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We computed the Σ− → nπþe−l− (l ¼ e, μ), Ξ− → Λπþe−e−, and Λ → pπþe−e− lepton number
violating (LNV) hyperon decays mediated by a resonant Majorana neutrino. The expected hyperon
production rate of experiments like BESIII of around 106–108 may allow searching for these rare hyperon
decays at enough sensitivities. We illustrate the limits on the new heavy mixing parameters derived from
these hyperon channels and compare them with other LNV meson decays in similar mass regions of the
resonant neutrino state.
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I. INTRODUCTION

The study of hyperon decay properties had a golden
era some sixty years ago when Cabibbo proposed the
universality of charged weak interactions in semileptonic
decays [1]. Hyperon semileptonic decays were used to
measure the weak charges in strangeness-changing tran-
sitions and to extract the Cabibbo angle sin θc. On the other
hand, nonleptonic decays were considered to measure the
hyperon polarizations and to determine the final state
interaction phases [2–4]. The field of hyperon physics
was somehow abandoned with the advent of high intensity
kaon beams, which allowed to extract the Cabibbo angle
with reduced strong interaction uncertainties. Until the late
nineties, only a few searches of rare and forbidden hyperon
decays were reported [5]. In the last twenty-five years, a
few more data on allowed, rare, and forbidden hyperon
decays were reported by the HyperCP [6], NA48 [7],
LHCb [8], KTeV [9], and BESIII [10,11] Collaborations.
The BESIII hyperon physics program has brought a

renewed interest in this field thanks to the large dataset
of baryon-antibaryon pairs produced in J=ψ and ψð2SÞ
decays [10]. Owing to the non-negligible branching frac-
tions for these decays, the large production rate of these
charmonium states would allow the production of 106–108

hyperon pairs of different species. This opens the possibility
of improving measurements of allowed and rare hyperon
decays that will set strong limits, for example, on the rare

flavour changing neutral currents hyperon decays with
charged lepton or neutrinos pairs [10]. Similarly, searches
for forbidden (lepton number or baryon number) decays can
be pursued, allowing to test models that include the violation
of these accidental symmetries [10].
At present, the observation of neutrino oscillation

represents one of the most thrilling discoveries in particle
physics, setting new questions about the nature and origin
of their tiny masses. The most promising approach to
establish if neutrinos are their own antiparticles is to search
for lepton number violating processes (ΔL ¼ 2), which
would be only possible if that is the case. Despite the
neutrinoless double Beta decays in nuclei, (0νββ) are the
most extensively studied and promising laboratory to give
an answer on this matter; alternative and complementary
searches for other lepton number violating (LNV) proc-
esses can also play a crucial role in current and future
experiments since they provide information on specific
energy windows.
In this paper we focus on the BAðpAÞ → BBðpBÞ×

l−
1 ðp1Þl−

2 ðp2ÞπþðpπÞ LNV decays (BA;B denote hyperon
states, see Fig. 1). Specifically, we will consider the
following channels: Σ− → nπþe−l− (l ¼ e, μ), Ξ− →
Λπþe−e−, and Λ → pπþe−e−. These kinds of decays have
not been studied before, and they can be induced by the
resonant enhancement of intermediate mass Majorana
neutrinos.1 LNV hyperon decays of the form B−

A →
Bþ
Bl

−l0− have been studied before in Refs. [31–34].
These processes are mediated by a virtual Majorana
neutrino and are similar to neutrinoless double Beta decays.
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1These novel channels extend the search of similar LNV
effects performed in semileptonic baryon, meson, and tau
decays [12–30].
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On the other hand, resonant production of Majorana
neutrinos are possible for a limited range of their masses
in such a way that they can be produced on their mass shell.
Contrary to production of virtual Majorana neutrino proc-
esses with rates of OðG4

FÞ, the rates for production of
resonant Majorana neutrinos becomes of OðG2

FÞ [12,18],
which allows to place better constraints of their parameter
space even with upper limits given by current experimental
sensitivities.
In the following we present the formalism to describe

these processes and introduce the integration method for
four-body decays, which extend the one followed in the
three-body case [12,18] and allows to properly account for
the different charged lepton’s flavor case. Given the clean
experimental signature, one may expect that very strong
limits can be set on the branching fractions of these decays,
similar to existing limits on other ΔL ¼ 2 meson decays.
Therefore, it would be interesting to explore if similar limits
on the parameter space of resonant Majorana neutrinos can
be obtained from the proposed four-body hyperon decays.

