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As an alternative but unified and more fundamental description for quantum physics, Feynman path
integrals generalize the classical action principle to a probabilistic perspective, under which the physical
observables’ estimation translates into a weighted sum over all possible paths. The underlying difficulty is
to tackle the whole path manifold from finite samples that can effectively represent the Feynman propagator
dictated probability distribution. Modern generative models in machine learning can handle learning
and representing probability distribution with high computational efficiency. In this study, we propose a
Fourier-flow generative model to simulate the Feynman propagator and generate paths for quantum
systems. As a demonstration, we validate the path generator on the harmonic and anharmonic oscillators.
The latter is a double-well system without analytic solutions. To preserve the periodic condition for
the system, the Fourier transformation is introduced into the flow model to approach a Matsubara
representation. With this novel development, the ground-state wave function and low-lying energy levels
are estimated accurately. Our method offers a new avenue to investigate quantum systems with machine

learning assisted Feynman path integral solving.

DOI: 10.1103/PhysRevD.107.056001

I. INTRODUCTION

Feynman path integrals [1,2] have been proven success-
ful in describing quantum systems, which include contri-
butions from both the classical path and quantum
fluctuations. For physical observables’ estimation of a
quantum system, the functional path integral turns out to
be an ergodic problem, since it requires the summation over
an infinite number of quantum-mechanically possible tra-
jectories. In such a perspective, except for a few analytically
solvable systems, it is routinely needed to generate paths x(¢)
following distribution e*SK()!/" given an action S[x(7)]. To
sample probable paths, the Markov Chain Monte Carlo
(MCMC) technique is widely adopted as a traditional
numerical approach [3,4]. However, time-consuming
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updates inevitably emerge in MCMC when one attempts
to propose uncorrelated paths for a large system. It thus calls
for effective novel path generation methods, where machine
learning generative algorithms could be introduced [5].
Generative models of machine learning [6,7] have
been shown to be particularly useful in capturing the
underlying probability distributions hidden in data or expli-
citly existing in physical systems [8—10]. Normalizing
flows [11], starting from a plain prior distribution, are
able to evolve to desired distribution through bijective
transformations. These transformations can be constructed
via neural networks, making them flexible enough due to
the universal approximation theorem. Combined with
MCMC, normalizing flows offer a traceable and efficient
way for sampling from a target distribution, which is
currently burgeoning in lattice QFT studies [5,12-15].
To advance the effectiveness of generative models for
physics, introducing corresponding constraints or special
network architectures would be crucial, e.g., embedding
intrinsic symmetries of the system into the model to reduce
redundancy. Similar ideas were validated in many machine
learning models, e.g., convolutional neural networks
(CNNs) [16,17] suits image recognition better since the
respected translation invariance, which also proves efficient
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in data augmentation of physical systems [18-20]; In heavy
ion collisions, the point-net was applied to process
point-type particle readout from detectors, in which the
permutation symmetry was encoded explicitly [21-23]; In
lattice calculations, gauge equivariant flow-based models
were designed to handle gauge field configurations sam-
pling [24-27]. Besides, the gauge equivariant and invariant
neural networks were also proposed for particular quantum
systems [28-30]. Inspired by the renormalization scheme,
the neural network renormalization group was devised and
also applied to improve MCMC calculations [31,32].

In this study, we devised a Fourier flow model (dubbed
as F-flow in the following) for solving imaginary time path
integrals with efficient paths generation, whose periodicity
is satisfied explicitly since the introduction of a Fourier
frequency domain (also known as Matsubara frequency).
The model is demonstrated on quantum harmonic and
anharmonic oscillator systems. In Sec. II, we first briefly
review the Euclidean Feynman path integral and its
periodic condition, which can be tackled with discrete
Fourier transform (DFT). In Sec. III, we describe the F-flow
model in detail. In Sec. IV, we demonstrate the performance
of the proposed F-flow based Feynman path generator on
quantum harmonic and anharmonic oscillators. Ground-
state wave functions and energy levels up to second excited
states are estimated with the F-flow-based path generator.
Merits and drawbacks of the F-flow model and its potential
applications to other general systems are discussed in the
final section.

