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The exact elementary excitations in a typical Uð1Þ symmetry broken quantum integrable system, that is
the twisted J1 − J2 spin chain with nearest-neighbor, next nearest neighbor, and chiral three spin
interactions, are studied. The main technique is that we quantify the energy spectrum of the system by the
zero roots of the transfer matrix instead of the traditional Bethe roots. From the numerical calculation and
singularity analysis, we obtain the patterns of zero roots. Based on them, we analytically obtain the ground
state energy and the elementary excitations in the thermodynamic limit. We find that the system also
exhibits the nearly degenerate states in the regime of η ∈ R, where the nearest-neighbor couplings among
the z direction are ferromagnetic. More careful study shows that the competing of interactions can induce
the gapless low-lying excitations and quantum phase transition in the antiferromagnetic regime with
η ∈ Rþ iπ.
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I. INTRODUCTION

Understanding the collective behavior in the one-
dimensional quantum many-body systems is a fascinating
and challenging issue. Due to the competition of some
kinds of interactions, many novel physical phenomena
are found, and new physical pictures are developed. The
exact solution can provide the benchmark of these new
theories [1–3]. The typicalmethods of seeking the exact solu-
tion are the coordinate [4] and algebraic Bethe ansatz [5–11],
as well as the T −Q relation [12,13]. These methods are
powerful when studying quantum integrable systems with
Uð1Þ symmetry. However, if theUð1Þ symmetry is broken, it
is hard to construct a suitable reference state and to apply
these methods. On the other hand, based on the Yang-Baxter
equation and reflection equations, we can prove that there
indeed exist some quantum integrable systems withoutUð1Þ
symmetry. The next problem is how to solve them exactly.
Then many interesting methods such as gauge transforma-
tion [14], T −Q relation based on the fusion [15,16],
q-Onsager algebra [17,18], separation of variables [19,20],
modified algebraic Bethe ansatz [21–23], and off diagonal

Bethe ansatz [24,25] have been developed. We should note
that the exact solutions of quantum integrable systems
without Uð1Þ symmetry have many applications in non-
equilibrium statistical mechanics [26,27], topological phys-
ics [28,29], and high energy physics [30–34].
The next question is how to calculate the exact physical

quantities of the systems in the thermodynamic limit. The
difficulties come from the eigenvalues, and the associated
Bethe ansatz equations (BAEs) are inhomogeneous. Thus,
it is impossible to take the logarithm of BAEs and use the
thermodynamic Bethe ansatz. Recently, a novel Bethe
ansatz scheme has been proposed to calculate the physical
quantities of quantum integrable systems with or without
Uð1Þ symmetry to overcome the obstacles [35,36]. The
main idea is that the eigenvalues of the transfer matrix can
be characterized by their zero roots instead of the traditional
Bethe roots.
In this paper, we study an integrable J1 − J2 spin chain,

which includes the nearest-neighbor (NN), next-nearest-
neighbor (NNN), and chiral three-spin interactions. The
boundary condition is the antiperiodic one. The twisted
boundaries break the Uð1Þ symmetry of the system. After
the boundary reflection, the spins of quasiparticles are not
conserved. Based on the algebraic analysis, we obtain the
energy spectrum of the system and the homogeneous
BAEs. From the numerical calculation and singularity
analysis of BAEs, we get the distributions of solutions
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in the thermodynamic limit. Then, we compute the ground
state energy and elementary excitations. We also find the
nearly degenerate states in the ferromagnetic regime and
the quantum phase transition in the antiferromagnetic
regime.
The paper is organized as follows. The next section

serves as an introduction to the antiperiodic J1 − J2 spin
chain and the explanation of its integrability. In Sec. III,
we give the eigenvalues spectrum. In Sec. IV, combined
with the inhomogeneous T −Q relation, we analyse the
zero root patterns of the eigenvalue of the transfer matrix.
We study the nearly degenerate states in Sec. V. Then, we
calculate the ground state energy and low-lying excitations
in the thermodynamic limit focusing on the regime of real
in Sec. VI. In Sec. VII, the exact physical properties are
discussed in the regime of η ∈ Rþ iπ. Concluding remarks
and discussions are given in Sec. VIII.

II. THE SYSTEM AND INTEGRABILITY

The Hamiltonian of the integrable anisotropic J1 − J2
model reads

H ¼ −
X2N
j¼1

X
α¼x;y;z

½Jα1σαjσαjþ1 þ J2σαjσ
α
jþ2

þ ð−1ÞjJα3σαjþ1ðσ⃗j × σ⃗jþ2Þα�; ð2:1Þ

as shown in Fig. 1. Here, 2N is the number of sites. fσαj jj ¼
1;…; 2Ng are the 2 × 2 Pauli matrices along the α direction
at the jth site. In this paper, we consider the system (2.1)
with antiperiodic boundary condition,

σα2Nþn ¼ σxnσ
α
nσ

x
n; n ¼ 1; 2; α ¼ x; y; z; ð2:2Þ

which gives σx2Nþn ¼ σxn, σ
y
2Nþn ¼ −σyn, and σz2Nþn ¼ −σzn.

Jα1 quantifies the NN coupling with the form of

Jx1 ¼ Jy1 ¼ coshð2aÞ; Jz1 ¼ cosh η; ð2:3Þ

where a is the model parameter and η is the anisotropic
parameter. J2 characterizes the NNN isotropic coupling,

J2 ¼ −
sinh2ð2aÞ cosh η

2 sinh2 η
: ð2:4Þ

Jα3 describes the chiral three-spin coupling with the
strength of

Jx3 ¼ Jy3 ¼
i sinhð2aÞ
2 sinh η

cosh η; Jz3 ¼
i sinhð4aÞ
4 sinh η

: ð2:5Þ

If a ¼ 0, the model (2.1) degenerates into the Heisenberg
spin chain. It is worth mentioning that the Hermitian
operator of Hamiltonian (2.1) requires that a must be real

if η is imaginary, and a must be imaginary if η is real
or η ∈ Rþ iπ.
Now, we show that the model (2.1) is integrable, which is

related to the six-vertex R matrix,

R0;jðuÞ ¼
sinhðuþ ηÞ þ sinh u

2 sinh η
þ 1

2
ðσxjσx0 þ σyjσ

y
0Þ

þ sinhðuþ ηÞ − sinh u
2 sinh η

σzjσ
z
0; ð2:6Þ

where u is the spectral parameter. Throughout this
paper, we adopt the standard notations. For any matrix
A ∈ EndðCÞ, Aj is an embedding operator in the tensor
space C2 ⊗ C2 ⊗ � � �, which acts as A on the jth space and
as an identity on the other factor spaces. R0;jðuÞ is an
embedding operator of R matrix in the tensor space, which
acts as identity on the factor spaces except for the 0th
and jth ones. Here 0 means the auxiliary space and j ¼
1;…; 2N means the physical or quantum space. The R
matrix (2.6) has the following properties:

Initial condition∶ R0;jð0Þ ¼ P0;j; ð2:7Þ

Unitarity relation∶ R0;jðuÞRj;0ð−uÞ ¼ ϕðuÞ × id; ð2:8Þ

Crossing relation∶ R0;jðuÞ ¼ V0R
tj
0;jð−u − ηÞV0;

V0 ¼ −iσy0; ð2:9Þ

PT symmetry∶ R0;jðuÞ ¼ Rj;0ðuÞ ¼ R
t0tj
0;j ðuÞ; ð2:10Þ

Z2 symmetry∶ σα0σ
α
jR0;jðuÞ ¼ R0;jðuÞσα0σαj ;

for α ¼ x; y; z; ð2:11Þ

Quasiperiodicity∶ R0;jðuþ iπÞ ¼ −σz0R0;jðuÞσz0; ð2:12Þ

Fusion relation∶ R0;jð−ηÞ ¼ −2Pð−Þ
0;j : ð2:13Þ

Here, ϕðuÞ ¼ − sinhðuþ ηÞ sinhðu − ηÞ=sinh2η, id is the
identity operator, Rj;0ðuÞ ¼ P0;jR0;jðuÞP0;j with P0;j being
the permutation operator, tl denotes transposition in the lth

FIG. 1. Illustration of the bulk of twisted J1 − J2 spin system
with the nearest-neighbor interactions J1, next-nearest-neighbor
interactions J2, and chiral three-spin interactions ð−1ÞjJ3. The
model can be viewed as the zigzag chain. The order of the chiral
three-spin coupling in each triangle is indicated by the red arrows.
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space, and Pð−Þ
0;j is the one-dimensional antisymmetric

projection operator, Pð−Þ
0;j ¼ ð1 − P0;jÞ=2. Besides, the R

matrix (2.6) satisfies the Yang-Baxter equation,

R0;jðu1 − u2ÞR0;lðu1 − u3ÞRj;lðu2 − u3Þ
¼ Rj;lðu2 − u3ÞR0;lðu1 − u3ÞR0;jðu1 − u2Þ: ð2:14Þ

