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Radiative flavor template at the LHC: g —2 and the W mass
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The Standard Model of particle physics and its description of nature have been recently challenged by a
series of precision measurements performed via different accelerator machines. Statistically significant
anomalies emerged when measuring the muon magnetic momentum, and very recently when deducing the
mass of the W boson. Here we consider a radiative extension of the Standard Model devised to be
sufficiently versatile to reconcile the various experimental results while further predicting the existence of
new bosons and fermions with a mass spectrum in the TeV energy scale. The resulting spectrum is,
therefore, within the energy reach of the proton-proton collisions at the LHC experiments at CERN.
The model investigated here allows us to interpolate between composite and elementary extensions of the
Standard Model with an emphasis on a new modified Yukawa sector that is needed to accommodate the
anomalies. Focusing on the radiative regime of the model, we introduce interesting search channels of
immediate impact for the ATLAS and CMS experimental programs such as the associate production of
Standard Model particles with either invisible or long-lived particles. We further show how to adapt earlier
supersymmetry-motivated searchers of new physics to constrain the spectrum and couplings of the new
scalars and fermions. Overall, the new physics template simultaneously accounts for the bulk of the
observed experimental anomalies while suggesting a wide spectrum of experimental signatures relevant for

the current LHC experiments.
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I. INTRODUCTION

In the first two decades of this millennium, increasing
experimental evidence of the existence of new physics (NP)
beyond the Standard Model (SM) has been accumulated.
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Several standard deviations from the SM predictions have
been observed when determining the anomalous magnetic
moment (g — 2) of the muon by the E821 experiment [1] at
Brookhaven National Laboratory, and in the semileptonic
decays B — D™y [2-4] and B — K™l [5] by the
BABAR, Belle, and LHCb Collaborations. These anomalies
have been confirmed by the most recent measurement
performed by the Muon g — 2 Collaboration at Fermilab [6]
and at flavor experiments [7,8]. Notably, the anomalies in
the semileptonic B meson decays emerge due to the
observed differences between the decay rates in different
lepton families, encoded in the ratios Ry and Rpy,). In the
third decade of this century, the CDF II Collaboration at
Fermilab offered an unexpected sign of new physics by
unveiling the high-precision measurement of the ¥ boson
mass [9] from decade-old Tevatron data. The result is
7 standard deviations away from the SM prediction. Even
after taking into account higher-order corrections [10] and
the proper average with previous measurements [11,12],
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which reduce the tension to a little less than 4 standard
deviations [12,13], this result clearly points toward a
tension with the SM [14-16]. The most recent LHCb
results [17,18] do, however, show a compatibility of Ry
with the SM within 2 standard deviations. All this evidence
[12] adds to long-standing indirect hints of NP, most
notably the dark matter problem, the origin of neutrino
masses that emerge from the observation of neutrino
oscillations, and the origin of the baryon asymmetry in
the Universe.

Models with additional fermions and scalars, which
couple to a single SM quark or lepton via new Yukawa-
like couplings not involving the SM Brout-Englert-Higgs
field, are prime candidates to explain the g — 2 anomalies
while taking into account the B meson data [19-25]. The
NP contributions arise at loop level, while additional
bounds come, most notably, from By—B,, mixing and effects
on the Z and Higgs bosons couplings to muons. Such
models, depending on the quantum numbers of the new
states, can also contain a dark matter candidate [23]. A
model of this kind has been used in Ref. [26] as a template
interpolating perturbative models and strongly interacting
models, like technicolorlike ones and models of funda-
mental partial compositeness [27-29]. In the latter limit, the
multiplicity of the new fermions and scalars is due to a new
confining gauge interaction. The inclusion of the Rp
anomalies in this class of models requires further inves-
tigation, as loop effects can hardly compete with the tree-
level contribution to the B — D*)/u decay processes in the
SM. Corrections to the VY boson mass can also be
explained in the context of this model as coming from
additional fermion loops, providing additional constraints
on the new particles and couplings.

In this paper, we aim to describe the productions and
decays of the new families of bosons and fermions in
proton-proton collisions, in the conditions akin to the ones
provided by the Large Hadron Collider (LHC) and future
hadron collider projects. We will, in particular, estimate the
limits on the parameter space from current LHC searches
and identify promising new channels that deserve further
investigation and dedicated searches.

We focus on the radiative case, where the new fermions
and scalars can be directly produced. In the composite case,
they are confined in new meson and baryon states that need
to be studied at the LHC via their effective interactions.

