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In this work, we study the effect of a high-precision semianalytical mass function on the merger rate of
primordial black holes (PBHs) in dark matter halos. For this purpose, we first explain a theoretical
framework for dark matter halo models and introduce relevant quantities such as the halo density profile,
the concentration parameter, and a high-precision semianalytical function, namely Del Popolo (DP) mass
function. In the following, we calculate the merger rate of PBHs in the framework of ellipsoidal-collapse
dark matter halo models while considering the DP mass function, and compare it with our previous study
for the Sheth-Tormen (ST) mass function. The results show that by taking the mass of PBHs as
MPBH ¼ 30M⊙, the DP mass function can potentially amplify the merger rate of PBHs. Moreover, we
calculate the merger rate of PBHs for the DP mass function as a function of their mass and fraction and
compare it with the black hole mergers recorded by the Laser Interferometer Gravitational-Wave
Observatory (LIGO)-Virgo detectors during the latest observing run. Our findings show that the merger
rate of PBHs will fall within the LIGO-Virgo band if fPBH ≳Oð10−1Þ. This implies that the DP mass
function can be used to strengthen constraints on the fraction of PBHs.
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I. INTRODUCTION

The study of gravitational waves (GWs), as cosmologi-
cal observables, has been a focus of research for more than
a few decades. Hence, in light of GWs and their detections,
a new framework for evaluating astrophysical and cosmo-
logical phenomena has been provided. Binary black hole
mergers are considered as one of the main sources of GWs,
whose traces can potentially be found in the GW detectors
[1,2]. There have been dozens of binary black hole mergers
detected by the Laser Interferometer Gravitational-Wave
Observatory (LIGO)-Virgo collaboration in recent years,
which has opened a new door in studying compact objects
in the Universe [3–7]. Interestingly, binary black hole
mergers recorded by the LIGO-Virgo observatories have
been stellar-mass black holes (those with the mass of
MBH < 100M⊙). This may lead to an informative indica-
tion of the mass distribution of black holes in the Universe
as well as their formation scenario. The formation channel
of black holes participating in merger events recorded by
the LIGO-Virgo detectors has not yet been definitively
identified. Their origin may have come through stellar

collapse (possibly via different channels) [8,9], or they may
have come through the direct collapse of primordial density
fluctuations at the beginning of the Universe [10–12].
It is fascinating to note that the GW data recorded by the

LIGO-Virgo detectors are well consistent with the merging
of primordial black holes (PBHs). Primordial black holes
are one of the potential candidates proposed to describe
dark matter (see, e.g., Ref. [13–19] for other dark matter
candidates). The formation of PBHs is predicted to be due
to the nonlinear peaks in primordial density fluctuations.
Actually, primordial density fluctuations may directly
collapse into PBHs when they exceed a threshold value
[20–22]. The evolution of nonlinear density perturbations
on superhorizon scales as well as the threshold amplitude of
curvature perturbations for forming black holes have been
considered in several studies [23–29]. Furthermore, PBHs
can span a wide range of masses, which makes them
distinct from astrophysical black holes [30].
As a result of their random spatial distribution, PBHs in

dark matter halos might encounter each other and/or other
compact objects, form binaries, emit GWs, and finally
merge. In recent years, LIGO-Virgo detectors have detected
GWs triggered by binary black hole mergers [31–33],
which has renewed interest in PBHs. Due to the mass range
of black holes associated with binary mergers, which is
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often greater than the mass spectrum of astrophysical
black holes, such black holes may have a primordial origin.
Since PBHs are possible candidates for dark matter and
can be clustered in dark matter halos, the structural
characteristics of dark matter halos may affect the merger
rate of PBHs. Thus, it has been indicated that some
quantities like the halo mass function, halo concentration
parameter, and halo density profile can improve the
accuracy of theoretical models and their prediction of the
merger rate of PBHs [34–37].
Meanwhile, the halo mass function is one of the most

important quantities that categorizes dark matter halos
according to their mass. In other words, the halo mass
function represents the mass distribution of those structures
whose overdensities exceed the threshold value, separate
from the expansion of the Universe, and gravitationally
collapse. Therefore, in addition to describing the nature of
dark energy [38–43], one of the main challenges facing any
cosmological model is to provide a high-precision mass
function for the dark matter distribution. Using a spherical-
collapse model, Press and Schechter (PS) proposed an
analytical model with primordial fluctuations that evolve
from the linear phase to the collapse time [44]. The PS mass
function has been proposed as the simplest model, and it is
consistent with observations in many cases. However, at
some mass limits, it quantitatively differs from the numeri-
cal results. Consequently, some improvements have been
made to deal with this challenge. Regarding this, one of the
best formalisms was provided by Sheth and Tormen (ST)
based on a more realistic model, which fits the simulation
results more accurately [45–47]. The ST formalism was
based on an ellipsoidal-collapse model with a dynamical
threshold value of overdensities. However, semianalytical
approaches indicate that the ST mass function also over-
predicts the number of halos at large masses [48].
Moreover, the study of the evolution of the PS and ST
mass functions reveals a worsening of the situation. It
should be noted that the mass functions derived from
simulations lead to convenient approximations in some
cases. However, the black-box nature of simulations, which
includes many physical effects, makes it hard to decipher
how these mechanisms affect the shape of the halo mass
function. Therefore, a suitable semianalytical approach is
needed to separately determine the effect of physical
processes on the shape of the halo mass function.
In this work, we investigate the effect of a high-precision

