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Minimal Zee model for lepton g —2 and W-mass shifts
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We present a unique Yukawa structure of the Zee model that can accommodate neutrino oscillation data,
solves the muon g — 2 problem, and explains the recent W-boson mass measurement. Our Yukawa structure
is minimal in the sense that it contains the least possible number of parameters. In this minimal scenario,
neutrino masses are quasidegenerate and are compatible with both normal and inverted orderings. The
mixing angle 6,5 is predicted to lie in the second (first) octant for normal (inverted) ordering. In both cases,
the CP violating phase is close to 37/2. The minimal texture also predicts a large branching fraction of the
heavy neutral Higgs boson into a pair of electron and muon.
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I. INTRODUCTION

The massive nature of neutrinos is the key evidence that
the Standard Model (SM) is incomplete. For the past 20 years,
it has been the only conclusive experimental evidence we
have. However, recently, two new experimental results have
emerged that are in serious tension with the SM predictions.
First, the measurement of the anomalous magnetic dipole
moment of the muon by the Fermilab Muon ¢-—2
Collaboration [1] confirms the previous Brookhaven result
[2]. Together they worsen the disagreement with the SM
prediction [3-22] to a 4.2¢ level. This is commonly referred
to as the muon g — 2 problem, and its resolution, barring a
major revision in the SM prediction, requires a new physics
contribution with da, = (251 & 59) x 10~'!. Second, the
collider detector at fermilab (CDF) measurement of the
W-boson mass has pushed the world average value to my, =
80.4242 £ 0.0087 GeV [23], resulting in a 6.16 tension with
the SM prediction [24]. We will refer to this as the W-mass
problem.

The Zee model of neutrino masses [25] contains enough
ingredients to address those problems." It induces neutrino
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masses via radiative corrections with TeV-scale physics.
It has several Yukawa couplings that, together with such
mass scale, can induce a sizable anomalous magnetic
moment of the muon. The W-mass problem can be solved
by large oblique parameters, significantly deviating from
zero, thanks to its scalar content. Recently, Ref. [43] has
demonstrated an example of how to alleviate those problems
in the Zee model. However, their solutions contain a large
number of free parameters in the leptonic Yukawa sector,
making it rather difficult to test the model quantitatively.

In its general form, the Zee model is no stranger to such a
large number of parameters. Being an extension of the two-
Higgs-doublet model with an extra singly charged scalar, it is
natural to expect tree-level flavor-violation processes. Some
authors have tried to cope with these issues by introducing an
extra symmetry. The first attempt was done by Wolfenstein
[44], who imposed a discrete symmetry such that only one of
the Higgs doublets can couple to fermions. As a result, tree-
level flavor-changing neutral currents (FCNCs) are forbid-
den, but the induced neutrino mass matrix has vanishing
diagonal elements. Such a structure, once compatible with
the bimaximal neutrino mixing, has been ruled out by recent
solar and KamLAND data [45], which prefer a large but not
maximal solar mixing angle. For earlier analyses on this
matter, see Refs. [46-53].

It should be noted that, in a more relaxed assumption, in
which both Higgs doublets can couple to leptons, the Zee
model is still viable (see, e.g., [53-58]). Here, tree-level
lepton-flavor-violation (LFV) processes are not completely
forbidden but their rates can be tamed to be below their
respected bounds. This is particularly realized in cases
with flavor-dependent symmetries [56,57]; in addition, the
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number of free parameters of the model is greatly reduced,
so that the neutrino mass matrix can be expressed in terms
of a few parameters, allowing an interplay between
neutrino oscillation data and LFV rates.

A well-defined question can be asked: within the Zee
model, how many parameters are actually needed to explain
neutrino oscillation data together with muon g —2 and
W-mass problems? The answer to this question is the
objective of this article. We shall systematically search for a
minimal leptonic Yukawa structure that can accommodate
neutrino masses and mixing and solve the muon g — 2 and
the W-mass problems. Any such solutions must also be
consistent with existing experimental constraints, in par-
ticular, those of lepton-flavor violations.