This article is structured as follows: Section II gives a
brief overview of the framework following the notation
adopted in Ref. [26], establishing the terminology and the
assumptions made in the rest of the paper. Section III
describes the signatures that could arise in proton-proton
collisions, following different hypotheses on the mass
hierarchies and on the parameter range allowed by the
precision measurement constraints, while Sec. IV focuses
on describing in detail the phenomenological implications
at the LHC of one specific decay channel via the

reinterpretation of one existing search by the Compact
Muon Solenoid (CMS) experiment. Finally, Sec. V reviews
the constraints on the anomalies in the context of this model
and draws conclusions on the potential for future studies at
the LHC, before the conclusions in Sec. VI.

II. THEORETICAL FRAMEWORK

Following Ref. [26], the class of models described here
naturally interpolates between dynamical models of
electroweak symmetry breaking and perturbative models
where radiative corrections contribute to flavor observ-
ables. In the latter case, the new strong gauge symmetry is
demoted to a global one, acting on the new fermions and
scalars, hence simply counting their multiplicity. The main
contribution to anomalies, therefore, stems from loop
diagrams involving the new fermions and scalars. These
loops also contribute to the Yukawa couplings of the SM
fermions; hence, one can design models where light
fermion masses and flavor structures can be radiatively
generated [30]. In this work, we will consider a more
general scenario, where direct couplings of the SM fer-
mions to the Higgs boson are also present, and SM fermion
masses emerge from a combination of the tree-level
couplings and the loop contributions. For concreteness,
we will consider a model where the SM is extended by
means of a set of Dirac fermions, an SU(2), doublet F;
and two SU(2), singlets F and F, and two scalar fields
Sy and §,. Their assigned quantum numbers are shown in
Table 1. We can appreciate that the hypercharge of these
new fundamental particles is fixed once the parameter Y is
chosen. Integer values of Y for the radiative case are not
allowed, because they would lead to fractionally charged
elementary states, and |Y| > 1/2 are not allowed because
they would not admit neutral particles.

In this paper we will focus our attention on the case
Y =1/2 [26].

The NP resides in the Yukawa sector of the theory by
means of the most general Yukawa Lagrangian involving
the new fermions that is also, by construction, invariant
under the global G~ symmetry. Besides kinetic terms and
masses for the new fermions and scalars, the SM
Lagrangian is complemented by the following set of
Yukawa-like interactions:

—Lyue = ¥ L'FL(SE)* + yi (B F§S,

+YQ'FL(Sp)’

FYBD) FySh YU FiS)

+ V2 FLF§ + k) FpF§ )@y + He., (1)
where 7, = (F].F})T with respect to SU(2), while
Q,U¢, D, L,E° are the SM fermions expressed in terms

of chiral left-handed spinors. Note also that the SM flavor
indices i, j are carried by the scalars. The field @4 is the
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TABLE L

Quantum numbers of the additional fermions F and scalars S as in Ref. [26]. Note that G is a global symmetry in our

scenario, while j = 1, 2, 3 is a family index. The nomenclature follows the association of F 5 with the down-component of the doublet,
similar to electrons in the SM (and analogously for F ). Charges similar to the SM ones are obtained for ¥ = —1/2, as shown in the last
column. In this paper, however, we will study the case ¥ = 1/2, as shown in the second-to-last column.

Grc SUB3), SUQ2), Uy oY =1/2) oY =-1/2)
7l F 1 2 Y 11 0
]:L_(]:[{) (0> (71)
Fye F 1 1 Y -1/2 -1 0
N P 1 1 —Y+1/2 0
S F 1 1 Y—1/2 0 -1
S F 3 1 Y+1/6 +2 1

SM Higgs scalar doublet. The complete Lagrangian also
contains a generic scalar potential to complement the
usual SM Lagrangian. Also, the fields R¢ transform as
the representation conjugated to R, for example,
U¢ = (3.1)_,3. Further terms that violate Grc can be
added to Eq. (1), and they will be considered in a follow-
up work.

For the choice Y = 1/2 we made in this analysis, the
electric charges of the new fermions and scalars are fixed, as
reported in Table I. We see that S, has the same charge as up-

type quarks, while F i and F are neutral, and F 1 and Fy
carry positive charge. This implies, for instance, that S} can
decay into an up-type quark plus a neutral heavy fermion or a
down-type quark and a heavy charged fermion. This will be
further explored in Sec. III, where a detailed description of
the experimental signatures will be given. The scalars S’ are
also neutral: Since, in the absence of G¢-violating operators
the new fermions and scalars cannot decay into SM states,
we need the lightest state to be neutral and, therefore, act as a
potential dark matter candidate. Having fixed Y, the remain-

ing parameters of the model are the Yukawa matrices yg U.D>

y'L’ £» the couplings k4 |, and the masses of the new scalars
and fermions.