II. EUCLIDEAN FEYNMAN PATH INTEGRAL

Within the path-integral formulation of quantum mechan-
ics, the time evolution of a quantum state, w(x,1),
can be dictated by the Feynman propagator,

w1 = / Dxo(1)K

where the propagator K (x, f; x, #y) (also called kernel) is the
sum of all possible paths (or trajectories) connecting the
initial point (x, #y) and the endpoint (x, ) [2],

At —19) ) eSO/, (2)
[x()]

(x, 15 X0, 2oy (X0, 1), (1)

K(X, t; X0, to) =

In this functional integral, besides the normalization factor
A(t — ty), the classical action S[x(¢)] appears which includes
the kinetic and potential terms. The existence of i/% in
the exponent induces quantum fluctuations varying from
path to path. Dramatic fluctuations will induce cancellation
for paths when taking the real-time formalism, it is thus
convenient to take the Euclidean form of path integrals
where the Wick rotation is introduced, t — iz, with 7 the
imaginary time. The action within a time interval 7 in
Euclidean space-time derives,

Selx(x)] = / T aTh@) + V@] ()

2 (4x)2 with mass m, and

Accordingly, the Euclidean

including the kinetic term 7'(x) =
the potential term V/(x).
Feynman propagator is,

Ki(x,T;xg,70) = AEZe_SE[x<T)]/h, (4)
[x(n)]

which shows a resemblance to Boltzmann distribution in
statistical mechanics and permits Monte Carlo techniques
for the evaluation of this integral. From the statistical
probabilistic point of view, one can compute any physical
observable O given all possible paths {x(¢)} in probability
explanation,

0) = [0pdr= 3" 0. ()

x~p(x)
where the probability p(x) for each path x(z) reads,

plx(e)] = Z-1emSe @, (6)

with the partition function Z = Y7 () e :F@I/" as a nor-
malization factor. To connect it to quantum statistical mec-
hanics, one necessitates the periodicity to the path [2,33],
thus x(z = 0) = x(z = 7), and views the time interval to be
the inverse temperature 7 = f. Taking natural unit 2 = 1
and a discrete-time lattice with size N, the action accordingly
derives as,

Se((x)) %Z[ e 25y )

with periodic boundary x, = x, and a discrete time-step
a = B/N, which is adopted as a physical unit(1/a) for all
following calculations. At low temperatures, the sites of x,,
are strongly correlated, corresponding to aN — oo. In all
following numerical calculations, we use a = 0.1, N = 100
to approach this condition.

When enforcing a boundary condition to path integral on
the discretized paths {x,}, invariance under translation
({n - n+1}), inversion ({n - —n}) and periodicity
({n — n + N}) should preserve, where n labels the index
of the site. This motivated us to introduce the discrete
Fourier transformation(DFT) for the path chain {x,}, thus
converting the coordinates into Matsubara modes

—i2 Tk (8)

MZ

n=0

In this Matsubara
Appendix A)

space the action derives (see
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(1 —cos 2”")

ﬁNl

o X+ V)| (9)

k=0

where the kinetic part does not couple different Matsubara
frequencies.

III. FOURIER-FLOW-BASED PATH GENERATOR

Flow-based model is proven to be useful for density
estimation and interference tasks [5,34-36]. In particular,
normalizing flows provide a novel way of constructing a
flexible probability distribution over continuous random
variables [37]. The main idea of normalizing flow is to
express a complex distribution x ~ p,(x) from a naive
distribution u ~ p,(u) via a bijective transformation
T: u — x, which could be represented by neural networks
with trainable parameters noted as {6}. The probability
distribution function changes as follows [38],

px(x) = pu(u)|detJ7(u)|™", (10)
where u = T~!(x) and the Jacobian matrix of the trans-
formation is Jr. The key recipe to construct a feasible flow
model is to guarantee the transformation 7 to be invertible,
differentiable and composable. It usually requires a series
of transformations to link the naive distribution and the
target distribution, denoted as {7"}.

To construct the F-flow model, we start from the Real
NVP (real-valued nonvolume preserving) model [39],
where specific affine transformations represented by neural
networks rendering accessible Jacobian determinant are
adopted. The ith affine coupling layer reads

X, =X
{ R (1)

Xi oy =Xn 0 o) + 1 (Xi0H),

with the subscript labels N nodes at ith layer and “©®”
represents the element-wise product. The neural networks
are used to construct mappings sy: RF — RM % and
to: R¥ — RN=F for scaling and translation transformations
with {6} denoting the network parameters.