II. OVERVIEW OF THE ZEE MODEL

The Zee model is an extension of the two-Higgs-doublet
model (2HDM) by a singly charged scalar . The model
can be most conveniently described in the Higgs basis [59],
where the two Higgs doublets H| , are

G*t H"
H, = (r+h,+iG>, H, = (h2+iA>- (1)
V2 V2

Here v is the vacuum expectation value, and G* and G are
the would-be Goldstone bosons. In this work, we will
assume CP symmetry in the scalar sector so that 4, , do not
mix with A. Furthermore, motivated by the current
125-GeV Higgs data, which are consistent with the SM
predictions [60-62], we shall work in the decoupling limit
of the 2HDM, so h; and h, do not mix. This allows us to
identify h; with the observed 125-GeV Higgs boson,
labeled &, and h, with the heavy CP-even Higgs boson,
henceforth called H.’

In our present work, we choose the basis where charged
leptons are diagonal. The leptonic Yukawa interactions
responsible for neutrino mass generation are given by

My).. _ -
£ D \/5( Z)IjLieRjHl + Y,-J-L,-eRsz

where M, = diag(m,,m,,m,) is the charged lepton mass
matrix, L; and eg; denote the lepton doublet and singlet of
the ith generation, respectively, € = ic” is an antisymmetric
tensor for SU(2) indices contraction, and C is the charge
conjugate matrix. The antisymmetric coupling matrix f can
be made real by phase rotation, leaving Y, therefore,
complex. In our current setup, we assume that H, does
not couple with quarks. This implies that quark interactions

2Typically, the masses of the extra Higgs boson are assumed to
be heavier than 125 GeV. However, to the best of our knowledge,
current data do allow for the possibility that one or more of these
extra Higgs bosons are lighter than 125 GeV.

—
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FIG. 1. The one-loop diagram generating Majorana neutrino
masses. A dot on the internal fermion (scalar) line represents the
chiral mass (u) insertion.

within this model mimic those of the SM. Quarks can only
couple to H,, inducing their masses according to

L: D YuQLuR(eHT> =+ YdQLdRHl =+ H.C., (3)

where Y, and Y, are the corresponding up- and down-type
quark Yukawa couplings, respectively.

The presence of Yukawa couplings f;; by itself does not
break the lepton number because one can always assign
lepton number —2 to n". In order to break the lepton
number, one needs to invoke a trilinear coupling,
V D uH,eH,n~ + H.c., which is part of the scalar poten-
tial. Now, with both f and the y couplings on hand, the
lepton number can be broken by two units, leading to a
Majorana neutrino mass generation at one-loop level, see
Fig. 1. The trilinear coupling y induces a mixing between
the two charged states H* and ;. This mixing, however, is
expected to be small because it is proportional to neutrino
masses. Thus, to a good approximation, one can treat H™
and #* as (nearly) mass eigenstates.

The fact that the Zee model is rich in scalars whose
masses are about at electroweak scale indicates that they
may give a significant contribution to the electroweak
oblique parameters. It has been shown that such parame-
ters, sensitive to scalar mass splittings, can be responsible
to account for the new CDF W-mass measurement [63—66].

In addition, the Yukawa couplings f and Y also induce
lepton anomalous magnetic dipole moments da, and LFV
decays. Since f;; couplings (via 7T exchange) always give
negative 6a,, while data imply that a, has to be positive,
we simply diminish their contributions by setting ™ to be
heavy and/or f;; to be small; thus, any flavor-violation
processes induced by such particle exchange will be
negligible too. As for Y, it is important to note that they
cannot be all diagonal, otherwise one cannot reproduce a
correct neutrino data fit (see, e.g., Ref. [53]). With off-
diagonal couplings present, it is natural to expect the
occurrences of flavor-violation processes in this model,
which also need to be controlled.

