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Relativistic corrections to paired production of charmonium and
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The rare decay process of the Higgs boson into a pair of J/¥ and T particles is studied within the
perturbative Standard Model and the relativistic quark model. The relativistic corrections connected with
the relative motion of quarks are calculated in the production amplitude and the wave functions of the
bound states. Numerical values of the decay widths of the Higgs boson are obtained, which can be used for

comparison with experimental data.
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I. INTRODUCTION

Since the discovery of the Higgs boson [1,2], a period of
detailed study of the various processes connected with this
particle has begun. We can say that the study of the Higgs
sector has become one of the most important areas in
particle physics [3]. The discovery of the Higgs boson
confirmed the electroweak mechanism of symmetry break-
ing, but the nature of this particle remains to be explored.
To do this, it is necessary to create particle colliders, on
which Higgs bosons could be produced in significant
quantities, which would make it possible to proceed to a
precise study of the parameters of the Higgs sector. It is
possible that interaction processes involving the Higgs
boson can provide a transition to a new physics that lies
beyond the Standard Model.

Among the parameters of the Higgs sector, the coupling
constants of the Higgs boson with various bosons
[9(HZZ), g(HWW)], leptons [g(Hzz), g(Huu)l, and
quarks [g(Hcc), g(HbD)], stand out. They determine the
decay processes of the Higgs boson into various particles
[4]. Due to the Higgs boson large mass and the presence of
coupling constants with different particles, the Higgs boson
has numerous decay channels. The decay channel of the
Higgs boson into a pair of heavy quarks is interesting
because it creates the possibility of the production of bound
states of heavy quarks. Thus, rare exclusive decay proc-
esses of the Higgs boson into a pair of charmonium or
bottomonium are of obvious interest both for studying the
decay mechanisms and for studying the properties of bound
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states of quarks. Here it is useful to recall that the study of
charmonium pair production in electron-positron annihila-
tion played an important role in its time in explaining the
mechanism of such a reaction, as well as in understanding
the role of various effects in calculating the observed paired
production cross sections [5,6].

The CMS Collaboration began the search for rare Higgs
decays into a pair of heavy vector quarkonia in 2019 [7].
The results of new upper limits on the branching fractions
were obtained in [8],

B(H — J/.J/%) < 3.8 x 107, (1)
B(H — T(1S), T(1S)) < 1.7 x 1072, (2)

Theoretical studies of the production of a pair of heavy
quarkonia in the decays of the Higgs boson began about
40 years ago in [9,10]. In these papers, theoretical formulas
were obtained for estimating the decay widths in the
nonrelativistic approximation for some decay mechanisms;
more recent theoretical studies of these processes were
carried out in [11-14].

In this work we continue the study of relativistic effects
in the exclusive paired charmonium and bottomonium
production in the Higgs boson decay which began in
[12,13] for B, mesons. Our calculation of the decay widths
is performed on the basis of relativistic-quark model used
previously for the investigation of relativistic corrections in
different reactions in [15-17], including pair production of
mesons and baryons in electron-positron annihilation and
proton-proton interaction. Despite the rare nature of the
Higgs boson decays being studied, one can hope that such
processes can be investigated at the new Higgs boson
factories. The purpose of this paper is to perform a new
analysis of the vector quarkonium pair production proc-
esses in Higgs boson decays in the Standard Model and to
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obtain numerical estimates of the corresponding decay
widths.

In comparison with previous works [11,14] we have
performed a more detailed consideration of various mech-
anisms (quark-gluon, quark-photon, photon-photon and
Z-bosonic mechanisms) of charmonium and bottonium
pair production. Additionally, in our calculation, we take
into account the relativistic corrections connected with the
relative motion of heavy quarks, both in the quark-anti-
quark production amplitude itself and in the wave functions
of bound states.

As a result, new numerical estimations for the Higgs
boson decay rates are obtained. An experimental study of
these rare exclusive decays of the Higgs boson at future
high-luminosity colliders could be useful in testing the
Standard Model with higher accuracy.

II. GENERAL FORMALISM

From the very beginning, it should be emphasized that
there are several groups of amplitudes for the decay of the
Higgs boson with the formation of a pair of charmoniums
J/¥ (bottomonium Y), which contribute the same order of
magnitude to the decay width. We study the amplitudes
which are shown in Figs. 1-5. They represent different
decay mechanisms with pair vector meson production;
quark-gluon, quark-photon, quark-loop, W-boson loop,
and Z-boson. The first group includes quark-gluon ampli-
tudes shown in Fig. 1 (quark-gluon mechanism). The factor
determining the order of contributions can be represented
as a,/M$,, where M ; is the mass of the Higgs boson. Such
a factor can be distinguished from the very beginning due to
the structure of the interaction vertices and the denomi-
nators of the particle propagators. The second group is
formed by quark-photon amplitudes shown in Fig. 2
(quark-photon mechanism). The order of contribution is
determined here by the factor a/ M4 M 2Q 5 The third group
is formed by the amplitudes in Figs. 3 and 4 which contain
the quark or W-boson loop with two photons that create a
pair of J/¥ (or T) mesons (quark-loop and W-boson loop
mechanisms). The primary common factor in this case
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FIG. 1.
and wavy line corresponds to the gluon.

takes the form a*/M{, 5- Finally, the last group of ampli-

tudes in Fig. 5 is determined by the interaction of the Higgs
boson with a pair of Z-bosons (Z-boson mechanism). To
achieve good calculation accuracy, it is necessary to take
into account the contribution of all amplitudes from these
groups.

