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We compute the hybrid star (HS) properties with the help of Maxwell construction. For the purpose
we choose a fixed hadronic model and four different forms of MIT bag model for the quark phase. We
investigate thoroughly the effects of the different parameters of the bag model on the speed of sound in HS
matter and the structural properties of HSs in the light of the various recent constraints on them from
astrophysical observations. We also examine the importance of each parameter involved in these four forms
of bag model in the context appearance of special points (SPs) in the mass-radius (M − R) variation of HSs.
We find that among all these parameters the bag pressure play the most significant role in the emergence of
the SPs in the M − R dependence of HSs.
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I. INTRODUCTION

The phenomenon of hadron-quark phase transition is one
of the most interesting current topics of research which
finds its application in various interesting contexts like
the heavy-ion collision physics, supernova explosions,
and binary neutron star mergers (BNSMs) etc. quantum
chromodynamics (QCD) calculations help us to picturize
the QCD phase diagram along the chemical potential
(density) and temperature axes and speculate the existence
of quark-gluon plasma (QGP) at high temperature (relevant
to the early stages of the universe) and at high density
(relevant to compact star cores).While the high temperature–
low baryon density regime of the QCD phase diagram is
accessible to the heavy-ion collision experiments to a certain
extent, the low (negligible) temperature–high density regime
conditions are highly challenging to attain from experimen-
tal perspectives. Such ideal conditions are characteristics of
the core of neutron/compact stars. In the present era of the
BNSM detection especially GW170817, the phenomena of
phase transition has gained special attention and interest. It
has been suggested that if the postmerger phase of the
GW170817 event can be detected in future then the data
analysis of both the inspiraling and postmerger phases can
provide further insight into the compact star properties and
may indicate the possibility of first-order phase transition in
the BNSM [1]. At present unfortunately the lack of concrete
experimental evidence makes the understanding of matter

and its composition, its interactions and the equation of state
(EoS) at such high density quite inconclusive. Theoretical
studies suggest that such conditions can support the for-
mation of exotic matter like the hyperons, delta baryons
and boson condensates etc. [2–6]. Also at such high densities
the asymptotic freedom of QCD suggest a possible first
order phase transition from hadronic matter to quark matter
[2,5–46]. This leads to the possible formation of hybrid stars
(HSs). Theoretical formulation of compact star EoS is thus
related to the particular consideration of its composition
and the interactions. Therefore compact star EoS is subjected
to a lot of uncertainties. Fortunately, compact star EoS is
constrained to certain extent by some astrophysical and
observational results such as those on their maximum mass
obtained from high mass pulsars like PSR J0348þ 0432
[47] and PSR J0740þ 6620 [48]. Recently, NICER experi-
ment also constrained the radii of PSR J0740þ 6620
[49,50] and PSR J0030þ 0451 [51,52]. The GW170817
observational data also set limits on the dimensionless tidal
deformability and radius of a 1.4M⊙ compact star [53].
In general the hadron-quark phase transition is achieved

in HSs with the help of Gibbs and/or Maxwell construc-
tions depending on the value of surface tension at the
hadron-quark boundary [54]. The former is based on global
charge neutrality condition, characterized by the formation
of mixed phase [2,5,9] while in the later the local charge
neutrality condition is considered and considerable density
jump is noted [6,9–12,15]. When the surface tension at the
boundary becomes quite high, the Maxwell construction
is favored since under such conditions the mixed phase
(with Gibbs construction) becomes unstable. In the present
we adopt Maxwell construction by assuming the surface
tension at the hadron-quark phase boundary to be high
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enough and obtain the properties of HSs. The study of
phase transition in HSs have led to several interesting
results and possibilities. One of them is the variation of
speed of sound (CS) in HS matter and it has been also seen
that its variation in HS matter often follows a uphill-
downhill nature along density. Moreover, strong first order
phase transition often leads to the drastic surpassing of the
conformal limit of C2

S ¼ 1=3 and close to the causality limit
of C2

S < 1 [5,24–29,55,56]. Thus in the present work we
study the variation of speed of sound under certain
conditions of phase transition using different quark models.
Another interesting feature of HSs is that irrespective of