III. SIGNATURES IN PROTON-PROTON
COLLISIONS

Constraints on NP scenarios coming from heavy meson
physics and electroweak (EW) precision measurements can
be complemented by direct searches at the LHC. In our
radiative model, the masses of the new fermions and scalars
are preferably above the EW scale, hence, spanning from a
few hundred GeV to a few TeV. As the fermions F and the
scalar S, are colorless, their production at proton-proton
colliders will be very small. On the contrary, the S 4 scalars
carry color charge; hence, they are produced via gluon and
quark fusion, gg — §,87 and gg — §,57 in proton-proton
collisions via QCD interactions. Representative leading-
order Feynman diagrams for pair S, production are shown
in Fig. 1. This kind of production mechanism has a limited

dependence on the parameters of the model. Since the color
charge and the spin of S, are set, the pair production cross
section only depends on the mass m s, of the new boson and

on the multiplicity: namely, Ny¢ and the number of light
families. Direct production of a single S, boson accom-
panied by one F; or F/Fy fermion is also possible with
representative leading-order Feynman diagrams shown in
Fig. 2. In this case, a NP interaction vertex, e.g., S ¢F 18
necessarily involved; hence, the parton-level cross section
depends on the details of the models and on the NP
couplings. In particular, left-handed production will depend

on the coupling yg, while right-handed production will
depend on yy, v,

This section will cover possible experimental signatures
coming from pair production of S, bosons, and we will
focus on the minimal scenario where only one S, family is
present (and all others are heavier). The experimental
signatures of S, boson pairs produced at the LHC depend
on the decay chains allowed within the model. The
particular realization of the model described in Sec. II is
not fully determined by the precision measurements, which
are detailed in Appendix A. In fact, it is the mass of the

boson ms,, the masses of both up-type and down-type
fermions m . and m .y, the other fermions F and F y, as
L L

well as the coupling strengths that will determine the

s
I ’ -
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‘ N
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FIG. 1. Representative leading-order Feynman diagrams for
pair S, production.
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FIG. 2. Representative leading-order Feynman diagrams for S,
plus F production.

possible decays for the S, bosons and the respective
branching fractions. We describe these final states in two
steps: In the first step, we address the direct decays of the
S, boson, which depend on the coupling strengths, i.e., yg,

yZ, and yg, and on the difference in mass between S, and
the fermions. In the second step, we will describe the
possible decay cascades and final states that can arise
depending on the mass hierarchy between the various
fermions F and S,. In Sec. 1V, we will describe the
example of one particular realization that can be used to
derive quantitative predictions at the LHC.

A. Decays of the S, bosons and the flavor basis

To properly discuss the phenomenology stemming from
S, pair production, we first need to bring the interactions in
Eq. (1) to the mass eigenstate basis. For the scalars, we can
assume without loss of generality that the mass matrices are
already diagonal; hence, selecting the lightest state consists
of fixing the index j in the couplings. In the heavy fermion
sector, instead, a mixing is generated by the couplings to
the Higgs k4 and k. This mixing is proportional to the EW
scale versus the vectorlike mass of the F fermions; hence, it
is typically small. In the following, mainly for simplicity,
we will neglect mixing effects.

In the quark sector, instead, the flavor mixing cannot be
neglected as it plays a crucial role in determining the flavor
structure in the S, coupling. The masses receive a con-
tribution both from a SM-like Yukawa coupling and from

loops of the new fermions and scalars, similar to the muon
mass sketched in Appendix A 1. Hence, the masses to be
diagonalized for up- and down-type quarks read

kj
i ()’ ) yl])’U ) kyv i
Mik = +NTCZ 1Q6 : LZ lOop(Mfgq,masses),
(2)
(y LI
My == TCZ 162 3 Floop(My, . masses).

(3)

The diagonalization leading to the mass eigenstates, i.e.,
to the SM quarks, derives from a nontrivial interplay
between the SM-like Yukawas and the loop contributions.
In general, the flavor structure in the mass matrices is not
aligned to the one of the new couplings y, y p. In the mass
eigenstate basis, the Yukawa couplings y, ¢ p are rotated
by unphysical rotation matrices, which cannot be measured
independently from the Yukawa couplings themselves.
In the following, we consider the matrices in the mass
eigenstate basis without changing the notation for simplic-
ity. Like in the SM, the only rotation matrix that is physical
is the Cabibbo-Kobayashi-Maskawa (CKM) one deriving
from a different rotation of the up and down components of
the left-handed fields. The couplings of S{, in the mass
eigenstate basis, therefore, read

QML‘FL(S{]) = yQ qu = U, ¢, L (4)

quFI(qu)* = quayg qda = d, s, b, (5)

4 Fe'Sh =y q.=uc.t, (6)
G5rFNS) = ¥ qa=d.s.b, (7)

where we follow the convention that the CKM rotation is
assigned to the couplings of the left-handed down-type
quarks.