We combine all the R matrices in different sites and
define the monodromy matrix as

T0ðuÞ ¼ σx0R0;1ðu − θ1ÞR0;2ðu − θ2Þ
� � �R0;2N−1ðu − θ2N−1ÞR0;2Nðu − θ2NÞ; ð2:15Þ

where the fθjjj ¼ 1;…; 2Ng are the inhomogeneous
parameters. The transfer matrix is given by tracing the
monodromy matrix in the auxiliary space,

tðuÞ ¼ tr0T0ðuÞ: ð2:16Þ

Based on the commutation relation (2.11) and the Yang-
Baxter equation (2.14), one can prove that the transfer
matrices with different spectral parameters commutate with
each other, i.e.,

½tðuÞ; tðvÞ� ¼ 0: ð2:17Þ

Expanding the transfer matrix with respect to the spectral
parameter u, all the expansion coefficients are also commu-
tative. According to the quantum integrable theory, all the
conservedquantities including themodelHamiltonian can be
constructed by these expansion coefficients. Because the
number of independent conserved quantities equals to that of
the degrees of freedom, the system is integrable.
The Hamiltonian (2.1) is generated by the transfer

matrices as

H ¼ ϕ1−Nð2aÞ sinh η
�
tða − ηÞ ∂tðuÞ

∂u

����
u¼a

þ tð−a − ηÞ ∂tðuÞ
∂u

����
u¼−a

�����
fθj¼ð−1Þjag

þ E0; ð2:18Þ

where the constant E0 is given by

E0 ¼ −
N cosh η½cosh2ð2aÞ − coshð2ηÞ�

sinh2η
: ð2:19Þ

Another interesting conserved quantity is the shift
operator, which is generated by the transfer matrix as [37]

U ¼ ϕ−Nð2aÞtðaÞtð−aÞjfθj¼ð−1Þjag: ð2:20Þ

One can find that the operator U commutate with the
Hamiltonian. The U characterizes the transition invariance

of the present system. According to the quantum theory, we
can define the topological momentum k as

k ¼ −i lnU ¼ −i
X2N−1

j¼1

ln
sinhðaþ zj −

η
2
Þ

sinhða − zj −
η
2
Þmodf2πg:

ð2:21Þ

III. THE EIGENVALUES SPECTRUM

From the construction (2.18), we know that the eigene-
nergies of the Hamiltonian (2.1) are related with the
eigenvalues of transfer matrix tðuÞ. If the eigenvalues of
the transfer matrix are known, the eigenenergies are known.
Thus, we diagonalize the transfer matrix tðuÞ first. Because
the Uð1Þ symmetry of the system is broken, we calculate
the eigenvalues of transfer matrix based on the polynomial
analysis. The main ideas are as follows. From the defi-
nitions (2.6), (2.15), and (2.16), we know that the transfer
matrix tðuÞ is an operator-valued trigonometric polynomial
with degree 2N − 1 due to the existence of twisted matrix
σx0 and partial trace. According to the algebra analysis
theory, the values of tðuÞ can be completely determined by
the 2N − 1 independent constraints. Then, we should seek
these constraints, which can be achieved by using the fusion
technique.At the inhomogeneous point θj, theRmatrix (2.6)
degenerates into the one-dimensional projector operator;
please see Eq. (2.13). Byusing the properties of projector and
Yang-Baxter equation, we can obtain the transfer matrices
product identities in these one-dimensional subspaces char-
acterized by fθjjj ¼ 1;…; 2Ng. At the certain values of
spectral parameter, these identities are closed and can be used
to determine the eigenvalues of tðuÞ. The more detailed
description can be found in Ref. [24] or Chap. 4 in the
book [25].
By using the initial condition (2.7), we have

tðθjÞ ¼ tr0fσx0R0;1ðθj − θ1Þ � � �P0;j

� � �R0;2N−1ðθj − θ2N−1ÞR0;2Nðθj − θ2NÞg
¼ Rj;jþ1ðθj − θjþ1Þ � � �Rj;2Nðθj − θ2NÞσxjRj;1ðθj − θ1Þ
� � �Rj;j−1ðθj − θj−1Þ; ð3:1Þ

with the help of crossing relation (2.9), the transfer matrix
tðθj − ηÞ can be calculated as

tðθj − ηÞ ¼ ð−1Þ2N−1Rj;j−1ð−θj þ θj−1Þ � � �Rj;1ð−θj þ θ1Þ
× σxjRj;2Nð−θj þ θ2NÞ � � �Rj;jþ1ð−θj þ θjþ1Þ:

ð3:2Þ

Multiplying Eqs. (3.1) and (3.2), and using the unitarity
relation (2.8), we obtain the following operators product
identities:
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tðθjÞtðθj − ηÞ ¼ −aðθjÞdðθj − ηÞ × id; j ¼ 1;…; 2N;

ð3:3Þ

where

dðuÞ ¼ aðu − ηÞ ¼
Y2N
j¼1

sinhðu − θjÞ
sinh η

: ð3:4Þ

Denote the eigenvalue of tðuÞ as ΛðuÞ. Acting the
operator identities (3.3) on a common state of tðuÞ and
tðu − ηÞ, we obtain the following functional relations:

ΛðθjÞΛðθj − ηÞ ¼ −aðθjÞdðθj − ηÞ; j ¼ 1;…; 2N:

ð3:5Þ

The eigenvalue ΛðuÞ is a trigonometric polynomial of u
with the degree 2N − 1. Thus, the value of ΛðuÞ can be
completely determined by the 2N constraints (3.5).
Besides, the transfer matrix tðuÞ satisfies the periodicity,

tðuþ iπÞ ¼ ð−1Þ2N−1tðuÞ; ð3:6Þ

which gives

Λðuþ iπÞ ¼ ð−1Þ2N−1ΛðuÞ: ð3:7Þ

According to Eqs. (3.5) and (3.7), we express ΛðuÞ in terms
of its 2N − 1 zero roots fzj − η=2jj ¼ 1;…; 2N − 1g and
an overall coefficient Λ0 as

ΛðuÞ ¼ Λ0

Y2N−1

j¼1

sinh

�
u − zj þ

η

2

�
: ð3:8Þ

Substituting the parametrization (3.8) into (3.5), we obtain
the constraints among zero roots,

Λ2
0

Y2N−1

j¼1

sinh

�
θl − zj þ

η

2

�
sinh

�
θl − zj −

η

2

�
¼ −sinh−4Nη

Y2N
j¼1

sinhðθl − θj þ ηÞ × sinhðθl − θj − ηÞ; l ¼ 1;…; 2N:

ð3:9Þ
We note the BAEs (3.9) are homogeneous. From the construction (2.18), we obtain the energy spectrum of Hamiltonian
(2.1) as

E ¼ ϕ1−Nð2aÞ sinh η
�
Λða − ηÞ ∂ΛðuÞ

∂u

����
u¼a

þ Λð−a − ηÞ ∂ΛðuÞ
∂u

����
u¼−a

�����
fθj¼ð−1Þjag

þ E0

¼ ϕð2aÞ sinh η
X2N−1

j¼1

fcothðzj − a − η=2Þ þ cothðzj þ a − η=2Þgjfθj¼ð−1Þjag þ E0: ð3:10Þ

For the system with finite size, we solve the BAEs (3.9)
and obtain the solutions of zero roots. Substituting the
values into (3.10), we obtain the eigenenergy of the
Hamiltonian (2.1). The results are given in Table I.
The eigenenergies can also be obtained by the exact
numerical diagonalization. We find that the analytical
results and numerical ones are consistent with each other
very well. Thus, the energy (3.10) is correct.

