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We investigate the second order gravitational waves induced by the primordial scalar and tensor
perturbations during a radiation-dominated era. The explicit expressions of the power spectra of the second
order GWs are presented. We calculate the energy density spectra of the second order GWs for the
monochromatic primordial power spectra Pζ ¼ Aζk�δðk − k�Þ and Ph ¼ Ahk�δðk − k�Þ. For large k
ðk > k�Þ, the primordial tensor perturbation will affect the total power spectrum of second order GWs
significantly. For f� ¼ 1.3 × 10−3 and Aζ ¼ 0.02, the effects of the primordial tensor perturbation will lead
to an around 100% increase of the signal-to-noise ratio (SNR) for LISA observations if the tensor-to-scalar
ratio r ¼ Ah=Aζ > 0.4.
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I. INTRODUCTION

The inflationary cosmology suggests that cosmological
perturbations are originated from quantum fluctuations in
early universe [1]. Since the gravitational waves (GWs)
were detected by LIGO and Virgo [2], GWs have attracted a
lot of attention in cosmology. Further observations on
stochastic GWs background could help us test inflationary
models on small scale [3].
The cosmological perturbations can be decomposed

as scalar, vector, and tensor perturbations based on the
behavior under the spatial coordinate transformation. The
cosmological perturbations generated at inflation epochs
are known as primordial perturbations. The power spectrum
of primordial perturbations is one of the most important
predictions in inflation theory. On large scales (≳1 Mpc),
the primordial power spectra are well constricted by the
observations of the cosmic microwave background and
large-scale structure [4,5]. For the primordial scalar and
tensor perturbations, it indicates a nearly scale-invariant
primordial power spectrum of scalar perturbations with
amplitude ∼2 × 10−9, and tensor perturbations with tensor-
to-scalar ratio r < 0.06 on large scales. However, the
constraints on primordial scalar and tensor perturbations
are much weaker on small scales (≲1 Mpc) [6]. In recent
years, scalar perturbations on small scales have been
attracting a lot of interest. The primordial scalar perturba-
tions with large amplitude on small scales have close
relations with the primordial black holes (PBHs) and the
scalar induced gravitational waves (SIGWs) [7–26].
Similarly, the primordial tensor perturbations on small
scales could be much larger than it is on the large

scales [27,28]. The higher order GWs can also be induced
by the primordial tensor perturbations.
The large primordial tensor perturbations on small scales

may be realized by many models of early universe, such as
G2-inflation [29], cyclic/ekpyrotic models [30], loop quan-
tum cosmology [31] and so on [27]. In this paper, we study
the second order GWs induced by the primordial scalar and
tensor perturbations during a radiation-dominated (RD) era.
In this case, these are three kinds of source terms for the
second order GWs. Namely, the source term of the first
order scalar perturbation S ∼ ϕð1Þϕð1Þ, the source term of
the first order scalar perturbation and the first order tensor
perturbation S ∼ ϕð1Þhð1Þ, and the source terms of the first
order tensor perturbation S ∼ hð1Þhð1Þ. These source terms
and the corresponding kernel functions are studied sys-
tematically in this paper. Here, we consider a monochro-
matic power spectra for the primordial scalar and tensor
perturbations with different tensor-to-scalar ratio r ¼
Ah=Aζ on small scales. We derive the explicit expressions
of the power spectra of the second order GWs and calculate
the corresponding energy density spectrum. The results
show that the effects of the first order tensor perturbation
enhance the density spectrum significantly for high fre-
quency second order GWs.
This paper is organized as follows. In Sec. II, we present

the equation of motion of the second order GWs. We
calculate the kernel functions of seven source terms. In
Sec. III, the explicit expressions of the power spectra of the
second order GWs are presented. We calculate the energy
density spectrum of the second order GWs for a mono-
chromatic primordial power spectra. The SNR LISA
observations are calculated in this section. Finally, the
conclusions and discussions are summarized in Sec. IV.*zhoujingzhi@ihep.ac.cn
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II. EQUATION OF MOTION AND KERNEL
FUNCTIONS

The perturbed metric in the flat FRW spacetime with
Newtonian gauge is given by

ds2 ¼ −a2
��

1þ 2ϕð1Þ
�
dη2 þ

��
1 − 2ψ ð1Þ

�
δij

þ hð1Þij þ 1

2
hð2Þij

�
dxidxj

�
; ð1Þ

where ϕð1Þ and ψ ð1Þ are first order scalar perturbations,

hðnÞij ðn ¼ 1; 2Þ are n-order tensor perturbations. The sol-
utions of first order scalar perturbations and the first order
tensor perturbation in momentum space are given by