III. PHENOMENOLOGY

A. Neutrino masses and mixing

The Majorana neutrino mass matrix is induced by the
Feynman diagram shown in Fig. 1. Since the Majorana
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TABLE 1. Central values and the lo ranges for neutrino
oscillation parameters obtained from the 2021 updated analysis
of NuFIT 5.1 (http://www.nu-fit.org), see also [67]. Here and in
what follows we use 5= sin? Gij. For s%3, we allow for the
possibility that 6,5 lies in the shallow minimum.

Parameters Normal ordering Inverted ordering
st 0.304%5513 0.30450,3
53 0.450%016 0.570%505
[53; (shallow)] 05653 045570 831]
st 0.02246™036063 0.02241 5560,

Am? /1075 eV? 7427931
Am2,, /1073 eV? 2.51010%7
R 00296700

Jep —0.0254 05040

7427931
2.4901005%
0.0298 700033

—0.03301050

mass matrix must be symmetric in flavor basis, there is a
similar diagram but with internal particles being replaced
by their charged conjugates. Altogether, they give

M, =k(fM Y+ Y"MfT), (4)

where « is a constant containing a loop factor and the
trilinear coupling y. Note that in the above equation flavor
indices are suppressed. The flavor structures of the cou-
pling matrices f and Y must be such that they are able to
support current neutrino oscillation data, shown in Table I
together with their 1o ranges.

To determine minimal textures leading to correct neu-
trino data, one should recall that there are five observables
that need to be fit; they are the three mixing angles 6,3, 63,
015, the neutrino mass splitting ratio R = Am2,/Am2,,
and the Jarlskog invariant J -p. The two coupling matrices f
and Y contain m and n independent, nonvanishing com-
ponents, respectively. Since one component of each f and
Y can be scaled out, effectively there are m +2n—3
independent real parameters that contribute to explaining
those five observables. We found that the texture where
(m,n) = (3,2) contains the least number of real parame-
ters that can accommodate oscillation data. Other (m, n)
textures with equal or smaller number of parameters lead to
a neutrino mass matrix with three or more independent
zeros, and therefore, they are incompatible with neutrino
data [68]. Note that, for the aforementioned minimal
texture (m, n) = (3, 2), the number of effective parameters
is less than the oscillation observables (i.e., 4 vs 5). This
further indicates that at least one of the oscillation para-
meters can be determined in terms of the others.

3The values of Amfo1 and Am2,, can be determined by fixing
the overall coupling x once the ratio is determined.

Interestingly, with only two nonvanishing Y;;, the
neutrino mass matrix will have at least two independent
zeros, as already discussed in Ref. [68]. Thus, there are
only few of such Y;; pairings consistent with neutrino
oscillation data and prospectively inducing muon g — 2.
In terms of nonvanishing Y;;, they are (i) (Y, Y),
(i) (Vo Vi) (i) (VoY) (V) (YY), and
(v) (Yye» Y ). Note that we do not include in our list pairs
of Y couplings that cannot induce éa,, at all (e.g., Y., Y.),
although they may give a good fit to neutrino oscilla-
tion data.

Further inspection reveals that coupling pairs (i)—(iv) can-
not induce enough éa,, to account for the discrepancy. Pairs
(i) and (ii), for example, are restricted by their neutrino
flavor structures, while pairs (iii) and (iv) are restricted by
flavor constraints. Coupling pair (i) induces a neutrino mass
matrix with vanishing e-e and e-7 elements, so it admits the
normal mass ordering with m; < m, < ms3. From Eq. (4),
Y, always couples with the tau mass, whereas Y, with the
electron mass, and for such ordering it is required that (M, ) ,,
and (M), be of the same order, and so one would expect that
|Yee/Y | ~ O(m,/m,). Since Y, needs to be of O(1) to
accommodate Sa,, (see Sec. III B), this is a clear indication
that this pair is not a viable option. In addition, the product of
those two couplings is severely constrained by u — ey
arising via internal chirality flip of tau mass, which puts
YooY | S few x 1077 for my 4 ~ O(100) GeV. Similarly,
for pair (ii), neutrino data imply |Y,/Y,,|~ O(m,/m,),
which also indicates that a sizable da, cannot be obtained.

