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There exists observational evidence to believe in the existence of primordial magnetic fields generated
during inflation. We study primordial gravitational waves (PGWs) during inflation in the presence of
magnetic fields sustained by a gauge kinetic coupling. In the model, not only gravitons as excitations of
PGWs, but also photons as excitations of electromagnetic fields are highly squeezed. They become
entangled with each other through graviton to photon conversion and vice versa. We derive the reduced
density matrix for the gravitons and calculate their entanglement entropy. It turns out that the state of the
gravitons is not a squeezed state but a mixed state. Although witnessing such an entanglement is not
feasible at present, it would be an important experimental challenge.
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I. INTRODUCTION

The inflationary cosmology predicts the existence of
primordial gravitational waves (PGWs) that stems from
quantum fluctuations. Hence, the detection of PGWs gives
strong evidence of inflationary cosmology. In particular,
if we could observe the quantum nature of PGWs, it
would imply a discovery of gravitons. Therefore, there are
several experimental projects for detecting PGWs [1–4].
Remarkably, the quantum state of gravitons gets squeezed
during inflation [5–9]. Hence, one way to prove the
quantum nature of PGWs would be to find evidence of
the squeezed state of gravitons. However, it has still been a
challenge to detect PGWs by laser interferometers through
the statistical property of the squeezed state [10,11]. Some
other ideas for detecting nonclassical PGWs using their
squeezed state are proposed. One is to use the Hanbury
Brown-Twiss interferometry, which can distinguish non-
classical particles from classical ones by measuring
intensity-intensity correlations [12,13]. Another idea is to
detect primordial gravitons indirectly by measuring their
noise in the interferometers [14–17] or by measuring the
decoherence time of a quantum object caused by the
surrounding primordial gravitons [18].
We expect that the gravitons that went through inflation

keep their squeezed states until today unless the environ-
mental effects on them are considered. However, if the

gravitons were surrounded by matter fields during inflation,
they may not be able to keep their squeezed states anymore.
We can think of a scalar field (inflaton) and a vector field
as the matter field during inflation. Since the inflaton field
couples with PGWs in the form of the gradient, the
coupling with the vector field would be more effective.
From the point of view of observations, primordial
magnetic fields may have existed during inflation. In fact,
there are observations that cannot be explained without
the presence of primordial magnetic fields [19–24].
Furthermore, if a coherence length of magnetic fields
in megaparsec scales were found, we need to consider
magnetic fields generated during inflation [25,26]. Hence,
in this paper, we investigate whether gravitons sur-
rounded by primordial magnetic fields can keep their
squeezed states.
The presence of background magnetic fields causes

the conversion of gravitons into photons and vice versa
[27,28]. These photons could be the dark photon [29].
Therefore, we need to investigate the effect of the con-
version process on the squeezed state of gravitons. In our
previous paper, we assumed the presence of primordial
magnetic fields at the beginning of inflation and examined
the evolution of the squeezing parameters of gravitons and
photons in the process of graviton to photon conversion
mediated by the background magnetic field [30]. There, it
turned out that the squeezing of gravitons was robust
against the conversion process. This was because the
background magnetic field rapidly decays due to inflation.
Then we concluded that gravitons keep their squeezed
states even in the presence of the background magnetic
fields. However, if magnetic fields decay slowly during
inflation, gravitons may lose their squeezed states. In this
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case, graviton to photon conversion never ends as long as
magnetic fields survive during inflation. Hence, in this
paper, we study the conversion process of gravitons in the
presence of magnetic fields that decay slowly during
inflation and see if the gravitons can keep their squeezed
states until today. Remarkably, we find that the magnetic
fields generate the maximal entanglement between grav-
itons and photons. As a consequence, the quantum state of
gravitons becomes a mixed state instead of the squeezed
(pure) state. We note that it is a challenge to detect such
entanglement directly. However, it would be worth pursu-
ing the endeavor to find evidence of the quantum nature of
primordial GWs.
The organization of the paper is as follows. In Sec. II, we

introduce a model describing the situation where magnetic
fields are persistently generated. Then, we review the
graviton-photon conversion during inflation. In Sec. III,
we solve the dynamics and calculate Bogoliubov coeffi-
cients describing the time evolution of the quantum state.
We obtain the four-mode squeezed state as a consequence
of graviton to photon conversion. In Sec. IV, we calculate
entanglement entropy between gravitons and photons. We
discuss the quantum state at present in the presence of the
entanglement.

II. GRAVITON-PHOTON CONVERSION

We begin with the Einstein-Hilbert action and the action
for a Uð1Þ gauge field coupled to a scalar field:

S ¼ Sg þ Sϕ þ SA

¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
R −

1

2
ð∂μϕÞð∂μϕÞ

− VðϕÞ − 1

4
f2ðϕÞFμνFμν

�
; ð2:1Þ

where Mpl ¼ 1=
ffiffiffiffiffiffiffiffiffi
8πG

p
is the Planck mass. The gauge field

Aμ represents photons and the field strength is defined
by Fμν ¼ ∂μAν − ∂νAμ.
The background inflationary dynamics is determined by

the metric

ds2 ¼ a2ðηÞ½−dη2 þ δijdxidxj�; ð2:2Þ

and the inflaton ϕðηÞ. Once the background is given, the
coupling function can be regarded as a function of the
conformal time η; f ¼ fðηÞ. We also assume the presence
of constant magnetic fields Bi ¼ constant. It should be
emphasized that the physical magnetic fields are not Bi but
fBi. In the next section, we consider the quantum evolution
of gravitons and photons in the above background.

