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Primordial black holes (PBHs) can be not only cold dark matter candidates but also progenitors of binary
black holes observed by LIGO-Virgo-KAGRA (LVK) Collaboration. The PBH mass can be shifted to
the heavy distribution if multimerger processes occur. In this work, we constrain the merger history of
PBH binaries using the gravitational wave events from the third Gravitational-Wave Transient Catalog
(GWTC-3). Considering four commonly used PBH mass functions, namely the log-normal, power-law,
broken power-law, and critical collapse forms, we find that the multimerger processes make a subdominant
contribution to the total merger rate. Therefore, the effect of merger history can be safely ignored when
estimating the merger rate of PBH binaries. We also find that GWTC-3 is best fitted by the log-normal
form among the four PBH mass functions and confirm that the stellar-mass PBHs cannot dominate cold

dark matter.

DOI: 10.1103/PhysRevD.107.063035

I. INTRODUCTION

The successful detection of gravitational waves (GWs)
from compact binary coalescences [1-3] has led us into a
new era of GW astronomy. According to the recently
released third GW Transient Catalog (GWTC-3) [3] by
LIGO-Virgo-KAGRA (LVK) Collaboration, there are
90 GW events detected during the first three observing
runs. Most of these events are categorized as binary black
hole (BBH) mergers, and the BBHs detected by LVK
have a broad mass distribution. The heaviest event,
GW190521 [4], has component masses m; = SSfijo
and m, = 667]{My. Both masses lie within upper black
hole mass gap originated from pulsation pair-instability
supernovae [5], and current modeling places the lower
cutoff of the mass gap at ~50 £ 4M [5-9]. Even account-
ing for the statistical uncertainties, it still implies at least m,
is well within the mass gap and cannot originate directly
from a stellar progenitor [10]. Therefore, the heavy event
GW190521 greatly challenges the stellar evolution sce-
nario of astrophysical black holes.

Besides the astrophysical black holes, another possible
explanation for the LVK BBHs is the primordial black
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holes (PBHs) [11-15]. PBHs are black holes formed in the
very early Universe through the gravitational collapse of
the primordial density fluctuations [16,17]. Recently, PBHs
have attracted considerable attention [18-33] because they
can be not only the sources of LVK detections [11,12], but
also candidates of cold dark matter (CDM) [34] and the
seeds for galaxy formation [35,36]. The formation of PBHs
would inevitably accompany the production of scalar-
induced GWs [37-45]. Recent studies [15,46] show that
the BBHs from GWTC-3 are consistent with the PBH
scenario, and the abundance of PBH in CDM, f ;, should
be in the order of O(1073) to explain LVK BBHs. In
particular, the merger rate for GW190521 derived from the
PBH model is consistent with that inferred by LVK,
indicating that GW190521 can be a PBH binary [15,24].

Accurately estimating the merger rate distribution of
PBH binaries can be crucial to extract the PBH population
parameters from GW data. Reference [21] studies the
multimerger processes of PBH binaries and show that
the merger history of PBH binaries may shift the mass
distribution from light mass to heavy mass depending on
the values of population parameters. Reference [47] then
infers the population parameters of PBH binaries by
accounting for the merger history effect using 10 BBHs
from GWTC-1, finding that the effect of merger history can
be safely ignored when estimating the merger rate of PBH
binaries. In this work, we use the LVK recent released
GWTC-3 data to constrain the effect of merger history
on the merger rate of PBH binaries assuming all LVK
BBHs are of primordial origin. We extend the analyses of
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Ref. [47] in several aspects. First, we use a purified subset
of GWTC-3, which expands GWTC-1 with almost six
times more BBH events. The GWTC-3 events expand the
mass and redshift coverage and can alleviate the statistical
bias by including significantly more BBHs. Second,
Ref. [47] only considers the PBH mass functions with
the log-normal and power-law forms. We do more com-
prehensive analyses by including the broken power-law and
critical collapse PBH mass functions that were not con-
sidered in Ref. [47]. It is claimed by Ref. [48] that a broken
power-law can fit the GW data better than the log-normal
form. Lastly, we consider the redshift distribution of the
merger rate that is ignored in Ref. [47]. The aforementioned
reasons have inspired us to explore the possibility that the
heavy black holes detected by LVK have been formed, at
least in part, through second-generation mergers. This is
because the second-merger process has the potential to
increase the mass distribution to a higher value. A precise
assessment of the influence of second-generation mergers
on mass distribution demands a meticulous analysis of the
data, as has been conducted in this study.