Let us consider firstly the Higgs boson decay amplitudes
shown in Figs. 1 and 2. For pair production of quarkonia
in the leading order of perturbation theory, it is necessary
to obtain two free quarks and two free antiquarks at the
first stage. Then they can form bound states with some
probability at the next stage. In the quasipotential approach
the decay amplitude can be presented as a convolution of
a perturbative production amplitude of two c-quark and
c-antiquark pairs and the quasipotential wave functions of
the final mesons [12,13],

M(P.Q) = =i(V261) Mo [ 5B [ 48,

x Tr{®¥Y(p. P)I%(p.q.P. Q)¥¥(q. Q)y,
+W(q, 0% (p.q, P,O)¥(p. P)r,},  (3)

where M 55 is the mass of quarkonium. Four-momenta p,
and p, of c-quark and ¢-antiquark in the pair forming the
first (QQ) meson, and four-momenta ¢, and ¢; for quark
and antiquark in the second meson (QQ) are expressed in
terms of relative and total four momenta as follows:

1

pl,zziPﬂ:p, (pP) =0;
1
q12 ZEQiCI’ (qQ) =0. (4)

A superscript V indicates a vector meson (QQ) The vertex
functions I'y , are presented below in leading order and in
Fig. 1. Heavy quarks c, b, and antiquarks ¢, b, are outside

the mass shell in the intermediate state; p?, # m?, so that

2

p} —m? = p} — m?, which means that there is a symmet-

rical exit of particles from the mass shell.

Quark-gluon mechanism of the pair charmonium production in the Higgs boson decay. Dashed line shows the Higgs boson
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FIG. 2. Quark-photon mechanism of the pair charmonium production in the Higgs boson decay. Dashed line shows the Higgs boson
and wavy line corresponds to the photon.
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FIG. 3. Quark loop mechanism of the pair charmonium production in the Higgs boson decay. Dashed line shows the Higgs boson and
wavy line corresponds to the photon.

FIG. 4. W-boson loop mechanism of the pair charmonium production in the Higgs boson decay. Dashed line shows the Higgs boson
and wavy line corresponds to the photon.
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FIG. 5. Z-boson mechanism of the pair charmonium production in the Higgs boson decay. Dashed line shows the Higgs boson and

wavy line corresponds to the Z-boson.

In Eq. (3) we integrate over the relative three-momenta
of quarks and antiquarks in the final state. The systematic
account of all terms depending on the relative quark
momenta p and ¢ in the decay amplitude is important
for increasing the accuracy of the calculation. p = Lp(0, p)
and g = Ly(0,q) are the relative four-momenta obtained
by the Lorentz transformation of four-vectors (0,p) and
(0,q) to the reference frames moving with the four-
momenta P and Q.

The relativistic wave functions of the bound quarks
accounting for the transformation from the rest frame to the
moving one with four momenta P, and Q, are

W) [B-1 L
= Mng][2+“mwmwm24
8( s z)
b1 p’ p
e e
Yola) [D2-1 s 1
x&(0,S.)
(1+1,) ) Uzzm(e(q)-i-m) 2m|’ ©

where the hat symbol means a contraction of the four-
vector with the Dirac gamma matrices; v; = P/Mgp,

vy = Q/Myp; €(p) = /m? +p?, mis ¢(b)-quark mass,
and M g4 is the mass of charmonium (bottomonium) state.
(P, S,) is the polarization vector of the J/¥(Y) meson.

Expressions (5) and (6) represent complicated functions
depending on relative momenta p, q including the bound
state wave function in the rest frame W (p). The color part
of the meson wave function in the amplitudes (5)—(6) is
taken as 5,~j/\/§ (color indexes i, j, k =1, 2, 3).

The general structure of expressions (5)—(6) allows us to
say that they are the product of the wave functions of
mesons in the rest frame and special projection operators

resulting from the transformation from the moving refer-
ence frame to the reference frame in which the meson is at
rest. Expressions (5)—(6) make it possible to correctly take
into account the relativistic corrections connected with the
relative momenta of quarks in the final states. It is useful
to note that the expression for the projection operators
was obtained in the framework of nonrelativistic quantum
chromodynamics in [18] in a slightly different form for the
case when the quark momenta lie on the mass shell. The
transformation law of the bound state wave functions of
quarks, which is used in the derivation of equations (5)—(6),
was obtained in the Bethe-Salpeter approach in [19] and in
quasipotential method in [20].