A. Primordial gravitational waves

We consider gravitons in a spatially flat expanding
background represented by tensor mode perturbations in
the three-dimensional metric hij,

ds2 ¼ a2ðηÞ½−dη2 þ ðδij þ hijÞdxidxj�; ð2:3Þ
where hij satisfies the transverse traceless conditions
hij;j ¼ hii ¼ 0. The spatial indices i; j; k; � � � are raised
and lowered by δij and δkl. In the case of de Sitter space,
the scale factor is given by aðηÞ ¼ −1=ðHηÞ where
−∞ < η < 0.
Expanding the Einstein-Hilbert action up to the second

order in perturbations hij, we have

δSg ¼
M2

pl

8

Z
d4xa2½hij0h0ij − hij;khij;k�; ð2:4Þ

where a prime denotes the derivative with respect to the
conformal time. At this quadratic order of the action, it is
convenient to expand hijðη; xiÞ in Fourier modes,

hijðη; xiÞ ¼
2

Mpl

X
P

1

ð2πÞ3=2
Z

d3khPk ðηÞePijðkÞeik·x; ð2:5Þ

where three-vectors are denoted by bold math type and
ePijðkÞ are the polarization tensors for the k mode normal-

ized as eijPðkÞeQijðkÞ ¼ δPQ with P;Q ¼ þ;×. Then the
action (2.4) in the Fourier modes becomes

δSg ¼
1

2

X
P

Z
d3kdηa2½jhP0k j2 − k2jhPk j2�: ð2:6Þ

B. Primordial magnetic fields

Next, we consider the action for the photon up to the
second order in perturbations Ai, which is given by

δSA ¼ 1

2

Z
d4xf2½A02

i − A2
k;i�; ð2:7Þ

where the photon field satisfies the Coulomb gauge A0 ¼ 0

and Ai
;i ¼ 0.

If we expand the Aiðη; xiÞ in the Fourier modes, we find

Aiðη; xiÞ ¼
X
P

�i

ð2πÞ3=2
Z

d3kAP
k ðηÞePi ðkÞeik·x; ð2:8Þ

where ePi ðkÞ are the polarization vectors for the k mode
normalized as eiPðkÞeQi ðkÞ ¼ δPQ with P;Q ¼ þ;×. The
sign of�i corresponds to the P;Q ¼ þ;×. The action (2.7)
in the Fourier modes is

δSA ¼ 1

2

X
P

Z
d3kdηf2½jAP0

k j2 − k2jAP
k j2�: ð2:9Þ
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C. Graviton-photon interaction

The action for the interaction between the graviton and
the photon up to second order in perturbations hij, Ai is
found to be

δSI ¼
Z

d4x½εilmf2Bmhijð∂jAl − ∂lAjÞ�: ð2:10Þ

Note that Bm ¼ εmjl∂jAl is a constant background mag-
netic field that we assumed the presence at the beginning of
inflation.
In the Fourier mode defined in Eqs. (2.5) and (2.8),

δSI ¼
2

Mpl

X
P;Q

Z
d3kdηf2

�
εilmBmhPkA

Q
−ke

P
ijðkÞ

×

�
ikle

Q
j ð−kÞ − ikje

Q
l ð−kÞ

��
; ð2:11Þ

where k ¼ jkj. Polarization vectors eiþ, ei× and a vector
ki=k constitute an orthonormal basis. Without loss of
generality, we assume the constant background magnetic
field is in the (ki; ei×)-plane as depicted in Fig. 1.
The polarization tensors can be written in terms of

polarization vectors eiþ and ei× as

eþijðkÞ ¼
1ffiffiffi
2

p feþi ðkÞeþj ðkÞ − e×i ðkÞe×j ðkÞg; ð2:12Þ

e×ijðkÞ ¼
1ffiffiffi
2

p feþi ðkÞe×j ðkÞ þ e×i ðkÞeþj ðkÞg: ð2:13Þ

Below, we assume e×i ð−kÞ ¼ −e×i ðkÞ. The action (2.11) is
then written as

δSI ¼
Z

d3kdηf2λðkÞ½hþk ðηÞAþ
−kðηÞ þ h×k ðηÞA×

−kðηÞ�;

ð2:14Þ

where we defined the coupling between graviton and
photon as

λðkÞ≡
ffiffiffi
2

p

Mpl
εilmeþi klBm: ð2:15Þ

Here, the conditions for the graviton and photon to be real
read, hþ;×

−k ðηÞ ¼ h�þ;×
k ðηÞ and Aþ;×

−k ðηÞ ¼ −A�þ;×
k ðηÞ. In the

following, we focus on the plus polarization and omit the
index P unless there may be any confusion.