the type of construction or the hadronic/quark model used,
there may be formation of “third family” of compact stars
[2,17,27,29–37,46,57] and twin star configurations under
certain circumstances of strong first order phase transitions
mainly with considerable density jumps. The mass-radius
(M − R) variation of the HSs in such cases is characterized
by nonidentical branches with two distinct maximas at two
different radii. This may often lead to the appearance of
twin stars which are actually two separate points on the
M − R plot of the HSs with same mass but different radii.
Of them, one is generally located on the regular neutron
(hadronic) star branch or the first stable branch while the
other is a HS lying on the second stable branch. The two
branches are often disconnected from each other by an
instable region [19,28,29,32,38,46]. However, the location
of the twins depends on the transition density of the HSs. So
the twins with nearly identical mass can both also be located
in the second stable branch [58]. Twin stars are broadly into
four categories depending on their location in theM − R plot
[18,19,34]. Third family of compact stars may also show a
special feature of special points (SPs). A SP (MSP, RSP) on
the M − R plot is a narrow region through which all the HS
solutions pass irrespective of the different transition densities
for different values of bag pressure, the model or the type of
construction adopted to achieve hadron-quark phase tran-
sition [27,28,33,35,38–40,46,57,59]. The appearance of SPs
on the mass-radius diagram of HSs is an effect of variation
of certain parameters related to different quark models
[27–29,33,38–40,57,59]. The existence of such SPs can
thus be treated as universal property of HS models and
they serve as a remarkable tool to interpret the multi-
messenger data as signals for the possible existence of
HSs [33,40,46].
Recently, we studied HS properties obtained with differ-

ent hadronic models and the MIT bag model with density
dependent bag pressure in a Gaussian distribution form
[60,61] with special emphasis on the formation of third
family of compact stars and the emergence of SPs [46].
We showed that the mass corresponding to SP (MSP) and
the maximum mass (Mmax) of the HSs follow a nearly
linear (fitted) relationship where the slope is independent
of the value of bag pressure. Since this MSP −Mmax

dependence of the HSs is found to be consistent with
any hadronic EoS chosen to obtain the hybrid EoS, such
relations are treated as universal relations in the context of
formation of SPs. In the present work we now study the HS
properties with a fixed hadronic model and four different
forms of the MIT bag model. Within the framework of the
MIT Bag model, we intend to examine thoroughly the
different parameters of the bag model involved in these
forms and indicate specifically the ones responsible for
formation of SPs on the M − R solution of HSs. For the
purpose we choose the well-known relativistic mean-field
(RMF) hadronic model BSR2 [62] and the four different
forms of MIT bag model which includes the modified bag
model including the strong repulsive interaction [2,63] and
the vector bag (vBag) model [64–66]. Considering the fact
that the quarks acquire asymptotic degree of freedom at
high densities relevant to HS cores, in the present work
we also consider the density dependent of the bag model
following a Gaussian distribution form of bag pressure
[60,61] since this form includes the concept of asymptotic
freedom of the quarks. Few works [20,29] considered the
dependence of bag pressure with respect to chemical
potential in a hyperbolic form. Motivated by such works
we also considered density dependence of bag pressure in
hyperbolic form. Such a form was also adopted by [67] to
construct the mixed phase of HSs. With these four different
forms of bag model we compute the hybrid EoS and study
the HS structural properties in the light of various astro-
physical constraints. We also examine the importance
of each parameter involved in these four forms of bag
model on the HS properties with special emphasis to their
connection with the appearance of SPs in the M − R
variation of HSs. We adopt Maxwell construction for phase
transition and for the pure hadronic phase we consider the
BSR2 model [62]. It is well known that the presence of
heavier baryons like the hyperons and delta baryons soften
the EoS and reduce the maximum mass of the NSs [2–6]
and there is still a lot of uncertainty pertaining to the
hyperon couplings [4]. Moreover, the conditions of temper-
ature, density, and isospin asymmetry in compact star cores
are not well known which broadly influence the threshold
for the appearance or disappearance of these exotics [31]. It
is also suggested that in case of HSs the threshold density of
appearance of hyperons and quarks may often be very close
or even overlapping [31]. Therefore, for all these reasons
and similar to [23,41,43,45,46] we do not consider the
presence of hyperons or delta baryons in the hadronic phase
of HSs of the present work.
This paper is organized as follows. In the next Sec. II,

we address the hadronic model adopted (Sec. II A). In
Sec. II B, the main features of the four different forms of the
bag model are highlighted. We then present our results and
corresponding discussions in Sec. III. We summarize and
conclude in the final Sec. IV of the paper.
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II. FORMALISM

A. Pure hadronic phase

For the pure hadronic phase, we employ the well-known
RMF model BSR2 [62]. The saturation properties of
this model is in reasonable agreement with the different
experimental and empirical data. In Table I we list the
saturation properties like the saturation density (ρ0), bind-
ing energy per particle (e0), nuclear incompressibility (K0),
symmetry energy coefficient (J0) and the slope parameter
(L0) of the chosen hadronic model.
The symmetry energy coefficient (J0) and the slope

parameter (L0) of the chosen hadronic model are quite
consistent with the recent findings of [55] obtained from
the correlation between them and the neutron skin thick-
ness of 208Pb (R208

skin) as measured by the PREX-II experi-
ment. The binding energy per particle (e0) and the
saturation density (ρ0) also satisfy the experimental con-
straints [68]. The nuclear incompressibility (K0) is also in
good agreement with that prescribed from the experimental
finding of [69]. In addition to the constraints on nuclear
saturation properties, the above parametrization also sat-
isfies the data obtained from finite nuclei experiments [70]
The chosen hadronic model has been well adopted in
literature, even in recent works, to determine the properties
of neutron/hybrid stars.

