get the reconstructed Hubble parameter as a
function of Mp parameter (through F parameter) using
Eq. (15) given as

H(z¢c,Mp) = F(Mp)G(z¢)- (34)

We also get the corresponding uncertainty, AH as a
function of Mp from the propagation of uncertainty using
Eq. (23) given as

AH(z¢, M) = |[F(Mp)|AG(z¢). (35)

Now we compare the reconstructed Hubble parameter to
the observed CC data to get constraints on M. For this
purpose, we define a chi-square given as

G(zcc) from GPR

21 -

0.0 0.5 1.0 1.5 2.0
z

FIG. 8. The mean values and corresponding uncertainties of G
at target CC redshift points obtained by GPR are shown by the
blue colored bars.
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B [H(ze,Mp) = He(zc))
Xinicc(Mp) = Z AHZ(ZCC,MB) + ACHch(ZC) ’

c

(36)

where H(z¢) is the Hubble parameter from the CC data
and AH(zc) is the corresponding uncertainty at each CC
redshift point. In the above equation, the total term in the
denominator corresponds to the total variance in the Hubble
parameter. Since the total variance is itself parameter
dependent, the better way to get constraints on the
parameter is a maximum likelihood analysis rather than
the chi-square minimization. The corresponding log-like-
lihood is given as

log Lscc(Mp)
_ _X§N+CC(MB)
2
! log (27 [AH?(zc, M AHZ(z¢)] 37
33" log (27 [AH2(zc. My) + AH(zc)]). (37)

ic

We maximize the likelihood by minimizing the negative
log-likelihood to get constraints on M. In this way, we get
constraints on Mz from the combination of SN 4 CC data.

C. Obtaining constraints on My from SN and BAO data

In this subsection, we discuss how to include BAO data
in our analysis using a similar methodology discussed so
far in the previous subsection. As mentioned previously, the
BAO observations have two types of data: one is related to the
Hubble parameter and the other is related to the luminosity
distance. Since we have H(z) data for BAO, we do the same
analysis as mentioned in the previous subsection (all the steps
from the first step to the fourth step).

First, we get m(zg), Am(zg), m'(zp), Am'(zp), and
Cov|m(zg), m'(zp)] at each BAO redshift point from SN
data using GPR using Egs. (29), (31), and (33).

Next, we get dy(zp), Ady(zp), dy(zg), Ady(zp), and
Cov[dy(zp), dy(zg)] using Egs. (5), (8), (16), (18), and (20).

Then we get G(zp) and AG(zp) at each BAO redshift
point using Eqgs. (13) and (21).

From these G(zz) and AG(zp), we get the Hubble
parameter and the corresponding uncertainty as a function
of My at each BAO redshift point given as (using Egs. (15)
and (23) respectively)

H(zg,Mp) = F(Mp)G(zp), (38)

AH(zp, Mp) =|F(Mp)|AG(z), (39)

respectively. Comparing above equations with Eq. (26), we
define a corresponding log-likelihood for BAO for H(z)
given as

log LsnBAO(Honly) (M)

1 [H(zp.Mp) — Hg(z5))
- _EZ AH?(z5, M) + AH%(z5)

ip

- % S log (22[AH?(z5, My) + AH(z))).  (40)

Next, from the reconstructed dy(zp) and Ady(zp), we
get the luminosity distance and the corresponding uncer-
tainty at each BAO redshift using Egs. (6) and (24) given as

di(zp, Mp) = p(Mp)dy(zp), (41)

Ad; (zp, M) = |B(Mg)|Ady(zp), (42)

respectively. Comparing above equations with Eq. (27), we
can define a corresponding log-likelihood for BAO d (z)
given as

log LSN+BAO(dL only) (M B)
1 dy(z5. Mp) — df (z5)]?

24— Ady (25 Mp)* + (Adf (25))°

2 log (27 [AdL (<. Mp)? + (Ad(2p) ). (43)

Now adding the above two log-likelihoods, we get the
total log-likelihood for SN + BAO data given as

log LSN+BAO(MB) = log LSN+BA0(Honly)(MB)
+10g LsniBao(d, only)(Mp).  (44)

We minimize the negative of the above log-likelihood to
get the constraints on Mg from SN + BAO data.