We organize the rest paper as follows. In Sec. II, we
briefly review the calculation of the merger rate of PBH
binaries by accounting for the merger history effect. In
Sec. III, we describe the hierarchical Bayesian framework
used to infer the PBH population parameters from GW
data. In Sec. IV, we consider four commonly used PBH
mass functions and present the results. Finally, we give
conclusions in Sec. V.

II. MERGER RATE DENSITY DISTRIBUTION
OF PBH BINARIES

In this section, we will outline the calculation of merger
rate density when considering the PBH merger history
effect. We refer to Ref. [21] for more details.

The BBHs observed by LVK suggest that BHs should
have a broad mass distribution, so we consider an extended
mass function for PBHs. Here, we demand the probability
distribution function of PBH mass, P(m), be normalized
such that

AOOP(m)dm Y (1)

Assuming the fraction of PBHs in CDM is f,, we can
estimate the abundance of PBHs in the mass interval
(m,m + dm) as [49]

The coefficient 0.85 is roughly the fraction of CDM in the
nonrelativistic matter, including both CDM and baryons.
Following Ref. [21], we may define an average PBH mass,
mpbh, as

L /Mdm (3)

mpbh m

Then, we can obtain the average number density of
PBHs with mass m in the total number density of PBHs,
F(m), by [21]

F(m) = P(m) ™2™ 4)

We can now estimate the merger rate densities of PBH
binaries by considering the merger history effect. We assume
that PBHs are randomly distributed following a spatial
Poisson distribution in the early Universe when they decou-
ple from the cosmic background evolution [12,50,51]. The
two nearest PBHs would attract each other because of the
gravitational interactions. These two PBHs would obtain the
angular momentum from the torque of other PBHs and form
a PBH binary after decoupling from the cosmic expansion.
The binary would emit gravitational radiations and even-
tually merge.

We do not intend to give a detailed derivation but quote
the results from Ref. [21] here. The merger rate density
from first-merger process, R, (t, m;, m j), is given by [21]

'Rl(t,mi,mj) :\/ﬁldml, (5)

where m; and m; are the masses of the merging binary, m;, is
the mass of the third black hole that is closest to the
merging binary, and

A t\ 5 [ foon \ 3
Ry(t,mimj,my) =132 x 10° x <—> ' (P_bh)'

Iy Mpbh
-3 3 36
X ml (mimj)ﬁ(m,- + m])WF(m,)

x F(m;)F(m;). (6)

Here, ¢ is the cosmic time, and ¢ is the present cosmic time.
Similarly, the merger rate density from second-merger
process, R, (¢, m;, m;), is given by [21]

1 N
Ry(t,my,m;) —E/Rz(t,m,-—me,me,mj,ml)dmldme

1 [ 4
—|—2/R2(t, mj—my,m,,m;,m;)dm,dm,,

(7)

where m, is the mass of the fourth black hole that is closest
to the merging binary, and
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Ry(1, mg, m;, my, m;)

— 159 x 10* x <i>_gé (@)63
' Iy Mpbh

xmkml ‘7(m +m; )37(m + m; + my)

x F(m;)F(m;)F(m)F(m;). (8)

2
37

We only consider the effect of merger history up to the
second-merger process. We have verified that the fraction
of the third merger rate over the second merger rate is less
than 0.005. Therefore the total merger rate density,
R(t,m;, m;), of PBH binaries at cosmic time ¢ with masses
m; and m; is

ZR t,m;,m;) 9)

n=12

tm,,m

and the total merger rate is

/R(t mj, m;)dmdm; = > "R,(1), (10)

n=1.2

where
l) :/Ril(t’ m,,mj)dmldm] (11)

All the above-mentioned merger rate (density) is mea-
sured at the source frame. We should emphasize that
although R,(¢) should be smaller than R,(7) as expected,
R,(t,m;,m;) is not necessarily be smaller than
Ry(t,m;,m;) [21].