Based on the above affine transformation for each cou-
pling layer, one can calculate directly the determinant
of the Jacobian by tracing a lower triangular matrix,
(det J) = Ik esulX1i);,

Figure 1 depicts the devised F-flow model in this work,
where the DFT [Eq. (8)] is introduced before the first affine
coupling layer, and the inverse DFT (iDFT) is performed
after the last affine coupling layer to convert paths from
frequency space to coordinate space, x, = & >N e/ X,
This ensures that all transformations in the flow model are in
frequency space, which on one hand preserves the periodicity
automatically, and on the other hand explicitly includes all

. | pu0)
l (X0, X0...X9)
: n layers W

‘ i™ layer
i ’l i
i ) Xioy.. Xl

(X3 XiL L xiH)

k17

Mp,xx)

LX)
FIG. 1. Structure of the F-flow model with insertion of densely
connected layers. The input of the model contains samples

generated from a naive prior distribution u ~ p,(u), which is
a multivariate normal distribution in our case.

quantum fluctuations since all the relevant modes are trans-
formed and generated inside the flow.

To approach the desired probability distribution p(x)
shown in Eq. (6), one should define a proper loss function
to tune the parameters of the neural networks in the
flow model. Kullback-Leibler (KL) divergence provides
a natural measure for the dissimilarity between two dis-
tributions [40], and thus it is taken to define the loss
function for the F-flow model training,

L(0) = D [px(x:0)[| p(x)]

= Buvp,(wllog pu(u) —log | detJ7(u)]]
- Ex~px(x) 1Og p(X)7 (12)

where p(x) = p(x) is the target distribution [here Eq. (6)],
and gp(x) = py(x;0) = pu(u)|detJy(u)|™! the F-flow
parametrized distribution via x = T'(u). Introducing the
path integrals, then the loss function derives as,

L(0) = Ervgy(v[Se(x) +Ingy(x)] +In 2. (13)

The partition function contributes as a constant term which
does not bring gradients to trainable parameters. We thus
omit the last term in the training process.
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IV. GENERATING FEYNMAN PATHS
AND ESTIMATING OBSERVABLES

We first demonstrate the proposed F-flow model on the
quantum harmonic oscillator, with analytical solutions
existing. After that, we move to the harmonic oscillator,
where no analytical methods yet are applicable.

A. Harmonic oscillator

The typical harmonic potential reads,

V(x) = %,ux2, (14)
with y the coupling constant. The energy levels can be
analytically solved as E,, = ”T“ U, in which the ground state
is treated as the zero-point energy E, = % u. Here we set
1 = 1and m = 1 for demonstration. In the training process,
we set Ngmple = 8192 for the model to evaluate the loss
gradient, and set the iteration of each epoch to be N, =
1024 with total Nepoen = 10. Note that the generation of
path is uncorrelated by definition and efficient enough after
the training: 0.0015 seconds for generating 1000 samples
on single game GPU (RTX3090).

From the virial theorem, 2(T) = n(V) holds for each
potential term with n the power of x, and we get the ground
state energy of the harmonic oscillator to be Ey = u?(x?).
Since the simulation is under the low temperature limit,
which means the sites are strongly correlated, we could
push our calculation for the two-points and four-points
correlation to obtain the energy of the first and second
excited state,

EI—EOI—}LH‘}OM’
Wit Gy = lim ((<(23(0)) - () (x(0)) and Gy =
lim ((x(7)?x(0)?) — (x(z)?){x(0)?)) the two-points and

T—0

four-points correlation functions, respectively. In Table I,
we summarize results of F-flow model with a comparison
to analytical results for low-lying energy levels up to the

TABLE I. Quantum harmonic oscillator energy levels from the
analytical and F-flow model estimation (take N = 100 for the
discrete time lattice). The difference between the two F-flow
model results lies in the number of samples taken.

Energy  Analytical F-flow (200k) F-flow (400k)
E, 0.5 0.4997(£ 0.0001)  0.4997(+ 0.0001)
E, 1.5 1.5171(£0.0011)  1.4999(+ 0.0004)
E, 2.5 2.532(+0.037) 2.502(+ 0.034)

—— F-flow
Analytical

FIG. 2. The ground state wave function squared for harmonic
oscillator, with red dashed curve the analytical results, and the
blue curve evaluated from F-flow model.

second excited state. The estimation with F-flow model
agrees very well with the analytical results. For the F-flow
model evaluation, we sampled 200 k and 400 k paths to
estimate the energy level, which clearly indicates that
increasing statistics from F-flow model converge better
to analytical results. The ground state wave function square
ly(x)]> can be obtained by evaluating the probability
density for finding a particle in the interval (x ~ x + dx)
from the sampled paths. Fig. 2 shows the square of the
wave function evaluated from F-flow model, which
matches perfectly with the analytical result.