As mentioned in Sec. I we do not include the hyperons or
the delta baryons in the hadronic sector and in the present
work we consider β stable hadronic matter consisting of the
nucleons, electrons, and muons as the composition of the
hadronic phase.

B. Pure quark phase and hadron-quark
phase transition

We adopt four different forms of the MIT Bag model
with u, d, and s quarks along with the electrons to describe
the pure quark phase. The original bag model was for-
mulated based on the hypothesis that the unpaired quarks
are constrained within a hypothetical region called “bag,”
characterized by specific bag pressure that determines
the strength of quark interaction [71]. This bag pressure
signifies the difference in energy density between the
perturbative vacuum and the true vacuum [60,61]. The
value of B is still inconclusive and it is often taken as free
parameter that plays an important role in determining the
properties of the HSs. Over the years this original and
simplistic form of the bag model was modified rigorously
into further several other realistic and sophisticated forms.
In the present we choose four such different forms of the
MIT bag model and employ each to compute the HS
properties. The four types of bag model adopted in the
present work are as follows.

1. Modified bag model with strong repulsive interaction

Strong repulsive interaction between the quarks was
introduced by [63] in terms of a repulsive interaction
coupling parameter α. The thermodynamic potential [2,63]
to first order in strong interaction is given as

Ωf ¼ −
γf

24π2
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where, f ¼ u; d, and s are the quark flavors. mf and μf are
the mass and the chemical potential, respectively, of
individual quark flavor and γf is the spin degeneracy
factor. In [63] the masses of u and d quarks is totally
neglected with respect to that of s quark and therefore
in [63] the above form in Eq. (1) is only used for the s
quark. However, in the present work we have adopted the
form presented in [2] where mu and md are not neglected.
We therefore consider small but finite mass of both u and

d quarks as mu ¼ 2.16 MeV and md ¼ 4.67 MeV [72].
However, we do not consider the contribution from the term
due to renormalization as considered in both [2,63]. In case
of electrons, whose mass is neglected, the thermodynamic
potential Ωe can be calculated by replacing mf by me ¼ 0

and γf by γe in the first term of Eq. (1) that do not involve

the repulsive coefficient α. Therefore Ωe ¼ −μ4e
12π2

and the
total thermodynamic potential of the quark phase in-
cluding quarks and electrons becomes Ω ¼ Ωf þΩe þ B.

TABLE I. The nuclear matter properties at saturation density ρ0
for the chosen hadronic model.

ρ0 ðfm−3Þ e0 (MeV) K0 (MeV) J0 (MeV) L0 (MeV)

0.149 −16.03 240.0 31.4 62.2
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The quark and baryon density can be obtained using Eq. (1)
while formulation of the EoS (energy density ε and
pressure P) involves the expression of Ω [2]. Thus among
these quantities the bag constant B contribute only to
the EoS [2,63].

2. Vector bag (vBag) model

The repulsive effect of quark interaction was also
included by introducing the vector meson as mediator
(vBag model) [64–66].

L ¼
X
f

½ψ̄ffγμði∂μ − gqqVVμÞ −mfgψf − B�Θðψ̄fψfÞ

þ 1

2
m2

VVμVμ −
1

4
VμνVμν þ b4

ðg2VμVμÞ2
4

þ ψ̄ lðiγμ∂μ −mlÞψ l; ð2Þ

where, f ¼ u; d, and s and the lepton l ¼ e, the electrons.
B is the bag constant and the Heaviside function Θ ¼ 1
inside the bag. The scaled couplings are defined as XV ¼
gssV=guuV and GV ¼ ðguuV=mVÞ2. So GV ¼ 0 reduces to
the original form of the MIT bag model without inter-
actions. The self-interaction of the vector ω field is
introduced via its quartic contribution in terms of a
parameter b4 that regulates the increment/decrement
of the vacuum expectation value (V0) of the ω field and
g ¼ guuV . This correction term also mimics the Dirac sea
contribution of the quarks. The quark EoS for this form of
the bag model can be obtained from Eq. (2) [64,65].

3. Density dependent bag model with Gaussian form

At high densities, relevant to NS/HS cores, the quarks
gain asymptotic degrees of freedom [60,61]. This indicates
that the bag pressure is justifiably density dependent rather
than being a constant. Therefore in the present work we
consider the density dependence of the bag pressure BðρÞ
as the third form of bag model. Here BðρÞ follows a
Gaussian distribution form [6,46,60,61] given as

BðρÞ ¼ Bas þ ðB0 − BasÞ exp½−βðρ=ρ0Þ2�; ð3Þ

where, B0 and Bas are the values attained by BðρÞ at ρ ¼ 0
and asymptotic densities, respectively. β controls the
decrease of BðρÞ with the increase of density. This form
for the density dependence of the bag pressure thus
involves the notion of the asymptotic behavior of the
quarks at high densities. In the present work we consider
the second term of RHS of Eq. (3) as

ΔB ¼ B0 − Bas. ð4Þ

The EoS is the same obtained in the simple original form
of the MIT bag model without interaction [2,6,46].