As follows from (5)-(6), when constructing the decay
amplitudes of the Higgs boson, projection operators are
introduced for quark-antiquark pairs onto the spin states
with total spin S = 1 of the following form:

0
= 0n O =L )

Total amplitude of the Higgs boson decay to paired
vector quarkonium in the case of quark-gluon mechanism
in the leading order in strong coupling constant o, can be
presented in the form,

47 dp dq
M —?MQQG‘FQ/(—:;/( Tr{le +T34}

27) 2r)3
(8)
D, —F+m 7 g +m
T =%Y(p. P _pzmrem o —_—
12 (P, )[(r—pl)z—mzy” Flr—q) —m?
x D (ko)¥V (. Q)7 ©)
—74+m F—qp+m
Ty = 2 TR s
" <q®L pﬁ—m“+“u—@vﬂ4
x D" (k)¥¥ (p. P)r.. (10)
M? 1
where a; = a,(;%), T m(v2Gp):.
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The four-momentum of the Higgs boson squared is
r* =Mj; = (P + Q)> = 2M5 + 2PQ. The gluon four-
momenta are k; = p;+¢q;, k, = p>+q,. Relative
momenta p, g of heavy quarks enter in the gluon propa-
gators D, (k;,) and quark propagators as well as in
relativistic wave functions (5) and (6). Accounting for
the small ratio of relative quark momenta p and ¢ to the
mass of the Higgs boson My, we can simplify the
denominators of quark and gluon propagators as follows:

1 1 4
(pr+ a2 (patan)? My th
1 B 1 B 1
(r—q1)> =m7 - (=r=p1)* = m; ; (r=p2)* = mj
:;:i. (12)

(reg)P—m M,

In (11)-(12) we completely neglect corrections of the form
Ip|/My, |q|/My. At the same time, we keep in the
amplitudes (9) and (10) the second-order correction for
small ratios |p|/m, |q|/m relative to the leading-order
result. Calculating the trace in obtained expression in the
package FORM [21], we find relativistic amplitudes of the
paired meson production in the form:

2567

(1) —
Moy T 3MY,

(\/_Gp)zmMQQa 8’16‘2F1 W|‘I’V( )2,

(13)

where ¢}, €5 are the polarization vectors of spin-1 mesons.
The superscript in amplitude designation and subscript in
tensor function F ’}‘fw designation denotes the contribution
of the quark-gluon mechanism in Fig. 1. An explicit
expression for the function F74 1%y 1 presented in Eq (19).
The contribution of the amplitudes in Fig. 2 M,,,(?) to the
total decay amplitude must also be taken into account,
because these amplitudes have the same order as the previous
ones, despite the replacement a; — . This is due to the
presence in the denominator of the mass of the meson instead
of the mass of the Higgs boson [22]. The expression for the
production amplitudes of the pair J/¥ (Y) has a similar
structure with slight changes in the common factors,

where the function F ’%‘fw has the same general form as the
function F{%,, [see (19)].

The tensor corresponding to the quark or W-boson loops
in Figs. 3 and 4 has the structure (the subscript denotes the
contribution of the quark or bosonic loop),

T/g,w = Agw () (g (v0y) — v} 0})
+ Bow (1) [vh — v (vy02)][v] = v5(v10,)],  (15)

where t = %ort = %,
the mass of heavy quark in the quark loop. The structure
functions A (), B w(t) can be obtained using an explicit
expression for a loop integrals (see Appendixes A and B).

The amplitudes in Figs. 3-5 with quark, W-boson loops,
and ZZ in an intermediate state contain the contributions
of direct (left) and crossed (right) diagrams. The direct
diagrams, in which virtual photons or Z-bosons give vector
quarkonia in the final state, are dominant in terms of the
mass factor. However, the structure of the numerators of the
direct and cross amplitudes is different, which can even-
tually lead to numerically close contributions. In what
follows, we present the expressions for these amplitudes
only in the leading order:

myy is the mass of W boson, m, is

20527[ 1
M) = =20 (V26 )red el aleleg Lo, B, (0) 2,
moMgo
(16)
4872 M M
MW(‘”:%(\/EGF)%%@
[o]o}
x cos Oy el e Fi%,, [Py (0) 2, (17)
487
My, = Gr)aetegFL, [ Py(0)% (18
4 M%stZQ (V2 F)Zgg sl #v(0) (18)

where m is the mass of heavy quark ¢, b, produced in the
vertex of Higgs boson decay, e, is the charge (in units e) of
heavy quark (¢ or b) entering in final mesons, ¢, is the
charge (in units e) of heavy quark (c, b or t) in the quark loop.