II. COMPUTATION

Adopting the convention for the neutrino states on
Ref. [12], let us consider a scenario where the leptonic
sector incorporates a number n of singlet right-handed
neutrinos, NRj

(j ¼ 1; 2;…n), in addition to the usual three
left-handed SUð2Þ lepton doublets LT

iL ¼ ðνi;liÞL. In such
scenario, after the proper mass matrix diagonalization, the
charged lepton current relevant for our computation can be
written as follows:

LW ¼ −
gffiffiffi
2

p Wþ
� X

l¼e;μ;τ

X3
i¼1

U�
liνiγμPLl

þ
X

l¼e;μ;τ

X3þn

j¼4

V�
ljN

c
jγμPLl

�
þ H:c:; ð2:1Þ

where PL ¼ ð1 − γ5Þ=2 is the left-handed chirality projec-
tor, Nc ¼ CN̄T is the charge conjugate spinor, and Ulj

(Vlj) describes the lepton mixing matrix elements for the
light (heavy) neutrino states.
Similar to previous works, we base our analysis on

considering the case of a simply minimal scenario with
only one heavy Majorana neutrino N, with the correspond-
ing mass mN and mixing with the charged lepton flavor
VlN (l ¼ e, μ, τ).2 The relevant diagram for the BAðpAÞ →
BBðpBÞl−

1 ðp1Þl−
2 ðp2ÞπþðpπÞ LNV hyperon decays is

depicted in Fig. 1(a), and its amplitude can be written as
follows:

M1 ¼
�
GVl1NVl2NfπmN

a1 þ iΓNmN

�
lμνðp1; p2ÞHμðpB; pAÞpν

π;

ð2:2Þ
where a1 ≡ ðpA − pB − p1Þ2 −m2

N , and pA − pB − p1 ¼
pπ þ p2 is the momentum carried out by the heavy neutrino
N, and we have defined G≡G2

FVusVud. The leptonic and
hadronic parts are given by

lμνðp1; p2Þ≡ ūðp1Þγμγνð1þ γ5Þvðp2Þ; ð2:3Þ

HμðpB; pAÞ≡ hBBðpBÞjJμjBAðpAÞi: ð2:4Þ

The hadronic current Jμ is parametrized in terms of six
form factors which are determined from the well-known
lepton number conserving hyperon decays BA → BBl−ν̄l
(l ¼ e, μ) [39–42]:

(a) (b)

FIG. 1. Feynman diagrams for the four-body ΔL ¼ 2 hyperon decays mediated by a resonant heavy Majorana neutrino N. We
consider the following channels: Σ− → nπþe−l− (l ¼ e, μ), Ξ− → Λπþe−e−, and Λ → pπþe−e−. Note that diagram (a) is the
dominant one when the neutrino is on shell because its contribution is enhanced due to a resonance effect, opposite to diagram (b) where
the neutrino cannot become a resonant state.

2This minimal scenario is not able to explain the current data
coming from neutrino oscillation experiments but represents a
simple approach to encode the effects of a larger number of heavy
states present in well-justified massive neutrino models. Recently,
the interference effects in extensions with at least two heavy
neutrino states for three-body meson LNV decays have been
reported in [35–38].
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hBBðpBÞjJμjBAðpAÞi

¼ ūðpBÞ
�
f1ðq2Þγμ þ if2ðq2Þ

σμνqν

MA
þ qμf3ðq2Þ

MA

þ g1ðq2Þγμγ5 þ ig2ðq2Þ
σμνqνγ5
MA

þ qμg3ðq2Þγ5
MA

�
uðpAÞ;

ð2:5Þ

where q2 ¼ ðpA − pBÞ2 is the squared momentum trans-
ferred in the hadronic transition, uðpAÞ andMA (ūðpBÞ, and
MB) are the spinor and mass of the initial (final) baryon,
respectively. Nevertheless, the contributions of f3 and g3
form factors in Eq. (2.5) are negligible in comparison with
the other form factors since they pick up a factor propor-
tional to the mass of the charged-lepton ml involved in the
transition [39–41]. Furthermore, f2 and g2 are, in principle,
not negligible, but they become subleading in the
SU(3)-flavor symmetry of QCD [43,44]. Therefore, in
the following we will consider that the hadronic current
describing the hadronic transition in Eq. (2.4) is dominated
by the vector and axial form factors as follows:

hBBðpBÞjJμjBAðpAÞi ¼ ūðpBÞγμ½f1ðq2Þ þ g1ðq2Þγ5�uðpAÞ:
ð2:6Þ

Now, from neutrino and electron scattering off nucleons
it has been found that the observed distributions can be
described by a dipole parametrization. In such a way that an
extrapolation to the timelike region leads to

f1ðq2Þ ¼ f1ð0Þ
�
1 −

q2

m2
df

�−2
; ð2:7Þ

g1ðq2Þ ¼ g1ð0Þ
�
1 −

q2

m2
dg

�−2
; ð2:8Þ

with mdf ¼ 0.84 GeV and mdg ¼ 1.08 GeV. Since these
pole masses correspond to strangeness-conserving form
factors, a rescaling using the values of vector and axial
meson masses allows to assume that mdf ¼ 0.97 GeV
and mdg ¼ 1.25 GeV would be a good guess for the dipole
masses in the strangeness-changing case [39,40]. The
values of the form factors at zero momentum transfer,
f1ð0Þ and g1ð0Þ, are given in Table I, and in the case of the
vector form factors they incorporate the effects of SU(3)
flavor symmetry breaking [39–42].
It is important to note that the amplitudeM1 in Eq. (2.2)

has a resonant effect when ðpπ þ p2Þ2 ≈m2
N .

3 Besides, if

the experiment is unable to distinguish which lepton
was emitted at each stage for nonidentical charged leptons
or for the antisymmetrization of identical leptons, then we
also need to consider the diagram contribution with the
final charged leptons interchanged l1ðp1Þ ↔ l2ðp2Þ in
Fig. 1. This second diagram has a resonant effect
when ðpπ þ p1Þ2 ≈m2

N . Since, in general, ðpπ þ p2Þ2 ≠
ðpπ þ p1Þ2, it turns out convenient to apply the single-
diagram-enhanced multichannel integration method [45].
This method has been implemented for three-body chan-
nels. Here we generalize it to four-body decays, along the
same lines by defining the functions

fPS1 ¼
jM1j2

jM1j2 þ jM2j2
jMj2;

fPS2 ¼
jM2j2

jM1j2 þ jM2j2
jMj2; ð2:9Þ

with M ¼ M1 þM2. In this way, Eq. (A3) can be
rewritten as jMj2 ¼ fPS1 þ fPS2 , and consequently, the
decay width is given by

ΓBA→BBl−1 l
−
2
πþ ¼ N

4ð4πÞ6m3
A

�Z
fPS1dPS1 þ

Z
fPS2dPS2

�
;

ð2:10Þ

with N ¼ 1=2; ð1Þ for the case where the two charged final
leptons are the same (different) particles. In our case, the
functions fPS1 and fPS2 can be written as follows (see
Appendix A for details):

fPS1 ¼
ðGVl1NVl2NfπmNÞ2A

a21 þ Γ2
Nm

2
N

×

�
1þ 2

ða1a2 þ Γ2
Nm

2
NÞC1 þ ða2 − a1ÞΓNmNC2

ða22 þ Γ2
Nm

2
NÞAþ ða21 þ Γ2

Nm
2
NÞB

�
;

ð2:11Þ

fPS2 ¼ fPS1ðp1 ↔ p2Þ; ð2:12Þ

where the A, B, C1, and C2 functions are reported for the
first time in Appendix A. Now, the phase space integration

TABLE I. Vector and axial transition form factors for weak
hyperon decays at zero momentum transfer (q2 ¼ 0) [39].

Transition f1ð0Þ g1ð0Þ
Σ− → n −1 0.341
Ξ− → Λ

ffiffiffiffiffiffiffiffi
3=2

p
0.239

Λ → p −
ffiffiffiffiffiffiffiffi
3=2

p
−0.895

3For the BAðpAÞ → BBðpBÞl−
1 ðp1Þl−

2 ðp2ÞπþðpπÞ decays
mediated by an intermediate neutrino state produced on shell,
its mass must satisfy that ml−

2
þmπþ ≤ mN ≤ mA −mB −ml−

1
.
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can be done for fPS1 and fPS2 separately and added up after
the proper phase space integration. Regarding the first
integral in Eq. (2.10),4 this is described conveniently in
terms of the five independent variables (sB1; s2π; θB; θ2;ϕ)
(see Fig. 1 in Ref. [46]):

(i) sB1 ¼ ðpB þ p1Þ2 and s2π ¼ ðp2 þ pπÞ2 stand for
the invariant masses of the BBl−

1 and l−
2 π

þ systems,
respectively.