B. Anharmonic oscillator

After the above verification, we implement the F-flow
model to anharmonic oscillator. We consider the following
one-dimensional double-well potential [41-43],

V(x) = a(x* = f2), (16)

which under DFT turns to

1
V(Q) = )“Z WX—/QX—kszl—quﬁq
ok

=22 Xy X_jiq + AfE (17)
ky

After DFT, as shown by Eq. (9), correlation between x,, in
the kinetic term disappears. Instead, one has a collection of
modes X, correlated via potential V(g). It is worth noting
that when removing DFT and iDFT for the model here (i.e.,
degrade to plain normalizing flow), it fails for the path
integral of anharmonic oscillator, which was also observed
recently in the literature [44,45].

For the numerical simulation, we choose a = 0.1, N =
100 (for the discrete time lattice), m = 0.5, A = 1. The
same training hyperparameters as in harmonic oscillator are
taken here for the anharmonic oscillator simulation, and
seven situations with f? = {5,4,3,2,1,0,—1} are simu-
lated with which we estimated the ground state wave

056001-4



FOURIER-FLOW MODEL GENERATING FEYNMAN PATHS

PHYS. REV. D 107, 056001 (2023)

50 50

40 40

30 30
0.3 0.3 =z

20 20>

wx)P?

10 10

0 0

— f2=3,Ing+b

—Inge + b

20 40 60 80 20 40 60
Se(x) Se(x)
FIG. 3. Upper: the ground state wave function square obtained
from F-flow model for anharmonic oscillator with f> = 2 (left)
and f> =3 (right). And the red lines are the corresponding
potential. Lower: the correlation between the effective action S
from F-flow model and the true action.

function and energy levels up to second excited state. The
ground state energy of double-well potential can be derived
from the Virial theorem as,

Eoy = 3A(x*) —4Af2(x?) + Af*. (18)

Again, Eq. (15) is used for estimating energy levels for
excited states. From Fig. 3 (upper panel), it is obvious that
with increasing f? the potential deviates farther away from
harmonics, and shows a higher potential barrier between
two wells, where the solution of the system is nontrivial due
to the involved tunneling through the barrier.

Figure 3 (upper panel) also shows the ground state wave
function square estimated from F-flow, to which a double
peak structure due to quantum tunneling appeared. We
found that without the introduction of frequency domain
the flow evaluation easily collapses to single peak wave
function. The explicit operation and inclusion over all
Matsubara modes from Fourier transformation in our model
safely brings in the needed ‘“tunneling” events (see
Appendix C for typical paths sampled from F-flow) for

14
Eo(F-flow+MCMC)
E;(F-flow+MCMC)
E,(F-flow+MCMC) *
Reference, Eq

Reference, E;

101

OO*me

Energy

o N M O ©
@
C]

5 4 3 2 1 0 -1

FIG. 4. The first three energy levels of the anharmonic
oscillator as function of f2. The solid markers are from F-flow
model calculation, and the hollow ones with also dashed curve
are from the continuum theory [41].

the double peak wave function, which achieves efficient
multimodal distribution sampling. It is also seen that with
increasing f? the overlap between the two peaks in the
wave function would decrease, meanwhile each peak in
the wave function shrinks. Figure 3 (lower panel) shows the
correlation between the effective action (i.e., —log g4 (x) by
the F-flow) and the true action Sp(x). We see that the
F-flow captured effective action closely resembles the true
action after accounting for an overall constant shift.
Figure 4 and Table II display the evaluated low-lying
energy levels, including the ground state, first and second
excited state energy for different values of the parameter f2.
Results solely from F-flow model already agree well with
results from MCMC evaluation. In the table the MCMC
results are obtained using the method outlined in [46],
12 x 10° configurations were sampled in total of which
6 x 10° used to calculate energy of the ground and exited
states. F-flow also gives exactly the same tendency across
different states and different values of f> compared with
MCMC estimations. By taking the trained F-flow model as
a proposal in a Markov Chain process we get closer results
as compared to pure MCMC, while the autocorrelation time

TABLE II. Low-lying energy levels from F-flow model (upper), F-flow augmented MCMC (middle), and MCMC (lower).