D. Obtaining constraints on Mz from SN,
CC and BAO data

The constraints on My from all the data combined, i.e.,
from SN + CC + BAO can be obtained by doing the
maximum likelihood analysis for the total log-likelihood
given as

log Lsniccrpao(Mp) = log Lsnicc(Mp)
+1log Lgnipao(Mp).  (45)

In Fig. 9, we have shown a flowchart to see all the steps
and methods at a glance to obtain constraints on Mz from
SN + CC, SN + BAO, and SN + CC +BAO combina-
tions of data.
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m(zc), Am(zc),
m/(z¢), Am/(zc), and
Cov[m(zc), m'(20)]

Egs. (5), (8),and (16)—(20)

dN(zc), AdN(Zc),
dn(zc), Ady(z2¢c), and
Covldn (2c), dy (2c)]

Egs. (13),] (21), and (22)

G(zc)
and
AG (Zc)

Egs. (34) | and (35)

A
H(zc,MBp)

and
AH(Zc, MB)

Eq. (37)

SN+CC: Mp and AMp

SN: m(zs) and Am(zs)

GP nalysis GPR\analysis

m(zB), Am(zB),
m'(zg), Am/(zp), and
Cov[m(zg),m (z28)]

Egs. (5), (8), | and (16)—(20)

dn(zB), Adn(2B),
'v(zB), AdN(zB), and
Covldn(zB),dN(2B)]

Egs. (13), (21), V
G(zB)

qs. (41) and (42)

dr(z,MB)
and
AdL (ZB, MB)

BAO: DH(ZB), AﬁH(ZB)y
and z =
Neie) Dy (zB), and ADp(zB)
Egs. (38) | and (39) Eq. (26) Eq. (27)
A
H(zp, Mp) BAO(H only): BAO(dr only):
and Hg(zp) and df (25) and
AH(ZB,MB) AHB(ZB) Adf(zB)
Eq. (40) /q/(élO) Eq. (43)

Eq. (43)

SN+BAO(H only):
MB and AMB

SN+BAO(dr only):
MB and AMB

q. (44) Eq. (44

/

SN+BAO: Mp and AMp

q. (45) Eq. (45

SN+CC+BAO MB and AMB

FIG. 9. A flowchart to show all the steps of the methodology to obtain constraints on Mp from SN 4 CC, SN + BAO, and
SN + CC + BAO combinations of data.
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V. RESULTS AND DISCUSSION

For SN + CC data, we minimize the negative of log-
likelihood mentioned in Eq. (37) and get constraints on Mp
given as

My = —19.384 + 0.052 mag (SN + CC).  (46)

Similarly for SN + BAO data, we minimize the negative
log-likelihood mentioned in Eq. (44) to get constraints on
Mp given as

My = —19.396 + 0.016 mag (SN + BAO). (47)

Finally, we get constraints on My from all these data
combined i.e. from SN + CC + BAO data by minimizing
the negative log-likelihood mentioned in Eq. (45) given as

My = —19.395 £ 0.015 mag (SN + CC + BAO).  (48)

In Fig. 10, we plot the probability of My obtained from
MCMC analysis from log-likelihood accordingly as men-
tioned above. The solid-black, dotted-blue, and dashed-red
lines correspond to the SN + CC, SN + BAO, and SN +
CC + BAO respectively. The vertical green line corre-
sponds to the value Mz = —19.395 mag. The constraint
on My is tighter when we consider SN and BAO data
combined compared to the one for SN and CC data
combined. This is because the errors on H(z) are signifi-
cantly smaller in BAO data compared to the CC data. Also
in BAO data, the constraints on Mg are coming from the
d; (z) data too which further tightens it. Since, the con-
straint on My is significantly tighter from the BAO data,
when we add CC data and BAO data together, the
constraints follow the result of BAO data only, i.e., there

Probability of Mg

1.00 — SN+CC
[} == SN+BAO
‘! == = SN+CC+BAO
{ —— Mp= —19.395 [mag]
0.75 4 i |
R
m k i
S 050 114
- i \
71
0.25 A ] \
7 \
7 \,
0.00 - S 4 ~
-19.50 —-19.45 —-19.40 -19.35 -19.30 -19.25
Mg

FIG. 10. Probability of Mp, obtained from MCMC analysis
from log-likelihood accordingly. The solid-black, dotted-blue,
and dashed-red lines correspond to the probabilities obtained
from SN + CC, SN + BAO, and SN + CC + BAO combinations
of datasets respectively. The vertical green line corresponds to the
value Mz = —19.395 mag.

is no significant improvement by adding the CC data. That
means for the computation of constraints on Mg, if we
consider SN and BAO data together, we do not need to add
the CC data. But the result from the SN and CC data is
important to consider because these data are independent of
any fiducial cosmological model whereas the BAO data are
dependent on a fiducial model.