4. Density dependent bag model with hyperbolic form

The hyperbolic form was also adopted by [67] to
construct the mixed phase of HSs. We apply the same
form to invoke density dependence of bag pressure as

BðρÞ ¼ B0 � fðρÞ; ð5Þ

where,

fðρÞ ¼ 1

2

�
1 − tan h

�
ρ − ρ̄

Γρ

��
. ð6Þ

Such a form was also adopted by [20,29] but in terms of
chemical potential. Here B0, ρ̄ and Γρ are free parameters.
The variation of BðρÞ with respect to ρ follows the same
type of curve in case of both Gaussian [Eq. (3)] and
hyperbolic [Eq. (5)] forms, i.e., BðρÞ saturates at a
particular value of ρ which essentially signifies the asymp-
totic value of BðρÞ. Hence the two forms of density
dependence of BðρÞ are almost of same nature and carry
the notion of quarks acquiring asymptotic freedom at a
particular density value.
Along with the quarks, we have also considered the

contribution of electrons in the last two quark models
similar to that in the first two quark models. In case of each
quark model and the hadronic model the conditions of
charge neutrality and the chemical potential equilibrium are
imposed individually [2]. Phase transition from hadronic to
quark phase is obtained with Maxwell construction when
the pressure and baryon chemical potential of the individual
charge neutral phases are equal [6,9–12,45,46]. We com-
pute the hybrid EoS for different values of the various
parameters involved in the different forms of the quark
models considered. For the outer crust, the Baym-Pethick-
Sutherland (BPS) EoS [73] is adopted up to the neutron
drip density [2] after which the inner crust follows which is
described by the EoS that include the pasta phases in β
equilibrium condition in the form of droplets, rods and
slabs structures [74,75]. Consequently, with the obtained
hybrid EoS, we compute the speed of sound in HS matter
following the equation

C2
S ¼

dP
dε

. ð7Þ

With the obtained hybrid EoS, we next proceed to study
the structural properties of the HSs in static conditions like
the gravitational mass (M) and the radius (R) of the HSs by
integrating the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions [76] based on the hydrostatic equilibrium between
gravity and the internal pressure of the star. The dimen-
sionless tidal deformability (Λ) is obtained in terms of the
mass, radius and the tidal love number (k2) following [77].
Since we have adopted Maxwell construction, it is expected
that the hybrid EoS will be characterized by jump in energy
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density. Therefore at the hadron-quark interface we imple-
ment the correction in calculating the second love number
as suggested by [78].

III. RESULTS

We study the effects of variation of the different
parameters of the quark models on HS properties. We vary
one parameter at a time keeping the others fixed for a
particular quark model. From the first quark model viz. the
modified bag model with strong repulsive interaction we
vary the parameters B, α, and ms. As the present mass of s
quark is known to be 93.4þ8.6

−3.4 MeV [72], we vary ms close
to this range. From the second quark model i.e., the vBag
model, we vary the parameters B, GV , and XV . After
rigorous check we found that for b4 ≠ 0, the constraint on
Λ1.4 from GW170817 [53] is not satisfied for any combi-
nation of (XV;GV; B). This is also consistent with the
results of [44]. Therefore in the present work we show the
results for variation of each parameter among XV;GV; B by
fixing b4 ¼ 0. In case of pure quark stars the value B
corresponding to the value of GV is essential for a fixed
value of XV in order to ensure the stability of the star
following Bodmer-Witten conjecture [64,66]. However, in
case of HSs, there is no such stability condition concerning
the values of (GV; B; XV) that needs to be fulfilled.
Therefore, in the present work we vary these three
parameters as free ones in order to obtain the combinations
of (GV; B; XV) for HS configurations that satisfy the various
present day astrophysical constraints on the structural
properties of compact stars. Each of the three parameters
is varied freely keeping the other two constant in order to
check their individual role on the emergence of the SPs.
In case of the quark model with density dependent bag
pressure in a Gaussian form, we vary Bas, Δ, and β. Finally,
in case of the quark model with density dependent bag
pressure in a hyperbolic form, we vary B0, ρ̄, and Γρ. In case

of the first two forms described in Secs. II B 1 and II B 2 the
bag pressure is treated as constant (B) while in the last two
(II B 3 and II B 4) it is taken to be density dependent [BðρÞ]
in Gaussian and hyperbolic forms, respectively. Since the
Gaussian and hyperbolic forms of have similar nature, we
show the variation of speed of sound in HS matter only for
the first three models.