III. HIERARCHICAL BAYESIAN INFERENCE

We adopt a hierarchical Bayesian approach to infer
the population parameters by marginalizing the uncer-
tainty in estimating individual event parameters. This
section describes the hierarchical Bayesian inference used
in the parameter estimations. The merger rate density (9) is
measured in the source frame, and we need to convert it into
the detector frame as

1 av,
147z dz

Repop(0A) = R(OIA), (12)

where z is the cosmological redshift, § = {z, m;,m,}, Ais
a collection of fp, and the parameters from mass function
P(m), and dV./dz is the differential comoving volume.
The factor 1/(1 + z) converts time increments from the
source to the detector frame. We take the cosmological
parameters from Planck 2018 [52].

Given the data, d={d),d,,....dy,}, of Ny
BBH merger events, we model the total number of events

as an inhomogeneous Poisson process, yielding the like-
lihood [53-55]

°'”f£ (d;|0)Rpop (0| A)dE

d|A) o N e New :
FLA o E(A)

(13)

i=1

where Ny, = Neyy(A) is the expected number of detec-
tions over the timespan of observation. Here £(d;|0) is the
individual event likelihood for the ith GW event that can be
derived from the individual event’s posterior by reweighing
with the prior on 6. Here, £(A) quantifies selection biases
for a population with parameters A and is defined by

EA) = / Pacd(0) R oy (B1A) 00 (14)

where Py, (0) is the detection probability that depends
on the source parameters . In practice, we use the
simulated injections [56] to estimate £(A), and Eq. (14)
can be approximated by a Monte Carlo integral over found
injections [57]

1 Nfound Rpop (9/ |A)

ENm——) —— <
Ninj j=1 pdraw(gj)

(15)

where Njy; is the total number of injections, Nygy,q is the
number of successfully detected injections, and pygy 18
the probability density function from which the injections
are drawn. Using the posterior samples from each event, we
estimate the hyperlikelihood (13) as

obs QA
@) s T (0 o) 9

where (---) denotes the weighted average over posterior
samples of 6. The denominator d? (z) is the standard priors
used in the LVK analysis of individual events where d; is
the luminosity distance.

In this work, we incorporate the PBH population dis-
tribution (9) into the ICAROGW [58] package to estimate the
likelihood function (16), and use DYNESTY [59] sampler
called from Bilby [60,61] to sample over the parameter
space. We use the GW events from GWTC-3 by discarding
events with false alarm rate larger than 1 yr~! and events
with the secondary component mass smaller than 3M to
avoid contamination from putative events involving neu-
tron stars following Ref. [62]. A total of 69 GW events from
GWTC-3 meet these criteria and the posterior samples of
these BBHs are publicly available from Ref. [63].

IV. RESULTS

Based on the hierarchical statistical framework, we do
the parameter estimations for four different PBH mass
functions commonly used in the literature. These mass
functions are the log-normal, power-law, broken power-
law, and critical collapse (CC) distributions, respectively.
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TABLE I. Parameters and their prior distributions used in the
Bayesian parameter estimations. Here, &/ and log-U/ denote
uniform and log-uniform distributions, respectively.