There were some efforts to compute My from different
combinations of different cosmological observations
[7,28,36,37]. We mention some important previous results
below:

In [7], authors have used a model independent binning
technique to combine supernova type Ia observations with
the anisotropic BAO observations and find Mp =
—19.401 £ 0.027 (for details see Eq. (25) and Fig. C2
in [7]).

In [37], authors have combined supernova type Ila
observations, BAO observations, and cosmic chronometer
observations to obtain Mp. They have used ACDM and
Page [77] models in their analysis and obtained Mp =
—19.374 £0.047 and My = —19.3797092) respectively
(for details see Table I and Fig. 2 in [37]).

In [36], the authors have considered a model independent
method to obtain Mg by minimization of a loss function
[78]. They have combined supernova type la observations,
BAO observations, and cosmic chronometer observations
and obtained M = —19.3621’8_‘83 (for details see Table I
and Fig. 2 in [36]).

In [28], the authors have calibrated type Ia supernova
observations with Planck CMB data using ACDM model
and obtained My = —19.420 £ 0.014 (for details see Fig. 7
in [28]).

We can see the mean values of Mp obtained from all
these results are consistent with our results.

VI. SUMMARY

The luminosity of the supernova type la is taken as a
standard candle in the estimation of cosmic distances in terms
of the integrals of the scale factor a and its derivatives. This is
crucial in the context of the present state of evolution,
particularly the inference regarding the accelerated state of
expansion of the universe. This work aims to check the
consistency of this assumption by a reconstruction of the
peak absolute magnitude, M g, of the type la supernova, by a
model independent approach from the observational data.
Also, the reconstruction is aimed to be independent of any
parametrization of cosmological quantities.

We first reconstruct the Hubble parameter at CC redshift
points as a function of My with the help of the Gaussian
process regression (GPR). We also reconstruct the corre-
sponding uncertainties in the Hubble parameter, Ay at
CC redshift points as another function of My using GPR.
Note that, in these reconstructions, actual CC data is not
involved.
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TABLE 1.
data.

Constraints on My for different combinations of

Data combinations Constraints on Mp

SN + CC —19.384 £ 0.052
SN + BAO —19.396 £0.016
SN + CC +BAO —19.395 £ 0.015

Once we have reconstructed H and AH(z) at CC redshift
points, we compare these values with the actual CC data to
obtain constraint on Mp. We define a corresponding
likelihood with the help of Eq. (37). We obtain constraints
on Mp by maximizing this likelihood and the result
is Mp = —19.384 4+ 0.052 mag.

After this, we deviate from the principal motivation of a
model independent work and also include the baryon
acoustic oscillation (BAO) data in our analysis. The
inclusion of the BAO data makes our analysis model
dependent unlike in the case of SN and CC data.
Although the mean value of Mp remains quite consistent
with the model-independent approach, this inclusion results
in tighter constraints on Mp.

For the SN 4+ BAO data, we do a similar analysis as in
the case of the SN + CC data and we obtain the constraint
on Mp as Mg = —19.396 &+ 0.016. Finally, we combine all
these three data and get a constraint on Mp as Mp as
Mp = —19.395 + 0.015. Since SN 4+ BAO data give sig-
nificantly a tighter constraint compared to the SN + CC
data, the result of SN+ CC + BAO follows the result
of SN 4+ BAO.

We list all these results in Table I for these combinations
of data. All the results obtained from different combinations
of data mentioned in Eqgs. (46)—(48) indicate the mean value
of My to be approximately —19.4 (also see Fig. 10). These
results are similar to the results obtained from previous
studies like in [7,36,37] in the context of similar cosmologi-
cal data. Note that these results have discrepancies with the
results obtained from the astrophysical data like stellar
parallax and masers observations like in [20,22,28,79], in
which the results are close to Mz ~ —19.2. This discrepancy
is already discussed in the literature and it is sometimes
referred to as the M tension (see [20] for details).

We conclude that the mean value of My that is used in
the literature is quite consistent with that obtained by the
model independent reconstruction. But to obtain tighter
constraints, the model dependent tailored data does better.
To match that accuracy, we require more data points in the
SN and CC datasets.

APPENDIX A: KERNEL COVARIANCE
FUNCTIONS

We will repeat some texts and some equations in the
appendix for better flow.