(ii) θB (θ2) is the angle between the three-momenta of
BB (πþ) in the rest frame of the pair BBl−

1 (πþl−
2 )

with respect to the line of flight of the BBl−
1 (πþl−

2 )
in the rest frame of the particle BA.

(iii) ϕ is the angle between the planes defined by the
BBl−

1 and πþl−
2 pair systems in the rest frame of the

particle BA.
In order to evaluate Eq. (2.10) we need to consider the

total decay width for the new heavy neutrino states. This
can be obtained by adding up the contributions of all its
partial decay widths ðΓp:w:

i Þ that can be opened at the
mass mN [12],

ΓN ¼
X
i

Γp:w:
i · θ

�
mN −

X
j

mj

�
; ð2:13Þ

where θ is the Heaviside function, and mj stand for the
masses of all the final states particles involved in Γp:w:

i . Let
us illustrate this point by considering the Σ− → nπþe−e−
channel; here, the mass of the resonant state must be inside
the range me− þmπþ ≤ mN ≤ mΣ− −mn −me− , then the
possible decay channels of the heavy N state (induced
by charged and neutral currents) that contribute to its total
decay width ΓN are the following: N → l�π∓, N → π0νl,
N → l∓

1 l
�
2 νl2 , N → l−

2 l
þ
2 νl1 , and νl1νν̄ (with l;l1;l2 ¼

e, μ.). The analytical expressions for these partial widths
can be found in Ref. [12]; they depend on each particular
channel considered, and they are given as a function of both
the neutrino mass and the norm of the squared mixings
involved, that is, Γp:w

i ¼ Γp:w
i ðmN; jVlN j2Þ. Then we have

considered the indirect limits on the mixing elements of the
heavy neutrino with the three charged leptons [47] in order
to estimate the total neutrino width, namely,

jVeNj ≤ 0.050; jVμN j ≤ 0.021; jVτN j ≤ 0.075: ð2:14Þ

Using the above values in Eq. (2.13), the total decay width
ΓN varies from 0.07 neV to 4.4 neV into the resonant mass
region for the Σ− → nπþe−e− decay. The decay width is
very small compared with the mass of the new neutral state
ΓN ≪ mN , and since ðp2 þ pπÞ2 ¼ s2π ≈m2

N in Eq. (2.11),

the narrow width approximation can be applied. That
means that we can replace

1

ðs2π −m2
NÞ2 þm2

NΓ2
N
→

π

mNΓN
δðs2π −m2

NÞ; ð2:15Þ

transforming the five-variable integral in Eq. (2.11) into a
four-variable one:

Z
fPS1dPS1 ¼

πðGVl1NVl2NfπmNÞ2
ΓNmN

Z
XβB1β2π

×

�
A

�
1þ 2

Γ2
Nm

2
NC1 þ ΓNmNa2C2

ða22 þ Γ2
Nm

2
NÞAþ Γ2

Nm
2
NB

��
× dsB1 d cos θB d cos θ2 dϕ; ð2:16Þ

with the following integration limits:

ðmB þm1Þ2 ≤ sB1 ≤ ðmA −m2 −mπÞ2; −1 ≤ cos θB ≤ 1;

−1 ≤ cos θ2 ≤ 1; − π ≤ ϕ ≤ π:

ð2:17Þ

This provides all the formalism we need to compute the
decay width and set the region of the parameters, given
on the expected experimental branching ratio, as we
show below.

III. NUMERICAL ANALYSIS

The projected sensitivity of BESIII for the search of rare
and forbidden hyperon three-body hyperon decays at
BESIII is of the order of 10−6–10−8 [10] with clean
backgrounds.5 However, there is not an estimation for
similar four-body hyperon decays. In this work, we will
assume an optimistic scenario considering similar sensi-
tivities for three- and four-body processes.
In Fig. 2 we show the exclusion region on the plane (mN ,

jVeNj2) for the neutrino resonant state obtained by assum-
ing a rate of BRðBA → BBπ

þe−e−Þ < 10−8 for the chan-
nels involving a pair of electrons in the final state. We have
considered here two benchmarks to evaluate the total
neutrino width. On one side, the solid lines represent the
universal coupling assumption, that is, we consider that
VeN ¼ VμN ¼ VτN in Eq. (2.13); therefore, the total neu-
trino width (and, consequently, the branching ratio of
the BA → BBπ

þe−e− hyperon decays) can be expressed
only as a function of ΓN ¼ ΓNðjVeN j2; mNÞ. On the
other hand, the dashed lines represent a scenario where
the total neutrino width is fixed to the reasonable value

4The phase space variables for the second integral in Eq. (2.10)
are chosen conveniently as (sB2; s1π; θB; θ1;ϕ) with the mass
invariants sB2 ¼ ðpB þ p2Þ2, and s1π ¼ ðp1 þ pπÞ2.