ψðη;kÞ ¼ ϕðη;kÞ ¼ ΦkTϕðkηÞ ¼
2

3
ζkTϕðkηÞ;

hλ;ð1Þðη;kÞ ¼ hλ
kThðkηÞ; ð2Þ

where ζk and hλ
k are the primordial scalar and tensor

perturbations respectively. The transfer functions TϕðkηÞ
and ThðkηÞ in the RD era are given by [16]

TϕðxÞ ¼
9

x2

� ffiffiffi
3

p

x
sin

�
xffiffiffi
3

p
�
− cos

�
xffiffiffi
3

p
��

; Th ¼
sinx
x

;

ð3Þ

where we have defined x≡ kη. We use the xPand package
to study the higher order perturbations of Einstein equation
on FRW spacetime. The equation of motion of second order
GWs takes the form of

hð2Þ
00

ij ðη;xÞþ2Hhð2Þ
0

ij ðη;xÞ−Δhð2Þij ðη;xÞ¼−4Λlm
ij S

ð2Þ
lm ðη;xÞ;

ð4Þ

whereH ¼ a0=a is the conformal Hubble parameter, Λlm
ij is

the decomposed operator to extract the transverse and
traceless terms. The source terms of the second order GWs
are given by

Sð2Þ
lm ðη;xÞ ¼

X7
i¼1

Sð2Þ
lm;iðη;xÞ; ð5Þ

where

Sð2Þ
lm;1ðη;xÞ ¼ ∂lϕ

ð1Þ
∂mϕ

ð1Þ −
1

H

�
∂lϕ

ð1Þ0
∂mϕ

ð1Þ

þ ∂lϕ
ð1Þ
∂mϕ

ð1Þ0
�
þ 4ϕð1Þ

∂l∂mϕ
ð1Þ

−
1

H2
∂lϕ

ð1Þ0
∂mϕ

ð1Þ0 ; ð6Þ

Sð2Þ
lm;2ðη;xÞ ¼ 10Hhð1Þlmϕ

ð1Þ0 þ 3hð1Þlmϕ
ð1Þ00 −

5

3
hð1ÞlmΔϕð1Þ

− 2∂bh
ð1Þ
lm ∂

bϕð1Þ − 2ϕð1ÞΔhð1Þlm ; ð7Þ

Sð2Þ
lm;3ðη;xÞ ¼ −

1

2
hb;ð1Þ

0
l hð1Þ

0
mb þ 1

2
∂ch

ð1Þ
mb∂

chb;ð1Þl ; ð8Þ

Sð2Þ
lm;4ðη;xÞ ¼ −

1

2
hbc;ð1Þ∂c∂lh

ð1Þ
mb −

1

2
hbc;ð1Þ∂c∂mh

ð1Þ
lb ; ð9Þ

Sð2Þ
lm;5ðη;xÞ ¼ −

1

2
∂bh

ð1Þ
mc∂

chb;ð1Þl ; ð10Þ

Sð2Þ
lm;6ðη;xÞ ¼

1

2
hbc;ð1Þ∂c∂bh

ð1Þ
lm ; ð11Þ

Sð2Þ
lm;7ðη;xÞ ¼

1

4
hbc;ð1Þ∂l∂mh

ð1Þ
bc : ð12Þ

As shown in Eqs. (6)–(12), there are three kinds of source
terms in Eq. (4). The source term Slm;1 is the same as the
source term of the second order SIGWs. The source terms
Slm;2 is composed of the product of the first order scalar

perturbation ϕð1Þ and the first order tensor perturbation hð1Þlm .
The source terms Slm;3 ∼ Slm;7 are composed of the first

order tensor perturbation hð1Þlm . In momentum space, Eq. (5)
can be written as

hλ;ð2Þ00 ðη;kÞ þ 2Hhλ;ð2Þ0 ðη;kÞ þ k2hλ;ð2Þðη;kÞ

¼
X7
i¼1

4Sλ;ð2Þ
i ðη;kÞ; ð13Þ

where hλ;ð2Þðη;kÞ ¼ ελ;ijðkÞhð2Þij ðη;kÞ and Sλ;ð2Þðη;kÞ ¼
−ελ;lmðkÞSð2Þlm ðη;kÞ. The ελijðkÞ is polarization tensor. The

source terms Sλ;ð2Þ
i ðη;kÞ in Eq. (13) can be expressed as

Sλ;ð2Þ1 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞplpmf

ð2Þ
1

× ðu; v; xÞΦk−pΦp; ð14Þ

Sλ;ð2Þ2 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1lmðpÞk2fð2Þ2

× ðu; v; xÞΦk−ph
λ1
p ; ð15Þ

Sλ;ð2Þ3 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1;bl ðk − pÞ

× ελ2bmðpÞk2fð2Þ3 ðu; v; xÞhλ1
k−ph

λ2
p ; ð16Þ

Sλ;ð2Þ4 ðη;kÞ ¼−
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1;bcðk−pÞ

×

�
2ελ2mbðpÞpcpl

�
fð2Þ4 ðu;v;xÞhλ1

k−ph
λ2
p ; ð17Þ
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Sλ;ð2Þ5 ðη;kÞ ¼−
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1mcðk−pÞελ2lbðpÞðk−pÞbpcfð2Þ5 ðu;v;xÞhλ1