12 -1.0 0.0 1.0 2.0 3.0 4.0 5.0
F-flow 2.66(+0.001) 1.06(+0.001) 1.15(+0.001) 2.28(+0.001) 3.14(£0.002) 3.60(£0.004) 4.03(+0.01)
E,y F-flow + MCMC 2.64(£0.001) 1.04(£0.001) 1.11(£0.001) 2.23(£0.001) 3.10(£0.003) 3.60(£0.004) 4.01(£0.002)
MCMC 2.64(+0.001) 1.04(£0.001) 1.11(£0.001) 2.23(£0.001) 3.10(£0.001) 3.60(+0.001) 4.00(+0.001)
F-flow 6.37(+£0.02) 3.84(£0.02) 2.96(£0.01) 2.87(£0.003) 3.38(+0.003) 3.74(+0.004) 4.13(40.01)
E, F-flow + MCMC 6.35(+0.02) 3.76(£0.01)  2.74(£0.01)  2.82(£0.004) 3.31(£0.003) 3.73(£0.004) 4.10(£0.003)
MCMC 6.35(+0.008) 3.77(+0.006) 2.71(£0.004) 2.82(+0.003) 3.32(+0.001) 3.73(£0.001) 4.09(+0.001)
F-flow 10.70(£0.05)  7.41(+0.05) 5.38(+0.03) 6.36(+0.02)  9.12(£0.02) 10.91(4+0.03) 12.30(+0.03)
E, F-flow + MCMC 10.69(+0.08)  7.44(£0.03) 5.87(£0.04) 6.33(£0.01) 9.11(£0.03) 10.87(+0.03) 12.27(=£0.08)
MCMC 10.68(+0.03)  7.41(£0.02) 5.85(£0.01) 6.35(£0.01) 9.07(£0.01) 10.85(£0.02) 12.22(£0.02)
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is significantly reduced (see Appendix B). Note that on
average the acceptance rate using F-flow for proposal in
MCMC is always above 50% since the uncorrelated
sampling from the trained F-flow. These all demonstrate
that the proposed F-flow-based generative model is valid in
constructing a more efficient Feynman path generator for
the quantum system.

V. SUMMARY

Feynman path integral provides an intuitive and the most
fundamental way to represent quantum evolution and
dynamics. It is a crucial yet challenging task to efficiently
generate Feynman’s path according to its probability dis-
tribution derived from the path integral, since all quantum
tracks will be included in such a system. From MCMC [47]
to VAE [44], there have been many efforts taken trying to
make this process more accurate and efficient. In this work,
we propose a Fourier-flow model involving DFT and
generative real NVP method to render a much less time-
costing and automatic symmetry preserving Feynman’s path
generator, with which all the quantum information including
the evolution propagator, ground state wave function and
low-lying energy levels can be evaluated efficaciously.

The demonstration of the proposed F-flow model on
quantum harmonic and anharmonic oscillators shows its
applicability and success for investigating quantum systems
by efficient Feynman’s path generation. Compared to con-
ventional MCMC, the proposed F-flow model gives more
efficient path generation due to the uncorrelation nature and
inherent parallel manner for the sampling inside the model.
Taking the F-flow model as a proposal on a Markov Chain,
we can get a general and effectively augmented MCMC
approach with significantly boosted efficiency, where also
the exact path generator is guaranteed mathematically.

It is worth mentioning that the introduction of the
Fourier-flow model in this work is motivated by observing
the failure of the pure normalizing flow model in achieving
the typical symmetry (boundary condition) for the quantum
system, which is an eternal theme in physics. Many recent
researches have made important contributions to such a
problem like generating gauge field configurations [13,24],
and, our work for the first time from Fourier (Matsubara)
space point of view to pave the way in tackling this
problem, where the affine transformation inside flow model
learn to approach a Matsubara representation instead. We
will explore further the application of the method for
studying other quantum statistics and dynamics problems,
to QFT as well, by a combination of state-of-the-art deep
learning strategies with physics priors.
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APPENDIX A: EUCLIDEAN FEYNMAN PATH
INTEGRAL IN FOURIER SPACE

All the mentioned invariances in the end of Sec. II can be
preserved explicitly when we transform paths from the
coordinate space to the frequency space, and correspond-
ingly the Euclidean action derives as

BE[m
- N; [ﬁ (Xpi1 —x,)2 +Vix,) |, (A1)

with its first term becoming,

N-1
(xn-H - xn)(xn-H - X,,)*
n=0
N-1 N-1
Z X2, +x2) Z(xfl+,xn+xf,xn+l)
n=0 n=0
5 N-l N-1
= NZ | Xil* — Z (X 1% + X0X011)
=0 n=0
5y N-1 1 V-l . .
2 L (e e
=0 k=0
2= 2mk
S |xk|2<1 - cosi), (A2)
Nk:0 N

where the unitary of the Fourier transformation is used to
reduce the formula among the first three equations. Take
the last line back to Eq. (A1), one can get,

1 & lm(l—cosz”" )
Sglx N[ kz X, | +Zv }
(A3)

and then after the DFT for the potential term, the action can
be derived as,

ﬂN1|: 1—COSZﬂk

D

X+ v<xk>} (Ad)

APPENDIX B: AUTOCORRELATION TIME

We calculate the correlation function of variable (X) of
MCMC process based on the F-flow trained configuration
dataset with the final autocorrelation time 7 = 0.42. The
result in Fig. 5 shows that the F-flow procedure can
remarkably make the traversing process more efficient.
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1.4

0 2 4 6 8
t

FIG. 5. The correlation function of path configuration versus
discrete time of Markov chain.