IV. THE PATTERNS OF ZERO ROOTS

Now, we seek the general rules of the solutions of
BAEs (3.9). In this paper, we consider the Hermitian

Hamiltonian, where the model parameter a is pure imagi-
nary and the crossing parameter η is real or η ∈ Rþ iπ. We
fix the imaginary part of the zero roots in the interval
½−π=2; π=2Þ because of the periodicity property (3.7).
Without losing generality, we set the imaginary parameter
a as a ¼ ib and b is real. From the construction of
integrable Hamiltonian (2.1), we know that the inhomo-
geneous parameters fθjg are pure imaginary. In this case,
the crossing relation (2.9) leads to

R
�†j
0;j ðu − θjÞ ¼ −σy0R0;jð−u� − η − θjÞσy0: ð4:1Þ

TABLE I. The zero roots and energy spectrum of the system
(2.1) with 2N ¼ 4, a ¼ 0.2i, and η ¼ 0.8. Here, En is the
eigenenergy of the nth level, and each level is double degenerate.

z1 z2 z3 En n

−0.4614i 0 0.4614i −4.3679 1
−0.3430i 0.0949i 0.9096i −3.4531 2
−0.9096i −0.0949i 0.3430i −3.4531 3
−1.5708i −0.2291i 0.2291i −3.2656 4
−1.0545 − 1.5708i 0 1.0545 − 1.5708i 0.6836 5
−0.8175þ 0.2545i −0.2764i 0.8175þ 0.2545i 3.4531 6
−0.8175 − 0.2545i þ0.2764i 0.8175 − 0.2545i 3.4531 7
−0.8212 −1.5708i 0.8212 6.9499 8
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Substituting the above equation into Eq. (2.16), we obtain

t†ðuÞ ¼ ð−1Þ2N−1tð−u� − ηÞ; ð4:2Þ

which gives

ΛðuÞ ¼ ð−1Þ2N−1Λ�ð−u� − ηÞ: ð4:3Þ

Then, we conclude that if the complex number zj is a root
of the BAEs, the −z�j must be another root. Thus, the zero
roots form the pairing solutions which have the same
imaginary part but the real parts are opposite, i.e.,

ReðzjÞ þ ReðzlÞ ¼ 0; ImðzjÞ ¼ ImðzlÞ: ð4:4Þ

The zero roots are distributed symmetrically about the
imaginary axis.
The more detailed distribution of zero roots could be

obtained with the help of Bethe roots. The functional
identity (3.5) allows us to parametrize the eigenvalue ΛðuÞ
as the inhomogeneous T −Q relation [25],

ΛðuÞQðuÞ ¼ euaðuÞQðu − ηÞ − e−u−ηdðuÞQðuþ ηÞ
− cðuÞaðuÞdðuÞ; ð4:5Þ

where the QðuÞ and cðuÞ are given by

QðuÞ ¼
Y2N
j¼1

sinhðu − λjÞ
sinh η

;

cðuÞ ¼ eu−2Nηþ
P

2N
l¼1

ðθl−λlÞ − e−u−η−
P

2N
l¼1

ðθl−λlÞ; ð4:6Þ

and fλjg are the Bethe roots, which should satisfy the
BAEs,

eλjaðλjÞQðλj − ηÞ − e−λj−ηdðλjÞQðλj þ ηÞ
− cðλjÞaðλjÞdðλjÞ ¼ 0; j ¼ 1;…; 2N: ð4:7Þ

Putting λj ¼ iuj − η=2 and taking the stagger limit
θj ¼ ð−1Þja, we rewrite the above BAEs as

eiuj
sinNðuj þ b − 1

2
iηÞsinNðuj − b − 1

2
iηÞ

sinNðuj þ bþ 1
2
iηÞsinNðuj − bþ 1

2
iηÞ

¼ e−iuj
Y2N
l¼1

sinðuj − ul − iηÞ
sinðuj − ul þ iηÞ þ 2ie−Nη sin

�
uj −

X2N
l¼1

ul

�

×
sinNðuj þ b − 1

2
iηÞsinNðuj − b − 1

2
iηÞQ

2N
l¼1 sinðuj − ul þ iηÞ ;

j ¼ 1;…; 2N: ð4:8Þ

When η is positive real, for a complex uj with a negative
imaginary part, we have

���� sin
�
uj � b −

1

2
iη

����� >
���� sin

�
uj � bþ 1

2
iη

�����: ð4:9Þ

This indicates that the module of the left-hand side of BAEs
(4.8) tends to infinity exponentially when N → ∞. To keep
the equality, the denominator of the right-hand side of
BAEs (4.8) must tend to zero in this limit, which gives that
uj − ul þ iη → 0. From the T −Q relation (4.5), we know
that the zero roots fzj − η

2
g and fiuj − η

2
g of the term

ΛðuÞQðuÞ are undistinguishable, so fujg are symmetric
about the real axis since fzjg are symmetric about the
imaginary axis from (4.4). Therefore, the general complex
solutions of the Bethe roots form strings,

uj ¼ uj0 þ iη

�
nþ 1

2
− j

�
þ oðe−δNÞ; j ¼ 1;…; n;

ð4:10Þ

where uj0 indicates the position of the n string in the real
axis and oðe−δNÞ stands for a small finite size correction.
Now we can determine the pattern of zero roots fzjg.

Putting zj ¼ ixj and taking the zero root ixj −
η
2
into

Eq. (4.5), we obtain

eixj
sinNðxj þ b − 1

2
iηÞsinNðxj − b − 1

2
iηÞ

sinNðxj þ bþ 1
2
iηÞsinNðxj − bþ 1

2
iηÞ

¼ e−ixj
Y2N
l¼1

sinðxj − ul − iηÞ
sinðxj − ul þ iηÞ þ 2ie−Nη sin

�
xj −

X2N
l¼1

ul

�

×
sinNðxj þ b − 1

2
iηÞsinNðxj − b − 1

2
iηÞQ

2N
l¼1 sinðxj − ul þ iηÞ ;

j ¼ 1;…; 2N: ð4:11Þ

A similar discussion can then proceed. For the xj with a
negative imaginary part, the Eq. (4.11) leads to the
relation between the zero root and Bethe root as xj −
ul þ iη → 0 when N tends to infinity. One should note
that the two sets of roots could not be equal, and the zero
roots are lower in the complex plane than the Bethe
roots. Combined with the fact that the fxjg are sym-
metric about the real axis from (4.4), we arrive at the
similar statement that, for xi with a positive imaginary
part, xi − uk − iη → 0 with N → ∞ and the correspond-
ing zero roots are higher in the complex plane than the
Bethe roots. Thus, the above analysis determines the
pattern of zero roots fxjg as

ImðxjÞ ¼ � 1þ n
2

ηþ oðe−δNÞ; n ¼ 1; 2;…: ð4:12Þ

Substituting them into zj ¼ ixj, we obtain
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ReðzjÞ ¼ � 1þ n
2

ηþ oðe−δNÞ; n ¼ 1; 2;…: ð4:13Þ

The above conclusion also holds for η ∈ Rþ iπ by
replacing η with ReðηÞ.

V. THE NEARLY DEGENERATE STATES

By carefully analyzing the energy spectrum, we find an
interesting phenomenon: some nearly degenerate states
exist in the regime of η ∈ R, where the NN couplings
among the z direction are ferromagnetic. The energy
spectrum is shown in Fig. 2(a). One sees that the energy
levels can be divided into two parts. There is a big gap
between the lower and upper energy levels. Further analysis
gives that the patterns of zero points in these two regimes
are different. In the lower regime, all the zero roots are pure
imaginary and are asymmetric around the origin. The
related states are the nearly degenerate states.
From the numerical results of the system with finite size,

we find that there are 4N sets of zero roots lying on the
imaginary axis, in which two sets correspond to the ground
states. The other 4N − 2 sets correspond to the nearly
degenerate states. The degeneracy of the ground state is 2.
In Fig. 2(b), we show the patterns of zero roots in the nearly
degenerate states. Because all the zero roots are located on
the imaginary axis, it is not necessary to show them in the
complex plane. Thus, we choose the lateral axis of Fig. 2(b)
as the energy difference ΔE ¼ Ed − E1g instead of the real
axis, where Ed is the energy of nearly degenerate state and
E1g is the ground state energy.
To further investigate the physical properties of the

nearly degenerate states, we calculate the spin texture of
these states by the exact numerical diagonalization. Table II
shows that the ground states and the nearly degenerate
states can be regarded as the superpositions of domain
walls or kinks, which are generated by continuously
flipping some spins from the all spin-up state (or the all
spin-down state), while the high excited states can not be.

The low-lying states, i.e., the ground and nearly degenerate
states, have two domain walls. One is fixed between sites
2N and 1 due to the antiperiodic boundary. The other can be
located between sites j and jþ 1. This in total gives 2 ×
2N configurations. Subtracting two degenerated ground
states, we have 4N − 2 nearly degenerate states, which is
consistent with the numerical results.
Now, we consider the relation between the nearly

degenerate states and the interactions. Define ΔEmax ¼
maxðEdÞ − E1g, where maxðEdÞ is the maximal energy of
the nearly degenerate states and E1g is the ground state
energy. The energy difference ΔEmax versus the model
parameter a ¼ ib is shown in Fig. 2(c). From it, we see
that the ΔEmax changes with the changing of NN, NNN,
and chiral three-spin interactions and reaches its minimum
at the point of a ¼ iπ=4.
Last, we shall note that the gaps among the nearly

degenerate states tend to zero with the increasing of system
size. In the thermodynamic limit, these nearly degenerate
states become the ground state.