The first step of the S, decays is induced by the couplings
above, as illustrated in Fig. 3. In the following, we will assume
that the couplings y, are much larger than y p; hence, we
will only consider the decays in the upper diagrams, which
involve the doublet fermions F ,T‘ and F i The reason for this
choice is twofold: On the one side, the products y,yy and
Yoy p control the loop correction to the quark masses and they
need to be small for light quarks (see also discussion on the
muon mass); on the other hand, the constraints discussed in
Appendix A prefer larger contributions in the left-handed
sector. Henceforth, the partial decay widths of S, into up- or
down-type quarks are given by
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FIG. 3. Decay vertices for S, bosons to left-handed (top panels)
or right-handed (bottom panels) new fermions and an up-type
(left panels) or down-type (right panels) quark.

ms,* = (mfi —my,)?

Yi 2 1] 2 02 2
Fqu | | 3271_ . msqj (qu,/ m]__i mq,,),
(8)
- (me _m61d>
ng 'Zk CikyQ 32,[.,,; 3
. (msq? - m;z - m2 ). 9)

Defining the total width of S} as

> L+

qu=u.c,t

> T (10)

qq.=d,s,b

the branching ratios into different quark flavors read

Fé u
T

(CIu’fL) qu = U, ¢, L (11)

]

BR(q0. F]) = %

qgs=d,s,b. (12)

More general formulas, including all the mixing patterns, can
be obtained in a straightforward way.

B. Chain decays and detector signatures
The decay cascades of the F;, F g, and F produced in
the decays of the S, bosons depend on the respective
masses and the mass of S,. For simplicity, in the following
discussion we will assume that F  and F g are heavier than

F 1, as they do not appear in the decays following the left-

handed coupling dominance. In particular, if ]—'I is the
lightest particle of the model, it will not further decay and,
being charged, it will appear as a long-lived charged
particle (LLCP). We are implicitly assuming that it will
decay via a suppressed higher-order operator in SM states
(Ieptons) outside the detector, as it cannot be stable on

cosmological timescales. Instead, if F i is the lightest
particle, being neutral it will result in missing momentum
and energy in the detector that we will henceforth shorten

as “MET.” Note also that the mass hierarchy between F I

and F i plays a crucial role: The heavier one will decay
into the lighter via a real or virtual )V boson. In fact, the
two components of the doublet cannot be degenerate.
Reproducing the anomaly in the W mass measurement
requires a mass split of a few tens of GeV. Even if the mass
split vanishes at tree level (for k4 = k), one is induced by
EW loops, and it amounts to roughly 166 MeV in the large
mass limit [31], and it is enough to generate a prompt decay
of the heavier into the lightest (plus a charged pion) [32].

Finally, the neutral scalars Sé couple to F; via the coupling

vz ; hence, if it is lighter than F ,T and F ,{ the fermions will
decay into it, producing missing energy plus a lepton. We

assume that the lightest S’ can be stable and produce MET

The possible decay chalns of the fermions F ; and F} 1
are described in the following, depending on the mass
ordering, and refer to Feynman diagrams shown in Figs. 3
and 4. We distinguish the following cases:

(1) mg > mﬂ, mﬁ The fermions are the lightest
particles, but oné fermion will decay into the other
plus a W boson, either virtual or real. States with
either MET or LLCPs are possible, depending on
which fermion is the lightest. Representative dia-
grams for this case are the ones in Figs. 3 and 4,
first row.

(2) mg, < Mgt mﬁ The neutral scalar S, is the
hghtest particle, and final states involve missing
energy from S, plus at least one lepton, either
charged or neutral, from the NP vertex involving
S, and F; . Representative diagrams for this case are
the ones in Fig. 4, second row.

(3) mg, < Mgty Mgl The scalar S, is the lightest
particle, and final states involve missing energy
from the S, plus at least one lepton from from
the NP vertex involving the S, and the F; or Fy. In
this case, one fermion will decay in the other one
plus a W boson. Representative diagrams for this
case are the ones in Fig. 4, third row.