Parameter Description Prior
fobh Abundance of PBH in CDM log-U(—4,0)
Lognormal PBH mass function
M, Central mass in Mg, U(5,50)
o Mass width. U(0.1,2)
Power-law PBH mass function
M i Lower mass cut-off in M. U(3,10)
a Power-law index. U(1.05,4)
Broken Power-law PBH mass function
m, Peak mass in M, U(5,50)
a First power-law index. U(0,3)
a Second power-law index. U(1,10)
Critical collapse (CC) PBH mass function
M; Horizon mass scale in M. U(1,50)
a Universal exponent. U(,5)

We summarize the parameters and their prior distributions
in Table I. Below we show the results for each of the PBH
mass functions.

A. Log-normal mass function

We first consider a PBH mass function with the log-

normal form of [64]
1 In?(m/M C))
exp | ————= ), 17
V2rom P ( 26° (17)

where M. represents the central mass of mP(m), and o
characterizes the width of the mass spectrum. The log-
normal mass function can approximate a huge class of
extended mass distributions if PBHs are formed from a
smooth, symmetric peak in the inflationary power spec-
trum when the slow-roll approximation holds [19,65,66].
The hyperparameters are A = {M_, 0, fyo} in this case.
We can then derive the averaged PBH mass and averaged
number density from Egs. (3) and (4) as

P(m) =

2
My = M exp (—%), (18)
M, o> In*(m/M.)

Using 69 BBHs from GWTC-3 and performing the
hierarchical Bayesian inference, we obtain M, =
173553 Mg, 6 = 0.711048, and fopn = 1.8703 x 1073, In
this work, we present results with median value and 90%
equal-tailed credible intervals. The posteriors for the
hyperparameters A = {M, o, f} are shown in Fig. 1.
Note that we get a larger value of M, than that inferred

— 1st
—— 1st+2nd
o]
Q"b 1
b o
&
Qg) 1
/’1/b 1
5
o A
S L]
g~
/q/q 1
S R NN RN 22 2% Y af
Mc[Mo] o l0910fpbh
FIG. 1. The marginalized one- and two-dimensional posterior

distributions for hyperparameters {M ., o, fp } in the log-normal
mass function inferred from GWTC-3. The blue color denotes the
results from the first merger only, while the orange denotes the
results from both the first and second mergers. The contours
represent the 1o, 20, and 30 credible regions, respectively.

from GWTC-1 in Ref. [47] because GWTC-3 contains
heavier BHs than those from GWTC-1. From Eq. (10),
we also infer the local merger rate as R(ty) =
411]S Gpe=3 yr~!. The results of local merger rate and
abundance of PBHs are consistent with the previous
estimations [12,13,15,46,47,49,51,67,68], confirming that
CDM cannot be dominated by the stellar-mass PBHs.

In Fig. 2, we show the ratio of merger rate density from
the second merger to the one from the first merger, namely
Rz(to, my, m2)/R| (fo, mi, mz), by lelng the hyperpara—
meters {M .o, fpn} to their best-fit values. It can be seen
that the second merger provides more contribution to the
total merger rate density as component mass increases.
Even though R,(ty, m,m,)/R(ty, m;,m,) can reach as
high as 2 10%, the ratio of merger rate from second merger
to that from the first merger is R, (t))/R,(t)) = 1.0507%
and is negligible. This is because the major contribution to
the merger rate is from the masses less than 50M o, and the
correction is negligible in this mass range. Therefore the
effect of merger history can be safely ignored when
estimating the merger rate of PBH binaries.

B. Power-law mass function

We next consider a PBH mass function with the power-
law form of [69]

pm) =21 (l) 20)

M min M min
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FIG. 2. The ratio of merger rate density from the second merger
to that from the first merger, R, (to, my, my)/ Ry (ty, my, my), as a
function of component masses for the log-normal mass function.
We have fixed the hyperparameters {M, o, fyun } to their best-fit
values.

where M ;, is the lower-mass cutoff such that m > M,
and a > 1 is the power-law index. The power-law mass
function can typically result from a broad or flat power
spectrum of the curvature perturbations [70] during radi-
ation-dominated era [19,34]. The hyperparameters are A =
{Min. . frpn} in this case. We can then derive the
averaged PBH mass and averaged number density from
Egs. (3) and (4) as

a
Mpbh = M i a (21)