In literature, different kernel covariance functions are
used in the GPR analysis. Among those, the squared
exponential kernel covariance function is the most used.
One of the main reasons is that it is infinitely differentiable.
In this kernel covariance function, the covariance between
two elements x; and x; is expressed as

]2
k(xi,x;) = 0% exp <—u> (A1)

212

where aj% is the signal variance that determines the average
deviation of a function from its mean along the region of
target points and / is the length scale in which the function
changes significantly. These parameters are called hyper-
parameters. We denote this kernel covariance function
as “SE.”

In the main text, we have considered only the squared
exponential kernel covariance function. Here, we include
some other kernel covariance functions to show how our
results depend on different kernel covariance functions.
One is the Matérn kernel covariance function with order
5/2, in which the covariance between two elements x; and
x;j is given as

k(xsx;) = ( +Q+%) exp (—@), (A2)

where d = |x; — x;|; 6; and [ are two hyperparameters,
similar to the ones for the squared exponential kernel
covariance function. We denote this kernel covariance
function as “M5/2.”

Another kernel covariance function is the rational
quadratic in which the covariance between two elements
x; and x; is given as

i =P\
k(x;,x;) —q%.<1+7] ,

where o, [, and r are three hyper-parameters. All these are
non-negative parameters. We denote this kernel covariance
function as “RQ.”

Another kernel covariance function is the periodic in
which the covariance between two elements x; and x; is
given as

(A3)

2 sin? (—”lxi:x" ‘)
—p | (A4)

k(x;,x;) = o7 exp [—
where 64, [, and r are three non-negative hyper-parameters.

APPENDIX B: MEAN FUNCTIONS

In the flat FLRW metric, the Hubble parameter is
given as
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—- = Quo(1 +2)* + (1 = Qo) fpe(z),  (BI)

where Q, is the matter-energy density parameter and fpg
is given as

foe(z) = exp [3 A ’ Lw(z)dz} , (B2)

1+zZ

where w is the equation of state of the dark energy. In the
main text, we have considered only the ACDM for the dark
energy model, where the equation of state of the dark
energy is —1. Here, we include other three classes of
dark energy parametrizations given as the wCDM para-
metrization, the Chevallier-Polarski-Linder (CPL) para-
metrization [80,81], and the Barboza-Alcaniz (BA)
parametrization [82]. In these parametrizations, the equa-
tion of state of the dark energy is given as

w(z) (ACDM) = —1, (B3)
w(z) (WCDM) = wy, (B4)
w(z) (CPL) = w, +waﬁ, (BS)
w(z) (BA) = wy + w, %, (B6)

where w, and w, are the model parameters.

With the expression of the Hubble parameter in Eq. (B1),
we get the luminosity distance, d; through Eq. (1) and
consequently the apparent magnitude, m of the type Ia
supernova through Eq. (2). The apparent magnitude, m can
be rewritten as

m(z) = hp + 5logo [d7*"(2)]. (B7)
where dPin is given as
A = dz
di*(z) =14z —, B8
=40 [ oS @)
and hp is given as
c
hp =151 25 + Mp. B
P 0810 [Ho Mpc] +25+ Mp (B9)

The reason to rewrite m is to show there is degeneracy in
H, and Mp in the expression of m in these parametriza-
tions. So, we have defined a combined parameter, /1p in the
above equation.

APPENDIX C: GAUSSIAN PROCESS
REGRESSION ANALYSIS

1. Basic GPR predictions

Let us briefly discuss the Gaussian process regression
(GPR) analysis. In GPR, we assume that the observed data
of a particular function, f (for example, it is m from SN
data) is a multivariate normal distribution, described by
only a mean vector and a covariance matrix. The mean
values of the data are expressed by a vector Y given as
Y =[y1,y2,.-svu)T, where yi,y,...,y, are all the
observed values at given data points xi, X, ..., X, respec-
tively (for example, it is the redshift points of the SN data);
n is the number of observed data points. The superscript T
represents the transpose of a vector or a matrix. The
data points are expressed by a vector X given as
X = [x1, x5, ...,x,]T. So, given the observational data
points, the data is assumed to follow the multivariate
normal distribution (denoted by N') given as

PY|X)~N(YIM(X),K(X,X)). (C1)

where M(X) is the mean vector at observational data points
corresponding to a chosen mean function, u(x) given as

M(X) = [p(xr). p(x2). o ()] (€2)

and K (X, X) is the covariance matrix at observational data
points corresponding to a chosen kernel covariance func-
tion, k(x;,x;) given as

_k(xl’xl) k(xl,xz) |
k(x,x1)  k(xz,x5)

(C3)

k(xp.xp) k(xy.x) ... k(x,.x,)

If observational uncertainty is present, that can be added
to the covariance matrix in the distribution of Y.