A. Speed of sound in hybrid stars
with different quark models

We first study the variation of speed of sound in HS
matter for the different parameters involved in the first three
quark models. The corresponding results are discussed
briefly. Since the Gaussian and hyperbolic forms of density
dependence of bag pressure have similar nature, we show
the variation of speed of sound in HS matter only for the
first three quark models discussed in the previous Sec. II.
The nature of variation of CS in HS matter is often
dependent on the type of construction chosen to achieve
phase transition. Since we consider Maxwell construction,
the speed of sound in HS matter in the present work is
expected to drop drastically to zero in the transition region
as seen from [6,27–29] unlike the case of Gibbs con-
struction where speed of sound in HS matter peaks in the
mixed phase region [5,24,42,56].
Considering the modified bag model with strong repul-

sive interaction, we find from Fig. 1 that substantial change
in CS occurs due to small change in both α and B while
the variation of ms shows very feeble change in CS.
As expected higher value of B and a lower value of α
lead to comparatively delayed transition and hence a higher
value of CS. Thus in this model the speed of sound in HS is
more sensitive to α and B than ms. The peak of CS is
noticed just before transition in the pure hadronic phase
in case of higher values of both B and α as seen from
Figs. 1(a) and 1(b) while for the lowest values of B and α it

(a) (b) (c)

FIG. 1. Variation of speed of sound with density of hybrid star with modified bag model for (a) different B and fixed α and ms,
(b) different α and fixed B and ms, and (c) different ms and fixed B and α.
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is seen that CS peaks in the pure quark phase just like for
the variation of ms as seen from 1(c). This implies that the
transition density plays an important role in determining
the location of the peak of CS, whether it should lie in the
hadronic or quark phase. Delayed transition tends to locate
the peak of CS in the hadronic phase. For the variation of B
and α, the maximum value of C2

S is very close to or above
the conformal limit (C2

S ¼ 0.33) but quite less than the
causality limit (C2

S ¼ 1). Also for this model, the speed of
sound show no perceptible change in the pure quark phase
for the variation of all the three parameters. The maximum
value (0.57) of the peak of CS in the HS matter with this
quark model is obtained for the minimum value of α in the
hadronic phase as seen from Fig. 1(b).
Next considering the vBag model, for the variation of all

the three parameters XV , GV , and B, as seen from Fig. 2,
the peak of CS is obtained mostly in the pure quark phase
except for the maximum value of GV [as seen from
Fig. 2(c)] for which the transition density is quite high.
Similar to the previous model, we notice a flat behavior of
CS in the pure quark phase. However, unlike the previous
model, the increase in CS in the pure quark phase in case of
the vBag model is noticeable mainly for the variation in XV
as seen from Fig. 2(b). For the variation in GV it is feeble
[Fig. 2(c)] while for B there is no change at all in the quark
phase [Fig. 2(a)] similar to that in the previous quark model
(Fig. 1). The maximum value (0.62) of the peak of CS in
the HS matter with the vBag model is obtained for the
maximum value of GV in the hadronic phase as seen from
Fig. 2(c). With this vBag model the peak of CS is obtained
at values moderately higher than the conformal limit but
well below the causality limit.
Finally, we compare the variation of CS of HSs with

the density dependent bag pressure in Gaussian form by
varying Bas, ΔB, and β in Fig. 3. The variation of all the
three parameters yield very high peak values (average

0.95) of CS and for each case the peaks lie in the quark
phase. The variation of Bas shows very feeble change in
CS in terms of both transition density and location of the
peak as seen from Fig. 3(a). For the variation of ΔB, the
change in transition density is quite feeble but the peak
values of CS increases noticeably with ΔB as seen from
Fig. 3(b). The variation in β shifts considerably the
transition density but the peak of CS do not show any
significant change as seen from Fig. 3(c). With this model,
CS peaks in the pure quark phase. For the variation of all
the three parameters in this model the peak value of CS is
much higher (average 0.95) than the conformal limit and
is maximum compared to the results obtained with the
previous quark models. It is, however, below the causality
limit of speed of sound. We also find that unlike any other
previous quark models, there is a steep decrease of CS up
to certain values of baryon density ρ depending on the
chosen value of the parameters, after which CS shows no
change with respect to ρ. The constant value that CS
attains thereafter depends on the chosen value of Bas when
the quarks obtain asymptotic freedom.
Comparing the variation of CS in HSs obtained by

varying the different parameters of each quark model,
we find from Fig. 1(b) that the value of CS is most sensitive
to the repulsive interaction parameter α of the first quark
model considered viz. the modified bag model with strong
repulsive interaction while CS is most insensitive to ms.
The peak value of CS is maximum in case of the quark
model with density dependent bag pressure in Gaussian
form. The location of the peak of CS in HSs in general also
depends on the transition density.