APPENDIX C: ANHARMONIC
OSCILLATOR PATHS

Typical Feynman paths from our trained F-flow model
on the anharmonic oscillator are shown in Fig. 6 (upper
left). For exploration, it is interesting to see what if one
mask (i.e., set to zeros) high-frequency modes would

2.
1.
o [/
X
_1.
— mean
o —— pathl
—— path2
0.0 0.2 0.4 0.6 0.8 1.0
T
2.
1.
£ o
\; /
_1.
— mean
) —— pathl
- —— path2
0.0 0.2 0.4 0.6 0.8 1.0
T

influence the path, since if this would not induce much
difference one could largely reduce the flow transforma-
tion’s parameters in frequency space for the path gener-
ation. In our proposed F-flow model, because we insert the
discrete Fourier transformation before and after the affine
transformation (represented by networks), we wonder
whether the low-frequency modes can dominate the gen-
erated paths. When we mask the high-frequency modes in
frequency space and then reverse via iDFT back to the
coordinate space, as shown in Fig. 6, we find that the
overall shape of paths does not change but just gets
smoothed (i.e., the fluctuation within small areas disap-
pears). Without the high-frequency mode, we can reduce
the training parameters to save time and cost. Note that one
should further investigate in detail the influence on physical
observables from the mask of high-frequency modes,
which is left for future exploration. In principle, we may
not regard this process as an appropriate way to handle the
path integral problem because those high frequency modes
also contribute to the energy of the system. But, this may
be an inspiration to generative tasks in computer vision
problem, like to speed up the generation or for super-
resolution development.

X(T)
o

0.0 0.2 0.4 0.6 0.8 1.0

2.
1.
+ 0 /
x
_1-
— mean
o —— pathl
—— path2
0.0 0.2 0.4 0.6 0.8 1.0
T

FIG. 6. Typical Feynman paths for quantum anharmonic oscillator with f> = 2 sampled from the trained F-flow model. Upper-left is
the original paths sampled with full frequency modes used. From upper-left to bottom-right is gradually masking more high frequency
modes (0%, 20%, 30%, 40%) after DFT then reverse via iDFT back to path.

056001-7



SHILE CHEN et al.

PHYS. REV. D 107, 056001 (2023)

[1] R.P. Feynman, Rev. Mod. Phys. 20, 367 (1948).

[2] R.P. Feynman, A.R. Hibbs, and D.F. Styer, Quantum
Mechanics and Path Integrals (Courier Corporation,
North Chelmsford, Massachusetts, 2010).

[3] J. Carlson, S. Gandolfi, F. Pederiva, S.C. Pieper, R.
Schiavilla, K. E. Schmidt, and R. B. Wiringa, Rev. Mod.
Phys. 87, 1067 (2015).

[4] M.J.E. Westbroek, P.R. King, D.D. Vvedensky, and S.
Diirr, Am. J. Phys. 86, 293 (2018).

[5] D. Boyda et al., in 2022 Snowmass Summer Study (2022),
arXiv:2202.05838.

[6] D.P. Kingma and M. Welling, arXiv:1312.6114.

[7] I. Goodfellow, J. Pouget-Abadie, M. Mirza, B. Xu, D.
Warde-Farley, S. Ozair, A. Courville, and Y. Bengio, in
Proceedings of the 27th International Conference on Neural
Information Processing Systems, 2 (Neural Information
Processing Systems Foundation, Inc. (NeurIPS), 2014),
pp. 2672-2680.

[8] K. Zhou, G. Endrédi, L.-G. Pang, and H. Stocker, Phys.
Rev. D 100, 011501 (2019).

[9] J. M. Pawlowski and J. M. Urban, Mach. Learn. Sci. Tech.
1, 045011 (2020).

[10] L. Wang, Y. Jiang, L. He, and K. Zhou, Chin. Phys. Lett. 39,
120502 (2022).

[11] D. Rezende and S. Mohamed, in International Conference
on Machine Learning (PMLR, MIT Press, Cambridge,
2015), pp. 1530-1538.