The tensor functions in amplitudes (13)—(18) have the
following form:

2887 1 I
2) 5 2 o Ao 2 i 2
Myy® = MM 5 (V2Grymegaetes iy [¥o(0)F, F&y =g vih + Vg, gV =2+ g@t (19)
(14)
J
1 4 1 2 1
gg) =-1 —2r2+r%+§r2a)1 +§w%+§r2w%—§r%w%,
2 4 2 8 2 4 2
gg):4—§w%, gg):2+4r2—2r%—§r2a)1—§w%—§rw%+§r%w%, (20)
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3 2 1 2 1
gﬁ,é——AQ(t)<1+§w1+§w% +Bo(n)( 1301 +got ), (21)
3 2 1 1 1 1
gg)Q:AQ(t)(_l_3w1—90)1+2F1+30)1r% lga)%r%
“4) _ 2 1,
g =~y () (14201 + 502 ) +Bu(0) (1 + 20 + 507 ). (22)
3 9 3 9
4 2 1 1 1 1
gg) _Aw(t)(—l—§w1—§w%+§r%+§a)1r2 18(02r% (23)
(5) 1 21 2 m? 1 1 1,
g = <1 —|——a)1) <——az el Bl b O e 21
PN 3(p-my”\ 4636
1 1 1 1 1 1 5
0t g@a ol §“§_§wla§_ﬁa’%“§>’ o’ =0 (24)
where the parameter r; = A’,‘f , Iy = ,a; = 2|eQ|s1n Ow. The superscript of the functions 9(1)2 corresponds to a certain

decay mechanism, shown in F1gs 1 5 Expressmns (19)—(24) contain, after all transformations of the Higgs boson decay
amplitudes, a set of relativistic parameters w,, that determine the magnitude of relativistic effects in these amplitudes. Within
the framework of the relativistic quark model, we can find their numerical values. The precise determination of the
parameters w, and their calculation are discussed in more detail in Sec. III.

The decay widths of the Higgs boson into a pair of vector quarkonia states are determined by the following expressions

(see also [12,13]):

2
1

214 2702m* G [P (0)[*/ L — 1
T — . 4 8& aF/la 2’ 25
vy M1 %] 1625y (25)
Flo _ ( ) +2 26,2] g(z) n 22777:}" eQezazmQ @3 9ﬂe,21a2r?MZMW 9(4)
w 16 ! G g ! a;mM 55 1, 64a,mM o !
M, 5= 2e,|sin’0 9 ,ela 27n , esena’m?
+ . HO (2 | Z| W) 9(15) % 2+ U-I——r%Lg(;) Z ﬂr? q9€0 Qgg3)Q
16M7mM 550 sin“26y, 16 ° a 5 8 amM g 77
el rtM M IM%a 1
g T zMy () H 5| e
————=—cosf . 26
GhaymM gy OV 6 M mM g, sin?26y, ]¢ (26)

We found it convenient to separate in square brackets in
(26) the coefficients denoting the relative contribution of
different decay mechanisms with respect to the quark-gluon
mechanism in Fig. 1. The common factor in (25)
corresponds to the amplitudes of the quark-gluon decay
mechanism.

III. NUMERICAL RESULTS

General expression for the decay rate (25) contains
numerous parameters. One part of the parameters, such as
quark masses or the masses of mesons, are determined within
the framework of quark models as a result of calculating the

[

observed quantities. The parameters of quark models are
found from the condition of the best agreement with experi-
mental data [4]. Another part of the relativistic parameters @,
can also be found in the quark model as a result of calculating
integrals with wave functions of quark bound states in the
momentum representation. Thus, we can say that the
approach to calculation based on the relativistic quark model
is closed, because it allows to calculate all the necessary
parameters without resorting to additional hypotheses.

To calculate ,,, we assume that the dynamics of quark-
antiquark pairs is determined by the QCD generalization
of the standard Breit-Hamiltonian in the center-of-mass
reference frame [23-29],
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H:H0+AU1+AU2,

Crax
Hy=2\/p2 +m?>—2m % 4 Ar 4 B, (27)
r

Cra? 31 10 2
AU, (r) = - 4;1" (280 In(ur) + ay + 2ygpPo), ar == =g Po = 11_§”f’ (28)
_ Cpag[ ,  r(rp)p] #Cra 3Cray
AU, (r) = Sy [p + 2 + e 5(r) + 3 (SL)

_ Cra; [S_z_ (Sr)? 4

2m? | r

Cy CFa%

2mr?

(287 — 3)5(1-)] (29)

3

where L = [r x p|, S = S, 4 8S,, ny is the number of flavors, C, = 3 and C = 4/3 are the color factors of the SU(3) color
group, yg =~ 0.577216 is the Euler constant. To describe the hyperfine structure of the energy spectrum, the following

confinement potential is usually added to (27) [30-32]:

A

- A 8 3A
AVi’grff(r):fV[ <1+3SISZ> + LS +

2m2r 2m?r

where we take the parameter fy, = 0.7 for optimal agree-
ment with the experiment. For the dependence of the QCD
coupling constant &,(x4?) on the renormalization point x>
we use the three-loop result [33]. The typical momentum
transfer scale in a quarkonium is of the order of the quark
mass, so we set the renormalization scale ¢ = m and
A = 0.168 GeV. The parameters of the linear confinement
potential A = 0.18 GeV? and B = —0.16 GeV have the
usual values of quark models.