GPR can predict the mean values of the quantity, f at
some target points (which are, in general, different from the
observational data points), and the values of the associated
uncertainty, Af. For example, we need predicted mean
values of m and the values of associated uncertainty, Am at
CC redshift points. Let us consider the target points
X}, x5, ...,x,. are described by a vector X* given as
X* =[x}, x5, ..., x5]", where n* being the total number
of target points. Let us consider the predicted mean vector
to be F* given as F*(X*) =[f%,f5,..../%]" and the
associated uncertainties by a matrix, U* given as
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% * *
”11 ”12 Mln*
* * *
Uy Uyy Uy,
U*(X*, X*) = ,  (C4)
* * *
i Upeq  Upsp  ooe Upsps ]

where, u}; = Cov|[f;, f;] is the covariance between f; and
fi (Vi jell,2,....n").

GPR predicts F* and U* by the assumption that the
predicted values also follow a joint multivariate normal
distribution with the observed data given as

) ”ng((x{))]’
[K(X,X)—kC K(X, X*) D

(O8]
K(X*,X) K(X* X" (©5)
with the number of dimensions to be n + n*. M(X*) is the
vector consisting of the values of the chosen mean function
at the target points given as

M(X*) = [p(x]). p(x3). -oop(xy )T (C6)
C is the uncertainty matrix that corresponds to the
observational uncertainties given as

Cl1 Cio Clp
Co1 Coro Cop

c- , (C7)
_Cnl Cpp ... Cnn_

where ¢;; = Cov[y;,y;] (Vi.,j € [1,2,...,n]). If the uncer-
tainties in the data do not have any correlation between two
different data points, the off-diagonal elements in C would
be zero. And if there is no uncertainty in the data, all the
elements in C would be zero.

Once we choose the mean function and the kernel
covariance function, the predicted mean vector, F*, and
the uncertainty matrix, U* are computed as [44—46]

F*=M(X*) + K(X*, X)[K(X.X) + C]"1(Y = M(X)),
(C8)

U' = K(X*, X*) — K(X*, X)[K(X, X) + C]"'K(X, X*),
(©9)

respectively. U™ is the same as the Cov[F*, F*] in the main
text in Eq. (29). In the above equations, the K(X,X*)
matrix is given as

[ k(xp,x)) k(g x3) k(xy, x5 |
k(xa.x7)  k(xa,x3) k(xz, xy.)
K(X,X") =
| k(x,x7)  k(x,, x3) k(x,, x5 |
(C10)
The K(X*, X) matrix is given as
K(X*,X) = [K(X,X")]T. (C11)

Note that the above equation is valid when the chosen
kernel covariance function is symmetric over its two
arguments i.e. k(x;,x;) = k(x;,x;). Similarly, K(X*,X*)
matrix is given as

[ k(xjxi)  k(x3) k(i x)
k(xs.xi)  k(x3.x3) k(x3.x;.)

K(X*, X*) =
| K(x]) k(ge.xs) o k(g

2. Derivative predictions

In GPR, the derivatives of the function can also be
computed by assuming derivatives also follows a joint
multivariate normal distribution with the observed data. For
example, for the first derivative of the function, f, we
assume predicted first derivative values follow a joint
multivariate normal distribution with the predicted values
of the function and with the observed data jointly given as

Y M(X)

Frol~N| | mx) |,

P M'(X*)

[K(X.X)+C K((X.X*) K(X.X*)

KX, X" KX.x) K@.x) ||,  (C13)
K(X.X))T K/(X*.X*) K'(X*,XY)

where primed and double-primed entities are first and
second-order derivatives of the corresponding function
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respectively with respect to any argument, for example, in
our case the redshift. In the above equation, the predicted
values of the first derivative of the function, f at target
points are denoted by a vector F'*(X*) given as

FrX) =17 fz o el (C14)

and the values of the derivative of the chosen mean function
at target points are denoted by a vector, M'(X*) given as

M'(X*) = [ (7). (x5). o (i )IT, - (CS)

The predicted mean vector and the covariance matrix
corresponding to the first derivative are given as [44]