k−ph
λ2
p ; ð18Þ

Sλ;ð2Þ6 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1bcðk − pÞελ2lmðpÞpbpcfð2Þ6 ðu; v; xÞhλ1

k−ph
λ2
p ; ð19Þ

Sλ;ð2Þ7 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1;bcðk − pÞελ2bcðpÞplpmf

ð2Þ
7 ðu; v; xÞhλ1

k−ph
λ2
p ; ð20Þ

where the transfer functions fð2Þi ðu; v; xÞ are given by

fð2Þ1 ðu; v; xÞ ¼ 3TϕðuxÞTϕðvxÞ þ 2ux
d

dðuxÞTϕðuxÞTϕðvxÞ þ x2uv
d

dðuxÞTϕðuxÞ
d

dðvxÞTϕðvxÞ; ð21Þ

fð2Þ2 ðu; v; xÞ ¼ 10u
x

d
dðuxÞTϕðuxÞThðvxÞ þ 3u2

d2

dðuxÞ2 TϕðuxÞThðvxÞ þ
5

3
u2TϕðuxÞThðvxÞ

þ ð1 − v2 − u2ÞTϕðuxÞThðvxÞ þ 2v2TϕðuxÞThðvxÞ; ð22Þ

fð2Þ3 ðu; v; xÞ ¼ −
1 − u2 − v2

4
ThðuxÞThðvxÞ

−
uv
2

d
dðuxÞThðuxÞ

d
dðuxÞThðvxÞ; ð23Þ

fð2Þi ðu; v; xÞ ¼ 1

2
ThðuxÞThðvxÞ; ði ¼ 4; 5; 6Þ; ð24Þ

fð2Þ7 ðu; v; xÞ ¼ 1

4
ThðuxÞThðvxÞ: ð25Þ

Here, the explicit expressions of Th and Tϕ have been given
in Eq. (3). We have defined jk − pj ¼ uk and p ¼ vk.
Solving Eq. (13) in terms of the Green’s function method,
we obtain

hλ;ð2Þðη;kÞ ¼
X7
i¼1

hλ;ð2Þi ðη;kÞ; ð26Þ

where hλ;ð2Þi ðη;kÞ ði ¼ 1 ∼ 7Þ can be expressed as

hλ;ð2Þ1 ðη;kÞ¼−
Z

d3p

ð2πÞ3=2ε
λ;lmðkÞplpmI

ð2Þ
1 ðu;v;xÞΦk−pΦp;

ð27Þ

hλ;ð2Þ2 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1lmðpÞk2

× Ið2Þ2 ðu; v; xÞΦk−ph
λ1
p ; ð28Þ

hλ;ð2Þ3 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1;bl ðk − pÞ

× ελ2bmðpÞk2Ið2Þ3 ðu; v; xÞhλ1
k−ph

λ2
p ; ð29Þ

hλ;ð2Þ4 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1;bcðk − pÞ

�
2ελ2mbðpÞpcpl

�
Ið2Þ4 ðu; v; xÞhλ1

k−ph
λ2
p ; ð30Þ

hλ;ð2Þ5 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1mcðk − pÞελ2lbðpÞðk − pÞbpcIð2Þ5 ðu; v; xÞhλ1

k−ph
λ2
p ; ð31Þ

hλ;ð2Þ6 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1bcðk − pÞελ2lmðpÞpbpcIð2Þ6 ðu; v; xÞhλ1

k−ph
λ2
p ; ð32Þ

hλ;ð2Þ7 ðη;kÞ ¼ −
Z

d3p

ð2πÞ3=2 ε
λ;lmðkÞελ1;bcðk − pÞελ2bcðpÞplpmI

ð2Þ
7 ðu; v; xÞhλ1

k−ph
λ2
p ; ð33Þ
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here the kernel functions Ið2Þi ðu; v; xÞ in Eqs. (27)–(33) are
given by

Ið2Þi ðu; v; xÞ ¼ 4

k2

Z
x

0

dx̄

�
x̄
x
sin ðx − x̄Þfiðu; v; x̄Þ

�
;

ði ¼ 1 ∼ 7Þ: ð34Þ

As we mentioned before, the source term Slm;1 is the same
as the source term of the second order SIGWs and therefore
Eq. (27) is the formal expression of the second order
SIGWs. The expressions in Eqs. (28)–(33) are quite
different from the second order SIGWs in Eq. (27), we
will study these expressions in Sec. III. In the end of this
section, we calculate the kernel functions in Eq. (34).
We present the kernel functions ðIiðu ¼ 1; v ¼ 1; xÞÞ2
ði ¼ 1 ∼ 7Þ as a function of x ¼ kη in Fig. 1. As shown

in Fig. 1, the kernel function of second order SIGW Ið2Þ1 is
much larger than other kernel functions. The second largest

kernel function is Ið2Þ2 , which is the kernel function of the

source term Sð2Þ;λ2 ∼ ϕð1Þhð1Þ;λ.