VI. THERMODYNAMIC LIMIT WITH η ∈ R

Since we have known the zero roots distribution of
the BAEs, it is now possible to calculate the physical
quantities in the thermodynamic limit. Based on the t − θ
scheme proposed in [35,36], we choose the inhomoge-
neity parameters fθjg as auxiliary ones to calculate the
physical quantities such as the ground state energy and
the elementary excitations of the system. We first con-
sider the regime of η is real. From the previous
derivation, we know that fθjg are imaginary because
that a is imaginary.

A. The ground state

At the ground state, all roots fzjg take imaginary values
for the imaginary fθjg. It is convenient to put θj ¼ iϕj and
zj ¼ ixj, where ϕj and xj take real values. Taking the

FIG. 2. (a) The system’s energy levels with 2N ¼ 8, b ¼ 0.2, and η ¼ 0.8, where we have omitted some levels at high excited states.
(b) The distribution of zero root at the nearly degenerate states for different energy difference ΔE with 2N ¼ 8, b ¼ 0.2, and η ¼ 0.6.
There are 14 nearly degenerate states and 7 energy differences. The set of solutions of zero roots are denoted by different colors. For
example, considering the double degeneracy, there are ð4N − 2Þ=2 ¼ 7 sets of different zero roots for the nearly degenerate states at
2N ¼ 8 case. We plot the seven sets of zero roots with different colors in Fig. 2(b) for a clearer explanation. (c) The energy difference
between the highest nearly degenerate state and the ground state ΔEmax versus the model parameter a with 2N ¼ 8 and η ¼ 0.6.
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logarithm and considering the thermodynamic limitN → ∞
of Eq. (3.9), we obtain

ln jΛ2
0j þ 2N

Z
β1ðϕ − xÞρðxÞdx ¼ ln jsinh−4N ηj

þ 2N
Z

β2ðϕ − xÞσðxÞdx; ð6:1Þ

whereβnðxÞ ¼ ln½sinðx − inη=2Þ sinðxþ inη=2Þ�, ρðxÞ, and
σðxÞ are the density of fxjg and fϕjg, respectively. Taking
the derivative of Eq. (6.1) with respect to ϕ, we have

Z π
2

−π
2

b1ðϕ − xÞρðxÞdx ¼
Z π

2

−π
2

b2ðϕ − xÞσðxÞdx; ð6:2Þ

in which bnðxÞ ¼ 2 sinð2xÞ=½ðcosnη − cos 2xÞ�. Introduce
the Fourier transformation,

fðxÞ ¼ 1

π

Xþ∞

ω¼−∞
f̃ðωÞei2ωx; f̃ðωÞ ¼

Z π
2

−π
2

fðxÞe−i2ωxdx:

ð6:3Þ

The Fourier transformation of Eq. (6.2) reads

b̃1ðωÞρ̃ðωÞ ¼ b̃2ðωÞσ̃ðωÞ; ð6:4Þ

where b̃nðωÞ ¼ −i2πsignðωÞe−nηjωj. Because the total num-
ber for zero roots fzjg is 2N − 1, the normalization of zero

TABLE II. The projections αij ¼ hFjjψ ii and the error δ≡ jjψ ii −
P

8
j¼1 αijjFjij with 2N ¼ 4, a ¼ 0.2i, and

η ¼ 2. Here, fjψ ii; i ¼ 1;…; 16g are the eigenstates. Among them, the first two are the ground states, from the third
to the eighth are the nearly degenerate states, and the rest ones are the high excited states. fjFji ¼Qj−1

k¼1 σ
x
ðk−1Þmodð4Þþ1

j↑↑↑↑i; j ¼ 1;…; 8g are the approximate basis vectors of eight-dimensional low-lying states.

The values of δ at the low-lying states are much smaller than those at the high excited states.

αij j ¼ 1 j ¼ 2 j ¼ 3 j ¼ 4

i ¼ 1 0.0087 − 0.0000i 0.4718 − 0.1416i 0.0087 − 0.0000i 0.4718 − 0.1416i
i ¼ 2 0.4926þ 0.0000i −0.0083þ 0.0025i 0.4926þ 0.0000i −0.0083þ 0.0025i
i ¼ 3 −0.0000 − 0.0000i 0.1609þ 0.5121i −0.0041þ 0.2356i 0.1343 − 0.3603i
i ¼ 4 −0.0000þ 0.0000i 0.0742 − 0.4350i −0.1622þ 0.1233i 0.3358 − 0.3775i
i ¼ 5 −0.0003 − 0.0000i 0.0865 − 0.0343i −0.4582þ 0.4296i −0.2278þ 0.1911i
i ¼ 6 −0.7011 − 0.0000i −0.0000þ 0.0000i 0.0002 − 0.0002i 0.0001 − 0.0001i
i ¼ 7 0.0030þ 0.0000i −0.4606þ 0.1871i −0.0030 − 0.0000i 0.4606 − 0.1871i
i ¼ 8 0.4972þ 0.0000i 0.0028 − 0.0011i −0.4972 − 0.0000i −0.0028þ 0.0011i
i ¼ 9 −0.0045þ 0.0000i −0.0826þ 0.0198i −0.0045þ 0.0000i −0.0826þ 0.0198i
i ¼ 10 0.0850þ 0.0000i −0.0044þ 0.0011i 0.0850 − 0.0000i −0.0044þ 0.0011i
i ¼ 11 −0.0038 − 0.0000i 0.0210þ 0.0302i 0.0431 − 0.0244i −0.0660 − 0.0173i
i ¼ 12 0.0900þ 0.0000i 0.0064þ 0.0065i 0.0139þ 0.0033i 0.0056þ 0.0079i
i ¼ 13 0.0191 − 0.0000i −0.0258 − 0.0244i −0.0568 − 0.0203i −0.0395 − 0.0406i
i ¼ 14 −0.0000 − 0.0000i 0.0715þ 0.0259i −0.0400þ 0.0240i 0.0054 − 0.0222i
i ¼ 15 0.0529þ 0.0000i 0.0043þ 0.0003i −0.0529 − 0.0000i −0.0043 − 0.0003i
i ¼ 16 −0.0043 − 0.0000i 0.0528þ 0.0034i 0.0043 − 0.0000i −0.0528 − 0.0034i

j ¼ 5 j ¼ 6 j ¼ 7 j ¼ 8 δ

0.0087 0.4718 − 0.1416i 0.0087þ 0.0000i 0.4718 − 0.1416i 0.1702
0.4926 −0.0083þ 0.0025i 0.4926 − 0.0000i −0.0083þ 0.0025i 0.1702
0.0000 −0.1609 − 0.5121i 0.0041 − 0.2356i −0.1343þ 0.3603i 0.1302
0.0000 −0.0742þ 0.4350i 0.1622 − 0.1233i −0.3358þ 0.3775i 0.1302
0.0003 −0.0865þ 0.0343i 0.4582 − 0.4296i 0.2278 − 0.1911i 0.1302
0.7011 0.0000 − 0.0000i −0.0002þ 0.0002i −0.0001þ 0.0001i 0.1302
0.0030 −0.4606þ 0.1871i −0.0030þ 0.0000i 0.4606 − 0.1871i 0.1062
0.4972 0.0028 − 0.0011i −0.4972þ 0.0000i −0.0028þ 0.0011i 0.1062
−0.0045 −0.0826þ 0.0198i −0.0045 − 0.0000i −0.0826þ 0.0198i 0.9854
0.0850 −0.0044þ 0.0011i 0.0850þ 0.0000i −0.0044þ 0.0011i 0.9854
0.0038 −0.0210 − 0.0302i −0.0431þ 0.0244i 0.0660þ 0.0173i 0.9915
−0.0900 −0.0064 − 0.0065i −0.0139 − 0.0033i −0.0056 − 0.0079i 0.9915
−0.0191 0.0258þ 0.0244i 0.0568þ 0.0203i 0.0395þ 0.0406i 0.9915
0.0000 −0.0715 − 0.0259i 0.0400 − 0.0240i −0.0054þ 0.0222i 0.9915
0.0529 0.0043þ 0.0003i −0.0529 − 0.0000i −0.0043 − 0.0003i 0.9943
−0.0043 0.0528þ 0.0034i 0.0043 − 0.0000i −0.0528 − 0.0034i 0.9943
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roots density ρðxÞ should satisfy
R π

2

−π
2
ρðxÞdx ¼ 2N−1

2N . In

the thermodynamic limit, the density of inhomogeneous
parameters fθj ¼ ð−1Þja; j ¼ 1;…; 2Ng becomes σðxÞ ¼
1
2
½δðx − bÞ þ δðxþ bÞ�. Taking the Fourier transformation

of σðxÞ, we obtain σ̃ðωÞ ¼ 1
2
ðei2ωb þ e−i2ωbÞ. Therefore, the

solution of zero roots density is

ρ̃ðωÞ ¼
�
e−ηjωj cosð2ωbÞ; ω ¼ �1;�2;…;�∞;

1 − 1
2N ; ω ¼ 0.