5It is also worthy to mention that these kinds of transitions
can also be searched by the LHCb Collaboration with higher
sensitivities because of the huge production cross section there.
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ΓN ¼ 10−15 MeV [consistent with the estimation of the
total neutrino width using the indirect limits reported in
Eq. (2.14)]. From this plot, we can observe that, in general,
the exclusion region will depend on which assumption we
considered, although in general, they are of the same order
for all the allowed mass of the resonant neutrino in the
different channels. In any case, the most restrictive limits
will come from the Σ− → nπþe−e− channel, followed by
Λ → pπþe−e−, and finally the much less restrictive Ξ− →
Λπþe−e− channel. Additionally, to the processes with a
pair of electrons in the final state, the Σ− → nπþeμ−
channel is the only possible kinematically allowed four-
body LNV hyperon decay. As we can see in Fig. 3, if the
search for this transition can achieve a rate of BRðΣ− →
nπþe−μ−Þ < 10−8, then the limits set on the plane
(mN; jVeNVμN j) are much less restrictive than the dielec-
tronic case because phase space restrictions are more
stringent. For the case with two different flavors, notice
that the limits are split into two disconnected regions. The
left (right) region on Fig. 3, is associated with the case
where the muon (electron) was created along with the
resonant neutrino state, and the electron (muon) comes
after the subsequent neutrino decay. Overlap of these
regions can be achieved in other scenarios, provided the
kinematical conditions allow them to do so. The formalism
developed here allows to address both cases regardless
of invoking the direct narrow width approximation or not
(see Appendix B).

It is important to mention that despite the assumed
sensitivity ð10−8Þ for the branching ratio of the four-body
BAðpAÞ → BBðpBÞl−

1 ðp1Þl−
2 ðp2ÞπþðpπÞ, hyperon chan-

nels studied here are around 3 orders smaller than three-
body LNV kaon decays Kþ → π−lþ

1 l
þ
2
6; the upper bounds

on the jVlN j2 mixings excluded by the present calculation in
the range of mass showed in Figs. 2 and 3 are significantly
less restrictive. This is owing to the phase space suppression
of the intermediate BA → BBl1N hyperon process in
comparison with the Kþ → l1N channel.
On the other hand, our results exhibit that upper bounds

on the jVlN j2 mixings from these kinds of decays are
comparable with the ones obtained from three-body ΔL ¼
2 decays of ðDþ; Dþ

s ; BþÞ mesons. Note that the current
advantage of the kaon system, triggered by its particular
features both theoretically and experimentally, results from
pioneering work that led to theoretical and experimental
control of their features.
To our knowledge, the hyperon decays are starting to be

explored for this kind of physics, then four-body hyperon
decays with ΔL ¼ 2 can be searched in BESIII as a clear
experimental signal with charged particles and eventually be
used to constrain othermodelswith lepton number violations.
On this matter, we envisage growing theoretical and exper-
imental efforts that may also lead to a competitive scenario.

IV. CONCLUSIONS

The search for ΔL ¼ 2 processes is crucial for unrav-
eling the Dirac or Majorana nature of neutrinos. Except

FIG. 2. Exclusion regions on the (mN; jVeN j2) plane by assum-
ing a BRðBA → BBπ

þe−e−Þ < 10−8 limit. The purple line stands
for the Σ− → πþne−e− channel, the blue one for the Ξ− →
Λπþe−e−, and the cyan color for the BRðΛ → pπþe−e−Þ decay
(see main text for further details). The solid (dashed) lines
correspond to estimates considering a parameter’s dependent
neutrino width ΓN (fixed). Notice that values where jVeN j > 1 do
not have a physical meaning. The shadow area just illustrates that
a sensibility of 10−8 for the branching ratio of the Ξ− → Λπþee
channel is insufficient to set bounds in that scenario.