semianalytical mass function on the merger rate of PBHs in
dark matter halos. In this respect, the outline of the work
is as follows. In Sec. II, we briefly discuss an appropriate
dark matter halo model and some key quantities such as the
halo density profile, concentration parameter, and a high-
precision semianalytical function known as Del Popolo
(DP) mass function. Also, in Sec. III we calculate the
merger rate of PBHs in the ellipsoidal-collapse model while
considering the DP mass function and compare it with

that obtained from the ST mass function. In addition, we
compare the redshift evolution of the merger rate of PBHs
obtained from the DP mass function with the corresponding
results derived from the ST mass function. We also perform
our analysis in terms of various PBH masses and discuss
their constraints arising from the calculations with the DP
mass function. Finally, in Sec. IV, we discuss the results and
summarize the findings.

II. DARK MATTER HALO MODELS

A. Halo density profile

In the standard model of cosmology, dark matter halos
are considered as nonlinear cosmological structures that
have been distributed in the Universe based on the
formation and evolution of hierarchical structures. The
primordial density fluctuations could have exceeded a
critical value, collapsed due to self-gravitational forces,
and become qualified to form dark matter halos. From a
physical point of view, such conditions can be described by
a dimensionless quantity known as density contrast, which
is derived from the excursion sets theory. This quantity is
defined as δðrÞ≡ ðρðrÞ − ρ̄Þ=ρ̄, where ρðrÞ represents the
density of the overdense region at an arbitrary point r, and ρ̄
denotes the mean density of the background.
On the other hand, cosmological and structure formation

models are constrained by the inner region of dark matter
halos, whose masses can be described by a radius-
dependent function called the density profile. However,
as a reliable criterion, spectroscopic observations of gravi-
tational lensing, x-ray temperature maps, and stellar
dynamics in galaxies can predict dark matter distribution
in the central regions of galactic halos [49]. In recent
decades, analytical approaches and numerical simulations
have been used to obtain a suitable density profile in such a
way that its predictions are consistent with the relevant
observational data [50–55]. Based on N-body simulations
in the framework of cold dark matter (CDM) models,
Navarro, Frenk, and White (NFW) presented the following
density profile [55]

ρðrÞ ¼ ρs
r=rsð1þ r=rsÞ2

; ð1Þ

where ρs ¼ ρcritδc is the scaled density of the halo, ρcrit is
the critical density of the background Universe at a given
redshift, and rs is the scale radius of the halo.
On the other hand, through analytical approaches,

Einasto found another suitable definition of the density
profile as follows [50]

ρðrÞ ¼ ρs exp
�
−
2

α

��
r
rs

�
α

− 1

��
; ð2Þ

where α is the shape parameter. The strength of the
presented density profiles is their consistent predictions

SAEED FAKHRY and ANTONINO DEL POPOLO PHYS. REV. D 107, 063507 (2023)

063507-2



with the distribution of dark matter in galactic halos and
their rotation curves.
In addition to the density profile, there is another quantity

to describe the central density of galactic halos, called the
concentration parameter, which is defined as follows

C≡ rvir
rs

; ð3Þ

where rvir is the halo virial radius. The halo virial radius
covers a volume within which the average halo density is
200 to 500 times the critical density of the Universe.
Numerical simulations and analytical approaches imply
that to provide a suitable prediction, the concentration
parameter must evolve dynamically with mass and redshift.
Many studies have been conducted to obtain an appropriate
concentration parameter [56–59]. In this regard, one of the
successful analytical approaches to obtain the appropriate
mass-concentration-redshift relation is presented in
Ref. [58], which is structured based on a triaxial collapse.