B. Hybrid star structure with different quark models

We now calculate the structural properties like gravita-
tional mass (M), radius (R) and tidal deformability (Λ) of
HSs using each quark model and varying their individual

(a) (b) (c)

FIG. 2. Variation of speed of sound with density of hybrid star with vBag model for (a) different B and fixed XV b4, GV , (b) different
XV and fixed b4, GV , and B, and (c) for different GV and fixed b4, XV , and B.
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parameters. The obtained results are also compared with the
various astrophysical constraints obtained from the differ-
ent observational perspectives. We also intend to inves-
tigate particularly the parameters (of the different quark
models) responsible for the formation of SPs in the M − R
diagram of the HSs.
In Fig. 4 we show the variation of mass with radius of

HSs with the different parameters of the first quark model
i.e., the modified bag model with strong repulsive inter-
action. Comparing Figs. 4(a)–4(c) the M − R variation is
most sensitive to the repulsive interaction parameter α. The
maximum mass of HS (Mmax) is specially affected by slight
variation of α as seen from Fig. 4(b). On the other hand B
has moderate effect on Mmax while ms the least and almost

insignificant similar to the case of CS as seen in Fig. 1(c).
Mmax is higher for high values of both B and ms and low
values of α. The maximum mass and radius of the HSs with
this model are obtained for the minimum value of α ¼ 0.5
as seen from Fig. 4(b). For the different choice of B, α, and
ms, the HS configurations satisfy the different astrophysical
constraints from different observations such as the mass-
radius values of PSR J0740þ 6620 and PSR J0030þ 0451
obtained from NICER experiment and that from
GW170817 data. We also notice that the variation of B
leads to the emergence of a distinct special point (SP)
[marked with asterisk—(MSP, RSP)], irrespective of the
value of B or the transition density on the M − R plot 4a.
The SP in this case is located on the unstable branch of the

(a) (b) (c)

FIG. 4. Variation of mass with radius of hybrid star with modified bag model for (a) different B and fixed α and ms (b) different α and
fixed B and ms (c) different ms and fixed B and α. Observational limits imposed from the most massive pulsar PSR J0740þ 6620

(M ¼ 2.08� 0.07M⊙) [48] and R ¼ 13.7þ2.6
−1.5 km [49] or R ¼ 12.39þ1.30

−0.98 km [50]) are also indicated. The constraints on M − R plane
prescribed from GW170817 [53]) and NICER experiment for PSR J0030þ 0451 [51,52] are also compared. The position of special
point is marked with asterisks.

(a) (b) (c)

FIG. 3. Variation of speed of sound with density of hybrid star with density dependent bag pressure in Gaussian from for (a) different
Bas and fixed ΔB and β, different ΔB and fixed Bas and β and (c) different β and fixed Bas and ΔB.

SPEED OF SOUND IN HYBRID STARS AND THE ROLE OF … PHYS. REV. D 107, 063019 (2023)

063019-7



HSs formed after the maximum value of M. We note that
the variation of the other two parameters viz. α and ms of
this quark model do not show the formation of SPs. In
Fig. 5 we also study the effect of tidal deformability with
respect to mass for the variation of B, α, and ms. The
junction correction in the context of calculating the value of
k2 [78] do not bring any perceptible change in the net value
of Λ except at the hadron-quark interface where we obtain
smoother transitions in terms of Λ. In the main figures of 5
the transition points can also be noticed in terms of Λ while
from the insets it is seen that the constraint on Λ1.4 from
GW170817 data is better satisfied with lower values
of B and higher values of α. The values of Λ1.4 obtained
within the range ms ¼ 95þ11

−5 MeV are consistent with that
obtained from GW170817. The combination of the three
parameters (B; α; ms) that satisfy all the present astrophysi-
cal constraints the best is (145 MeV, 0.55, 95 MeV).

We next display the variation of mass with radius of HSs
with the different parameters of the second quark model
i.e. the vBag model in Fig. 6. The maximum mass of HS
increases with both GV and XV while the reverse trend is
noticed for variation of B since there is a very feeble
increase in Mmax for decreasing values of B as seen from
Fig. 6(a). The maximum mass and radius of the HSs
with vBag model are obtained for the maximum value of
GV ¼ 0.5 as seen from Fig. 6(c). The maximum mass and
radius of HSs are also most sensitive to this parameter GV
for this quark model. The variation of XV also shows a
moderate effect on Mmax as seen from Fig. 6(b) unlike the
effect of variation of B as seen from 6(a). The parameters of
this model also have good impact on the value of R1.4 of the
HSs specially for the variation of B and XV compared to the
variation of GV since transition is earlier in the case of
variation of B and XV compared to that of GV . Similar to

(a) (b) (c)

FIG. 5. Corresponding variation of tidal deformability with mass. The constraint on Λ1.4 from GW170817 [53] is also shown.