ð6:5Þ

Taking the inverse Fourier transformation, we obtain

ρðxÞ ¼ 1

π

�
1 − e−η cosð2xþ 2bÞ

1 − 2e−η cosð2xþ 2bÞ þ e−2η

þ 1 − e−η cosð2x − 2bÞ
1 − 2e−η cosð2x − 2bÞ þ e−2η

�

−
1

π
−

1

2Nπ
: ð6:6Þ

The ground state energy can be calculated as

E1g ¼ 2Nϕð2aÞ sinh η
Z π

2

−π
2

½cothðix − ib − η=2Þ

þ cothðixþ ib − η=2Þ�ρðxÞdxþ E0

¼ −2N cosh η − N
cosh ηsin2ð2bÞ

sinh2η

þ coshð2ηÞ − cosð4bÞ
sinh η

: ð6:7Þ

Now, we check the correctness of the result (6.7). For the
system (2.1) with a finite size, we obtain the ground state

energy E1gd by using the exact diagonalization method.
Define δE1g ¼ E1g − E1gd, where E1g is the ground state
energy calculated from the analytic expression (6.7).We note
that both the values of E1gd and δE1g are dependent on the
system size. Then,we take the finite size scaling analysis, and
the results are shown in Fig. 3. We find that the data of δE1g

can be fitted as δE1g ¼ 11.86e−0.5782×2N , where b ¼ 0.2 and
η ¼ 0.6. Thus δE1g is exponentially decreasing with the
increasing of system size. δE1g → 0 if N → ∞. Therefore,
the analytic expression (6.7) gives the ground state energy in
the thermodynamic limit.

B. Elementary excitation

Now we study the elementary excitation. From the
general constraints of zero roots (4.4), the distribution
of fzjg for the simplest excited state can be described by
2N − 3 imaginary roots plus one conjugate pair. The extra
conjugate paired are

z2N−2 ¼ iλþ nη
2
þ oðe−δNÞ;

z2N−1 ¼ iλ −
nη
2
þ oðe−δNÞ; ð6:8Þ

where λ is real and n ≥ 2. The distribution of zero roots for
such an excitation with 2N ¼ 8 is shown in Fig. 4(a).
Substituting all the zero roots into BAEs (3.9) and con-
sidering the thermodynamic limit, we obtain

ln Λ2
0 þ 2N

Z
β1ðϕ − xÞρðxÞdx

þ βnþ1ðϕ − λÞ þ βn−1ðϕ − λÞ

¼ lnð−sinh−4NηÞ þ 2N
Z

β2ðϕ − xÞσðxÞdx: ð6:9Þ

The derivative with respect to ϕ gives

2N
Z π

2

−π
2

b1ðϕ − xÞρ1ðxÞdxþ bnþ1ðϕ − λÞ þ bn−1ðϕ − λÞ

¼ 2N
Z π

2

−π
2

b2ðϕ − xÞσðxÞdx: ð6:10Þ

Taking the Fourier transformation of (6.10), we obtain

2Nb̃1ðωÞρ̃1ðωÞ þ e−i2ωλb̃nþ1ðωÞ þ e−i2ωλb̃n−1ðωÞ
¼ 2Nb̃2ðωÞσ̃ðωÞ: ð6:11Þ

With the help of normalization
R π

2

−π
2
ρðxÞdx ¼ 2N−3

2N and

σðxÞ ¼ 1
2
½δðx − bÞ þ δðxþ bÞ�, we obtain the density of

zero roots ρ̃1ðωÞ as

FIG. 3. The finite size scaling behavior of the quantity
δE1g ¼ E1g − E1gd, where E1g is that obtained from the analytic
result (6.7) and E1gd is the ground state energy calculated by the
exact numerical diagonalization with finite system size. The data
of δE1g can be fitted as δE1g ¼ 11.86e−0.5782×2N with b ¼ 0.2 and
η ¼ 0.6, which is exponentially decreasing and tends to zero in
the thermodynamic limit.
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ρ̃1ðωÞ ¼
�
e−ηjωj cosð2ωbÞ − e−i2ωλ

2N ðe−nηjωj þ e−ðn−2ÞηjωjÞ; ω ¼ �1;�2;…;�∞;

1 − 3
2N ; ω ¼ 0.

ð6:12Þ

The inverse Fourier transformation of ρ̃1ðωÞ gives

ρ1ðxÞ ¼ −
1

Nπ

�
1 − e−nη cosð2x − 2λÞ

1 − 2e−nη cosð2x − 2λÞ þ e−2nη
þ 1 − e−ðn−2Þη cosð2x − 2λÞ
1 − 2e−ðn−2Þη cosð2x − 2λÞ þ e−2ðn−2Þη

�
þ 1

Nπ
þ ρðxÞ; ð6:13Þ

where ρðxÞ is given by Eq. (6.6). Substituting the density of zero roots into Eq. (3.10), we obtain elementary excitation energy,

e1ðλÞ ¼ 2Nϕð2aÞ sinh η
Z π

2

−π
2

½cothðix − ib − η=2Þ þ cothðixþ ib − η=2Þ�½ρ1ðxÞ − ρðxÞ�dx

þ ϕð2aÞ sinh η
�
coth

�
n − 1

2
ηþ iλ − ib

�
þ coth

�
n − 1

2
ηþ iλþ ib

�

þ coth

�
−
nþ 1

2
ηþ iλ − ib

�
þ coth

�
−
nþ 1

2
ηþ iλþ ib

��

¼ coshð2ηÞ − cosð4bÞ
sinh η

�
sinhðn − 1Þη

coshðn − 1Þη − cosð2λþ 2bÞ þ
sinhðn − 1Þη

coshðn − 1Þη − cosð2λ − 2bÞ
�
: ð6:14Þ

Now, we check the correctness of Eq. (6.14). Define
δe1 ¼ e1 − e1d, where e1 is the excited energy obtained by
the expression (6.14) and e1d is that computed by using the
exact numerical diagonalization with finite system size. The
finite size scaling behavior of δe1 is shown in Fig. 4(b). We see
that the data can be fitted as δe1 ¼ 376.8e−1.263×2N . In the

thermodynamic limit,δe1 tends to zero.Thus, the analytic result
(6.14) is correct. The excited energies with given values of b
versus the anisotropic parameter η are plotted in Fig. 4(c). We
see that the excited energy increases with the increasing of η.
Substituting the distribution of zero roots (6.8) at this

kind of excited state into Eq. (2.21), we obtain the
momentum carried by the elementary excitation as

k1ðλÞ ¼ −i2N
Z π

2

−π
2

ln
sinhðaþ ix − η

2
Þ

sinhða − ix − η
2
Þ ½ρ1ðxÞ − ρðxÞ�dx − i ln

sinhðaþ iλþ nη
2
− η

2
Þ sinhðaþ iλ − nη

2
− η

2
Þ

sinhðða − iλ − nη
2
− η

2
Þ sinhða − iλþ nη

2
− η

2
Þ modð2πÞ

¼ 4
X∞
ω¼1

sinð2ωλÞ
ω

cosð2ωbÞe−nηω coshðηωÞ

þ i
2

�
ln
sinðbþ λþ i n−1

2
ηÞ sinðbþ λ − i nþ1

2
ηÞ

sinðb − λþ i n−1
2
ηÞ sinðb − λ − i nþ1

2
ηÞ − ln

sinðbþ λ − i n−1
2
ηÞ sinðbþ λþ i nþ1

2
ηÞ

sinðb − λ − i n−1
2
ηÞ sinðb − λþ i nþ1

2
ηÞ
�

modð2πÞ: ð6:15Þ

FIG. 4. (a) The distribution of zero roots at the low-lying excited state with 2N ¼ 8, b ¼ 0.2, and η ¼ 0.6. (b) The finite size scaling
behavior of δe1 ¼ e1 − e1d, where e1 is the excited energy obtained by the expression (6.14) and e1d is that computed by using the exact
numerical diagonalization with finite system size. Here, b ¼ 0.75 and η ¼ 1. The data can be fitted as δe1 ¼ 376.8e−1.263×2N , which
tends to zero when N → ∞. (c) The excited energies with given values of b versus the anisotropic parameter η, where n ¼ 2 and λ ¼ 0.2.
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VII. THERMODYNAMIC LIMIT
WITH η ∈ R+ iπ