D. Total action in canonical variables

If we use the canonical variable yPk ðηÞ ¼ ahPk ðηÞ and
xPk ðηÞ ¼ fAP

k ðηÞ, the total action of Eqs. (2.6), (2.9), and
(2.14) are written as

δS ¼ δSy þ δSx þ δSI

¼ 1

2

Z
d3kdη

�
jy0kj2 −

�
k2 −

�
a0

a

�
2
�
jykj2 −

a0

a
ðyky0−k þ y−ky0kÞ

�

þ 1

2

Z
d3kdη

�
jx0kj2 −

�
k2 −

�
f0

f

�
2
�
jxkj2 −

f0

f
ðxkx0−k þ x−kx0kÞ

�
þ
Z

d3kdη

�
f
a
λðkÞykx−k

�
: ð2:16Þ

The variation of the actions (2.16) with respect to the
graviton and the photon fields gives

y00k þ
�
k2 −

a00

a

�
yk ¼ −λf

xk
a
; ð2:17Þ

x00k þ
�
k2 −

a00

a

�
xk ¼ −λf

yk
a
: ð2:18Þ

We assume the gauge kinetic function in the form

fðηÞ ¼ aðηÞ−2c; ð2:19Þ

where c is a constant parameter. We take c ¼ −1=2 to make
the analysis easier. For this parameter, the power spectrum
of the electromagnetic fields Aμ is scale-invariant [31]. We
have a choice of taking c ¼ −1 in order to have a scale-
invariant primordial magnetic field. However, we will see
c ¼ −1=2 is sufficient to get a significant modification of
the quantum state of gravitons.

FIG. 1. Configuration of the polarization vector ePðkÞ, wave
number k, and background magnetic field B.
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III. TIME EVOLUTION OF QUANTUM STATE

Using the basic equations presented in the previous
section, we solve the time evolution of the quantum
state in de Sitter space in this section. We assume the
effect of the coupling λ instantaneously appears at ηi,
namely, λðηÞ ¼ λθðη − ηiÞ.
When we define the Lagrangian in the actions (2.16) by

δS ¼ R
dηL, the conjugate momenta of graviton pk and

photon πk are respectively given by

pkðηÞ ¼
∂L
∂y0−k

¼ y0kðηÞ þ
1

η
ykðηÞ; ð3:1Þ

πkðηÞ ¼
∂L
∂x0−k

¼ x0kðηÞ þ
1

η
xkðηÞ: ð3:2Þ

Now we promote variables ykðηÞ, xkðηÞ and their momenta
pkðηÞ, πkðηÞ into operators. Annihilation operators for the
graviton and photon are respectively expressed by canoni-
cal variables as

âyðη; kÞ ¼
ffiffiffi
k
2

r
ŷkðηÞ þ

iffiffiffiffiffi
2k

p p̂kðηÞ; ð3:3Þ

âxðη; kÞ ¼
ffiffiffi
k
2

r
x̂kðηÞ þ

iffiffiffiffiffi
2k

p π̂kðηÞ: ð3:4Þ

The commutation relations ½âyðη; kÞ; â†yðη;−k0Þ� ¼
δðkþ k0Þ and ½âxðη; kÞ; â†xðη;−k0Þ� ¼ δðkþ k0Þ guarantee
the canonical commutation relations ½ŷkðηÞ; p̂k0 ðηÞ� ¼
iδðk − k0Þ and ½x̂kðηÞ; π̂k0 ðηÞ� ¼ iδðk − k0Þ. Note that the
annihilation operator becomes time-dependent through the
time dependence of canonical variables. Thus, the vacuum
defined by âðη; kÞj0i ¼ 0 is time dependent as well,
and the vacuum in this formalism turns out to be defined
at every moment. Our aim is to find the formula for
Bogoliubov coefficients relating âyðη; kÞ; âxðη; kÞ and
âyðηi; kÞ; âxðηi; kÞ.

A. Boundary conditions

In this subsection, we specify boundary conditions of
solutions of Eqs. (2.17) and (2.18). Notice that λ ¼ 0 before
the initial time ηi.
Let us first consider Eqs. (2.17) and (2.18) of the form

ŷð0Þ00k þ
�
k2 −

2

η2

�
ŷð0Þk ¼ 0; ð3:5Þ

x̂ð0Þ00k þ
�
k2 −

2

η2

�
x̂ð0Þk ¼ 0; ð3:6Þ

where the superscript (0) denotes λ ¼ 0. Since Eqs. (3.5)
and (3.6) are the same form, the mode function for the

graviton and the photon at the zeroth order becomes
identical. Then the solutions of the above equations can
be written as