(a) (b) (c)

FIG. 6. Variation of mass with radius of hybrid star with vBag model for (a) different B and fixed XV b4,GV (b) different XV and fixed
b4, GV and B (c) different GV and fixed b4, XV and B.
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the HSs obtained with the previous quark model as shown
in Fig. 4, we find that even for this vBag model, the only
parameter responsible for the formation of SPs is the
bag pressure B [as seen from Fig. 6(a)]. However, for
the vBag model the location of SP [as marked with asterisks
in Fig. 6(a)] is on the stable second branch of HSs unlike
that in Fig. 4(a). The variation ofGV or XV do not yield SPs
on the M − R variation of HSs. For the different choice of
B, GV , and XV , the HS configurations satisfy the different
astrophysical constraints from different observations as
discussed before. In Fig. 7 we also study the corresponding
effect of tidal deformability with respect to mass for the
variation of B, GV , and XV . The constraint on Λ1.4 from
GW170817 data is well satisfied only with the minimum
values of B, GV , and XV as seen from the insets. For this
model the combination of the three parameters (B;XV;GV)
that satisfy all the present astrophysical constraints the best
is (156 MeV, 0.5, 0.4).

In Fig. 8 we present the variation of mass with radius of
HSs with the different parameters of the third quark model
i.e. density dependence of bag pressure in a Gaussian form.
Most of the HS configurations obtained with this model
exhibit twin star characteristics. The maximum mass
increases with increasing ΔB and β but decreases with
increasing Bas. The maximum mass and radius of the HSs
with this model are obtained for the minimum value of
ΔB ¼ 550 MeV fm−3 as seen from Fig. 8(b). With this
model, Mmax and R1.4 of the HSs are most sensitive to the
value of β. Overall, the HS configurations obtained with
this quark model satisfy the various astrophysical con-
straints on compact star structural properties from various
perspectives except for Bas > 10 MeV fm−3 and β < 0.2
for which the constraint on Mmax from PSR J0740þ 6620
is not satisfied. Interestingly, we notice the formation of
distinct SPs due to the variation of all the three parameters
(Bas, ΔB, and β) involved in this form of the bag model.

(a) (b) (c)

FIG. 7. Corresponding variation of tidal deformability with mass.

(a) (b) (c)

FIG. 8. Variation of mass with radius of hybrid star with density of hybrid star with density dependent bag pressure in Gaussian from
for (a) different Bas and fixed ΔB, and β (b) different ΔB and fixed Bas, and β (c) different β and fixed Bas, and ΔB.
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Such SPs are marked with asterisks in Figs. 8(a)–8(c). It is
also seen the position of the SPs are also quite close for the
three cases of variation of Bas, ΔB, and β. This once again
imply that the bag pressure plays a crucial role in the
emergence of SPs on the mass-radius diagram of HSs. In
Fig. 9 we also study the corresponding effect of tidal
deformability with respect to mass for the variation of Bas,
ΔB, and β. The insets show that the constraint on Λ1.4 from
GW170817 data is very well satisfied for all the chosen
values of Bas,ΔB, and β. For this model the combination of
the three parameters (Bas, ΔB, β) that satisfy all the present
astrophysical constraints the best are (10 MeV fm−3,
550 MeV fm−3, 0.2), (10 MeV fm−3, 750 MeV fm−3, 0.2),
and (10 MeV fm−3, 950 MeV fm−3, 0.2).
Finally, in Fig. 10 we present the variation of mass with

radius of HSs with the different parameters of the fourth
and last quark model considered in this work i.e. density
dependence of bag pressure in a hyperbolic form. Similar to
the HS configurations obtained with the previous quark

model with density dependent bag pressure in Gaussian
form, we notice twin star characteristics in most of the
M − R curves of HSs obtained with this quark model where
the hyperbolic form of the BðρÞ dependence is considered.
The maximum mass increases with decreasing values of ρ̄,
Γ=ρ0, and B0. The maximum mass and radius of the HSs
with this model are obtained for the minimum value of
Γ=ρ0 as seen from Fig. 10(b). With this model, Mmax and
R1.4 of the HSs are quite sensitive to all the three
parameters. All the HS configurations obtained with this
quark model satisfy the maximum mass constraint from
PSR J0740þ 6620 except for the maximum value of ρ̄ as
seen from Fig. 10(a). The constraint from GW170817 data
is well satisfied by all the HS configurations obtained with
this quark model. We notice from Figs. 10(a)–10(c) that the
NICER data for PSR J0030þ 0451 is better satisfied with
increasing values of all the three parameters individually.
Like the HSs with density dependent bag pressure with
Gaussian from, we also obtain SPs for HSs with density

(a) (b) (c)

FIG. 9. Corresponding variation of tidal deformability with mass.

(a) (b) (c)

FIG. 10. Variation of mass with radius of hybrid star with density dependent bag pressure in hyperbolic from for (a) different ρ̄ and
fixed B0 and Γ=ρ0 (b) different Γ=ρ0 and fixed B0 and ρ̄ (c) different B0 and fixed Γ=ρ0 and ρ̄.
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dependent bag pressure in hyperbolic from. However, for
the later we obtain SPs only for the variations of ρ̄ and B0

[Figs. 10(a) and 10(c)] and not Γ=ρ0 [Fig. 10(b)]. In Fig. 11
we also study the corresponding effect of tidal deform-
ability with respect to mass for the variation of ρ̄, Γ=ρ0,
and B0. From the insets we find that the constraint on Λ1.4
from GW170817 data is well satisfied for the chosen values
of ρ̄, Γ=ρ0, and B0.