In this section, we study the physical quantities in
the regime of η ∈ Rþ iπ. The patterns of zero roots of
BAEs are given by Eq. (4.13) with the replacing η by
ReðηÞ. For simplicity, we define ηþ ¼ η − iπ, then the
patterns read

ReðzjÞ ¼ � 1þ n
2

ηþ þ oðe−δNÞ; n ¼ 1; 2;…: ð7:1Þ

Without losing generality, we suppose b ∈ ð0; π=2Þ.
A. Ground state and quantum phase transition

At the ground state, the pattern of zero toots fzjg includes
N − 1 conjugate pairs and one pure imaginary solution, i.e.,

z2j−1 ¼ ix2j−1 þ ηþ þ oðe−δNÞ; z2j ¼ ix2j − ηþ þ oðe−δNÞ; j ¼ 1;…; N − 1;

z2N−1 ¼ iμ; ð7:2Þ

where fxjg and μ are real. Substituting the pattern (7.2) into Eq. (3.9), taking the logarithm and considering the
thermodynamic limit, we obtain

ln jΛ2
0j þ γ1ðϕ − μÞ þ 2N

Z
½γ1ðϕ − xÞ þ γ3ðϕ − xÞ�ρ2ðxÞdx

¼ ln jsinh−4N ηþj þ 2N
Z

β2ðϕ − xÞσðxÞdz; ð7:3Þ

in which γnðxÞ ¼ ln½cosðx − inηþ=2Þ cosðxþ inηþ=2Þ], and ρ2ðxÞ and σðxÞ denote the density of fxjg and fϕjg,
respectively. Taking the derivative, we have

−c1ðϕ − μÞ − 2N
Z π

2

−π
2

½c1ðϕ − xÞ þ c3ðϕ − xÞ�ρ2ðxÞdx ¼ 2N
Z π

2

−π
2

b2ðϕ − xÞσðxÞdx; ð7:4Þ

where cnðxÞ ¼ tanðxþ inηþ=2Þ þ tanðx − inηþ=2Þ. The Fourier transformation of Eq. (7.4) gives

−e−i2ωμc̃1ðωÞ − 2N½c̃1ðωÞ þ c̃3ðωÞ�ρ̃2ðωÞ ¼ 2Nb̃2ðωÞσ̃ðωÞ; ð7:5Þ

where c̃nðωÞ ¼ ð−1ÞωsignðωÞ2πie−nηjωj. With the help of normalization
R π

2

−π
2
ρðxÞdx ¼ 1

2
− 1

2N, we obtain the solution of zero

roots density,

ρ̃2ðωÞ ¼
(
−

1
2Ne

−i2ωμ−ð−1Þωe−ηþjωj cosð2ωbÞ
1þe−2ηþjωj ; ω ¼ �1;�2;…;�∞;

1
2
− 1

2N ; ω ¼ 0.
ð7:6Þ

Then, the ground state energy is

EðμÞ ¼ 2Nϕð2aÞ sinh η
Z π

2

−π
2

½cothðixþ ηþ − ib − η=2Þ þ cothðix − ηþ − ib − η=2Þ

þ cothðixþ ηþ þ ib − η=2Þ þ cothðix − ηþ þ ib − η=2Þ�ρ2ðxÞdx
þ ϕð2aÞ sinh η½cothðiμ − ib − η=2Þ þ cothðiμþ ib − η=2Þ� þ E0:

¼ −4N
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

e−2ηþωcos2ð2bωÞ tanhðηþωÞ þ 2
coshð2ηþÞ − cosð4bÞ

sinh ηþ

×
X∞
ω¼1

ð−1Þωe−ηþω cosð2bωÞ cosð2μωÞ tanhðηþωÞ þ
1

2
½coshð2ηþÞ − cosð4bÞ�

×
�

1

coshðηþÞ þ cos 2ðμþ bÞ þ
1

coshðηþÞ þ cos 2ðμ − bÞ
�
þ N cosh ηþ½cos2ð2bÞ − coshð2ηþÞ�

sinh2ηþ
: ð7:7Þ
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Some remarks are in order. From Eq. (7.7), we see that
the values of EðμÞ is dependent on the strength of the
boundary string μ. At the ground state , EðμÞ should take its
minimum. Thus, the boundary string at the ground state is
fixed. We find that EðμÞ arrives at its minimum at the point

of μ ¼ 0 if b ∈ ð0; π=4Þ, and at the point of μ ¼ −π=2 if
b ∈ ðπ=4; π=2Þ. This conclusion can also be achieved as
follows. If ηþ → ∞, many terms in Eq. (7.7) tend to zero.
Keeping the order of e−ηþ , the μ-dependent terms in
Eq. (7.7) can be approximated as

2
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

ð−1Þωe−ηþω cosð2bωÞ cosð2μωÞ tanhðηþωÞ

þ 1

2
½coshð2ηþÞ − cosð4bÞ�

�
1

coshðηþÞ þ cos 2ðμþ bÞ þ
1

coshðηþÞ þ cos 2ðμ − bÞ
�

≈
coshð2ηþÞ − cosð4bÞ

cosh ηþ
½1 − 4e−ηþ cosð2bÞ cosð2μÞ�; ð7:8Þ

which has the minimum at μ ¼ 0 for b ∈ ð0; π=4Þ, and at μ ¼ −π=2 for b ∈ ðπ=4; π=2Þ. If ηþ is finite, we have checked this
conclusion numerically and find that it is true. Therefore, the ground state energy in the regime of b ∈ ð0; π=4Þ (phase I) is

E2g ¼ −4N
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

e−2ηþω cos2ð2bωÞ tanhðηþωÞ

þ 2
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

ð−1Þωe−ηþω cosð2bωÞ tanhðηþωÞ

þ coshð2ηþÞ − cosð4bÞ
coshðηþÞ þ cosð2bÞ þ N cosh ηþ½cos2ð2bÞ − coshð2ηþÞ�

sinh2 ηþ
: ð7:9Þ

The ground state energy in the regime of b ∈ ðπ=4; π=2Þ (phase II) is

E3g ¼ −4N
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

e−2ηþω cos2ð2bωÞ tanhðηþωÞ

þ 2
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

e−ηþω cosð2bωÞ tanhðηþωÞ

þ coshð2ηþÞ − cosð4bÞ
coshðηþÞ − cosð2bÞ þ N cosh ηþ½cos2ð2bÞ − coshð2ηþÞ�

sinh2 ηþ
: ð7:10Þ

Now, we check the correctness of analytical expressions
(7.9) and (7.10). The zero roots distributions with 2N ¼ 8
are shown in Fig. 5(a). The finite size scaling behavior of
δE2g ¼ E2g − E2gd is shown in Fig. 5(b), where E2g is the
analytical result obtained by Eq. (7.9) and E2gd is the one
calculated by the exact numerical diagonalization. The data
can be fitted as δE2g ¼ 4.076 × ð2NÞ−1.032. Thus, δE2g tends
to zero in the thermodynamic limit. The numerical results
and the analytical ones agree with each other very well. The
ground state energies versus the model parameter b are
shown in Fig. 5(c), where the red dots are the numerical data
with 2N ¼ 18 and the blue solid lines are the analytical data.
The derivative of the ground state energies versus the

interaction b is shown in Fig. 5(d). From it, we see that
the ground state energies are continuous and their derivatives
are discontinuous. Thus, there exists a first order quantum
phase transition at the critical point b ¼ π=4.