B. A high-precision mass function

The standard model of cosmology, also known as the
ΛCDMmodel, is successful in fitting a variety of data from
intermediate to large scales [60–67].
The accurate prediction of the halo mass function1 is

another important test of the ΛCDM model. The mass
function is used to determine the cosmological parameters
and is also of great importance in studying the dark matter
distribution and the formation and evolution of galaxies.
Then a simple and accurate high-precision mass function
that can be applied to different cosmologies and redshifts is
a helpful and valuable asset.
In the simple mass function model proposed by PS, the

initial fluctuations are spherical and have a Gaussian
distribution [44]. The fluctuation evolution is followed
from the linear phase to the collapse by means of a
spherical-collapse model. At the epoch of virialization,
the density contrast, δðrÞ, obtained by means of the linear
perturbation theory, has the value δc ≃ 1.686 in the case of
an Einstein-de Sitter cosmology. For a density field having
a Gaussian probability distribution, the probability that on a
given scale the overdensity exceeds δc is proportional to the
number of cosmic structures having a density perturbation
greater than δc.
Unfortunately, the PS mass function suffers from serious

problems. In this regard, the number of objects in the high-
mass tail is underpredicted, and the reverse for the low-
mass tail of the mass function, see, e.g., Refs. [70–73]. An
improvement in the PS mass function can be obtained by
moving from a spherical to an ellipsoidal collapse [46].

While the mass function obtained with the ellipsoidal
collapse is in agreement with ST N-body simulations
[45,46], a deeper analysis of semianalytical models showed
that the ST mass function overpredicts the halo number at
large masses [74]. More in detail the ST mass function
gives an overestimation up to a factor of ≃3 for the rarest
dark matter halos [74,75]. Comparing with the Bolshoi
simulation [76], at z ¼ 0 the discrepancy is smaller than
10% in the mass range ð109–1014ÞM⊙. Unfortunately, the
discrepancy increases with redshift and at z ¼ 10 the ST
mass function gives about ten times more halos than
simulations.
The extended PS approach, also known as “excursion set

formalism” [77,78], often used to model the halo formation
statistics, is based on stochastic processes. In the quoted
formalism the statistics of halos start the statistical proper-
ties of the average overdensity within a window of radius
Rf , namely δ̄ðRfÞ. AGaussian density field smoothed with a
filter represents the density perturbations. δ̄ðRfÞ vs Rf , in a
hierarchical universe, is a random walk [79]. When the
random walk crosses a threshold value, or barrier, δc, a dark
matter halo forms. Instead of the filtering radius, sometimes
other quantities are often used, e.g., the mass variance S.
The first-crossing distribution is the probability that a
random walk first crosses the threshold, also dubbed
“barrier,” between S and Sþ dS. The distribution of the
first crossings defines the “multiplicity function,” which is
connected to the mass function.
The first improvement on the PS threshold was obtained

in Ref. [80], finding that the collapse threshold is not
constant as in the PS model but becomes mass dependent. It
is given by

δcm ¼ δcðzÞ
�
1þ β

να

�
; ð4Þ

where α ¼ 0.585 and β ¼ 0.46. Also, ν ¼ ðδc=σÞ2, where
σðM; zÞ is the linear root-mean-square fluctuation of over-
densities on a comoving scale including a mass M at
redshift z.
In Ref. [46], the threshold is obtained by considering an

ellipsoidal collapse as follows

δec ¼ δcðzÞ
�
1þ β1

να1

�
; ð5Þ

where α1 ¼ 0.615 and β1 ¼ 0.485.
Based on the excursion set formalism, it can be illus-

trated that Eqs. (4) and (5) correspond to the following
barriers, respectively

BðMÞ ¼ ffiffiffi
a

p
δcðzÞ

�
1þ β

aνα

�
; ð6Þ

and

1The mass function represents the dark matter halos mass
distribution, or in other terms the number density of dark matter
halos per mass interval, see Refs. [61,68,69].
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BðMÞST ¼ ffiffiffiffiffi
a1

p
δcðzÞ

�
1þ β1

a1να1

�
: ð7Þ

It should be noted that the quoted barriers with an accurate
choice of a and a1 give a mass function in agreement with
simulations, see Refs. [46,81].
To take into account several physical effects, like

fragmentation and mergers [46], tidal torques [80], dynami-
cal friction, and the cosmological constant [81], it is
necessary to change the shape of the barrier and add in
it the quoted effects. As shown in [82], an improved
threshold, which is directly proportional through a constant
to the barrier, is given by