F'* = M/(X*) + [K'(X.X)|T[K (X.X) + C|™ (Y = M(X)).
(C16)
V= K"(X*.X*) = [K'(X.X)|"[K(X,X) + C]"' K’ (X, X*),

(C17)

where the covariance matrix, V* has the structure given as

M * *
U1 Vip Ul
* * *
Vs Uy Vs
V(X5 X)) = . (C18)
* * *
L Vg Upio voo Uiy ]

The elements of the V* matrix represent the covariance of
the derivative of the function between two different target
points. For example, v;; = Cov[f'}, f';] corresponds to the
covariance of the derivative of f between x; and x; target
points. V* is the same as the Cov[F"*, F"*] in the main text
in Eq. (31). K'(X, X*) matrix has the structure given as

—k/('xl’xf) k/(xhx;) k/(xlyx:*)
K (xp,x7) K (x2.x5) K (xp,x%.)
K(X.X) = . . . ’
| K (x5 x7) K (x,%5) K (x,,x5.) |
(C19)

K'(X*, X*) matrix has the structure given as

[ K (x].x})

K (x5, x7)

K(xi,x5) .o K(xf,x5)

K(x5,x5) ... K(x5,x5)

K/(X*, X) = . . . ’

K(xpx) K)o K

(C20)
and K”(X*, X*) matrix has the structure given as

K (xj.xp) K (x].x)

K'(x5,x7) K (x5,x3)

k”(xT,x* ) T

n*

k”(x%,x* )

n*

K//(x*’X*) —

K (e, xy) K (e, xz) o K (x|

(C21)

In all the above equations, k' (x,»,x;), ' (x;‘,x;f), and
k"(x},x}) are given as

Ok(x;, x7)

K (x;,x%) = , C22

(505) == (2)

K (x;,x7) = oK, xj) : (C23)
T X’

K/ (xtxt) = Ok(x}, x5) ’ (c24)
e 0x; 0x;

respectively. In GPR, we can also get the covariances
between the function and its derivatives. The covariance
matrix between the function and its first derivative is given
as [44]

W = K'(X*, X*) - [K(X.X")|T[K(X.X) + C]'K'(X. X*),

(C25)
where W* matrix has the structure given as
M, % * * T
Wi Wi, ... wi.
£ * *
Wap Wapo e Wy
WH(X*, X*) = . (C26)
* * *
| Wit Wi W |
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with w7, is the covariance between the function at ith target
point and the first derivative of the function at jth target
point given as wj; = Cov[f}, f]. W* is the same as the
Cov[F*, F”*] in the main text in Eq. (33).

APPENDIX D: DETERMINATION OF KERNEL
COVARIANCE FUNCTION HYPERPARAMETER
AND MEAN FUNCTION PARAMETER VALUES

The GPR predictions through Egs. (C8), (C9), (C16),
(C17), and (C25) depend on the values of the hyper-
parameters of the chosen kernel covariance function and
also the parameters of the chosen mean function. So, we
have to put the particular values of these parameters in the
above equations to get the predictions of GPR for the mean
values and covariances. We cannot put the arbitrary values
of these parameters. To find these parameter values, we use

TABLE II. Priors on kernel covariance function hyperpara-

meters and mean function parameters.

Parameters Priors

oy 1070 < §p = H#g <0.99999
1

! 10710 < Ip = 117 <.0.99999

r 1070 < rp = ﬁ < 0.99999

Qo 0.001 <) £0.999

Hy and My 20 < hp <28

Wy -5 S Wy S 3

w, -20<w, <20

the knowledge of the observed data which means the
parameter values should be chosen such that the values
of the chosen mean function at the observed data points
closely follow the mean values of the observed data and any

—— periodic

rational quadratic (RQ)
Mat'ern: order 5/2 (M5/2)
—rmem squared exponential (SE)

0.0 05 1.0

Sp IP

FIG. 11.

0.3 0.6 0.0 05 1.0

02 04 21

Triangle plot to show the marginalized probability of each parameter and the confidence contours of each pair of parameters

for different kernel covariance functions with the ACDM mean function.
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differences should be minimum. In practice, this is done by
defining a corresponding log marginal likelihood [denoted
by log P(Y|X)] given as [44]

log P(Y|X) = —%(Y—M(X))T[K(KX) +CTH (Y =M (X))

~log|K(X.X) +C|~2log 27). (D)
where |[K(X,X) + C| is the determinant of the K(X, X) +
C matrix. We minimize the negative log marginal like-
lihood and find the best-fit values of the parameters. These
best-fit values are used to determine the predictions of the
GPR. We do this minimization by the Bayesian Markov
chain Monte Carlo (MCMC) analysis using the EMCEE
package [76], corresponding to the log marginal likelihood,

mentioned in Eq. (D1). For this purpose, we chose the flat
priors on all the parameters according to a chosen kernel
covariance function and mean function. We list all the
priors in Table II.