B. Elementary excitation I

In the regime of η ∈ Rþ iπ, the system has two kinds
of elementary excitations. The first kind of excitation is
characterized by the root iμ sliding along the imaginary
axis in the interval ½−iπ=2; iπ=2Þ but away from the points
of 0 and −iπ=2. In the regime of b ∈ ð0; π=4Þ, the excited
energy is

ELEMENTARY EXCITATIONS IN AN INTEGRABLE TWISTED … PHYS. REV. D 107, 056005 (2023)

056005-11



e2ðμÞ ¼ 2
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

ð−1Þωe−ηþω½cosð2μωÞ − 1� cosð2bωÞ tanhðηþωÞ

þ 1

2
½coshð2ηþÞ − cosð4bÞ�

�
1

coshðηþÞ þ cos 2ðμþ bÞ þ
1

coshðηþÞ þ cos 2ðμ − bÞ −
2

coshðηþÞ þ cosð2bÞ
�
: ð7:11Þ

The corresponding momentum is

k2ðμÞ ¼ −i2N
Z π

2

−π
2

ln
cosðbþ x − i ηþ

2
Þ cosðbþ xþ i 3ηþ

2
Þ

cosðb − x − i ηþ
2
ÞÞ cosðb − xþ i 3ηþ

2
Þ ½ρ2ðμ; xÞ − ρ2ðμ ¼ 0; xÞ�dx − i ln

cosðbþ μþ i ηþ
2
Þ

cosðb − μþ i ηþ
2
Þmodð2πÞ

¼ 2
X∞
ω¼1

sinð2ωμÞ
ω

cosð2ωbÞe−ηþω tanhðηþωÞ þ
i
2

�
ln

cosðbþ μ − i ηþ
2
Þ

cosððb − μ − i ηþ
2
Þ − ln

cosðbþ μþ i ηþ
2
Þ

cosðb − μþ i ηþ
2
Þ
�
modð2πÞ: ð7:12Þ

Now, we check the corrections of Eqs. (7.11) and (7.12).
The excited energy e2 and the associated momentum k2
versus the boundary string μ are demonstrated in Fig. 6(a),
where the blue dash-dotted line and the black dash line are
the analytical results calculated from Eqs. (7.11) and (7.12),
and the red stars and circles are the numerical data obtained
by exactly diagonalizing the system with 2N ¼ 10. From
them, we see that the analytic expressions are in good
agreement with the numerical results. The finite size
scaling behavior of the energy difference δe2 ¼ e2 − e2d
is shown in Fig. 6(b), where e2 is the analytical result

obtained by Eq. (7.11) and e2d is the numerical one. The
data can be fitted as δe2 ¼ 0.2658 × e−0.125×2N , which
tends to zero when N tends to infinite. Thus, the result
(7.11) is correct. The excited energies with given values of
interaction b versus the anisotropic parameter ηþ are
plotted in Fig. 6(c). We see that if the interaction b is
small, the excited energies are increasing with the increas-
ing of ηþ. While if b is large, the excited energies have a
maximum at a suitable value of ηþ. The dispersion relations
between e2 and k2 with give b are shown in Fig. 6(d). From
it, we see that the excitation is gapless.

FIG. 5. The distribution of zero roots fzjg at the ground states with 2N ¼ 8, ηþ ¼ 0.6, and b ¼ 0.2. (b) The finite size scaling
behavior of δE2g ¼ E2g − E2gd with ηþ ¼ 0.6 and b ¼ 0.2. Here, E2g is the analytical result obtained by Eq. (7.9) and E2gd is the one
calculated by the exact numerical diagonalization. The data can be fitted as δE2g ¼ 4.076 × ð2NÞ−1.032. Thus, δE2g tends to zero in the
thermodynamic limit. (c) The ground state energy versus the interaction b, where the blue solid line is the analytical result and red dots
are the numerical ones with 2N ¼ 18. Comparing the blue solid line and red dots, we see that the finite size scaling effect at 2N ¼ 18 is
small. (d) The derivative of ground state energy against the interaction b. At the point of b ¼ π=4, the derivative is discontinuous.
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In the regime of b ∈ ðπ=4; π=2Þ, the excited energy is

e3ðμÞ ¼ 2
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

e−ηþω½ð−1Þω cosð2μωÞ − 1� cosð2bωÞ tanhðηþωÞ

þ 1

2
½coshð2ηþÞ − cosð4bÞ�

�
1

coshðηþÞ þ cos 2ðμþ bÞ þ
1

coshðηþÞ þ cos 2ðμ − bÞ −
2

coshðηþÞ − cosð2bÞ
�
: ð7:13Þ

The associated momentum is

k3ðμÞ ¼ k2ðμÞ þ π modð2πÞ: ð7:14Þ

The correctness of Eq. (7.13) is demonstrated by the finite
size scaling behavior of δe3 ¼ e3 − e3d shown in Fig. 7(a),
where e2 is the excited energy obtained from Eq. (7.13) and

FIG. 6. The gapless excitation in the antiferromagnetic phase I. (a) The excited energy e2 and the momentum k2 versus the string
strength μ. The blue solid line is the excited energy calculated from Eq. (7.11), the black solid line is the momentum obtained from
Eq. (7.12), and the red circles and starts are the numerical results computed by using the exact diagonalization with 2N ¼ 10, where
b ¼ 0.2 and ηþ ¼ 0.6. The slight differences are due to the finite size corrections. (b) The finite size scaling behavior of δe2 ¼ e2 − e2d
with ηþ ¼ 1 and b ¼ 0.75. Here, e2 is the analytical result obtained by Eq. (7.11), and e2d is the numerical datum with finite system size.
The data can be fitted as δe2 ¼ 0.2658 × e−0.125×2N , which tends to zero in the thermodynamic limit. (c) The excited energy e2 as a
function of anisotropic parameter ηþ with μ ¼ 0.2 and b ¼ 0.1, 0.4, 0.7. (d) The dispersion relation of the first kind of elementary
excitation in the phase I with ηþ ¼ 1.5 and b ¼ 0.1; π=8, π=4.

FIG. 7. The gapless excitation in the antiferromagnetic phase II. (a) The finite size scaling behavior of δe3 ¼ e3 − e3d with ηþ ¼ 1 and
b ¼ 0.8. Here, e3 is the analytical result obtained by Eq. (7.13), and e3d is the numerical one. The data can be fitted as
δe3 ¼ 0.1097 × e−0.1247×2N , which is zero in the thermodynamic limit. (b) The dispersion relation of the first kind of elementary
excitation in the phase II with ηþ ¼ 1.5 and b ¼ π=4; 3π=8, π=2.
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δe3 is the numerical one. We see that the data can be fitted
as δe3 ¼ 0.1097 × e−0.1247×2N , which is zero in the thermo-
dynamic limit. Based on Eqs. (7.13) and (7.14), the
dispersion relations in phase II are shown in Fig. 7(b).
We see the excitation is also gapless in this regime.
The physical picture of this kind of elementary excitation

is as follows. From Table III, we see that these excited states
can be regarded as the superposition of domain walls,
which are generated by continuously flipping some spins of
antiferromagnetic Neel states j↑↓ � � �↑↓i or j↓↑ � � �↓↑i.
We should note that the gaps of this kind of states for the
system with finite size do not tend to zero in the
thermodynamic limit in the regime if η ∈ Rþ iπ; thus,
they are not the nearly degenerate states. If the NN along x
and y direction, NNN and chiral three-spin interactions

vanish, the model (2.1) reduces to the Ising model. For the
Ising model, these low-lying excited states degenerate to
the ground state in the thermodynamic limit. Therefore, the
anisotropic NN, NNN and chiral three-spin interactions
separate those excited state away from each other and
preserve the finite energy difference even in the thermo-
dynamic limit.
The competing of the anisotropic NN, NNN and chiral

three-spin interactions will change these excited energies
and induce the quantum phase transition. In the phase I, the
NN interactions along the x and y directions are ferromag-
netic. With the increasing of interaction parameter b, the
energies for modes ofmomentum π or−π are decreasing and
eventually tend to zero; please see Fig. 6(d). If thevalue ofb is
larger than the critical point π=4, the NN interactions along

TABLE III. The projections βij ¼ hNjjψ ii and the error δ̄ ¼ jjψ ii −
P

8
j¼1 βijjNjij with 2N ¼ 4, a ¼ 0.2i, and

ηþ ¼ 2. Here fjψ ii; i ¼ 1;…; 16g are the eigenstates. Among them, the first two are the ground states, from the
third to the eighth are the type I low-lying excited states, and the rest ones are the high excited states. fjNji ¼Qj−1

k¼1 σ
x
ðk−1Þmodð4Þþ1

j↑↓↑↓i; j ¼ 1;…; 8g are the approximate basis vectors of eight-dimensional low-lying states.

The values of δ̄ at the low-lying states are much smaller than those at the high excited states.