Considering the results of the structural properties of HSs
with all the four quark models, we find that both in the
density dependent and independent cases the variation of
bag pressure leads to the formation of SPs on the M − R
diagram of HSs as seen from Figs. 4(a), 6(a), 8(a)–8(c),
10(a), and 10(c). Interestingly, it is also seen from Figs. 5(a),
7(a), 9(a)–9(c), 11(a), and 11(c) that the curves overlap near
MSP. This indicates that the feature of SPs is also exhibited
also in all the Λ −M dependence corresponding to the
M − R dependence for which SPs are noticed.
As discussed in the Introduction Sec. I, SPs are often

treated as universal properties of HSs that help us to
understand the possible existence of HSs in the light of
the multimessenger data as signals [33,40,46]. In Fig. 12
we compare our results of location of SPs with that of [33]
obtained with the CSS quark model. We find that our
locations of the SPs with different forms of MIT bag model
are within the possible region of SPs prescribed by [33]
for constant speed of sound C2

S ¼ 0.7 with the CSS quark
model. Also, the excluded regions of the M − R plane as
prescribed from the GW170817 analysis [79] are not
violated by our locations of the SPs. In two cases when
the bag pressure is density independent, our (MSP; RSP)
values also satisfy the M − R constraint from PSR
J0740þ 6620. This is also seen from Figs. 4(a) and 6(a)
unlike the case when the bag pressure is density dependent
for which the location of SPs do not satisfy the M − R
constraint from PSR J0740þ 6620. This was also noticed
in our previous work [46] where this constraint was not
satisfied by the locations of the SPs of HSs obtained with
the quark model with density dependent bag pressure and
six different hadronic models.

IV. SUMMARY AND CONCLUSION

We investigate the possibility of hadron-quark phase
transition in compact star cores and the formation of HSs.

(a) (b) (c)

FIG. 11. Corresponding variation tidal deformability with mass.

FIG. 12. Location of special points (asterisks) on the mass-
radius plot of hybrid stars for the variation of bag pressure in
density dependent and independent scenarios. The possible
positions of the special points for the CSS quark model with
C2
S ¼ 0.7 [33] is also compared. The allowed [53] and excluded

[79] regions on the mass-radius plane from GW170817 are also
indicated.
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For the purpose we employ the RMF hadronic model BSR2
while the quark phase is described by four different forms
of the MIT Bag model. Phase transition is achieved with
Maxwell construction and as a result sharp transition with
density jumps is observed. The variation of speed of sound
is studied in HS matter. The location of the peak of CS
can lie in the hadronic or quark phase depending on the
different parameters as well as the quark model considered
and the transition density. Considering the results of HSs
with all the four forms of bag model, we find that the value
of CS is most sensitive to the repulsive interaction param-
eter α of the modified bag model with strong repulsive
interaction and most insensitive to the mass of s quark ms
while CS is maximum for the case of density dependent bag
pressure in Gaussian from.
We then studied the structural properties of the HSs

obtained with the four different forms of the quark model
for different parameters involved in these four types of
quark models with respect to the present day astrophysical
constraints on the M − R relation obtained from PSR
J0740þ 6620, GW170817, and NICER experiment for
PSR J0030þ 0451 and also that on Λ1.4 obtained from
GW170817 data analysis. Even for Mmax and R1.4 of the
HSs, ms remains the most insensitive parameter consider-
ing all the various other parameters involved in the four
different quark models. The value of Λ1.4 from GW170817
data is best satisfied in the density dependent scenario of
the bag pressure compared to those where it is taken to be

constant. However, the NICER data for PSR J0030þ 0451
is better satisfied when the bag pressure is treated to be
constant. It is also interesting to note that twin star
characteristics is obtained in certain cases only when the
bag pressure is considered to be density dependent and not
when it is taken to be constant.
Interestingly, we notice the emergence of SPs on the

M − R diagram of HSs and considering the M − R
dependence of HSs for the variation of different parameters
involved in the four different forms of MIT Bag model, we
find that the bag pressure plays immense role in the
emergence of SPs in both density dependent and indepen-
dent scenarios. No other parameter associated with the four
quark models can lead to the formation of SPs. This is the
most important finding of the present work. Even in the
Λ −M dependence corresponding to the M − R diagrams
for which SPs are noticed, the feature of SPs is also well
prominent. With respect to the different constraints on the
M − R plain of HSs, we also found that the SPs lie on
the allowed regions and their locations do not violate the
GW170817 excluded zones. The (MSP; RSP) values satisfy
the M − R constraint from PSR J0740þ 6620 only when
the bag pressure is taken to be constant.
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