FIG. 3. Same as Fig. 2 but for the exclusion regions on the
(mN; jVeNVμN j) plane by assuming the BRðΣ− → nπþe−μ−Þ <
10−8 limit in the search of lepton flavor violating hyperon decays.

6Current bounds for Kþ → π−eþeþ ≤ 5.3 × 10−11 and Kþ →
π−eþμþ ≤ 4.2 × 10−11 are reported by the NA62 experiment at
CERN in [48,49].
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possibly for neutrinoless double-beta decay in nuclei,
diverse neutrino mass models predict that LNV effects
can lie beyond the reach of current experiments. However,
if new hypothetical heavy Majorana neutrinos with masses
from ∼100 MeV to few GeV can be produced on shell as
an intermediate state in LNV decays of mesons, baryons, or
the tau lepton, then their branching ratios can be amplified
due to a resonant effect. The no observation of such
processes sets limits on the parameter space of these
new heavy neutrinos states. In this regard, most of the
studies have focused on three-body LNV meson or tau
decays, however, recently the study of similar four-body
LNV channels has also drawn attention as complementary
means because they can provide information about differ-
ent kinematical phase space regions. In this work, we
studied the four-body LNV decays of hyperons mediated
by a resonant Majorana neutrino.
Our results suggest that the direct limits derived on jVeN j2

from the Σ− → nπþe−e− channel can be of the same order
(∼10−3) as those obtained from the meson decays, such as
Dþ → π−eþeþ andDþ

s → π−eþeþ, but far from the current
most stringent ones from the semileptonic kaon decay
Kþ → π−eþeþ, which is around Oð10−9Þ [18]. Moreover,
less restrictive limits on jVeN j2 (∼10−1) can be obtained
from the Λ → pπþe−e− and Ξ− → Λπþe−e−, which are

comparable with the limits from the Bþ → π−eþeþ meson
channel. On the other hand, the Σ− → nπþe−μ− channel is
the only possible four-body LNV hyperon decay mediated
by a Majorana neutrino involving a muon as the final
state, but it places very weak constraints on jVeNVμN j for
the small mass on-shell neutrino regions allowed, assuming
the expected sensitivity for rare hyperon decays of BESIII.
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APPENDIX A: AMPLITUDES OF FOUR-BODY
ΔL= 2 HYPERON DECAYS

Following the Feynman rules for fermion number-
violating interactions reported in Ref. [50], the contribution
of the second diagram with the charged leptons inter-
changed in Fig. 1(a) is given by

M2 ¼
�
GVl1NVl2NfπmN

a2 þ iΓNmN

�
lνμðp1; p2ÞHμðpB; pAÞpν

π; ðA1Þ

with a2≡ðpA−pB−p2Þ2−m2
N . Therefore, M¼M1þM2 can be written as follows:

M ¼ GVl1NVl2NfπmNūðp1Þ
�

γμγν
a1 þ iΓNmN

þ γνγμ
a2 þ iΓNmN

�
ð1þ γ5Þvðp2ÞHμðpB; pAÞpν

π: ðA2Þ

The total amplitude squared is given by

jMj2 ¼ 1

2

X
spins

jMj2 ¼ 1

2

X
spins

ðjM1j2 þ jM2j2 þ 2Re½M1M
†
2�Þ; ðA3Þ

where the individual contributions can be written as follows:

jM1j2 ¼
1

2

X
spins

jM1j2 ¼
1

2

ðGVl1NVl2NfπmNÞ2A
ða21 þ Γ2

Nm
2
NÞ

;

jM2j2 ¼
1

2

X
spins

jM2j2 ¼
1

2

ðGVl1NVl2NfπmNÞ2B
ða22 þ Γ2

Nm
2
NÞ

; ðA4Þ

while the interference term,

M1M
†
2 ¼ ðGVl1NVl2NfπmNÞ2ðC1 þ iC2Þ

½a1a2 þ Γ2
Nm

2
N þ iða1 − a2Þ�ΓNmN

ða21 þ Γ2
Nm

2
NÞða22 þ Γ2

Nm
2
NÞ

; ðA5Þ

HERNÁNDEZ-TOMÉ, PORTILLO-SÁNCHEZ, and TOLEDO PHYS. REV. D 107, 055042 (2023)