III. ENERGY DENSITY SPECTRA
OF SECOND ORDER GWs

The two-point function hhλ;ð2Þhλ0;ð2Þi can be expressed as

hhλ;ð2Þhλ0;ð2Þi ¼
X7
i;j¼1

hhλ;ð2Þi hλ
0;ð2Þ
j i

¼ hhλ;ð2Þ1 hλ
0;ð2Þ
1 i þ hhλ;ð2Þ1 hλ

0;ð2Þ
2 i þ � � � : ð35Þ

The two-point correlation function and the power spectra
are related by

hhλ;ð2Þðη;kÞhλ0;ð2Þðη;k0Þi ¼ δλλ
0
δðkþ k0Þ 2π

2

k3
Pð2Þ

h ðη;kÞ:
ð36Þ

Substituting Eqs. (27)–(33) into Eq. (35), we will encounter
six kinds of four-point functions of the primordial scalar and

tensor perturbations, namely hΦk−ph
λ1
p h

λ0
1

k0−p0h
λ0
2

p0 i, hΦk−pΦp

Φk0−p0h
λ0
1

p0 i, hΦk−pΦph
λ0
1

k0−p0h
λ0
2

p0 i, hΦk−pΦpΦk0−p0Φp0 i,
hΦk−ph

λ1
p Φk0−p0h

λ0
1

p0 i, and hhλ1
k−ph

λ2
p h

λ0
1

k0−p0h
λ0
2

p0 i. These
four-point functions can be studied in terms of the
Wick’s theorem. We assume that the two-point function
hΦk1

hλ
k2
i ¼ 0 for arbitrary k1 and k2. Therefore, we only

need to consider the last three four-point functions. The
explicit expressions of the four-point functions are given in
Appendix A. Substituting Eq. (27) and Eqs. (A1)–(A3) into
Eq. (36), we obtain

Pð2Þ;11
h ¼ 1

4

Z
∞

0

dv
Z j1þvj

j1−vj
du

�
4v2 − ð1þ v2 − u2Þ2

4uv

�
2

×
�
k2Ið2Þ1 ðu; v; xÞ

�
2
Pð1Þ

Φ ðkuÞPð1Þ
Φ ðvkÞ; ð37Þ

Pð2Þ;22
h ¼ 1

4

Z
∞

0

dv
Z j1þvj

j1−vj
du

1

64ðuvÞ2
�
16ð−u2 þ v2 þ 1Þ2

v2

þ
�ð−u2 þ v2 þ 1Þ2

v2
þ 4

�
2
��

k2Ið2Þ2 ðu; v; xÞ
�

2

× Pð1Þ
Φ ðkuÞPð1Þ

h ðvkÞ; ð38Þ

FIG. 1. The kernel functions Ii ði ¼ 1; 2;…; 7Þ calculated from Eq. (34). The kernel function of second order SIGW Ið2Þ1 is much larger

than other kernel functions. The second largest kernel function is Ið2Þ2 , which is the kernel function of the source term Sð2Þ;λ2 ∼ ϕð1Þhð1Þ;λ.
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Pð2Þ;ij
h ¼ 1

4

Z
∞

0

dv
Z j1þvj

j1−vj
du

Pijðu; vÞ
ðuvÞ2

×

�
k2Ið2Þi ðu; v; xÞk2Ið2Þj ðu; v; xÞ

�

× Pð1Þ
h ðkuÞPð1Þ

h ðvkÞ; ði; j ¼ 3 ∼ 7Þ; ð39Þ

wherePð1Þ
Φ andPð1Þ

h are primordial power spectra ofΦk and
hk, respectively. In Eq. (39), the polynomials Pijðu; vÞ
ði; j ¼ 3 ∼ 7Þ can be calculated in terms of the contraction of
the polarization tensor ελijðkÞ. The polarization tensors are
given in Appendix B and the explicit expressions of
Pijðu; vÞ ði; j ¼ 3 ∼ 7Þ are given in Appendix C. The power
spectrum P11

h is the power spectrum of second order scalar
induced gravitational waves, it comes from the source term