Using this Hamiltonian, we construct an effective model
of the interaction of quarks in a bound state of the
Schrodinger type [23,24,34-36]. The numerical solution
of the Schrodinger equation, taking into account
various corrections in the potential, makes it possible to
find the wave function of the bound state, with the help of
which the relativistic parameters themselves are then
calculated.

_ V2 [ (e(p) +m)
2e(p)

- (Genen-ss:)|-a-m

3m-r

P*R(p)dp.

———LS, 30
2m?r ( )

The amplitudes of the pair production of vector char-
monium and bottomonium in the decay of the Higgs
boson are expressed in terms of function Fyy, that is
presented in the form of an expansion in |p|/m, |q|/m
up to terms of the second order. As a result of alge-
braic transformations, it turns out to be convenient to
express relativistic corrections in terms of relativistic
factors C, = (e(p) —m)"/(e(p) + m)". As a result of
integrating these relativistic factors with the obtained
wave functions, we find the values of the relativistic
parameters w, themselves. In the case of S-states w,, are
determined by the momentum integrals /,, in the form
[23,24]:

e e

>”dp, (31)

Py
Py _ 1 PV
0 =55

PV
w = —12
PV 2 T v
0 0

(32)

where superscripts P, V denote pseudoscalar and vector states. In the case of quarks of different masses (for B, mesons), for
a mass-symmetric representation of the relativistic parameters, the following equality is used:

g —
p| :zml[ 1

ny & —my
€1 —l—ml &1 +WL1

2m2 |:
&y + my

& — Ny &) — Ny
€2+m2

3/2 _ 5/2
) + <£‘ m‘) +} = (33)
&1 + my
3/2 — 5/2
&y + my
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TABLE I. Numerical values of the relativistic parameters (25).
n**1L, Meson MEQ%, GeV ' R(0), GeV3/? o, ,

118, e 2.9839 0.92 0.20 0.0087
138, J/¥Y 3.0969 0.81 0.20 0.0078
118, np 9.3987 1.95 0.05 0.0044
138, T 9.4603 1.88 0.05 0.0044
TABLE II. Numerical results for the decay widths in the

nonrelativistic approximation and with the account for relativistic
corrections.

Final state Nonrelativistic decay Relativistic decay width

(00)(Q0) width I, in GeV [, in GeV
J)¥+ /¥ 3.29 x 10712 0.69 x 10712
138, + 135,
T+7T 0.63 x 10712 0.74 x 10~12
138, + 135,

The Hamiltonian of the system is an important
source of relativistic corrections. It allows one to take
relativistic effects into account when calculating the wave
functions of pseudoscalar and vector mesons (S-states)
[25,27,29,32,34,37,38]. The exact form of the bound state
wave functions Wy(q) is important to obtain more reliable
predictions for the decay widths. In the nonrelativistic
approximation the Higgs boson decay width with a
production of a pair of quarkonium contains the fourth
power of the nonrelativistic wave function at the origin for
S-states. The value of the decay width is very sensitive to
small changes of R(0). In the nonrelativistic QCD there
exists the corresponding problem of determining the
magnitude of the color-singlet matrix elements [39].

As a result of the performed transformations, the
relativistic parameters are determined by convergent
momentum integrals. Their calculation was performed
many times for different bound states of quarks in our
works [13,15,16]. The numerical values of the parameters
|, w, are presented in the Table I. The parameter @, is not
included in the decay width, because corrections of the

TABLE IV. The contributions of different mechanisms to the
Higgs boson decay widths in GeV.

The contribution accounting for relativistic corrections

Contribution H->J/y J/y H->TTY

Figure 1 0.36 x 1071 0.10 x 10712
Figure 2 0.80 x 10712 0.16 x 10712
Figure 3 0.70 x 10=13 0.37 x 10712
Figure 4 0.74 x 10713 0.68 x 10713
Figure 5 0.22 x 10712 1.45 x 10712
Total contribution 0.69 x 1012 0.74 x 1012

order O(q*), O(p*) connected with it, are omitted. Using
our approach, it is possible to calculate relativistic correc-
tions not only of the second, but also of a higher order.
The results of numerical calculations of the decay widths
and parameters Ay, Ay, By, and By are presented in
Tables II-IV. Comparing the contributions of different
meson pair production mechanisms, it is important to
emphasize that their relative magnitude in the total result
is determined by such important parameters as « and «,; and
the particle mass ratio. So, for example, in the case of the
production of a pair of vector mesons, the decay amplitude
has two contributions from the quark-gluon (Fig. 1) and
quark-photon (Fig. 2) diagrams. On the one hand, the
contribution of photon amplitudes is proportional to «,
which leads to its decrease in comparison with the con-
tribution from quark-gluon amplitudes. But on the other
hand, the quark-photon contribution contains an additional
factor efyr, which leads to an increase in the decay widths.