δcm2 ¼ δco

�
1þ

Z
rta

ri

rtaL2 · dr
GM3r3

þ λo
1 − μðδÞ þ Λ

rtar2

6GM

�

≃ δco

�
1þ β

να
þΩΛβ2

να2
þ β3
να3

�
: ð8Þ

In the above equation, λo ¼ ϵoTco, where Tco is the collapse
time of a perturbation without the effect of dynamical friction
(see Appendix A of Ref. [83] and Eq. (24) of Ref. [84]). Also,
ϵo is proportional to the dynamical friction coefficient η (see
Appendix A of Ref. [83] and Eq. (23) of Ref. [84]). Moreover,
μðδÞ is given in Eq. (29) of Ref. [85] and Appendix A of
Ref. [83], Λ is the cosmological constant, and rta is the turn-
around radius. The angular momentum L is calculated as
shown in [82,86,87] and in Appendix A of Ref. [83]. In
addition, the existing constants take values as α ¼ 0.585,
β ¼ 0.46, α2 ¼ 0.4, β2 ¼ 0.02, α3 ¼ 0.45, and β3 ¼ 0.29.
The mass function in the excursion set formalism is

defined as the comoving number density of halos in a mass
range ðM −M þ dMÞ

nðM; zÞ ¼ ρ̄

M2

				 d log νd logM

				νfðνÞ; ð9Þ

where ρ̄ is the background density. The distribution of the
first crossing, namely the “multiplicity function,” is indi-
cated with fðνÞ.
As shown in Ref. [83], using the barrier given by Eq. (8),

taking into account the effects of angular momentum,
dynamical friction, and cosmological constant, one can
obtain the following relation

νfðνÞ ≃ A2

ffiffiffiffiffiffi
aν
2π

r
lðνÞ exp f−0.4019aν2.12mðνÞ2g; ð10Þ

where

lðνÞ ¼
�
1þ 0.1218

ðaνÞ0.585 þ
0.0079
ðaνÞ0.4 þ

0.1
ðaνÞ0.45

�
;

and

mðνÞ ¼
�
1þ 0.5526

ðaνÞ0.585 þ
0.02
ðaνÞ0.4 þ

0.07
ðaνÞ0.45

�
:

Also, relevant constants take values as A2 ¼ 0.93702 and
a ¼ 0.707. By incorporating Eq. (10) into Eq. (9), one can
obtain a high-precision semianalytical mass function,
which we call the Del Popolo (DP) mass function from
now on.
As mentioned earlier, the DP mass function is considered

to be a high-precision function to describe the mass dis-
tribution of dark matter halos. In the following, the relevant
arguments for this claim will be discussed. It is insightful to
mention that a high-precision analytical mass function
requires a precise characterization of the barrier, whose
shape depends on the likely physical effects. Naturally,
under such reasoning, one would expect that the PS mass
function with an oversimplified barrier provides a bad fit to
the simulations. In Ref. [83], a relative comparison between
different mass functions [47,48,72,88–93] with the DPmass
function has been performed. This comparison demonstrates
that theDPmass function at z ¼ 0 is consistent on average to
about 3% level with all other mass functions in the range
−0.55 < log σ−1 < 1.31, while the corresponding deviation
for other mass functions (e.g., [91,93]) is greater than 3%.
Furthermore, the redshift evolution of the ratio of the mass
function obtained in [92] to the DP mass function exhibits a
discrepancy of less than 3%. On the other hand, in z ¼ 0, the
ST mass function deviates by about 10% compared to the
simulations, and this deviation changes directlywith redshift.
In other words, in z ¼ 6, the ST mass function predicts the
number of halos by 1.5 times and in z ¼ 10 by ten timesmore
than the simulations [83]. Meanwhile, the DP mass function
deviates by less than3%compared to theBolshoi simulations
[76] at different redshifts. In this comparison, low-mass
objects indicate relatively small deviations while high-mass
ends illustrate larger deviations. Accordingly, it can be
inferred that the DP mass function is capable of providing
a very good prediction of the dark matter distribution in
galactic halos.

III. PRIMORDIAL BLACK HOLE
MERGER RATE

As mentioned earlier, PBHs are attributed to those black
holes that could have formed in the earliest stages of the
Universe from the direct collapse of density fluctuations.
Given that PBHs have been randomly distributed in the
Universe, it is expected that they can encounter each other
and form binaries.
The first gravitational wave emitted by two merging

black holes with similar masses strengthened the possibility
that PBHs could form dark matter. Accordingly, a
Poissonian isocurvature density fluctuation component is
induced by PBHs into the power spectrum of the adiabatic
density fluctuations produced through the inflationary
era [94]. The isocurvature component arising from PBHs

SAEED FAKHRY and ANTONINO DEL POPOLO PHYS. REV. D 107, 063507 (2023)

063507-4



dominates the small scales, leading to significant modifi-
cations in the collapse history, such that it can initially yield
much greater rates of collapse [95]. Consequently, one can
expect that the initial power spectrum of isocurvature
Poissonian fluctuations induced by PBHs on dark matter
is as follows [94]