Sð2Þlm;1. The power spectrum P22
h comes from the source term

Sð2Þlm;2 which is the source term of the first order scalar

perturbation and the first order tensor perturbationϕð1Þhð1Þ;λ.
The power spectra Pij

h ði; j ¼ 3 ∼ 7Þ come from the source

terms Sð2Þlm;3 ∼ Sð2Þlm;7 which are the source terms of the first

order tensor perturbation hð1Þ;λ1hð1Þ;λ2 . The total energy
density spectra of second order GWs is defined as [32]

Ωð2Þ
GWðη; kÞ ¼

ρð2ÞGWðη; kÞ
ρtotðηÞ

¼ 1

24

�
k

aðηÞHðηÞ
�

2

Pð2Þ
h ðη; kÞ;

ð40Þ

where

Pð2Þ
h ðη;kÞ¼Pð2Þ;11

h ðη;kÞþPð2Þ;22
h ðη;kÞþ

X7
i;j¼3

Pð2Þ;ij
h ðη;kÞ:

ð41Þ

In Eq. (41), Pð1Þ
h is the power spectrum of primordial GWs.

The last three terms are the power spectra of second order
GWs induced by primordial scalar and tensor perturbations.
Here we consider the monochromatic primordial power
spectra, namely

Pζ ¼ Aζk�δðk − k�Þ; Ph ¼ Ahk�δðk − k�Þ; ð42Þ

where k� is the wave number at which the power spectrum
has a δ function peak. As we mentioned before, Pζ ¼
9=4PΦ is the primordial power spectra of ζk ¼ 3=2Φk. As
mentioned inSec. I, the large primordial tensor perturbations
on small scales may be realized by many models of early
universe. The large tensor perturbations on small scales with
peaks may be constructed in these framework with fine-
tuning [27–31]. In Fig. 2, we plot the current energy density
spectra of GWs

ΩGWðη0; kÞ ≃Ωr × ΩGWðη; kÞ; ð43Þ

whereΩr is the density parameter of radiation at present. In
Fig. 2, the red dashed curve represents the power spectrumof
second order GWs induced by Pζ ¼ Aζk�δðk − k�Þ, which
was first studied in Refs. [12,13]. The solid curves represent
the total power spectrum of second order GWs for different
tensor-to-scalar ratio r. It shows that the effects of the first
order tensor perturbation enhance the density spectrum

FIG. 2. The total energy density spectra Ωð2Þ;tot for different tensor-to-scalar ratio r (solid curve) and the energy density spectrum for
second order scalar induced gravitational waves Ωð2Þ;11 (orange dashed curve). The sensitivity curve of LISA [33,34] (purple dotted
curve) for 4 years observation time is also shown. Here we have set the Aζ ¼ 0.02 and f� ¼ 1.3 × 10−3 Hz.
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significantly for high frequency second order gravita-
tional waves.
To quantify the effect of the first order tensor perturba-

tion to the induced GWs, we give the SNR ρ in Fig. 3. For
LISA, SNR is given by [34]

ρ ¼
ffiffiffiffi
T

p �Z
df

�
ΩGWðfÞ
ΩnðfÞ

�
2
�
1=2

; ð44Þ

where ΩnðfÞ ¼ 2π2f3Sn=3H2
0 and Sn is the strain noise

power spectral density, T is the observation time. In this
paper, we set T ¼ 4 yr. Other explicit parameters of LISA
can be found in Ref. [35]. As shown in Fig. 3, the effects
of the primordial tensor perturbation lead to an around
30% increase of the SNR for LISA observations for the
tensor-to-scalar ratio r ¼ Ah=Aζ ¼ 0.2. And it is found that

the source term S2 ∼ ϕð1Þhð1Þ dominates the effects of the
first order tensor perturbation. The effects of the source
term Si ∼ hð1Þhð1Þði ¼ 3 ∼ 7Þ are negligible for r ¼ 0.2.
Moreover, as presented in Fig. 4, we calculate SNR for
LISA observations for different tensor-to-scalar ratio r. It
shows thatΔρ=ρ11 > 100% if r > 0.4, namely, the effect of
primordial tensor perturbation will be larger than the effect
of primordial scalar perturbation if r > 0.4.

IV. CONCLUSION AND DISCUSSION

The scalar induced gravitational waves have been
studied for many years. However, the first order tensor
perturbation has been always neglected. In this paper, we
consider the effects of the first order tensor perturbation, the
first order scalar and tensor perturbations all induce the
second order GWs. We conclude that the effects of the first
order tensor perturbation enhance the density spectrum
significantly for high frequency second order GWs even
for small tensor-to-scalar ratio r. For f� ¼ 1.3 × 10−3 and
Aζ ¼ 0.02, the effects of the primordial tensor perturbation
will lead to an around 100% increase of the signal-to-noise
ratio (SNR) for LISA observations if r > 0.4.
The explicit expressions of the power spectra of the

second order GWs were presented. Here, we only consid-
ered the monochromatic primordial power spectra, one
can calculate the power spectra of the second order
GWs for various primordial power spectra in terms of
Eqs. (37)–(39). As we mentioned in Sec. I, the large
primordial tensor perturbations on small scales may be
realized by many models of early universe, these models
can be constrained by the current and future observations of
second order GWs.