As for pair (iii), neutrino fit requires that |Y,, /Y|~
O(m,/m,). While it seems that it could induce a correct
da,, these couplings, however, are constrained by LFV
processes, in particular, the tree-level 7 — pue and the one-
loop 7 — ey. As a result, the correction to muon g — 2 can
only be at most 115 x 107!, which is more than 26 away
from the global average value. Pair (iv), on the other hand, is
free from such LFV decay constraints. However, it suffers
from constraint on electric dipole moment of the electron,
putting Im(Y,,Y,.) <107 for my , ~ few hundred GeV.
Together with a, ~ 10~ (see Sec. I1I B), this will affect the
coupling magnitudes, resulting in a small éa,,.

It turns out that only (v) can solve the muon g — 2 problem
and is consistent with lepton-flavor constraints. This texture
leads to a neutrino mass matrix with vanishing e-z and
7-7 elements. To get a good fit, one needs |Y,. /Y|~
O(m,/m,). Such coupling hierarchy is central to getting a
sizable shift of muon anomalous magnetic moment, and in
the same time, suppressing LFV decay rates.

Recall that diag(m;, my, m3) = UTM,U, with U being
the Pontecorvo-Maki-Nakagawa-Sakata matrix. The two
zero conditions can then be solved for m; and m,, as in
[68]. Coupled with the fact that 0,3 ~ 7/4 and 6,5 < 1, one
can identify that neutrino masses in this scenario are
quasidegenerate. The 6,5 itself is favored to lie in the
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second (first) octant for normal (inverted) neutrino mass
ordering; either case corresponds to the shallow minimum
of the global neutrino fit. Together with Am?,/Am3,, < 1,
the CP-violating phase needs to be close to 37z/2
(i.e., nearly maximal). In the upcoming sections, we shall
focus our analysis on the context of the (¥, Y,,) pair.

B. Muon g -2 and flavor-violation constraints

At one-loop level, couplings Y,, and Y,, induce the
following shifts:

sq. = e (el TVl [Yerl? + ¥yl [Vl
e = 5¢ 2 2 + 2 -2 )
967 my mj My

(5)
m2|Y,.* [ 1 1
i 9672 m%i—'_mi (6)

For exotic Higgs boson masses at a few hundred GeV, one
needs |Y,,| ~ O(1) to account for the present discrepancy,
which is given at da, = (251 £59) x 10~'" [1]. Such
O(1) coupling also induces the electron anomalous mag-
netic moment, so we must ensure that the induced da, is
also consistent with data.

The main issue with the electron magnetic moment is its
SM value, which is sensitive to the fine-structure constant.
Recently, two measurements, one using a cesium atom [69]
and the other a rubidium atom [70], have found ag! =
137.035999046(27) and agi = 137.035999206(11), which
differ by more than 5¢. When translated to the electron
magnetic moment, the Cs result suggests a —2.4¢ discrep-
ancy, while the Rb suggests +1.60, each with respect to the
direct measurement [71]. In our analysis, we treat the two
measurements as independent. Specifically, we combine
them and infer the SM prediction for the electron magnetic
moment [72]. It is then compared with the direct measure-
ment to get 5aS°™ = (2.8 £3.0) x 107!3. Note that the
combined da, is positive, thanks to the smaller error of the Rb
experiment compared to that of the Cs.

In the present case, since the neutrino data fit dictates
|Y,:| < |Y,|, one can always ignore Y,,, leading to an
interesting relation, namely,

m2 m2m2
da, ~ O —< 1]—— —"H7A ) 7
ae <m>< <m%,+mi>m§,+) )

This shows that, if éa, is found to be of order 10~ for
mpy, my, my+ ~ few hundred GeV, da, is predicted to be
less than 1 x 107!3, which is in perfect agreement with the
5aS°™ given above.