PPBH;i ¼ n−1PBH; ð11Þ

where nPBH is the comoving mean density of PBHs. From
the formation time of PBHs to the present day, the
isocurvature fluctuations in subhorizon scales grow by a
factor of 3=2ð1þ zeqÞ, where zeq ≃ 4000 is the redshift
corresponding to the matter-radiation equality. Therefore,
the extra power spectrum at redshift z is specified by [94]

PPBHðzÞ ¼
9

4
ð1þ zeqÞ2n−1PBH½DðzÞ�−2; ð12Þ

where DðzÞ is the linear growth factor of density fluctua-
tions from redshift z to the present day. Thus, the total
power spectrum on scale k and at redshift z takes the
following form

Ptotðk; zÞ ¼ Padðk; zÞ þ PPBHðzÞ; ð13Þ

where Padðk; zÞ is the adiabatic power spectrum of dark
matter. Therefore, the physical effect of the isocurvature
power spectrum caused by PBHs can be evaluated in the
linear root-mean-square fluctuation of overdensities, which
has the following form

σ2ðM; zÞ ¼ 1

2π2

Z
Ptotðk; zÞWðkÞk2dk; ð14Þ

where WðkÞ is the top-hat function that depends on the
mass M contained in wavelength 2π=k. Note that in this
work, we employ the total power spectrum Ptotðk; zÞ in our
calculations.
Themerger time of PBHbinaries that are supposed to form

in dark matter halos relies on the velocity dispersion of the
halos (from hours to kiloyears) [96]. Accordingly, PBH
binaries formed via dissipative two-body encounters have a
merger time much shorter than the age of the Universe.
However, nondissipative three-body encounters can also lead
to the formation of PBH binaries in dark matter halos. The
binaries formed through such a channel often do not have
sufficient binding energy for the instantaneous emission of
gravitational radiation. Therefore, nondissipative three-body
encounters often yield wide binaries whose merger time is
longer than aHubble time [97], andnaturally, they should not
significantly contribute to the population of black hole (BH)
mergers recorded by the LIGO-Virgo detectors. However,
the Poisson effect implies that PBHs can lead to a possible
enhancement of small-scale structures if they can make a
substantial contribution to dark matter [98]. Under these

conditions, it is argued that three-body encounters occurring
at high redshifts can make an enormous contribution to the
population of BH mergers associated with the LIGO-Vigo
observations in such away that they are comparable to that of
two-body dynamical captures [99–101].
Assume two PBHs with masses m1 and m2, and relative

velocity vrel at a large distance can encounter each other in
dark matter halos. Consequently, two-body scattering
suggests that notable gravitational radiation propagates at
the closest physical separation called the periastron [102].
Primordial black holes will become gravitationally bound
and form binaries if the emitted gravitational energy
exceeds the kinetic energy of the system. Hence,
the periastron has a maximum value as a result of this
condition [102]

rmp ¼
�
85π

ffiffiffi
2

p
G7=2m1m2ðm1 þm2Þ3=2

12c5v2rel

�2=7
; ð15Þ

where G is the gravitational constant and c is the velocity of
light. In addition, the Newtonian limit implies the following
relation between the impact parameter and the periastron [30]

b2ðrpÞ ¼
2Gðm1 þm2Þrp

v2rel
þ r2p: ð16Þ

Additionally, the tidal forces produced by surrounding
compact objects on the binary can be neglected once
rp ≪ b is established as strong limits to gravitational
focusing. As a result, the cross-section for the binary
formation can be derived as follows [97,103]

ξðm1;m2;vrelÞ¼πb2ðrp;maxÞ≃
2πGðm1þm2Þrp;max

v2rel
: ð17Þ

Consequently, by inserting Eq. (15) into Eq. (17), one can
obtain an explicit form of the cross-section for the binary
formation as

ξ ≃ 2π

�
85π

6
ffiffiffi
2

p
�

2=7G2ðm1 þm2Þ10=7ðm1m2Þ2=7
c10=7v18=7rel

: ð18Þ

In this work, the events of interest are those consistent with
the LIGO-Virgo sensitivity. Hence, we restrict our analysis
to the case where m1 ¼ m2 ¼ MPBH is satisfied. In this
regard, the binary formation rate within a galactic halo is
given by the following formula [10]

ΓðMvirÞ ¼
Z

rvir

0

2πr2
�
fPBHρHalo
MPBH

�
hξvrelidr; ð19Þ

where 0 < fPBH ≤ 1 is the fraction of PBHs that specifies
their contribution to dark matter, ρhalo represents the halo
density profile, and the angle bracket is an average over the
PBH relative velocity distribution in the galactic halo.
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Based on Ref. [104], one can calculate the halo velocity
dispersion by using its relation to the maximum velocity at
rmax radius

vdisp ¼
vmaxffiffiffi

2
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GMðr < rmaxÞ

rmax

s
: ð20Þ

Assuming a cutoff at the halo virial velocity and
vrel ¼ vPBH, we demand that the relative velocity distribu-
tion of PBHs in the galactic halo corresponds to the
Maxwell-Boltzmann statistics:

PðvPBH;vdispÞ¼A0

�
exp

�
−
v2PBH
v2disp

�
−exp

�
−
v2vir
v2disp

��
; ð21Þ

whereA0 is specifiedwhen thecondition4π
R vvir
0 PðvÞv2dv¼1

is satisfied.
There are two distinct mechanisms for the PBH binary

formation. We mainly focus on the PBH binaries formed in
dark matter halos in the late-time Universe. However, the
initial clustering may lead to the separation of PBHs from
the Hubble flow and yield the formation of PBH binaries in
the early Universe [105,106]. As PBH binaries form in the
early Universe, they emit gravitational waves continuously,
slowly shrink, and ultimately merge. Nevertheless, some of
them would disrupt, due to tidal forces of surrounding
PBHs, before the completion of the merger phase
[107,108]. In fact, the orbital parameters of the formed
binaries determine their merger time. Given that PBHs are
randomly distributed in the Universe, the orbital parameters
for each formed binary will be unique. Therefore, some
binaries have already merged, some of them merge in the
present-time Universe, and some will merge in the future.
Thus, today’s merger rate will be enormously increased by
those PBH binaries expected to merge in the present-time
Universe. Therefore, the LIGO-Virgo observations can be
justified by the fact that PBHs must constitute a very small
fraction of dark matter in the mentioned mechanism of
PBH binary formation [109–112]. However, it should be
noted that both mechanisms are still valid and their
predictions of the contribution of PBHs to dark matter
are still being validated through gravitational wave
detectors.
The total merger event rate per unit time and volume can

be specified by convolving the merger rate of PBHs in
every single dark matter halo with the halo mass function

R ¼
Z
Mc

dn
dMvir

ΓðMvirÞdMvir; ð22Þ

where Mvir is the halo virial mass, and Mc ≃ 400M⊙ is the
minimum mass of dark matter halos whose signals can
reach the present-time Universe while containing PBHs
with the mass of MPBH ¼ 30M⊙ (see Refs. [34–37] for

more details). Due to the exponentially decreasing term in
the halo mass function, the upper limit of integration is not
significant in determining the merger rate of PBHs. On the
other hand, in low-mass halos, dark matter density is
expected to be higher than that in high-mass halos, which
is consistent with the hierarchical dynamics of halo for-
mation. Accordingly, the lower limit of integration plays a
crucial role in the current analysis. To calculate the merger
rate of PBHs within the context of the current analysis, we
consider the fraction of PBHs as fPBH ¼ 1.
In Fig. 1, we have indicated the merger rate of PBHs per

unit time and volume for the DP mass function and
compared it with that obtained for the ST mass function
[34] while taking into account Einasto and NFW density
profiles. To perform these calculations, relevant concen-
tration-mass-redshift relations obtained in Ref. [58],
hereafter the Okoli-Afshordi concentration-mass-redshift
relations, have been used. According to this figure, the
merger rate of PBHs has an enhancement in smaller halos
when considering the DP mass function as compared to the

FIG. 1. Merger rate of PBHs per unit volume and time as a
function of halo mass for Einasto (top) and NFW (bottom)
density profiles. Solid (red) lines show this relation for DP mass
function, while dashed (black) lines indicate it for ST mass
function.
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ST mass function. Meanwhile, in larger halos, the merger
rate of PBHs for the DP mass function is lower than the
corresponding result obtained from the ST mass function.
Based on the analysis concerning the importance of the
minimum mass ends in the PBH scenario, it can be inferred
that subhalos can potentially play a decisive role in the
merger rate of PBHs. Therefore, it can be concluded that
considering the high-precision DP mass function may lead
to the strengthening of the merger rate of PBHs.
In Fig. 2, we have quantified the relative enhancement of

the merger rate of PBHs in terms of halo mass for DP and
ST mass functions in the present-time Universe. As can be
seen from this figure, the relative enhancement of the
merger rate of PBHs by considering the DP mass function
occurs for halo masses less than ∼1012M⊙, while a relative
reduction of the merger rate is observed for masses greater
than ∼1012M⊙. Even though in the cumulative analysis, the
relative reduction of the merger rate of PBHs in cluster-
sized halos is negligible, this is likely due to the repulsive
effect of the cosmological constant, which opposes accre-
tion and merging processes at a large scale. Accordingly, as
expected, the physical effects that directly affect the shape
of the mass function lead to the strengthening of the merger
rate of PBHs. In addition, assuming the PBH mass to be
30M⊙, the amplification of the PBH merger rate when
taking into account the DP mass function is in the range
of ð106� 13Þ%.
One of the most interesting topics to study has always