FIG. 3. The SNR of LISA for Ωð2Þ;tot (ρtot, blue solid curve) and Ωð2Þ;11 (ρ11, red dashed curve), where f� ¼ k�=ð2πÞ. We also give
Δρ=ρ11 ¼ ρtot=ρ11 − 1 (bottom panel).

FIG. 4. Δρ=ρ11 ¼ ρtot=ρ11 − 1 for different tensor-to-scalar
ratio r. We have set f� ¼ 1.3 × 10−3.
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The second order power spectra of GWs induced by
primordial scalar and tensor perturbations can be written as

Pð2Þ
h ∼ hhð2Þhð2Þi þ hhð1Þhð3Þi. Here, we only studied the

contributions of second order GWs. We found that the
effects of the primordial tensor perturbation in hhð2Þhð2Þi are
important in the UV region (k > k�). In Ref. [36], the IR
behaviors (k ≪ k�) of hhð1Þhð3Þi were investigated in detail.
Further researches might be given in the future.
Our results show that the effects of the first order tensor

perturbation on small scales are very important for the
second order GWs. Therefore, it is necessary to consider
the effects of the first order tensor perturbation when one
calculates the higher order scalar and vector perturbations
[37,38]. The first order tensor perturbation on small scales
will affect the observations related to second order scalar,
vector, and tensor perturbations. Meanwhile, these second
order perturbations will affect the observations of higher

order perturbations such as the third order induced GWs
[21]. Perhaps, a complete study on these higher order
perturbations might be presented in the future.
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APPENDIX A: FOUR-POINT FUNCTION OF
PRIMORDIAL PERTURBATIONS

In this appendix, we calculate three kinds of four-point
functions used in Sec. III in terms of the Wick’s theorem.

hΦk−pΦpΦk0−p0Φp0 i ¼ hΦk−pΦk0−p0 ihΦpΦp0 i þ hΦk−pΦp0 ihΦpΦk0−p0 i

¼
�
δðk − pþ k0 − p0Þ 2π2

jk − pj3 PΦðjk − pjÞ
��

δðpþ p0Þ 2π
2

p3
PΦðpÞ

�

þ
�
δðk − pþ p0Þ 2π2

jk − pj3 PΦðjk − pjÞ
��

δðk0 − p0 þ pÞ 2π
2

p3
PΦðpÞ

�

¼
�
δðkþ k0Þ 2π2

jk − pj3 PΦðjk − pjÞ
��

δðpþ p0Þ 2π
2

p3
PΦðpÞ

�

þ
�
δðkþ k0Þ 2π2

jk − pj3 PΦðk1Þ
��

δðk0 − p0 þ pÞ 2π
2

p3
PΦðpÞ

�

¼ δðkþ k0Þ ð2π2Þ2
p3jk − pj3 ðδðpþ p0Þ þ δðk0 − p0 þ pÞÞPΦðjk − pjÞPΦðpÞ; ðA1Þ

hhλ1
k−ph

λ2
p h

λ0
1

k0−p0h
λ0
2

p0 i ¼ hhλ1
k−ph

λ0
1

k0−p0 ihhλ2
p h

λ0
2

p0 i þ hhλ1
k−ph

λ0
2

p0 ihhλ2
p h

λ0
1

k0−p0 i

¼
�
δλ1λ

0
1δðk − pþ k0 − p0Þ 2π2

jk − pj3 Phðjk − pjÞ
��

δλ2λ
0
2δðpþ p0Þ 2π

2

p3
PhðpÞ

�

þ
�
δλ1λ

0
2δðk − pþ p0Þ 2π2

jk − pj3 Phðjk − pjÞ
��

δλ2λ
0
1δðpþ k0 − p0Þ 2π

2

p3
PhðpÞ

�

¼ δðkþ k0Þ ð2π2Þ2
p3jk − pj3 ðδ

λ1λ
0
1δλ2λ

0
2δðpþ p0Þ þ δλ1λ

0
2δλ2λ

0
1δðk0 − p0 þ pÞÞPhðjk − pjÞPhðpÞ; ðA2Þ

hΦk−ph
λ1
p Φk0−p0h

λ0
1

p0 i ¼ hΦk−pΦk0−p0 ihhλ1
p h

λ0
1

p0 i

¼
�
δðkþ k0Þ 2π2

jk − pj3 PΦðjk − pjÞ
��

δλ1λ
0
1δðpþ p0Þ 2π

2

p3
PhðpÞ

�

¼ δðkþ k0Þδλ1λ01 ð2π2Þ2
p3jk − pj3 δðpþ p0ÞPΦðjk − pjÞPhðpÞ: ðA3Þ
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APPENDIX B: POLARIZATION TENSOR