IV. CONCLUSION

The study of rare exclusive decay processes of the Higgs
boson is an important task, which makes it possible to
refine the values of the interaction parameters of particles in
the Higgs sector. In this paper, we have attempted to present
a complete study of decay processes H — J/VJ/¥, H —
TT in the Standard Model by considering the various
decay mechanisms shown in Figs. 1-5. To improve the

TABLE III. Numerical values of parameters A and B for W-boson and quark loop mechanisms.

Parameter H-J/y J/w H-TT

A, =274 x 1074 + 1.07 x 107#i -3.39 x 1073 4+ 0.99 x 1073
Ap —-5.68 x 107> 4+ 7.87 x 107 —-1.53 x 107 4+ 0.74 x 1073
A, 7.02 x 1077 6.54 x 1076

Ay 7.94 x 1073 7.40 x 1074

B. 0.31 x 107 4+ 0.62 x 1071 0.13 x 1073 +0.51 x 1077i
B, —-0.42 x 1077 +0.42 x 107 0.37 x 107 4 0.35 x 1077i
B, 0.12 x 1071 —-0.13x 107*

By 1.42 x 107! 2.76 x 107
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calculation accuracy, we take into account relativistic
corrections, which were not previously considered
in [11,14]. The numerical contribution of different decay
mechanisms is analyzed and it is shown that in the case of
double production of charmonium, the main decay mecha-
nism is the quark-photon one in Fig. 2, ZZ-mechanism in
Fig. 5. However, it is also necessary to take into account
other mechanisms to achieve high calculation accuracy (see
also [22]). For bottomonium pair production all mecha-
nisms give close contributions to the width, but the ZZ-
mechanism is dominant. Their sum ultimately determines
the full numerical result. The parameters Ay, Ag, By, and
By, which determine the numerical values of the contri-
butions of the W-boson loop mechanism and the quark loop
mechanism, are obtained in analytical and numerical form.
They are presented separately in Table III.

In our approach, we distinguish two types of relativistic
corrections. The corrections of the first type are determined
by the relative momenta p and ¢ in the production
amplitude of two quarks and two antiquarks. The correc-
tions of the second type are determined by the trans-
formation law of the meson wave functions, which results
in expressions (5)—(6). The ¥, (p) wave functions entering
into (5)—(6) in the rest frame of the bound state are found
from the solution of the Schrodinger equation with a
potential that includes relativistic corrections. Having an
exact expression for the decay amplitude (see the example
in Appendix C), we carry out a series of transformations
with it, extracting second-order corrections in p and g. The
model used is described in more detail in [13]. In our
approach, all arising relativistic parameters @, @,, R(0) are
determined within the framework of the relativistic quark
model (see Table I). Accounting for relativistic corrections
in this work shows that such contributions lead to a
significant change in nonrelativistic results. Here it must
be emphasized that we call nonrelativistic results
such results that are obtained at p = 0, ¢ = 0 and neglect-
ing relativistic corrections in the quark interaction potential.
The main parameter that greatly reduces the nonrelativistic
results is R(0), which enters in the decay width to the
fourth power. Therefore, the difference between the rela-
tivistic and nonrelativistic results in Table II turns out to
be more significant in the case of pair production of
charmonium.

The paper considers various mechanisms for the pro-
duction of a pair of vector mesons in the decay of the Higgs
boson, which are presented in Figs. 1-5. The decay
branchings are equal: Br(H — J/¥J/¥) = 2.1 x 10719,
Br(H — YY) = 2.3 x 107!%, There are other amplitudes
for the production of a pair of J/¥, T mesons, which are
calculated but not included in detail in the work. So, for
example, there is a pair production mechanism (HH
mechanism), when the original Higgs boson turns into a
HH pair, which then gives a pair of vector mesons in the
final state. In a sense, it is similar to the ZZ mechanism, but

the amplitude structure is different, which results to a
contribution to the decay width that is several orders of
magnitude smaller than those given in Table I. Despite the
obvious difference in the amplitudes in Figs. 1 and 2 in
terms of the mass factor M?/M?, we include the amplitudes
of Fig. 1 in the consideration, in contrast to work [14]. We
do not consider amplitudes like those shown in Fig. 3, but
with two gluons. In this case, the direct amplitude [Fig. 3
(left)] vanishes due to the color factor, and the cross
amplitude [Fig. 3 (right)] is suppressed by the mass factor
M?/M3. A distinctive feature of our calculations is that
when studying the contributions of the amplitudes in
Figs. 3-4, we take into account two structure functions
A; and B; (i =W, Q) (15) in the tensor function of the
triangular loop. They are calculated analytically and
numerically, and the corresponding results are presented
in Table IV and Appendixes A and B. Although the
function B; initially contains higher powers of the factor
ry (see Appendixes A and B), which should lead to a
decrease in the numerical values for r, < 1, nevertheless,
the structure of the coefficient functions in (25) is such that
the function B; cannot be neglected.