-1’

P =2 ()™ (22)

m

Using 69 BBHs from GWTC-3 and performing the
hierarchical Bayesian inference, we obtain M ;, =
6.5 0aMo, a=1.9103, and fopn =2.3503 x 1073, The
posteriors for the hyperparameters A = { My, @, foon } are
shown in Fig. 3. Note that we get a smaller value of a
than that inferred from GWTC-1 in Ref. [47] because
GWTC-3 contains heavier BHs than those from GWTC-1.
From Eq. (10), we also infer the local merger rate as
R(ty) = 487/5 Gpc~3 yr~!. The results of the local mer-
ger rate and abundance of PBHs are consistent with the
previous estimations [12,13,15,46,47,49,51,67,68], con-
firming that CDM cannot be dominated by the stellar-
mass PBHs.

In Fig. 4, we show the ratio of merger rate density from
the second merger to the one from the first merger,
namely R, (ty, my, my)/Ry(ty, m, m,), by fixing the

— 1st
—— 1st+2nd
A%
g o]
S o
o
/’V&b |
o ﬂ@'
/’L"be . . . . . . . . . . ‘ . . .
NS S Y R A S A ﬂ‘b“ ;V«W /,L@“ /,L’?t’ /WPQ’
a Muin [Mo] [0g107pbh
FIG. 3. The marginalized one- and two-dimensional posterior

distributions for hyperparameters { M .. a, f pbh} in the power-law
mass function inferred from GWTC-3. The blue color denotes the
results from the first merger only, while the orange denotes the
results from both the first and second mergers. The contours
represent the 1o, 20, and 30 credible regions, respectively.

hyperparameters {M . @, fon ) to their best-fit values. It
can be seen that the second merger provides more contri-
bution to the total merger rate density as component mass
increases. Even though R, (#y, m, m,)/R(ty, m;, m,) can

—r0.12

—0.10

—0.08

my [Mo]

0.06

1 5 10 50 100
m [Mo]

FIG. 4. The ratio of merger rate density from the second merger
to that from the first merger, R, (o, my, my) /R (ty, my, m,), as a
function of component masses for the power-law mass function.
We have fixed the hyperparameters { My, @ foon } to their best-
fit values.
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reach as high as 2 10%, the ratio of merger rate from second
merger to that from the first merger is R,(ty)/R;(t) =
0.91“8"11% and is negligible. This is because the major
contribution to the merger rate is from the masses less than
50M, and the correction is negligible in this mass range.
Therefore the effect of merger history can be safely ignored
when estimating the merger rate of PBH binaries.

C. Broken power-law mass function

We then consider a PBH mass function with the broken
power-law form of [48]

A

ap + 1

where m, is the peak mass of mP(m). Here a; > 0 and
a, > 1 are two power-law indices. The broken power-law
mass function is a generalization of the power-law form. It
can be achieved if PBHs are formed by vacuum bubbles
that nucleate during inflation via quantum tunneling [48].
The hyperparameters are A = {m,,a;, ay, fypn} in this
case. We can then derive the averaged PBH mass and
averaged number density from Egs. (3) and (4) as

m < m,

m > m,,

(23)

a1
Mypp = 77—
ol (a + 1)(a = 1)

a { <mﬂ*)al’ "= (25)

()=, m>m,.

Using 69 BBHs from GWTC-3 and performing
the hierarchical Bayesian inference, we obtain m, =
3115 Mg, ) = 0541008, ay =5.610, and fop =
09701 x 1073. The posteriors for the hyperparameters
A={m, a;,a, fyn} are shown in Fig. 5. From Eq. (10),
we also infer the local merger rate as R(ty) =
46f11f Gpc=3 yr~!. The results of the local merger rate and
abundance of PBHs are consistent with the previous esti-
mations [12,13,15,46,47,49,51,67,68], confirming that
CDM cannot be dominated by the stellar-mass PBHs. We
also confirm that there is a mass peak at m, ~ 34M as was
found in Ref. [48].