[12] M. Medvidovic, J. Carrasquilla, L. E. Hayward, and B.
Kulchytskyy, arXiv:2012.01442.

[13] M. S. Albergo, G. Kanwar, and P. E. Shanahan, Phys. Rev.
D 100, 034515 (2019).

[14] K. A. Nicoli, C.J. Anders, L. Funcke, T. Hartung, K.
Jansen, P. Kessel, S. Nakajima, and P. Stornati, Phys.
Rev. Lett. 126, 032001 (2021).

[15] M. Caselle, E. Cellini, A. Nada, and M. Panero, J. High
Energy Phys. 07 (2022) 015.

[16] D.C. Ciresan, U. Meier, J. Masci, L. M. Gambardella, and J.
Schmidhuber, in Twenty-Second International Joint
Conference on Artificial Intelligence (AAAIl Press/
International Joint Conferences on Artificial Intelligence
Menlo Park, California, 2011).

[17] A. Krizhevsky, 1. Sutskever, and G. E. Hinton, in Proceed-
ings of the 25th International Conference on Neural
Information Processing Systems, Vol. 1 (Neural Information
Processing Systems Foundation, Inc. (NeurIPS), 2012),
pp. 1097-1105.

[18] L.-G. Pang, K. Zhou, N. Su, H. Petersen, H. Stocker, and
X.-N. Wang, Nat. Commun. 9, 210 (2018).

[19] Y.-L. Du, K. Zhou, J. Steinheimer, L.-G. Pang, A.
Motornenko, H.-S. Zong, X.-N. Wang, and H. Stocker,
Eur. Phys. J. C 80, 516 (2020).

[20] L. Jiang, L. Wang, and K. Zhou, Phys. Rev. D 103, 116023
(2021).

[21] M. Omana Kuttan, J. Steinheimer, K. Zhou, A. Redelbach,
and H. Stoecker, Phys. Lett. B 811, 135872 (2020).

[22] J. Steinheimer, L. Pang, K. Zhou, V. Koch, J. Randrup, and
H. Stoecker, J. High Energy Phys. 12 (2019) 122.

[23] M. Omana Kuttan, K. Zhou, J. Steinheimer, A.
Redelbach, and H. Stoecker, J. High Energy Phys. 10
(2020) 184.

[24] G. Kanwar, M. S. Albergo, D. Boyda, K. Cranmer, D. C.
Hackett, S. Racaniere, D.J. Rezende, and P. E. Shanahan,
Phys. Rev. Lett. 125, 121601 (2020).

[25] D. Boyda, G. Kanwar, S. Racaniere, D.J. Rezende, M. S.
Albergo, K. Cranmer, D. C. Hackett, and P. E. Shanahan,
Phys. Rev. D 103, 074504 (2021).

[26] R. Abbott et al., Proc. Sci. LATTICE2022 (2023) 036
[arXiv:2208.03832].

[27] R. Abbott et al., Phys. Rev. D 106, 074506 (2022).

[28] M. Favoni, A. Ipp, D. 1. Miiller, and D. Schuh, Phys. Rev.
Lett. 128, 032003 (2022).

[29] Y. Namekawa, K. Kashiwa, A. Ohnishi, and H. Takase,
Phys. Rev. D 105, 034502 (2022).

[30] D. Luo, Z. Chen, K. Hu, Z. Zhao, V.M. Hur, and B. K.
Clark, arXiv:2101.07243.

[31] S.-H. Li and L. Wang, Phys. Rev. Lett. 121, 260601 (2018).

[32] H.-Y. Hu, S.-H. Li, L. Wang, and Y.-Z. You, Phys. Rev. Res.
2, 023369 (2020).

[33] J. 1. Kapusta and C. Gale, Finite-Temperature Field Theory:
Principles and Applications, Cambridge Monographs
on Mathematical Physics (Cambridge University Press,
Cambridge, England, 2011).

[34] C. Gao, S. Hoche, J. Isaacson, C. Krause, and H. Schulz,
Phys. Rev. D 101, 076002 (2020).

[35] C. Gao, J. Isaacson, and C. Krause, Mach. Learn. Sci. Tech.
1, 045023 (2020).

[36] G. Kanwar, Machine learning and variational algorithms for
lattice field theory, Doctoral thesis, Massachusetts Institute
of Technology, 2021.

[37] G. Papamakarios, E.T. Nalisnick, D.J. Rezende, S.
Mohamed, and B. Lakshminarayanan, J. Mach. Learn.
Res. 22, 1 (2021).