In Table IV, we present separately the numerical values
of the contributions from different decay mechanisms
with an accuracy of two significant figures after the
decimal point. First of all, the problem was to obtain
the main contribution to the decay width. This was the
contribution from the quark-photon mechanism in Fig. 2
and the ZZ mechanism in Fig. 5, which are one order of
magnitude greater than the other contributions in the case
of charmonium production. Its value is due to the structure
of the decay amplitudes, in which small denominators
1/M? appear from the photon propagators in contrast to
other amplitudes in which there is a factor 1/M%. In
addition, the numerator in these amplitudes contains
amplifying factors in powers of a large parameter r;. In
each considered decay mechanism, there are radiative
corrections O(a;) that were not taken into account. They
represent a major source of theoretical uncertainty, which
we estimate to be about 30% in «,. Other available errors
connected with the parameters of the Standard Model and
higher-order relativistic corrections do not exceed 10%.
On the whole, our complete numerical estimates of the
decay widths agree in order of magnitude with the
results [14].

The obtained values for the decay width of the Higgs
boson into a pair of charmoniums or bottomonions allow us
to give a numerical estimate of the possible number of such
events in future Higgs boson factories. The parameters of
future colliders (ILC, FFC, etc.) are still under discussion
[40,41]. In the case of p p-colliders at high luminosities, the
production of 4 x 10'° Higgs bosons per year is possible.
Then, taking into account the value of the total Higgs boson
decay width, we can expect about 10 Higgs boson decays
into charmonium pair per year.

056002-9



FAUSTOV, MARTYNENKO, and MARTYNENKO

PHYS. REV. D 107, 056002 (2023)

ACKNOWLEDGMENTS

The work is supported by the Foundation for the
Advancement of Theoretical Physics and Mathematics
“BASIS” (Grant No. 22-1-1-23-1). The authors are grateful
to A.V. Berezhnoy, L. N. Belov, D. Ebert, V. O. Galkin,
A. K. Likhoded for useful discussions.

APPENDIX A: THE CALCULATION OF
W-BOSON LOOPS BY THE DISPERSION METHOD

In Appendixes A and B we consider the calculation of
tensors that determine the contributions to the Higgs boson
|

decay width from the two mechanisms shown in Figs. 3
and 4 (see also [42-52]).

The Higgs boson decay amplitude into two charmonium
states contains the contribution which is determined by
W-boson loop presented in Fig. 4. Generally speaking,
along with W-boson loops, it is also necessary to consider
other many-numbered loop contributions determined by
Goldstone bosons and ghosts. But there is a unitary gauge
convenient for calculation, in which there is only the
contribution of the diagrams presented in Fig. 4.

The tensor corresponding to triangle loop can be written
as follows:

g ‘k Vigp(r—k. P, K)V,wr(Q =k, O, —k
Ty = 8waM My (V2Gg)'/? cos QW/ (;ﬂ)4 s (r e %2 _) )A(((QQ - k>2Q_ M)%V)
— k) — k@ r—IAr — k) oLa
x g/’w_(Q kiw(ZWQ k) } {QM—#} {g"a I]{le] + (v, P Q). (A1)

The tensor T’;’”W of second Feynman amplitude in Fig. 4 has the similar form. Next, we consider the sum of these two

amplitudes.

To calculate the tensor 7%, of bosonic loop, we use the dispersion method, keeping in mind that the tensor that defines this
loop has the general structure (15). Then the structure functions Ay, (7), By(¢) can be obtained by performing the following

convolutions over the Lorentz indices:

g v vh } 1 [ 3v4vh [l
A ™ — , By(t) =TH = - A2
S T v et S R (v o A
For two structure functions Ay, (¢), By /(f) we use the dispersion relation with one subtraction,
t o ImA(?)dr t o ImB(¢)dt
Ay(t) =Ay(0) +— —, By(t) = By(0) +— — . A3
vl =0+ [T EEEES Bl = Bu0) + £ [T O (A3)

Imaginary parts ImA(z), ImB(¢) can be calculated using the Mandelstam-Cutkosky rule [53,54]. For example, the

imaginary part of the function A(7) is equal,

2
3

t(t—1)(2t=r3) (1= r3)3?

mAy =
Y s1x

{‘”3( 1)(t=1r3)2[r3(4 + 13 = 20)(21 + 1) = 4(21 + 3)]

+ V- 1[8r§ +48(1 =281 4+ r3(1 + 21) —4r3(3 + 1) (3 + 2t) + 16r5(=3 + (9 + 21))]

=2t +2/(t=1)(t-1r3 }
—2t=2/(t=1)(t=13)

r3 =

M
My’

M = Mgp. (A4)

This expression accurately takes into account the dependence on the meson mass M. Accounting for r; < 1, we can

perform an expansion in rs,

_ ViHVi—1
tmay () = - (3 Vs,
W 16z | 4 2 BVE=1

[ﬁ(zﬁ +t=3)=Vt—1(3=3t+2)In

L)
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Calculating the dispersion integral with subtraction, we get,