The Bayesian MCMC analysis not only gives the best-fit
values of the parameters but also the uncertainties around
the mean values and the correlation among all the param-
eters. Let us see these best-fit values and correlations of the
parameters through the triangle plots in Figs. 11 and 12.

In Fig. 11, we have plotted the triangle plot to show the
marginalized probability of each parameter and the con-
fidence contours for each pair of the parameters. For a
particular color or a particular type of lines, the inner and
the outer lines correspond to the 1o and 2¢ confidence
contours respectively. In this figure, we have fixed the mean
function to be the ACDM and chosen four different types of

0.0 0.5 1.0

SP IP

04 0.8 0.10509 21 24 27

QmO

hp

FIG. 12. Triangle plot to show the marginalized probability of each parameter and the confidence contours of each pair of parameters
for different mean functions with the squared exponential (SE) kernel covariance function.
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TABLE III. List of best-fit values and the 1o marginalized
confidence intervals of each parameter for squared exponential
(SE), Matérn with order 5/2 (M5/2), rational quadratic (RQ), and
periodic kernel covariance functions with ACDM mean function.

SE M5/2 RQ Periodic

Sp 0.627-7 0.647073 0.68701 0.677033
Ip 016870034 0131505 0.1470%7 01617095
rp e . 0.494+0.29  0.139700;°

Qo 0.295+0.095 0.296 +0.086 0.298100% 03059938

hp 2376 +£099 23.77+£0.96 23.76+£0.70 23.79 £0.72

kernel covariance functions. The dashed-dotted green,
dashed red, dotted blue, and solid black lines correspond
to the squared exponential (SE), Matérn with order 5/2
(M5/2), rational quadratic (RQ), and periodic kernel
covariance functions respectively. Corresponding to this,
in Table III, we list the best-fit values and the lo
marginalized confidence intervals of each parameter.

In Fig. 12, we have plotted the triangle plot to show the
marginalized probability of each parameter and the con-
fidence contours for each pair of the parameters. For a
particular color or a particular type of lines, the inner and the
outer lines correspond to the 1o and 20 confidence contours
respectively. In this figure, we have fixed the kernel covari-
ance function to be the squared exponential (SE) and have
chosen four different types of mean functions. The dashed-
dotted green, dashed red, dotted blue, and solid black lines
correspond to the ACDM, wCDM, CPL, and BA mean
functions respectively. Corresponding to this, in Table IV, we
list the best-fit values and the 16 marginalized confidence
intervals of each parameter.

In some cases, the predicted variances from the GPR
analysis through Egs. (C9) and (C17) are underestimating.
Because of this reason, it is the best practice to include the
uncertainties (obtained from the MCMC analysis) in the
hyperparameters of the kernel covariance functions and
the parameters of the mean functions instead of only

TABLE IV. List of best-fit values and the 1o marginalized
confidence intervals of each parameter for ACDM, wCDM, CPL,
and BA mean functions with squared exponential (SE) kernel
covariance function.

ACDM wCDM CPL BA
e 06255 06355 0574y 057G
Ip 0.1687505% 02007098 0.29+£0.15  0.2870/8
Qo 0295+0.095 033+£0.13 059102  0.59703!
hp 2376099 2370+£091 23747080 2384 1.1
o 108 -1, —189%03,
Wq e T —0.1+8.1 23469

considering their best-fit values. So, we compute the
propagation of uncertainties in the mean values predictions
of GPR through Egs. (C8) and (C16) from the uncertainties
of all the parameters, involved in these equations [46].
We do this propagation of uncertainties using the GetDist
package [83]. We add these propagated uncertainties with
the GPR predicted uncertainties in Egs. (C9), (C17), and
(C25) to find the total covariances and correspondingly the
total variances.