In this appendix, we present the explicit expressions of
the polarization tensor for a given coordinate system. The
polarization tensor is defined as

ε×ijðkÞ ¼
1ffiffiffi
2

p ðeiðkÞējðkÞ þ ēiðkÞejðkÞÞ; ðB1Þ

εþijðkÞ ¼
1ffiffiffi
2

p ðeiðkÞejðkÞ − ēiðkÞējðkÞÞ; ðB2Þ

where ðki=jkj; eiðkÞ; ēiðkÞÞ is the normalized bases in
three dimensional momentum space. For a given coordinate
system, we set

k ¼ ð0; 0; kÞ; eiðkÞ ¼ ð1; 0; 0Þ; ēiðkÞ ¼ ð0; 1; 0Þ:
ðB3Þ

Then the polarization tensors ελijðk − pÞ and ελijðpÞ can be
written as

ε×ijðk−pÞ¼ 1ffiffiffi
2

p ðeiðk−pÞējðk−pÞþ ēiðk−pÞejðk−pÞÞ;

εþijðk−pÞ¼ 1ffiffiffi
2

p ðeiðk−pÞejðk−pÞ− ēiðk−pÞējðk−pÞÞ;

ε×ijðpÞ¼
1ffiffiffi
2

p ðeiðpÞējðpÞþ ēiðpÞejðpÞÞ;

εþijðpÞ¼
1ffiffiffi
2

p ðeiðpÞejðpÞ− ēiðpÞējðpÞÞ; ðB4Þ

where

k − p ¼ k

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 −

1

4
ð−u2 þ v2 þ 1Þ2

r
; 0;

1

2
ðu2 − v2 þ 1Þ

�
;

eiðk − pÞ ¼
�
u2 − v2 þ 1

2u
; 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−u4 þ 2u2v2 þ 2u2 − v4 þ 2v2 − 1

p

2u

�
;

ēiðk − pÞ ¼ ð0; 1; 0Þ; ðB5Þ

p ¼ k

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 −

1

4
ð−u2 þ v2 þ 1Þ2

r
; 0;

1

2
ð−u2 þ v2 þ 1Þ

�
;

eiðpÞ ¼
�
−
−u2 þ v2 þ 1

2v
; 0;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−u4 þ 2u2ðv2 þ 1Þ − ðv2 − 1Þ2

p
2v

�
;

ēiðpÞ ¼ ð0; 1; 0Þ: ðB6Þ

APPENDIX C: Pijðu;vÞ
The explicit expressions of Pij, ði; j ¼ 3 ∼ 7Þ are given by

P33 ¼ 1

256u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2

ðu4 þ 6u2ðv2 þ 1Þ þ v4 þ 6v2 þ 1Þ; ðC1Þ

P44 ¼ 1

256u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2
�
u6 − u4ð5v2 þ 3Þ þ u2ð−25v4 þ 6v2 þ 3Þ − ðv2 − 1Þ2ð3v2 þ 1Þ

�
;

ðC2Þ

P55 ¼ 1

1024u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2

×

�
u8 − 4u6ðv2 − 1Þ þ 2u4ð3v4 − 2v2 − 5Þ − 4u2ðv6 þ v4 − 9v2 − 1Þ þ ðv2 − 1Þ2ðv4 þ 6v2 þ 1Þ

�
; ðC3Þ
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P66 ¼ 1

1024u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2
�
u8 − 4u6v2 þ 2u4ð3v4 þ 8v2 − 1Þ − 4u2v2ðv4 þ 8v2 þ 3Þ