The couplings Y, and Y, lead to LFV decays 7 — uee
at tree level and to 7 — uy and v — 3u at one-loop level.
Note that the one-loop processes are suppressed by the

internal electron mass, so we expect the rates to be well
below their bounds. Explicit expressions for LFV observ-
ables in the decoupling limit can be found in Ref. [57].
Here, we note that amplitudes of these LFV decays are
proportional to |Y,.Y,.|. For Y,, ~O(1) and the heavy
Higgs masses around the weak scale, the tree-level LFV
process implies |Y,.| <1072 — 1072, also consistent with
the result from the neutrino data fit. On the other hand, LFV
processes induced by the antisymmetric couplings f;; are
negligible because we assume that the scale of f is small
and 7" is heavy as mentioned at the end of Sec. II.

C. W-boson mass

With radiative corrections, the W mass is expressed by
the following relation [73]:

,  na
myy, V3G (1+ Ar), (8)
where a = 1/137.036 is the QED fine-structure constant,
G is the Fermi constant determined from the muon decay,
st =1—m3,/m%, with m; =91.1876 GeV being the
Z-boson mass, represents the weak mixing angle, and
Ar is a parameter that contains loop corrections to the
tree-level one.

The parameter Ar has two parts: one is due to electro-
weak oblique parameters and the other is due to vertex and
box contributions to the muon decay [74]. In the present
scenario, the new physics effects to the second parts are
dominated by diagrams modifying the W-u-v, vertex via
g — g(1 + dg,), with g being the SU(2) gauge coupling,
similar to the one discussed in [75]. The shift is given by

Y,
8, = |3§,,2 (1~ &(mpy m3y.) = E(m3 3 ). (9)
with
_x+y X
§(X,y) - 4(X—y) ll'ly (10)

Such a gauge coupling correction might not be negligible,
particularly for large Y,.. However, its value is restricted by
the measurements of lepton-flavor universality g,/g, =
1.0018 £ 0.0014 [76], with g, being the corresponding
W-£-v, coupling. A similar correction also exists for g,, but
it is deemed irrelevant because the coupling Y, is small, as
required by neutrino data.

To calculate the W mass, it is more beneficial to rewrite
Eq. (8) such that all SM contributions are subtracted (i.e.,
absorbed into m3,|gy) [77]. That is,

sZ
m%V:m%VSM<l+#Ar’)’ (11)
w
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where m3,|gy = (80.357 GeV)? is the W-mass squared
predicted by the SM and

A =2 (—15 +(1- s%V)T> ~23g,  (12)
s\ 2

is the new physics contributions. We have neglected the U

parameter contribution because we found its value small

compared to the S and the T parameters. In the limit where

n" is decoupled with other scalars, those parameters are

given by [77]

1
S = TP [(1 - 25%,)*G(m?.,m3,..m%)
2 2 2 m%{* mfﬁ
G ,m5, -1 -1 , 13
+ G(my;, mj, mz) nm%, nmi (13)
1
= T622ar? [F(m3,.,my;) + F(my.,m3) — F(mg, my)],
(14)
where
X+y Xy X
F(x,y) = — In—. 15
() =2 - 2! (15)

The explicit form of the G(x, y, z) function can be found in
Appendix C of Ref. [77]. We only note that G(x,y, z) is
symmetric in its first two arguments.

The T parameter is generally larger than the S parameter,
so the former is supposed to play a greater role in the W-mass
shift. However, it is worth noting that in our setup there is an
interplay between oblique parameters and the vertex correc-
tion in getting the correct W mass. The &g, despite always
inducing a positive shift in the W mass, is not allowed to be
arbitrarily large because its value is constrained by the lepton-
flavor universality measurements, taken in our calculation to
be within 2¢. For that reason, a sizable, nonvanishing 7 in the
range of 7 € (0.06, 0.2) is still needed to account for the new
average of the W mass, my = 80.4242 4 0.0087 GeV [23].
Since the 7" parameter vanishes when either one of the neutral
Higgs bosons is degenerate with the charged Higgs, it is also
necessary that the masses of the extra Higgs bosons be
sufficiently split.