ŷð0Þk ðηÞ ¼ ukðηÞĉþ u�kðηÞĉ†; ð3:7Þ

x̂ð0Þk ðηÞ ¼ ukðηÞd̂þ u�kðηÞd̂†; ð3:8Þ

where ĉðd̂Þ and its conjugate ĉ†ðd̂†Þ are constant operators
of integration. We choose the properly normalized positive
frequency mode in the remote past as a basis, which is
expressed as

ukðηÞ ¼
1ffiffiffiffiffi
2k

p
�
1 −

i
kη

�
e−ikη: ð3:9Þ

Thus, annihilation operators at the initial time are expressed
by the zeroth order variables

âyðηi; kÞ ¼
�
1 −

i
2kηi

�
e−ikηi ĉþ i

2kηi
eikηi ĉ†; ð3:10Þ

âxðηi; kÞ ¼
�
1 −

i
2kηi

�
e−ikηi d̂þ i

2kηi
eikηi d̂†: ð3:11Þ

Combining Eqs. (3.10) and (3.11) with their complex
conjugate, we can express the ĉ and the d̂ by the initial
creation and annihilation operators as

ĉ¼
�
1þ i

2kηi

�
eikηi âyðηi;kÞ−

i
2kηi

eikηi â†yðηi;−kÞ; ð3:12Þ

d̂¼
�
1þ i

2kηi

�
eikηi âxðηi;kÞ−

i
2kηi

eikηi â†xðηi;−kÞ: ð3:13Þ

Thus, we have obtained the boundary conditions. By
solving Eqs. (2.17) and (2.18) with f ¼ a analytically,
we will take into account the effect of interaction between
gravitons and photons in the next subsection.

B. Bogoliubov coefficients

To properly take into account the boundary conditions at
ηi, it is convenient to diagonalize equations of motion
(2.17), (2.18) as

Y 00
k þ

�
k2 −

2

η2
þ λ

�
Yk ¼ 0; ð3:14Þ

X00
k þ

�
k2 −

2

η2
− λ

�
Xk ¼ 0; ð3:15Þ

where we defined Yk¼ðxkþykÞ=2 and Xk ¼ ðxk − ykÞ=2.
The solutions of Eqs. (3.14) and (3.15) are written as

063503-4

PHYS. REV. D 107, 063503 (2023)KANNO, MUKUNO, SODA, and UEDA



Ỹkðη; λÞ ¼ c1Ykðη; λÞ þ c2Y�
kðη; λÞ; ð3:16Þ

X̃kðη; λÞ ¼ c1Xkðη; λÞ þ c2X�
kðη; λÞ; ð3:17Þ

where c1 and c2 are constants of integration. We defined

Ykðη;λÞ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
ffiffiffiffiffiffiffiffiffiffiffiffi
k2þλ

pp
�
1−

iffiffiffiffiffiffiffiffiffiffiffiffi
k2þλ

p
η

�
e−i

ffiffiffiffiffiffiffiffi
k2þλ

p
η; ð3:18Þ

Xkðη;λÞ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
ffiffiffiffiffiffiffiffiffiffiffi
k2−λ

pp
�
1−

iffiffiffiffiffiffiffiffiffiffiffi
k2−λ

p
η

�
e−i

ffiffiffiffiffiffiffi
k2−λ

p
η: ð3:19Þ

Note that we take the same constants of integration for Ỹk

and X̃k so that Ỹkðη; λÞ and X̃kðη; λÞ are interchanged by
switching λ to −λ. Then we can construct the odd and even
solution with respect to λ as

FðoddÞ
k ðη; λÞ ¼ 1

2

�
Ỹkðη; λÞ − X̃kðη; λÞ

�
; ð3:20Þ

FðevenÞ
k ðη; λÞ ¼ 1

2

�
Ỹkðη; λÞ þ X̃kðη; λÞ

�
; ð3:21Þ

respectively. Here, we call Eq. (3.20) odd solution because
a minus sign comes out by switching λ to −λ. The
coefficients c1 and c2 are given by the junction condition
at η ¼ ηi.
Let us solve the dynamics with the boundary conditions

ŷkðη; λÞjη<ηi ¼ ukðηÞ; ð3:22Þ

x̂kðη; λÞjη<ηi ¼ ukðηÞ: ð3:23Þ

where we assumed that the positive frequency mode of de
Sitter space is realized before the time ηi. After the time ηi,
the gravitons and photons start to interact each other.
Taking into account the relations Yk ¼ ðxk þ ykÞ=2 and
Xk ¼ ðxk − ykÞ=2, we can deduce the graviton field and its
conjugate momentum as

ŷkðη; λÞ ¼ FðevenÞ
k ðη; λÞĉþ FðoddÞ

k ðη; λÞd̂þ H:c:; ð3:24Þ

p̂kðη; λÞ ¼ FðevenÞ0
k ðη; λÞĉþ FðoddÞ0

k ðη; λÞd̂

þ 1

η

�
FðevenÞ
k ðη; λÞĉþ FðoddÞ

k ðη; λÞd̂
�

þ H:c:; ð3:25Þ

where we used Eq. (3.1) and H.c. represents Hermitian
conjugate. We see that the operator of photon d̂ comes into

the graviton ŷk and p̂k together with F
ðoddÞ
k . For the photon,

the field and its conjugate momentum become

x̂kðηÞ ¼ FðevenÞ
k ðη; λÞd̂þ FðoddÞ

k ðη; λÞĉþ H:c:; ð3:26Þ

π̂kðηÞ ¼ FðevenÞ0
k ðη; λÞd̂þ FðoddÞ0

k ðη; λÞĉ

þ 1

η

�
FðevenÞ
k ðη; λÞd̂þ FðoddÞ

k ðη; λÞĉ
�

þ H:c:; ð3:27Þ

where we used Eq. (3.2). We see that the operator of
graviton ĉ comes into the photon x̂k and π̂k together with