In Fig. 6, we show the ratio of merger rate density from
the second merger to the one from the first merger, namely
Ry(tg, my, my)/R(ty, my, m,), by fixing the hyperpara-
meters {m,,a;,a, fpon} to their best-fit values. It can be
seen that the second merger provides more contribution to
the total merger rate density as component mass increases.
Even though R,(ty, m;,m,)/R(ty, m;,m,) can reach as
high as 210%, the ratio of merger rate from second merger
to that from the first merger is R, (t)/R,(ty) = 0.9707%
and is negligible. This is because the major contribution to

m,, (24)

F(m) =

a +az

— 1st
—— 1st+2nd

i
06‘

a2

2
z 7 7
2 e @))
S N\ /A
j=2] 1 N 4
o g
ad
oS H® P N T B R P P T
M+«[Mo] a a; log10fpbh
FIG. 5. The marginalized one- and two-dimensional posterior

distributions for hyperparameters {m,, a;, @, f, } in the broken
power-law mass function inferred from GWTC-3. The blue color
denotes the results from the first merger only, while the orange
denotes the results from both the first and second mergers. The
contours represent the 1o, 20, and 3o credible regions, respectively.

the merger rate is from the masses less than 50M g, and the
correction is negligible in this mass range. Therefore the
effect of merger history can be safely ignored when
estimating the merger rate of PBH binaries.

100
50

— 0.0025

— 0.0020

my [Mo]

0.0015

&3]

0.0010

0.0005

1 5 10 50 100
m [M@]

FIG. 6. The ratio of merger rate density from the second merger
to that from the first merger, R, (o, my, my) /R (ty, my, m,), as a
function of component masses for the broken power-law mass
function. We have fixed the hyperparameters {m., a;, @y, f pbh} to
their best-fit values.
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D. Critical collapse mass function

We last consider a PBH mass function with the critical
collapse form of [71-74]

Zma

P

exp(—(m/M¢)*),  (26)

where a is a universal exponent relating to the critical
collapse of radiation, and M; is the mass scale at the order
of horizon mass at the collapse epoch [73]. There is no
lower mass cut-off for this mass spectrum, but it is
exponentially suppressed above the mass scale of M;.
The critical collapse mass function is closely associated
with a o-function power spectrum of the density fluctua-
tions [71-74]. The hyperparameters are A = {M, @, fon }
in this case. We can then derive the averaged PBH mass and
averaged number density from Egs. (3) and (4) as

Mpbh = w, (27)
F(m) = aM;~*m* ' exp(—(m/M;)*).  (28)

Using 69 BBHs from GWTC-3 and performing the
hierarchical Bayesian inference, we obtain M; =
10.87(Mg, a = 10103, and fyy = 1.5507 x 1073, The
posteriors for the hyperparameters A = {My, a, fyon} are

— 1st
—— 1st+2nd

M¢[Mo]
2

l0g10fpbh
o

a M¢[Mo]

10g10fpbh

FIG. 7. The marginalized one- and two-dimensional posterior
distributions for hyperparameters {My, @, fyo} in the critical
collapse mass function inferred from GWTC-3. The blue color
denotes the results from the first merger only, while the orange
denotes the results from both the first and second mergers. The
contours represent the 1o, 20, and 3¢ credible regions, respectively.

—05

0.4

1 5 10 50 100
m [Mo]
FIG. 8. The ratio of merger rate density from the second merger

to that from the first merger, R, (o, my, m,) /R (ty, my, m,), as a
function of component masses for the critical collapse mass
function. We have fixed the hyperparameters {M;, a, fpn} to
their best-fit values.

shown in Fig. 7. From Eq. (10), we also infer the local merger
rate as R(ty) = 49778 Gpc=3 yr~!. The results of the local
merger rate and abundance of PBHs are consistent with
the previous estimations [12,13,15,46,47,49,51,67,68], con-
firming that CDM cannot be dominated by the stellar-
mass PBHs.