It should be noted that the extra Higgs boson masses are
constrained by collider searches as well. In our minimal
scenario, they do not couple to quarks. As a result, the H
and A can be pair produced via Drell-Yan processes,
leading to multilepton signatures. Similarly, the pair-
produced charged Higgs would lead to a dilepton and missing
energy signatures. This process has been actively searched for
at the LHC. The current experimental limit, assuming
H H™ — ptuJete™ + Ep, puts my+ 2550 GeV [78,79].

IV. EXPLICIT EXAMPLE

As an illustrative example, let us consider two bench-
marks for the Yukawa couplings as follows:

TABLE II. Neutrino oscillation parameters and the sum of
neutrino masses in the benchmark scenarios.
Benchmark 53, s, sh, R Jep  Y.m, (eV)
Bl 0.305 0.567 0.0220 0.0298 —0.0331 0.196
B2 0.299 0.442 0.0220 0.0296 —-0.0330  0.229
(i) Benchmark B1 (normal ordering),
@ = 1.082, & = 8.285,
fm' f/rr
Yye : 5
V.- (=7.660 + 1.941i) x 10°. (16)
et
(i1) Benchmark B2 (inverted ordering),
fe”:1.240, &:11.13,
f,u‘r f,u‘r
Y;te . 3
v (6.191 4 0.956i) x 10°. (17)

et

Both benchmark values give a good fit to all five neutrino
oscillation parameters, as shown in Table II. Once we
determine the mass splitting ratio, the overall neutrino
mass can be deduced. From here, we find Y m, =
0.196(0.229) eV for the B1 (B2) case, which is consistent
with the bound from the cosmic microwave background and
the baryonic acoustic oscillation measurements, setting
> m, <0.515 eV [80]. It is not surprising that neutrino
mass sums in both B1 and B2 are comparable, thanks to
the quasidegeneracy property of neutrino masses in this
scenario.

Given all coupling ratios above, we consider a set of
scalar masses (my, my, my+) = (375,520,550) GeV and
Y, = 3.4. With these values, the two benchmarks give
my = 80.4295 GeV and Sa, = 147 x 107", which are
within 26 of the respective experimental values. As
anticipated, da, = 0.24 x 10~!3 for both B1 and B2. The
branching ratios for the tree-level LFV decays © — uee are
found to be about 2-3 orders of magnitude below the
current experimental bounds. The branching ratios for
loop-induced processes, i.e., 7 — uy and 7 — 3y, owing
to the electron mass suppression, are found to be several
orders of magnitude below their experimental bounds.

V. CONCLUSION AND DISCUSSION

We have identified the minimal Yukawa structure of the
Zee model that can accommodate neutrino oscillation data,
muon g—2, and W mass and are consistent with LFV
constraints. Such a structure consists of the f coupling
matrix with all three independent components and the Y
coupling matrix with only ¥, and ¥, being nonvanishing.
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Our minimal structure features quasidegenerate neu-
trino masses, accommodating both normal and inverted
orderings. The mixing angle 8,3 lies in the second and first
octants for normal and inverted mass orderings, respec-
tively. To guarantee a successful fit, one also needs to have
|Yye/Y ec| ~ m./m,. Such a large ratio plays an important
role in getting the desired value of Sa, ~ 150 x 1071,
while keeping da, <10713  consistent with data.
Furthermore, rates for lepton-flavor-violation processes,
such as 7 — pee, 7 — ey, and 7 — 3y, appear to be well
below their respective bounds, partly due to the large
coupling hierarchy and electron mass suppression in
T — y transitions.

The flavor structure of the neutrino mass matrix in this
scenario only supports a shallow minimum of 6,3. Should
it be ruled out, one needs to go to the next-to-minimal
Yukawa structure. For example, the (2, 3) Yukawa texture
with nonzero f,., fr» Yers ¥y, and Y, can accommodate

pe>
the inverted mass ordering with 6,5 in the second octant.

In our minimal scenario, we have Y,, ~ O(1). This
would lead to large H/A — e*uT decays, which could be
searched for at the LHC. However, H/A cannot be singly
produced in our scenario. They can be pair produced via
Drell-Yan processes, leading to multilepton signatures. We
leave a careful collider study of such processes for possible
future work.
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