βij j ¼ 1 j ¼ 2 j ¼ 3 j ¼ 4

i ¼ 1 0.4972 − 0.0000i −0.0000þ 0.0000i 0.4972 −0.0000þ 0.0000i
i ¼ 2 0.2300þ 0.1375i 0.4188þ 0.0000i 0.2300þ 0.1375i 0.4188
i ¼ 3 −0.1834 − 0.2577i −0.4905 − 0.0000i 0.2971 − 0.2132i 0.1231 − 0.0456i
i ¼ 4 −0.2413 − 0.1058i −0.2207 − 0.3389i −0.4955þ 0.0000i 0.1003 − 0.0541i
i ¼ 5 0.0703þ 0.0084i −0.0999 − 0.3037i 0.0599þ 0.0260i −0.6164 − 0.0000i
i ¼ 6 −0.1425 − 0.1667i 0.2350þ 0.3183i −0.0877þ 0.0745i 0.5231
i ¼ 7 −0.4927þ 0.0000i 0.0000 − 0.0000i 0.4927 −0.0000þ 0.0000i
i ¼ 8 0.0450þ 0.0186i 0.4903 −0.0450 − 0.0186i −0.4903 − 0.0000i
i ¼ 9 −0.0461 − 0.0264i −0.0000 − 0.0000i −0.0461 − 0.0264i 0.0000þ 0.0000i
i ¼ 10 0.0003 − 0.0002i −0.0461þ 0.0264i 0.0003 − 0.0002i −0.0461þ 0.0264i
i ¼ 11 −0.0120þ 0.0007i 0.0020 − 0.0048i −0.0835 − 0.0366i 0.0014 − 0.0002i
i ¼ 12 0.0797þ 0.0350i −0.0159þ 0.0149i −0.0087 − 0.0102i −0.0156 − 0.0030i
i ¼ 13 0.0102þ 0.0042i −0.0788þ 0.0346i −0.0023 − 0.0046i 0.0299þ 0.0064i
i ¼ 14 0.0688þ 0.0302i 0.0270 − 0.0114i −0.0065 − 0.0070i 0.0415þ 0.0130i
i ¼ 15 −0.0811 − 0.0257i −0.0000 − 0.0000i 0.0811þ 0.0257i 0.0000þ 0.0000i
i ¼ 16 −0.0023 − 0.0001i −0.0811þ 0.0257i 0.0023þ 0.0001i 0.0811 − 0.0257i

j ¼ 5 j ¼ 6 j ¼ 7 j ¼ 8 δ̄

0.4972 − 0.0000i −0.0000þ 0.0000i 0.4972þ 0.0000i −0.0000þ 0.0000i 0.1062
0.2300þ 0.1375i 0.4188þ 0.0000i 0.2300þ 0.1375i 0.4188þ 0.0000i 0.1062
0.1834þ 0.2577i 0.4905 −0.2971þ 0.2132i −0.1231þ 0.0456i 0.1302
0.2413þ 0.1058i 0.2207þ 0.3389i 0.4955 −0.1003þ 0.0541i 0.1302
−0.0703 − 0.0084i 0.0999þ 0.3037i −0.0599 − 0.0260i 0.6164 0.1302
0.1425þ 0.1667i −0.2350 − 0.3183i 0.0877 − 0.0745i −0.5231þ 0.0000i 0.1302
−0.4927þ 0.0000i −0.0000 − 0.0000i 0.4927 −0.0000þ 0.0000i 0.1702
0.0450þ 0.0186i 0.4903þ 0.0000i −0.0450 − 0.0186i −0.4903 − 0.0000i 0.1702
−0.0461 − 0.0264i −0.0000 − 0.0000i −0.0461 − 0.0264i 0.0000þ 0.0000i 0.9943
0.0003 − 0.0002i −0.0461þ 0.0264i 0.0003 − 0.0002i −0.0461þ 0.0264i 0.9943
0.0120 − 0.0007i −0.0020þ 0.0048i 0.0835þ 0.0366i −0.0014þ 0.0002i 0.9915
−0.0797 − 0.0350i 0.0159 − 0.0149i 0.0087þ 0.0102i 0.0156þ 0.0030i 0.9915
−0.0102 − 0.0042i 0.0788 − 0.0346i 0.0023þ 0.0046i −0.0299 − 0.0064i 0.9915
−0.0688 − 0.0302i −0.0270þ 0.0114i 0.0065þ 0.0070i −0.0415 − 0.0130i 0.9915
−0.0811 − 0.0257i −0.0000 − 0.0000i 0.0811þ 0.0257i 0.0000þ 0.0000i 0.9854
−0.0023 − 0.0001i −0.0811þ 0.0257i 0.0023þ 0.0001i 0.0811 − 0.0257i 0.9854
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the x- and y-directions become antiferromagnetic, and the
contribution of chiral three-spin interactions along the z
direction also changes. The energy of π mode is lower than
theground state energy in phase I, and the corresponding state
becomes the new ground state in phase II. From Fig. 6(a), we
also see that the momentum π corresponds to μ ¼ −π=2,
which determines the ground state in phase II. This result
agrees with that given by Eq. (7.10). Then, we demonstrate
that there exists a quantumphase transition from the phase I to

the phase II. Thus, the competition have significantly influ-
enced this kind of low-lying gapless excitations and can
induce the phase transition.

C. Elementary excitation II

The second kind of elementary excitations is quantified
by a conjugate pair of z roots turning into two imaginary
ones, i.e.,

z2j−1 ¼ ix2j−1 þ ηþ þ oðe−δNÞ; z2j ¼ ix2j − ηþ þ oðe−δNÞ; j ¼ 1;…; N − 2;

z2N−3 ¼ iμ1 þ oðe−δNÞ; z2N−2 ¼ iμ2 þ oðe−δNÞ;
z2N−1 ¼ iμ; ð7:15Þ

where xj, μ1, μ2, and μ are all real. The root patterns of such excitations for the phases I are shown in Fig. 8(a). Using the
similar procedure mentioned above, we obtain the density of zero roots in the thermodynamic limit should satisfy the
integral equation,

−c1ðϕ − μÞ − c1ðϕ − μ1Þ − c1ðϕ − μ2Þ − 2N
Z π

2

−π
2

½c1ðϕ − xÞ þ c3ðϕ − xÞ�ρ2ðxÞdx ¼ 2N
Z π

2

−π
2

b2ðϕ − xÞσðxÞdx: ð7:16Þ

With the help of Fourier transformation, we obtain the solution as

ρ̃3ðωÞ ¼
8<
:−

1
2Nðe−i2ωμþe−i2ωμ1þe−i2ωμ2 Þ−ð−1Þωe−ηþjωj cosð2ωbÞ

1þe−2ηþjωj ; ω ¼ �1;…;

1
2
− 1

N ; ω ¼ 0.

We find that the excited energies in phases I and II have the same expression,

e4ðμ1; μ2Þ ¼ Eðμ1; μ2; μ ¼ 0Þ − Eðμ ¼ 0Þ ¼ E

�
μ1; μ2; μ ¼ −

π

2

�
− E

�
μ ¼ −

π

2

�
¼ ϵðμ1Þ þ ϵðμ2Þ; ð7:17Þ

where

ϵðμÞ ¼ 2
coshð2ηþÞ − cosð4bÞ

sinh ηþ

X∞
ω¼1

ð−1Þke−ηþω cosð2μωÞ cosð2bωÞ tanhðηþωÞ

þ 1

2
½coshð2ηþÞ − cosð4bÞ�

�
1

coshðηþÞ þ cos 2ðμþ bÞ þ
1

coshðηþÞ þ cos 2ðμ − bÞ
�
: ð7:18Þ

FIG. 8. The gapped spinon excitations. (a) The pattern of zero roots with 2N ¼ 8, ηþ ¼ 0.6, and b ¼ 0.2. (b) The dispersion relations
with ηþ ¼ 1.5 and b ¼ 0.1, π=4, π=2.
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The corresponding momentum reads

k4ðμ1; μ2Þ ¼ −i2N
Z π

2

−π
2

ln
cosðbþ x − i ηþ

2
Þ cosðbþ xþ i 3ηþ

2
Þ

cosðb − x − i ηþ
2
Þ cosðb − xþ i 3ηþ

2
Þ ½ρ3ðμ2; μ1; μ; xÞ − ρ2ðμ; xÞ�dx

− i ln
cosðbþ μ1 þ i ηþ

2
Þ

cosðb − μ1 þ i ηþ
2
Þ − i ln

cosðbþ μ2 þ i ηþ
2
Þ

cosðb − μ2 þ i ηþ
2
Þ modð2πÞ

¼ k2ðμ1Þ þ k2ðμ2Þ modð2πÞ: ð7:19Þ

From Eqs. (7.17) and (7.19), we see that both the energy
and the momentum of this kind of elementary excitations
depend on two free parameters. They are the typical spinon
excitations. The dispersion relations with given b are
shown in Fig. 8(b). We see that there always exists an
energy gap and this kind of excitations is gapped.

VIII. CONCLUSIONS

In this paper, we have studied the exact physical properties
of an integrable antiperiodic J1 − J2 spin chain that includes
the NN, NNN, and chiral three-spin interactions in the
thermodynamic limit. With the help of the inhomogeneous
T −Q relation, we obtain the zero roots distributions of the
transfermatrix focusing on the interaction parameterwherea
is imaginary and η is real or η ∈ Rþ iπ. Based on the root
patterns, we calculate the ground state energies, elementary
excitations, and dispersion relations. We also discuss the
nearly degenerate states in the ferromagnetic regime with

η ∈ R and the quantum phase transition in the antiferro-
magnetic regime with η ∈ Rþ iπ. We demonstrate the
competing of NN, NNN, and chiral three-spin interactions
can induce many interesting phenomena.
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