FðoddÞ
k . Then the annihilation operators for the graviton and

photon are obtained by using Eqs. (3.3) and (3.4) such as

âyðη; kÞ ¼ ψ ðevenÞ
p ĉþ ψ ðevenÞ�

m ĉ† þ ψ ðoddÞ
p d̂þ ψ ðoddÞ�

m d̂†;

ð3:28Þ

âxðη; kÞ ¼ ψ ðevenÞ
p d̂þ ψ ðevenÞ�

m d̂† þ ψ ðoddÞ
p ĉþ ψ ðoddÞ�

m ĉ†:

ð3:29Þ

Here, we defined new variables

ψ ðjÞ
p ¼

ffiffiffi
k
2

r
FðjÞ
k ðη; λÞ þ iffiffiffiffiffi

2k
p

�
FðjÞ0
k ðη; λÞ þ 1

η
FðjÞ
k ðη; λÞ

�
;

ð3:30Þ

ψ ðjÞ
m ¼

ffiffiffi
k
2

r
FðjÞ
k ðη; λÞ − iffiffiffiffiffi

2k
p

�
FðjÞ0
k ðη; λÞ þ 1

η
FðjÞ
k ðη; λÞ

�
;

ð3:31Þ

where ðjÞ ¼ ðevenÞ; ðoddÞ denotes the even mode and odd
mode with respect to the coupling λ, respectively.
Inserting the above back into Eqs. (3.28) and (3.29),

the time evolution of the annihilation operator of the
graviton is described by the Bogoliubov transformation
in the form
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âyðη; kÞ ¼
�
ψ ðevenÞ
p

�
1þ i

2kηi

�
eikηi þ ψ ðevenÞ�

m
i

2kηi
e−ikηi

�
âyðηi; kÞ

þ
�
ψ ðevenÞ
p

�
−

i
2kηi

�
eikηi þ ψ ðevenÞ�

m

�
1 −

i
2kηi

�
e−ikηi

�
â†yðηi;−kÞ

þ
�
ψ ðoddÞ
p

�
1þ i

2kηi

�
eikηi þ ψ ðoddÞ�

m
i

2kηi
e−ikηi

�
âxðηi; kÞ

þ
�
ψ ðoddÞ
p

�
−

i
2kηi

�
eikηi þ ψ ðoddÞ�

m

�
1 −

i
2kηi

�
e−ikηi

�
â†xðηi;−kÞ; ð3:32Þ

and the time evolution of annihilation operator of photon is expressed by the Bogoliubov transformation such as

âxðη; kÞ ¼
�
ψ ðevenÞ
p

�
1þ i

2kηi

�
eikηi þ ψ ðevenÞ�

m
i

2kηi
e−ikηi

�
âxðηi; kÞ

þ
�
ψ ðevenÞ
p

�
−

i
2kηi

�
eikηi þ ψ ðevenÞ�

m

�
1 −

i
2kηi

�
e−ikηi

�
â†xðηi;−kÞ

þ
�
ψ ðoddÞ
p

�
1þ i

2kηi

�
eikηi þ ψ ðoddÞ�

m
i

2kηi
e−ikηi

�
âyðηi; kÞ

þ
�
ψ ðoddÞ
p

�
−

i
2kηi

�
eikηi þ ψ ðoddÞ�

m

�
1 −

i
2kηi

�
e−ikηi

�
â†yðηi;−kÞ: ð3:33Þ

We see that the Bogoliubov transformations for grav-
iton and photon are symmetric each other. The
Bogoliubov transformations show the particle produc-
tion during inflation and the mixing between graviton
and photon.
Let us introduce a matrix form of the Bogoliubov trans-

formations for the calculations below. The Bogoliubov
transformation (3.32) and (3.33) and their conjugate can
be accommodated into the simple 4 × 4 matrix form M

0
BBB@

ayðηÞ
a†yðηÞ
axðηÞ
a†xðηÞ

1
CCCA¼M

0
BBB@

ayðηiÞ
a†yðηiÞ
axðηiÞ
a†xðηiÞ

1
CCCA¼

�
A B

B A

�
0
BBB@

ayðηiÞ
a†yðηiÞ
axðηiÞ
a†xðηiÞ

1
CCCA: ð3:34Þ

Here, the M consists of 2 × 2 matrices A and B. The A is
written by the even-order solutions,