been the evolution of the merger rate of BHs. It is also
possible to detect GWs at higher redshifts as the precision
of relevant instruments can be improved. Currently, the
LIGO-Virgo detectors are capable of detecting binary
mergers up to z ≃ 0.75, which approximately corresponds
to a comoving volume of around 50 Gpc3. Regarding this,
through the halo mass function and the concentration
parameter, Eq. (22) is dependent on redshift. In Fig. 3,
we have depicted the redshift evolution of the merger event

rate of PBHs for NFW and the Einasto density profiles,
wherein the relevant results of DP and ST mass functions
have been compared. It is evident that changes in redshift
directly affect the merger rate of PBHs. This is because halo
merger trees and hierarchical dynamics could have led to
more subhalos at higher redshifts. As a result, PBH merger
rates in the past were higher than those in the present-time
Universe. Moreover, it can be concluded that the merger
rate of PBHs for the DP mass function is higher than the
corresponding results obtained from the ST mass function
in the whole range of the late-time Universe. This is where
the importance of a high-precision mass function comes
into play because it could potentially provide a more
accurate prediction of the accumulation of PBH mergers
in the late-time Universe.
So far, our analysis was carried out assuming the mass of

the PBHs to be 30M⊙, and their contribution to the dark
matter to be maximum. However, it is interesting to
calculate the merger rate of PBHs according to their
fractions and masses. In Fig. 4, we have illustrated the
merger rate of PBHs for the DP mass function in terms of

FIG. 2. The ratio of the merger rate of PBHs derived from the
DP mass function to that obtained from the ST mass function in
terms of halo mass.

FIG. 3. The evolution of the total merger rate of BHs as a
function of redshift for Einasto (top) and NFW (bottom) density
profiles. Solid (red) lines exhibit this relation for the DP mass
function, while dashed (black) lines indicate it for ST mass
function.
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the upper bounds on the fraction of PBHs and their masses.
In this calculation, the Einasto density profile is considered.
Moreover, the shaded band indicates the total merger rate of
BHs estimated by the LIGO-Virgo detectors during the
latest observing run, i.e., ð17.9–44Þ Gpc−3 yr−1 [33]. It can
be observed that the merger rate of PBHs is inversely
proportional to their masses but directly proportional to
their fractions. This is because the number density of PBHs
changes inversely with their masses. In addition, despite the
theoretical uncertainties, the merger rate of PBHs for the
DP mass function will fall within the LIGO-Virgo sensi-
tivity if fPBH ≳Oð10−1Þ. Meanwhile, compared to the
corresponding results derived from the ST mass function,

the present analysis can potentially improve the constraints
on the abundance of PBHs.
In Table I, we have provided the relevant results of the

merger rate of PBHs in terms of various PBH masses, NFW
and Einasto density profiles, and DP and STmass functions.
Furthermore, we have presented the relative amplification
of the merger rate of PBHs while considering the DP mass
function. Specifically, in comparison with our previous
study [34], the results indicate that considering the DP mass
function can lead to a relative strengtheningof themerger rate
of stellar-mass PBHs. Additionally, the results exhibit that
the relative enhancement of themerger rate of PBHs changes
inversely with their masses. For example, in the mass range
of MPBH ¼ ð10–100ÞM⊙, the enhancement of the merger
rate of PBH with the mass of 10M⊙ is in the range of
ð123� 14Þ%, while the corresponding result for PBHs with
the mass of 100M⊙ takes place in the range of ð102� 13Þ%.

IV. CONCLUSIONS

In the standard model of cosmology, also known as the
ΛCDM model, dark matter halos are fundamental units of
cosmological structures that form and evolve hierarchi-
cally based on the cosmological perturbation theory.
Observational data show that dark matter halos have been
distributed randomly throughout the Universe. Therefore,
they can be analyzed from a statistical point of view. In the
classification of dark matter halos, special attention should
be paid to their local quantities. To this end, the halo mass
function plays a crucial role. Hence, it is of fundamental
importance to determine a high-precision halo mass func-
tion. Using numerical simulations, several attempts have
been carried out to determine the exact shape of the halo
mass function, which have led to appropriate predictions.
However, the black-box nature of numerical simulations
makes it difficult to distinguish the role of physical
mechanisms influencing the shaping of the halo mass
function. Based on this, semianalytical approaches can
more accurately demarcate physical effects in explaining
the statistical properties of dark matter halos.
In this work, we investigate the effect of a high-precision

semianalytical mass function on the merger rate of PBHs
in dark matter halos. For this purpose, we have initially
introduced the relevant theoretical framework for dark
matter halo models. Dark matter distribution in galactic
halos can be well described by the halo density profile.
Another crucial factor that represents the darkmatter density
in the central region of halos is known as the concentration-
mass-redshift relation. In this work, we have used NFW
and Einasto density profiles as well as Okoli-Afshordi
concentration-mass-redshift relations. Furthermore, we
have introduced the semianalytical DPmass function, which
makes use of tidal torque, dynamical friction, and the
cosmological constant to shape the halo mass function
and increase its precision.