Anlt) = a3 A0 = sy A+ Ca- 1707 - 5

127 (27 +1-3)
23000t — 152 + 78 + 15F(1) |———— L + (=3 4+ 31 = 282) (1) | }. A6
| 1137022 o s 2oy} (A6)
arcsin \/t, <1,
= Vi A7
J(®) [In”\/}—’_l iﬂ:|, t>1, (A7)

6
1 r3

By(t) =
w(t) 1622 210°(1 — 1)

{t5(t — 1)[~(1470 + £(2051 + 19437)) +2101n(1 — 1)

X (=6,(=4 + (=3 + 21))) + 41In2(315 + £(735 + 441(7 + 161)))] + 105i\/ 2 (1 — £)(3 + 5¢ = 21> + 48)

1= 21— 2i/i(1 =1
x[ln2ln WL ol (= i/ = 1)) = 2ot + /AT = 1))

1—21+2i\/1(1—1)

— Liy(21 = 2i\/1(1 = 1)) + Liy (21 + 2i/1(1 — z))] } (A8)
The subtraction constant Ay (0) = 7. Then, in the leading order in 75, the function Ay(t) is equal to
1 L[, 3 3 ,
Aw(l) = 1e513| 2+ + 5 2= Df(7|. (A9)

The limit My, — 0 within the Goldstone-boson approximation gives AW| My—0 —> 2. The numerical value of By (1) is
significantly less than (A6) due to the factor rg.

APPENDIX B: THE CALCULATION OF QUARK LOOPS BY THE DISPERSION METHOD

The calculation of the quark loops contribution to structure functions A, (), By(t) can be carried out also by dispersion
method. Final expression for imaginary parts of these functions are the following:

2
ImA, = — 4 4207 — T
0 512ﬂ\/;(21—r£)(t_ri)2{ r4(r4 )\/“*‘
2 21 4-2y/(t= 1) (1= 1r2) Iy
+ t—rzzt[ri+ri(4—6t)+4t(t_1)]111’”4; + ( )( rg)}, oM B1)
1 =2t=2/(t=1)(t-1r3) -
s ) :
ImB, = 4l 4y TV
mho 2567[1‘3/2(2[—}’%)(;_;%)5/2{ (r4 ) ( )( r4)
— 2423/t =1)(t=13) y
+[rd + 411 +21) = 2r(2+ 31)] In - - } re =2, (B2)
r2—2t—2 (t=1)(1—1r2) my

where m, is the mass of heavy quarks in the loop.
In the case of quark loops, we use the dispersion relation without subtractions. The functions A, (#) and B () have the
following explicit form after expansion in rj:

Ag(t) = - 161ﬂ232t3{4t2+4t(t—1)f2(t) =2t(t—4) = 4\/t(1 = 1) f(1) +2(t = 2) f2(1)]}, (B3)
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By(t) = —1617[2252‘66t5 {2t[—14t(225 + 1(45 + 141)) — r2(6930 + 1(1365 + 1(413 + 2161)))]
+ 1260 [9&\/(1 —0r+4/(1- t)tﬂf(t) +630(2¢(1 + 21) + ri(4 + 9t))f2(t)}. (B4)

In the leading order in rj the expression (B2) coincides with the known expression obtained in [42-51]. Since B(1)
contains the factor r, to a higher degree, its contribution is sometimes neglected.

APPENDIX C: THE AMPLITUDE OF PAIR VECTOR MESONS PRODUCTION
VIA THE ZZ MECHANISM

The amplitude of direct production of vector mesons [Fig. 5 (left)] has the form,

Po(q)

v SN [y W) [ da
dir (277;)3 e(p) (e(p)+m) (277:)

sin?26y,

f)l -1 f]]pz f’ A /A
T - P 1
e e ]|
@2 -1 f]zqz Z\I A /A
T - -4 1
x r{ { 2 2m(e(q) +m) 2m} B0 +1) {

3elq) (6(t12)+m) D/m(P)Dua(Q)

@1—1_ 0 p’ +i 1—75_a
2 2m(e(p) +m)  2m|M| 2 T

D, —1 @2(]2 q I—7s
_ _ Cl
7 Zmlelg) T m) 2m] “[ 2 ] } (€

where € , are the polarization four-vectors describing vector meson states. D, (k) is the Z-boson propagator.
The amplitude of crossed production of vector mesons (Fig. 5 (right)) has the form:

Po(q)

sin?260y,

M. 167a(V2Gr) PMG [ dp  Wy(p) dq
cr — (2”)3 e(p) (e(p)+m) (2ﬂ-)

3 e(q) (e(g)+m) DMG(P)DW(Q)

b -1 hp Pl s b -1 hp p 1—ys
T - P 1 - s -
% r{ [ 2 2m(e(p) + m) Zm} Bt +1) [ 2 2m(e(p) + m) T om| T 2 %
-1 g 9|, -1 g q 1—7s
- 7 | - a4 —a . 2
x [ 2 2m(e(q) + m) Zm] &% +1) [ 2m(e(q) + m) Tom| 2 % (€2)

After all the transformations, the total amplitude of the production of a pair of vector mesons in the ZZ mechanism takes the

form (18).
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