In Fig. 8, we show the ratio of merger rate density
from the second merger to the one from the first merger,
namely Rz(to, my, m2>/R1 (t(), my, mz), by lelIlg the
hyperparameters {M, a, fpn} to their best-fit values. It
can be seen that the second merger provides more con-
tribution to the total merger rate density as component mass
increases. Even though R, (¢, m, m,)/R(ty, my, m,) can
reach as high as 2 10%, the ratio of merger rate from second
merger to that from the first merger is R,(#y)/R(ty) =
2.2703% and is negligible. This is because the major
contribution to the merger rate is from the masses less
than 50M, and the correction is negligible in this
mass range. Therefore the effect of merger history can
be safely ignored when estimating the merger rate of PBH
binaries.

V. CONCLUSION

In this work, we use 69 BBHs from GWTC-3 to
constrain the merger history of PBH binaries by assuming
the observed BBHs from LVK are attributed to PBHs. We
perform comprehensive Bayesian analyses by considering
four commonly used PBH mass functions in literature,
namely the log-normal, power-law, broken power-law, and
critical collapse mass functions.
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TABLEII. Summary of the key results for the log-normal (LN),
power-law (PL), broken power-law (BPL), and critical collapse
(CC) mass functions. The first row, BF", shows the Bayes
factors for the model with 2nd merger versus the model with only
1st merger; the second row, BFp; , shows the Bayes factors for the
model with different PBH mass function versus the model with
the power-law PBH mass function by accounting for the second
merger effect; the third row, fypp,, shows the abundance of PBH in
CDM inferred from different models by accounting for the
second merger effect; the last row, R,/R;, shows the merger
rate ratio between the second merger and the first merger.

LN PL BPL CcC
BF;d 0.9 04 0.89 1.2
BFp,. 166 1 49 139
103 £ pon 1.8703 2.3103 0.97%] 15192
102R, /R, 1.0797 0.9 13797 22103

We summarize the key results in Table II. It can be seen
that the contribution of the merger rate from the second
merger to the total merger rate is less than 5%. Therefore,
the higher-order hierarchical merger after the first one has a
subdominant effect, and this effect can be neglected when
evaluating the merger rate of PBH binaries. It can also be
seen that the Bayes factors for the model with a second
merger versus the model with only the first merger, BF19,
are all smaller than 3, indicating the evidence for the second
merger is “not worth more than a bare mention” [75]. In this
sense, the Bayes factors also imply that the effect of merger
history can be ignored.

Furthermore, for all four mass functions, we infer the
abundance of PBH in CDM, f;, to be at the order of
O(1073). The results of the local merger rate and abun-
dance of PBHs are consistent with the previous estimations
[12,13,15,46,47,49,51,67,68], confirming that CDM can-
not be dominated by the stellar-mass PBHs. PBHs cluster
at the late time of the Universe may play an important role
in the merger rate. For all of the four PBH mass functions,
we always have f,, <3 X 1073, Therefore, according to
Ref. [27], this effect can be safely ignored.

We also compute the Bayes factors between the models
with different PBH mass functions. The Bayes factors BFp;,
are estimated by taking the model with the power-law mass
function as the fiducial model. We find that BF5C has the
largest value, indicating that the log-normal mass function
can best fit GWTC-3 among the four mass functions
considered in this work. Our findings contradict the results
from Ref. [48] claiming that the broken power-law mass

function can fit better than the log-normal form. There are
some drawbacks from analyses in Ref. [48]. First, Ref. [48]
neglects the uncertainties in measuring each event’s masses
and completely ignores the redshift evolution of the merger
rate. Second, Ref. [48] deals with the selection effect of
GW detectors improperly. In this sense, we disagree with
Ref. [48] and conclude that the most frequently used log-
normal mass function can fit GWTC-3 best among the four
mass functions.
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