055042-6



with the A, B, C1, and C2 functions given by

A ¼ 64½f21ðq2Þξ1 þ g21ðq2Þξ2 þ f1ðq2Þg1ðq2Þξ3�; ðA6Þ

B ¼ Aðp1 ↔ p2Þ; ðA7Þ

C1 ¼ 64½f21ðq2Þξ4 þ g21ðq2Þξ5 þ f1ðq2Þg1ðq2Þξ6�;
C2 ¼ 64ϵμνλρp

μ
Bp

ν
1p

λ
2p

ρ
π½−ðf21 þ g22ÞðrAπ þ rBπÞ

þ f1ðq2Þg1ðq2Þ2ðr1π þ r2πÞ�; ðA8Þ
and the following definitions:

ξ1 ¼ mAmBðm2
πr12 − 2r1πr2πÞ −m2

πðrA1rB2 þ rA2rB1Þ
þ 2r2πðrA1rBπ þ 2rAπrB1Þ; ðA9Þ

ξ2 ¼ ξ1 − 2mAmBðm2
πr12 − 2r12r2πÞ; ðA10Þ

ξ3 ¼ 2½m2
πðrA2rB1 − rA1rB2Þ þ 2r2πðrA1rBπ − rAπrB1Þ�;

ðA11Þ

ξ4 ¼ −2mAmBr1πr2π þm2
πðr12rAB − rA1rB2 − rA2rB1Þ

− 2r12rAπrBπ þ r1πðrA2rBπ þ rAπrB2Þ
þ r2πðrA1rBπ þ rAπrB1Þ; ðA12Þ

ξ5 ¼ ξ4 − 2mAmBðm2
πr12 − 2r1πr2πÞ; ðA13Þ

ξ6 ¼ 2½r1πðrA2rBπ − rAπrB2Þ þ r2πðrA1rBπ − rAπrB1Þ�:
ðA14Þ

In the above expression, we have defined rij ≡ pi · pj with
pi and pj, denoting any of the momenta of the external
particles (that is pi;j ¼ pA; pB; p1; p2; pπ). Now, for the set
of variables chosen in Sec. II, the scalar products rij
involved in Eqs. (A9)–(A14) are given as follows:

rB1 ¼
1

2
ðsB1 −m2

B −m2
1Þ;

r2π ¼
1

2
ðs2π −m2

2 −m2
πÞ; ðA15Þ

rB2 ¼
1

4
ðα1 þ α2 þ α3 þ α4Þ;

rBπ ¼
1

4
ðα1 − α2 þ α3 − α4Þ; ðA16Þ

r12 ¼
1

4
ðα1 þ α2 − α3 − α4Þ;

r1π ¼
1

4
ðα1 − α2 − α3 þ α4Þ; ðA17Þ

rAB ¼ 1

2
ðα5 þ α6Þ; rA1 ¼

1

2
ðα5 − α6Þ; ðA18Þ

rA2 ¼
1

2
ðα7 þ α8Þ; rAπ ¼

1

2
ðα7 − α8Þ; ðA19Þ

ϵμνλρp
μ
Bp

ν
1p

λ
2p

ρ
π ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sB1s2π

p
βB1β2πX sin θB sin θ2 sinϕ;

ðA20Þ

with the definitions

α1 ¼
1

2
ðm2

A − sB1 − s2πÞ; ðA21Þ

α2 ¼ Xβ2π cos θ2 þ
�
m2

2 −m2
π

s2π

�
α1; ðA22Þ

α3 ¼ XβB1 cos θB þ
�
m2

B −m2
1

sB1

�
α1; ðA23Þ

α4 ¼
�
m2

B −m2
1

sB1

��
m2

2 −m2
π

s2π

�
α1 þ

�
m2

B −m2
1

sB1

�
Xβ2π cosθ2

þ
�
m2

2 −m2
π

s2π

�
XβB1 cosθB

þ βB1β2πðα1 cosθBcosθ2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
sB1s2π

p
sinθB sinθ2 cosϕÞ;

ðA24Þ

α5 ¼
1

2
ðm2

A þ sB1 − s2πÞ; ðA25Þ

α6 ¼ ðm2
B −m2

1Þ
�
1þ α1

sB1

�
þ XβB1 cos θB; ðA26Þ

α7 ¼
1

2
ðm2

A − sB1 þ s2πÞ; ðA27Þ

α8 ¼ ðm2
2 −m2

πÞ
�
1þ α1

s2π

�
þ Xβ2π cos θ2; ðA28Þ

and

λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ðabþ bcþ acÞ; ðA29Þ

X ¼ λðm2
A; sB1; s2πÞ1=2

2
; βB1 ¼

λðsB1; m2
B;m

2
1Þ1=2

sB1
;