[38] M.S. Albergo, D. Boyda, D.C. Hackett, G. Kanwar, K.
Cranmer, S. Racaniere, D.J. Rezende, and P. E. Shanahan,
arXiv:2101.08176.

[39] L. Dinh, J. Sohl-Dickstein, and S. Bengio, arXiv:1605.08803.

[40] M. Mezard and A. Montanari, Information, Physics,
and Computation (Oxford University Press, New York,
2009).

[41] R. Blankenbecler, T. A. DeGrand, and R.L. Sugar, Phys.
Rev. D 21, 1055 (1980).

[42] P. M. Stevenson, Phys. Rev. D 23, 2916 (1981).

[43] K. Jansen, H. Leovey, A. Ammon, A. Griewank, and
M. Muller-Preussker, Comput. Phys. Commun. 185, 948
(2014).

[44] Y. Che, C. Gneiting, and F. Nori, Phys. Rev. B 105, 214205
(2022).

[45] D. C. Hackett, C.-C. Hsieh, M. S. Albergo, D. Boyda, J.-W.
Chen, K.-F. Chen, K. Cranmer, G. Kanwar, and P.E.
Shanahan, arXiv:2107.00734.

[46] M. Creutz and B. Freedman, Ann. Phys. (N.Y.) 132, 427
(1981).

[47] K. Cranmer, S. Golkar, and D. Pappadopulo, arXiv:
1904.05903.

056001-8


https://doi.org/10.1103/RevModPhys.20.367
https://doi.org/10.1103/RevModPhys.87.1067
https://doi.org/10.1103/RevModPhys.87.1067
https://doi.org/10.1119/1.5024926
https://arXiv.org/abs/2202.05838
https://arXiv.org/abs/1312.6114
https://doi.org/10.1103/PhysRevD.100.011501
https://doi.org/10.1103/PhysRevD.100.011501
https://doi.org/10.1088/2632-2153/abae73
https://doi.org/10.1088/2632-2153/abae73
https://doi.org/10.1088/0256-307X/39/12/120502
https://doi.org/10.1088/0256-307X/39/12/120502
https://arXiv.org/abs/2012.01442
https://doi.org/10.1103/PhysRevD.100.034515
https://doi.org/10.1103/PhysRevD.100.034515
https://doi.org/10.1103/PhysRevLett.126.032001
https://doi.org/10.1103/PhysRevLett.126.032001
https://doi.org/10.1007/JHEP07(2022)015
https://doi.org/10.1007/JHEP07(2022)015
https://doi.org/10.1038/s41467-017-02726-3
https://doi.org/10.1140/epjc/s10052-020-8030-7
https://doi.org/10.1103/PhysRevD.103.116023
https://doi.org/10.1103/PhysRevD.103.116023
https://doi.org/10.1016/j.physletb.2020.135872
https://doi.org/10.1007/JHEP12(2019)122
https://doi.org/10.1007/JHEP10(2020)184
https://doi.org/10.1007/JHEP10(2020)184
https://doi.org/10.1103/PhysRevLett.125.121601
https://doi.org/10.1103/PhysRevD.103.074504
https://arXiv.org/abs/2208.03832
https://doi.org/10.1103/PhysRevD.106.074506
https://doi.org/10.1103/PhysRevLett.128.032003
https://doi.org/10.1103/PhysRevLett.128.032003
https://doi.org/10.1103/PhysRevD.105.034502
https://arXiv.org/abs/2101.07243
https://doi.org/10.1103/PhysRevLett.121.260601
https://doi.org/10.1103/PhysRevResearch.2.023369
https://doi.org/10.1103/PhysRevResearch.2.023369
https://doi.org/10.1103/PhysRevD.101.076002
https://doi.org/10.1088/2632-2153/abab62
https://doi.org/10.1088/2632-2153/abab62
https://doi.org/
https://doi.org/
https://arXiv.org/abs/2101.08176
https://arXiv.org/abs/1605.08803
https://doi.org/10.1103/PhysRevD.21.1055
https://doi.org/10.1103/PhysRevD.21.1055
https://doi.org/10.1103/PhysRevD.23.2916
https://doi.org/10.1016/j.cpc.2013.10.011
https://doi.org/10.1016/j.cpc.2013.10.011
https://doi.org/10.1103/PhysRevB.105.214205
https://doi.org/10.1103/PhysRevB.105.214205
https://arXiv.org/abs/2107.00734
https://doi.org/10.1016/0003-4916(81)90074-9
https://doi.org/10.1016/0003-4916(81)90074-9
https://arXiv.org/abs/1904.05903
https://arXiv.org/abs/1904.05903