Aeven ¼
�

K�
even −L�

even

−Leven Keven

�
; ð3:35Þ

where we defined

Keven ¼ ψ ðevenÞ�
p

�
1 −

i
2kηi

�
e−ikηi − ψ ðevenÞ

m
i

2kηi
eikηi ;

ð3:36Þ

Leven ¼ −ψ ðevenÞ�
p

i
2kηi

e−ikηi − ψ ðevenÞ
m

�
1þ i

2kηi

�
eikηi :

ð3:37Þ

The B comes from the first order solution expressed as

B ¼
�

K�
odd −L�

odd

−Lodd Kodd

�
; ð3:38Þ

where we defined

Kodd ¼ψ ðoddÞ�
p

�
1−

i
2kηi

�
e−ikηi −ψ ðoddÞ

m
i

2kηi
eikηi ; ð3:39Þ

Lodd ¼ −ψ ðoddÞ�
p

i
2kηi

e−ikηi − ψ ðoddÞ
m

�
1þ i

2kηi

�
eikηi :

ð3:40Þ

C. Inversion of the Bogoliubov transformation

In the previous subsection, we obtained the Bogoliubov
transformation that mix the operators âyðη; kÞ, âxðη; kÞ and
their Hermitian conjugates â†yðη;−kÞ, â†xðη;−kÞ. Then the
initial state is defined by

âyðηi; kÞjBDi ¼ âxðηi; kÞjBDi ¼ 0: ð3:41Þ
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Here, jBDi is a vacuum deviated from the Bunch-Davies
vacuum due to the presence of the constant background
magnetic field. In order to impose these conditions, we
need to invert the Bogoliubov transformations (3.32) and
(3.33) into the form

âyðηi; kÞ ¼ αâyðη; kÞ þ βâ†yðη;−kÞ þ γâxðη; kÞ
þ δâ†xðη;−kÞ; ð3:42Þ

âxðηi; kÞ ¼ γâyðη; kÞ þ δâ†yðη;−kÞ þ αâxðη; kÞ
þ βâ†xðη;−kÞ; ð3:43Þ

where α, β, γ, δ are the Bogoliubov coefficients. In order to
find these coefficients, we need the inverse of the matrixM,
which is calculated as

M−1 ¼
� ðA − BA−1BÞ−1 −ðAB−1A − BÞ−1
−ðAB−1A − BÞ−1 ðA − BA−1BÞ−1

�
: ð3:44Þ

From Eqs. (3.42) and (3.43), the M−1 is also written as

M−1 ¼

0
BBB@

α β γ δ

β� α� δ� γ�

γ δ α β

δ� γ� β� α�

1
CCCA: ð3:45Þ

By comparing Eq. (3.44) with (3.45), we can obtain the
Bogoliubov coefficients α, β, γ, δ numerically.

D. Squeezed state

In the previous subsection, we obtained the Bogoliubov
coefficients of Eqs. (3.42) and (3.43). If we apply the
Eqs. (3.42) and (3.43) to the definition of the initial state
(3.41) and use the relations ½âyðη; kÞ; â†yðη;−k0Þ� ¼
δðkþ k0Þ, ½âxðη; kÞ; â†xðη;−k0Þ� ¼ δðkþ k0Þ and ½âyðη; kÞ;
âxðη;−k0Þ� ¼ 0, the initial state can be written by using
squeezing parameters Λ and Ξ of the form

jBDi¼
Y∞

k¼−∞
exp

�
Λ
2
â†yðη;kÞâ†yðη;−kÞþΞâ†yðη;kÞâ†xðη;−kÞ

þΛ
2
â†xðη;kÞâ†xðη;−kÞ

�
j0i; ð3:46Þ

where j0i is the instantaneous vacuum defined by

âyðη; kÞj0i ¼ âxðη; kÞj0i ¼ 0: ð3:47Þ

Note that Λ and Ξ are complex parameters. The squeezing
parameter of a graviton-graviton pair and a photon-photon
pair is written by the same Λ. This is because the
Bogoliubov transformations (3.32) and (3.33) are symmet-
ric. The squeezing of graviton-photon pair is expressed by

the Ξ. This describes a four mode squeezed state of pairs of
graviton y and photon x. In a different context, a four-mode
squeezed state of two free massive scalar fields is discussed
in [32,33]. If we expand the exponential function in Taylor
series, we find

jBDi ¼
Y
k

X∞
p;q;r¼0

ΛpþrΞq

2pþrp!q!r!
jpþ qiy;k ⊗ jpiy;−k ⊗ jrix;k

⊗ jqþ rix;−k: ð3:48Þ

This is a four-mode squeezed state which consists of an
infinite number of entangled particles in the Hy;k ⊗
Hy;−k ⊗ Hx;k ⊗ Hx;−k space. In particular, in the highly
squeezing limit Λ;Ξ → 1, the Bunch-Davies vacuum
becomes the maximally entangled state from the point of
view of the instantaneous vacuum.
Now we find the squeezing parameters Ξ and Λ. The

condition âyðηi; kÞjBDi ¼ 0 of Eq. (3.41) yields

αΛþ β þ γΞ ¼ 0; αΞþ γΛþ δ ¼ 0; ð3:49Þ

and another condition âxðηi; kÞjBDi ¼ 0 gives the same
equations. Then, we obtain the two squeezing parameters Λ
and Ξ of the form