FIG. 4. Total merger event rate of PBHs while considering the
DP mass function with respect to the PBH fraction and mass. The
solid (black), dashed (red), and dot-dashed (blue) lines demon-
strate this relation for a PBH mass of MPBH ¼ 10, 30, and
100M⊙, respectively. The shaded (green) band represents the
total merger rate of PBHs estimated by the LIGO-Virgo detectors
during the latest observing run, i.e., ð17.9–44Þ Gpc−3 yr−1.

TABLE I. Total merger rate of PBHs for different PBH masses,
i.e., Mpbh ¼ 10, 20, 30, 50, and 100M⊙, considering the
ellipsoidal-collapse halo models in terms of the NFW and the
Einasto density profiles, at the present-time Universe (z ¼ 0).
Amplification percentages and the merger rate of PBHs have
been provided while taking into account the DP and ST mass
functions.

PBH mass
ðM⊙Þ

Density
profile

RDP

(Gpc−3 yr−1)
RST

(Gpc−3 yr−1)
Amplification
percentage %

10 NFW 79.46 33.41 137
10 Einasto 107.5 51.25 109
20 NFW 49.60 22.38 121
20 Einasto 68.58 35.01 96
30 NFW 33.01 15.06 119
30 Einasto 46.51 24.03 93
50 NFW 25.01 11.49 117
50 Einasto 35.70 18.60 91
100 NFW 17.64 8.18 115
100 Einasto 25.60 13.48 89
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Relying on the PBH scenario and in the framework of
an ellipsoidal-collapse dark matter halo model, we have
calculated the merger rate of PBHs considering the DP
mass function and compared it qualitatively and quantita-
tively with the relevant results of the ST mass function. Our
findings demonstrate that, compared to that obtained for the
ST mass function, the merger rate of PBHs with the DP
mass function experiences a relative amplification for halos
smaller than 1012M⊙, while it has a relative reduction for
those halos grater than 1012M⊙. Given that smaller halos
have a prominent contribution to the merger rate of PBHs, it
can be argued that using the DP mass function leads to the
amplification of the merger rate of PBHs. In this regard,
taking the mass of PBHs as MPBH ¼ 30M⊙, the present
analysis estimates the amplification of the merger rate to be
in the range of ð106� 13Þ%. One has to mention that in
these calculations, Poissonian fluctuations caused by PBHs
play a crucial role in strengthening the power spectrum of
dark matter on small scales, and naturally in strengthening
the merger rate of PBHs, which is not considered in the
previous work associated with the ST mass function.
We have also calculated the redshift evolution of the

merger event rate of PBHs for the DP mass function and
compared it with the corresponding result obtained from
the ST mass functions. The results exhibit that the merger
rate of PBHs for the DP mass function is higher than that
derived from the ST mass function during the late-time
Universe. This is due to the importance of a high-precision
mass function that can provide more accurate predictions of
PBH mergers.

Finally, we have calculated the merger rate of PBHs for
the DP mass function as a function of their mass and
fraction and compared the results with the BH mergers
estimated by the LIGO-Virgo detectors during the latest
observing run, i.e., ð17.9–44Þ Gpc−3 yr−1. Our findings
indicate that the merger rate of PBHs is inversely propor-
tional to their mass but directly proportional to their
fraction. Based on this argument, the results show that
the merger rate of PBHs can be in the range of the LIGO-
Virgo sensitivity if fPBH ≳Oð10−1Þ. On the other hand,
compared to the results obtained for the ST mass function,
it is deduced that the constraints on the fraction of PBHs
can be strengthened while considering the DP mass
function. Moreover, our results show that the relative
amplification of the merger rate of PBHs changes inversely
with their masses.
Although the current analysis improves our previous

results of the merger rate of PBHs in dark matter halos, the
conditions considered therein are not necessarily satisfied.
Hence, the analysis presented in this work may include
theoretical uncertainties. For example, possible three-body
encounters as more complicated channels for the binary
formation, and binary disruption by tidal forces of sur-
rounding compact objects. It is hoped that these uncer-
tainties can be minimized in the near future.
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