þ ðv2 þ 1Þ2ðv4 þ 14v2 þ 1Þ
�
; ðC4Þ

P77 ¼ 1

1024u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2

×
�
u8 þ 4u6ð7v2 − 1Þ þ u4ð70v4 − 60v2 þ 6Þ þ 4u2ðv2 − 1Þ2ð7v2 − 1Þ þ ðv2 − 1Þ4

�
; ðC5Þ

P34 ¼ 1

512u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2

ð3u4 þ 2u2ð9v2 − 1Þ þ 3v4 − 2v2 − 1Þ; ðC6Þ

P35 ¼ 1

512u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2

ðu6 − u4ðv2 − 5Þ − u2ðv4 þ 18v2 þ 5Þ þ v6 þ 5v4 − 5v2 − 1Þ; ðC7Þ

P36 ¼ 1

512u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2

ðu6 − u4ðv2 − 7Þ − u2ðv4 þ 6v2 − 7Þ þ v6 þ 7v4 þ 7v2 þ 1Þ; ðC8Þ

P37 ¼ 1

512u4v4

�
u4− 2u2ðv2þ 1Þþ ðv2− 1Þ2

�
2
�
u6þu4ð15v2− 1Þþu2ð15v4 − 6v2 − 1Þþ ðv2− 1Þ2ðv2þ 1Þ

�
; ðC9Þ

P45 ¼ 1

512u4v4

�
u4 − v4 − 6v2 − 1

��
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
3

; ðC10Þ

P46 ¼ 1

512u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2

×

�
u8 − 2u6v2 þ 2u4ðv2 − 1Þ þ 2u2v2ðv4 þ 2v2 − 11Þ − v8 − 6v6 þ 6v2 þ 1

�
; ðC11Þ

P47 ¼ 1

512u4v4
ðu2 − v2 − 1Þ

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2
�
u6 þ 3u4ð5v2 − 1Þ þ 3u2ð5v4 − 6v2 þ 1Þ þ ðv2 − 1Þ3

�
;

ðC12Þ

P56¼ 1

1024u4v4
ðu2−v2−1Þðu2−v2þ1Þðu4−2u2ðv2−3Þþv4þ6v2þ1Þ

�
u4−2u2ðv2þ1Þþðv2−1Þ2

�
2

; ðC13Þ

P57 ¼ 1

1024u4v4

�
u4 þ 6u2v2 þ v4 − 1

��
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
3

; ðC14Þ

P67 ¼ 1

1024u4v4

�
u4 − 2u2ðv2 þ 1Þ þ ðv2 − 1Þ2

�
2

×

�
u8 þ 4u6ðv2 − 1Þ − 2u4ð5v4 þ 2v2 − 3Þ þ 4u2ðv6 þ 9v4 − v2 − 1Þ þ ðv2 − 1Þ2ðv4 þ 6v2 þ 1Þ

�
: ðC15Þ

GRAVITATIONAL WAVES FROM PRIMORDIAL SCALAR AND … PHYS. REV. D 107, 063510 (2023)

063510-9



[1] K. Sato and J. Yokoyama, Int. J. Mod. Phys. D 24, 1530025
(2015).

[2] B. P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), Phys. Rev. Lett. 116, 061102 (2016).

[3] K. Inomata and T. Nakama, Phys. Rev. D 99, 043511
(2019).

[4] N. Aghanim et al. (Planck Collaboration), Astron. As-
trophys. 641, A6 (2020); 652, C4(E) (2021).

[5] E. Abdalla et al., J. High Energy Astrophys. 34, 49 (2022).
[6] T. Bringmann, P. Scott, and Y. Akrami, Phys. Rev. D 85,

125027 (2012).
[7] S. Mollerach, D. Harari, and S. Matarrese, Phys. Rev. D 69,

063002 (2004).
[8] K. N. Ananda, C. Clarkson, and D. Wands, Phys. Rev. D 75,

123518 (2007).
[9] D. Baumann, P. J. Steinhardt, K. Takahashi, and K. Ichiki,

Phys. Rev. D 76, 084019 (2007).
[10] R. Saito and J. Yokoyama, Phys. Rev. Lett. 102, 161101

(2009); 107, 069901(E) (2011).
[11] E. Bugaev and P. Klimai, Phys. Rev. D 81, 023517 (2010).
[12] R. Saito and J. Yokoyama, Prog. Theor. Phys. 123, 867

(2010); 126, 351(E) (2011).
[13] E. Bugaev and P. Klimai, Phys. Rev. D 83, 083521 (2011).
[14] T. Nakama, J. Silk, and M. Kamionkowski, Phys. Rev. D 95,

043511 (2017).
[15] J. Garcia-Bellido, M. Peloso, and C. Unal, J. Cosmol.

Astropart. Phys. 09 (2017) 013.
[16] K. Kohri and T. Terada, Phys. Rev. D 97, 123532 (2018).
[17] R.-G. Cai, S. Pi, and M. Sasaki, Phys. Rev. Lett. 122,

201101 (2019).
[18] J.-O. Gong, Astrophys. J. 925, 102 (2022).
[19] B. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama,

Rep. Prog. Phys. 84, 116902 (2021).

[20] Z. Chang, S. Wang, and Q.-H. Zhu, Chin. Phys. C 45,
095101 (2021).

[21] J.-Z. Zhou, X. Zhang, Q.-H. Zhu, and Z. Chang, J. Cosmol.
Astropart. Phys. 05 (2022) 013.

[22] A. Romero-Rodriguez, M. Martinez, O. Pujolàs, M.
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