Λ ¼ γδ − βα

α2 − γ2
; Ξ ¼ βγ − αδ

α2 − γ2
: ð3:50Þ

The results of numerical calculations for the squeezing
parameters Λ and Ξ versus aðηÞ with different values of
k are plotted in Figs. 2 and 3, respectively, where we
normalized the scale factor at the end of the inflation
as aðηfÞ ¼ 1. We note that the coupling Eq. (2.15) is
expressed as

FIG. 2. The squeezing parameter of gravitons or photons
as a function of the scale factor of aðηÞ. Other parameters are
set as H ¼ 1014 GeV, ηi ¼ −1 GeV−1, ηf ¼ −10−14 GeV−1,
aðηiÞ ¼ 10−14, aðηfÞ ¼ 1.
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λðkÞ≡
ffiffiffi
2

p

Mpl
kjBj sin θ; ð3:51Þ

where θ is the angle between the magnetic field and
the wave number vectors depicted in Fig. 1. Apparently,
the magnitude of the λðkÞ depends on the θ. Therefore, the
squeezing parameters depend on the direction of the wave-
number vector of gravitons for the fixed magnetic field.
For simplicity, we take θ ¼ π=2 in the following.
In Fig. 2, we plotted the squeezing parameter Λ as a

function of the scale factor aðηÞ. We see that the amplitude
of Λ goes to unity after the horizon exit and graviton and
photon pair production become maximum during inflation.
That is, the maximum entangled pairs of graviton and
photon are produced. Figure 3 shows that graviton-photon
pair production occurs but the production keeps decreasing
after the horizon exit.

IV. GRAVITON STATE AT PRESENT

The standard lore about PGWs is that the quantum state
of PGWs (gravitons) becomes squeezed during inflation
due to the mechanism we discussed in the previous section.
Hence, it is believed that finding the squeezed gravitons
turns out to prove inflation. In this section, we see the
quantum state of gravitons can be a mixed state in the
presence of magnetic fields. This result tells us that we have
to reconsider how to estimate the nonclassicality of the
primordial gravitational waves.

A. Schmidt decomposition

In the previous section, we found that the squeezing of
the graviton-photon pair is produced but eventually dis-
appears during inflation. In this subsection, we reveal the
entanglement between the graviton-photon pairs. We com-
pute the entanglement entropy between gravitons and

photons by tracing over the photons using the method
developed in [34,35].
The initial state expressed in Eq. (3.46) and it is difficult

to trace over the photon degree of freedom. Thus, we
perform the following Bogoliubov transformation

Ĉy;k ¼Φây;kþΨâ†y;−k; Ĉx;k¼ϒâx;kþΩâ†x;−k; ð4:1Þ

where jΦj2 − jΨj2 ¼ 1, jϒj2 − jΩj2 ¼ 1 so that the state
jBDi becomes in the Schmidt form

jBDi ¼
Y∞

k¼−∞
exp½ρĈ†

y;kĈ
†
x;−k�j00iy;kj00ix;−k: ð4:2Þ

Note that we consider different Bogoliubov coefficients
between ðΦ;ΨÞ and ðϒ;ΩÞ because the Λ and Ξ in
Eq. (3.46) are complex parameters. Here new vacuum
states are defined by

Ĉy;kj00iy;k ¼ 0; Ĉx;kj00ix;k ¼ 0: ð4:3Þ

Performing the new operators Ĉy;k and Ĉx;k on Eq. (4.2),
we obtain the following relations,

Ĉy;kjBDi ¼ ρĈ†
x;−kjBDi; ð4:4Þ

Ĉx;kjBDi ¼ ρĈ†
y;−kjBDi: ð4:5Þ

By using Eq. (4.1), the above relations lead to the equations
for the Bogoliubov coefficients as

0
BBB@

Λ 1 0 −ρΞ
Ξ 0 −ρ −ρΛ
−ρ� −ρ�Λ� Ξ� 0

0 −ρ�Ξ� Λ� 1

1
CCCA

0
BBB@

Φ
Ψ
ϒ�

Ω�

1
CCCA ¼ 0: ð4:6Þ

In order to find a nontrivial solution, the determinant of the
above 4 by 4 matrix has to be zero. That is, jρj2 satisfies

jρj2 ¼ Q −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2 − 1

p
; ð4:7Þ

where we have defined

Q ¼ ðjΛj2 − 1Þ2 þ jΞj4 − 2ReðΞ2Λ�2Þ
2jΞj2 : ð4:8Þ

In Fig. 4, we plotted jρj2 versus aðηÞ for various values of
k under a fixed value of jBj. Here, λ is automatically
determined once k is fixed because of Eq. (3.51) where we
take θ ¼ π=2. We see that jρj2 goes to unity irrespective of
the value of k after the horizon exit if the value of jBj is
fixed. Hence, the squeezing of graviton-photon pair in the

FIG. 3. The squeezing parameter of graviton and photon pair as
a function of aðηÞ. Other parameters are set as H ¼ 1014 GeV,
ηi¼−1GeV−1, ηf ¼ −10−14 GeV−1, aðηiÞ ¼ 10−14, aðηfÞ ¼ 1.
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basis j00iy;kj00ix;−k turns out to be almost maximum, while
Ξ in the basis of j0i eventually vanishes as shown in Fig. 3.