β2π ¼
λðs2π; m2

2; m
2
πÞ1=2

s2π
: ðA30Þ

APPENDIX B: COMPARISON WITH DIRECT
NARROW WIDTH APPROXIMATION

COMPUTATION

For completeness and as a cross-check of our compu-
tation, we have verified that for the cases where we can
distinguish the flavor of the charged lepton created as a
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product of the decay of the resonant state or the channels with two identical external charged leptons, the results using
the single-diagram-enhanced multichannel integration method can be reproduced by applying directly the narrow
width approximation,

BRðBA → BBl−
1 l

−
2 π

þÞ ¼ BRðBA → BBl−
1NÞ × ΓðN → l−

2 π
þÞτN=ℏ; ðB1Þ

where τN is the lifetime of the intermediate neutrino state. In this case, the partial decay width ΓðN → l−
2 π

þÞ can be
computed straightforwardly by [12]

ΓðN → l−
2 π

þÞ ¼ G2
F

16π
jVudj2jVl2N j2f2πmNλ

1
2ðm2

N;m
2
l2
; m2

πÞ½ð1 − xl2Þ2 − xπð1þ xl2Þ�; ðB2Þ

with xy ≡m2
y=m2

N , λ is the Källén function defined previously, and fπ is the pion decay constant. Regarding the subprocess
BAðpAÞ → BBðpBÞl−

1 ðp1ÞNðpNÞ in Eq. (B1), the amplitude is given by

MðBA → BBl−
1NÞ ¼ −

GFffiffiffi
2

p VusVl1NhBBðpBÞjJμjBAðpAÞiLμ; ðB3Þ

with Jμ hadronic previously defined in Eq. (2.6), and the leptonic current defined as follows:

Lμ ≡ ūðp1Þγμð1 − γ5ÞvðpNÞ: ðB4Þ
The squared amplitude of Eq. (B3) is given by

jMj2 ¼ MM†

¼ 32G2
FjVusj2jVl1N j2½mAmBðg21ðq2Þ − f21ðq2ÞÞ þ ðf1ðq2Þ − g1ðq2ÞÞ2ðp1 · pBÞðpA · pNÞ

þ ðf1ðq2Þ þ g1ðq2ÞÞ2ðp1 · pAÞðpB · pNÞ�: ðB5Þ
Now, by defining s1N ≡ ðp1 þ pNÞ2 and s1B ≡ ðp1 þ pBÞ2, the branching ratio can be expressed in terms of these two
Lorentz invariants as follows:

BRðBA → BBl−
1NÞ ¼ G2

FjVusj2jVl1N j2
64π3m3

AΓBA

Z
s1Bmax

s1Bmin

Z
s1Nmax

s1Nmin

F ðs1B; s1NÞds1Nds1B; ðB6Þ

where

F ðs1B; s1NÞ ¼ 2mAmBðs1N −m2
N −m2

1Þ
"

g21ð0Þ
ð1 − s1N

m2
dg

Þ4 −
f21ð0Þ

ð1 − s1N
m2

df

Þ4
#

þ ðs1B −m2
B −m2

1Þðm2
A þm2

N − s1BÞ
"

f1ð0Þ
ð1 − s1N

m2
df

Þ2 −
g1ð0Þ

ð1 − s1N
m2

dg

Þ2
#
2

þ ðm2
1 þm2

A − s1B − s1NÞðs1B þ s1N −m2
N −m2

BÞ
"

f1ð0Þ
ð1 − s1N

m2
df

Þ2 þ
g1ð0Þ

ð1 − s1N
m2

dg

Þ2
#
2

; ðB7Þ

and the phase space integration limits are

s�1B ¼ m2
A þm2

1 − s1N −
1

2s1N

�
ðm2

A −m2
B − s1NÞðs1N −m2

1 þm2
2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðm2

A;m
2
B; s1NÞλðs1N;m2

1; m
2
2Þ

q �
; ðB8Þ

and

ðm1 þmNÞ2 ≤ s1N ≤ ðmA −mBÞ2: ðB9Þ

Finally, the numerical values (central values) for the masses, lifetimes, and Cabibbo-Kobayashi-Maskawa matrix elements
used in our numerical analysis are reported in [51].
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