APPENDIX E: DEPENDENCE OF GPR
PREDICTIONS ON KERNEL COVARIANCE
FUNCTIONS

Here we show how much the results change if we choose
different kernel covariance functions. For this purpose, we
list the mean values of My and the corresponding uncer-
tainties in Table V obtained from SN + CC, SN + BAO,
and SN + CC 4+ BAO combinations of data for different
kernel covariance functions with ACDM mean function.
We see the results are very similar. We have also shown the
percentage deviations. The notation, %M p corresponds to

Mpg
M(SE: ACDM)

The notation, %AMp corresponds to

TABLE V. Values of My and AMp and their percentage
deviations for different kernel covariance functions from the
corresponding ones for the squared exponential (SE) kernel
covariance function. Here, the mean function is fixed to be the
ACDM.

SN + CC
Kernel MB %MB %AMB
SE —19.384 + 0.052 0.0 0.0
M5/2 —19.384 4+ 0.053 0.0 1.9
RQ —19.385 +0.053 0.005 1.9
Periodic —19.392 +0.053 0.04 1.9
SN + BAO
Kernel MB %MB %AMB
SE —19.396 +0.016 0.0 0.0
M5/2 —19.396 +0.016 0.0 0.0
RQ —19.396 +0.016 0.0 0.0
Periodic —19.396 + 0.016 0.0 0.0
SN+ CC + BAO
Kernel Mp YoM g Y0AM g
SE —19.395 +0.015 0.0 0.0
M5/2 —19.395 + 0.015 0.0 0.0
RQ —19.395 + 0.015 0.0 0.0
Periodic —19.395 +0.016 0.0 6.7
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AM,
AM (SE: ACDM)

BAM p = — 1| x 100.

From Table V, we can see that mean values of M differ
at subpercentage levels for different kernel covariance
functions. The uncertainties in My differ within 10% for
different kernel covariance functions.

APPENDIX F: DEPENDENCE OF GPR
PREDICTIONS ON MEAN FUNCTIONS

Here, we show how much the results change if we choose
different mean functions. For this purpose, we list the
percentage deviations in M and AMp, as in the previous
subsection, in Table VI for SN + CC, SN + BAO, and
SN + CC 4 BAO combinations of data for four different
mean functions, mentioned in these tables. Here we have
fixed the kernel covariance function to be the squared
exponential (SE). We see that the deviations in the mean
values of Mp are within 0.1% and the deviations in the
uncertainties are within 10%.

APPENDIX G: FULL PANTHEON
DATA VERSUS THE BINNED DATA

So far, we have used the binned version of the Pantheon
compilation for the type Ia supernova observations in our
entire analysis. The results would be similar if we consider
the full Pantheon sample. Because, in the construction of the
binned version of the data from the full Pantheon sample, the
errors are considered accordingly for the redshift points
binning. To show this fact, now, we have considered the full
Pantheon sample and followed the same analysis as in the
main text to find constraints on M. We have listed these
values in Table VII for SN + CC, SN + BAO, SN + CC +
BAO combinations of data with the squared exponential
kernel covariance function and the ACDM mean function.
We have also shown the percentage deviations in the results
compared to the results obtained from the binned data. We
can see that the results are very similar.

TABLE VI. Values of My and AMp and their percentage
deviations for different mean functions from the corresponding
ones for the ACDM mean function. Here, the kernel covariance
function is the squared exponential (SE).

SN + CC
Mean MB %MB %AMB
ACDM —19.384 +0.052 0.0 0.0
wCDM —19.390 + 0.053 0.03 1.9
CPL —19.395 £ 0.054 0.06 3.8
BA —19.395 £ 0.055 0.06 5.8
SN + BAO
Mean Mp YoM g Yo AM g
ACDM —19.396 +0.016 0.0 0.0
wCDM —19.400 + 0.016 0.02 0.0
CPL —19.406 + 0.017 0.05 6.3
BA —19.405 £ 0.016 0.05 0.0
SN + CC 4+ BAO
Mean MB %MB %AMB
ACDM —19.395 +0.015 0.0 0.0
wCDM —19.398 £ 0.016 0.02 6.7
CPL —19.405 £ 0.016 0.05 6.7
BA —19.404 + 0.016 0.05 6.7
TABLE VII. Values of My and AMp and their percentage

deviations for full Pantheon data from the corresponding ones
for the binned data. Here, the kernel covariance function is
the squared exponential (SE) and the mean function is the
ACDM.

My (full) WMy %AMy
SN + CC ~19.379£0.052  —0.03 0.0
SN + BAO ~19.391 £0.016  —0.03 0.0
SN+CC+BAO  —19390+0.015  —0.03 0.0
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