B. Entanglement entropy

Since gravitons and photons are coupled to each other
through λ as in Eqs. (2.17) and (2.18), they are expected to
get entangled eventually. In the previous subsection, we
find the squeezing of the graviton-photon pair becomes
almost maximum in the basis of j00iy;kj00ix;−k but even-
tually vanish in the basis of j0i. In order to clarify whether
they get entangled or not, we compute the entanglement
entropy as a measure of entanglement. The entanglement
entropy is basis independent.
We define the density operator of the vacuum jBDi in

Eq. (4.2) by

σ¼ jBDihBDj

¼ ð1− jρj2Þ
Y
k;−k

X∞
n0;m0¼0

ρn
0
ρ�m0 jn0iy;kjn0ix;−ky;khm0jx;−khm0j:

ð4:9Þ

The reduced density operator for the gravitons is obtained
by tracing over the degree of freedom of photons such as

σy ¼ TrxjBDihBDj ¼
X
i

x;k0 hijBDihBDjiix;k0

¼ ð1 − jρj2Þ
X∞
n0¼0

jρj2njn0iy;ky;khn0j: ð4:10Þ

The entanglement entropy between the graviton and photon
can be characterized by

S ¼ −Tryσy log σy

¼ −
X∞
n0¼0

ð1 − jρj2Þjρj2n0 ðlogð1 − jρj2Þ þ n0 log jρj2Þ

¼ − logð1 − jρj2Þ − jρj2
1 − jρj2 log jρj

2: ð4:11Þ

In Fig. 5, we plotted the entanglement entropy for
various values of k under a fixed value of jBj, which
clearly shows that the graviton and photon are highly
entangled during inflation. As well as the result of Fig. 4,
the asymptotic value of SðaÞ becomes the same irrespective
of the value of k.
In Fig. 6, the entanglement entropy for various values of

λ under a fixed value of k is plotted. In this case, the

FIG. 6. The entanglement entropy of graviton and photon
field induced by the coupling of background magnetic field with
a different magnetic field. Each line with a different color
represents a different magnetic field. Other parameters are set
as H ¼ 1014 GeV, ηi ¼ −1 GeV−1, and ηf ¼ −10−14 GeV−1,
aðηiÞ ¼ 10−14, and aðηfÞ ¼ 1.

FIG. 4. Plots of the parameter jρðaÞj2 as a function of aðηÞ.
Other parameters are set as H ¼ 1014 GeV, ηi ¼ −1 GeV−1,
ηf ¼ −10−14 GeV−1, λ ¼ 10 GeV2, aðηiÞ ¼ 10−14, aðηfÞ ¼ 1.

FIG. 5. Entanglement entropy between graviton and photon
as a function of aðηÞ. Other parameters are set as H¼1014GeV,
ηi¼−1GeV−1, ηf¼−10−14GeV−1, aðηiÞ¼10−14, and aðηfÞ¼1.
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different λ corresponds to different jBj because of
Eq. (3.51) where θ ¼ π=2.

V. CONCLUSION

We studied primordial gravitational waves (PGWs) in
the presence of magnetic fields that survive during infla-
tion. In contrast to conventional inflation, where only
PGWs are highly squeezed, we considered a system that
electromagnetic fields are highly squeezed as well. We
showed that graviton to photon conversion and vice versa
never end as long as inflation lasts, and then gravitons and
photons get highly entangled. We derived a reduced density
matrix of the gravitons and calculated their entanglement
entropy by using the reduced density matrix. We revealed
that quantum states of the primordial gravitons observed
today are not squeezed (pure) states but mixed states.
Our findings have important implications for the quan-

tum state of primordial gravitons. So far, states of primor-
dial gravitons are regarded as squeezed pure states.
However, if magnetic fields had coupled with gravitons
during inflation, the primordial gravitons observed today
would be mixed states. Then the estimation of observables
has to be changed. Our results also open up the possibility

of probing primordial magnetic fields through the obser-
vations of the nonclassicality of primordial gravitational
waves. It is a challenge to witness such entanglement.
However, it would be worth pursuing endeavors to find
evidence of the quantum nature of primordial GWs.
As we mentioned below Eq. (2.19), we considered the

coupling parameter c ¼ −1=2 instead of the scale-invariant
one c ¼ −1. In the case of c ¼ −1=2, the physical
magnetic fields decay as fB ∝ 1=a, which is slower than
the normal scaling∝ 1=a2. On the other hand, in the case of
c ¼ −1, the physical magnetic fields fB does not decay
during inflation. Hence, we would be able to expect more
drastic effects on the quantum state of gravitons. We leave
the analysis of this case for future work.
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