@) My, < Mg, < Mgl OF Myt < Mg, < Mgl In this
casé, one of the fefmions can decay into the S, that
further cascades into the second type of fermion plus
a lepton, respectively, charged or neutral for the
two cases.
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FIG. 4. Decay vertices for S, bosons to left-handed (top panels)
or right-handed (bottom panels) new fermions and an up-type
(left panels) or down-type (right panels) quark.

It is worthy of note that the difference in mass
between the up-type and dowr.l-type fermion |mf2 -
m 1| needs to be sizeable and in the range of tens of

L

GeV in order to account for the m,, measurement, as shown
in Appendix A 5. Moreover, Myt — Mgy | < myy for the

largest part of the parameter space, so the W boson
produced in the decays will be virtual in most of the cases.
For most parameter choices, mg, is significantly different
from m Fl and m fi; therefore, scenario 4 from the above

list is also unlikely to occur.

Table IT summarizes all possible decay chains depending
on the mass hierarchy.

Finally, a note for the ¥ = —1/2 scenario: While the
diagrams are the same as the ¥ = 1/2 case, the quantum
numbers of the particles are different, as reported in the last
column of Table I. This has the consequence that final states

still involve either MET or LLCPs, but in this case, an F I

contributes to the MET, while an F i or an S, manifests as
a LLCP.

IV. CONSTRAINTS FROM LHC DIRECT
SEARCHES

In order to derive quantitative predictions for observable
quantities at the LHC, the model needs to be fully specified,
including the coupling structure and the mass hierarchy.
In the following, we first describe the scenarios with the
minimum number of parameters necessary for explaining
the anomalies in muon g — 2 and m,,, while accounting for
the B meson sector constraints, then we describe the final
states and compare them to existing analyses at the LHC. We
focus on the scalars S ¢>@s discussed in the previous section,
which have the same quantum numbers as the (right-handed)
stop in supersymmetry (SUSY); hence, we will focus on
SUSY searches that are very close to our expected signal.

A. Minimal scenarios

In the models described in Sec. II, only the left-handed
couplings to quarks are explicitly needed. The minimal
benchmark scenario therefore requires both right-handed
couplings to quarks being zero. Hence, our “minimal sce-
nario” consists of nonvanishing y’Q’ and y;, while the other
Yukawas are negligible [33]. Furthermore, we will consider
only one of the S, to be light, corresponding to preferential
couplings to the third generation of SM fermions.

In this section, we will consider this scenario where there
is only one value for j = 3 to reflect that the lightest S,
couples preferably to the third-generation quarks. The
constraint in the quark sector comes from the coupling
between mass eigenstates referred to as (yQy;) ps 1N
Appendix A, which would hint at a preferential coupling
to second and third quark generation. A first so-called
“natural” minimal scenario (NMS), therefore, foresees
yg =0, y5 #0, and y}; # 0. By using the Wolfenstein
parametrization for the CKM matrix, it is possible to
write the contributions coming from different mass eigen-
states as in powers of 1, and by neglecting A* terms,
one finds

TABLE II. Description of the possible decays at the LHC depending on the mass hierarchy of the particles.
mg, >mf1¢,m5{ >mﬁ mg, <mf;,m5( <m}-1¢ mf} <mg, <m}-1¢a m}-; <mg, <mf}a
Mgt > My MET + u, MET + u, MET + u, NA
‘ ‘ MET + W +d MET + W +d, MET + d,
MET +d +1 MET 4 d + 1
Myl > Mg LLCP +d MET + u NA MET + u + LLCP + [
‘ ‘ LLCP+d+W MET + W + [ MET + u + W + LLCP

u,d are the up- or down-type quark of the ith family; / is the charged lepton; WV is the V boson.

“Limited phase space: myz = 1 TeV.
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TABLE III. Description of the minimal scenarios considered.
Minimal scenarios
Parameter Natural (NMS) Democratic (DMS)
Number of S, I X Nye 1 X Nye
Couplings y6 =0 y5 #0, 5 #0 Y6 # Vo FVo
(¥0Y0)s AR (R +y5yg + AR () AZ(p)? +y5 0F + ) + A2 + 4yp)’

3
(yQyTQ)bs = Z Vbi(yQ)B(yTQ)%VZs
ik=1

= ARG +y5yE +AROE)R (13)
Another possibility we consider is the “democratic” min-
imal scenario (DMS), where all three couplings are differ-
ent. By neglecting orders A3 or higher, one finds

(Yoyh)os =AY 45 (V5 +4y5) + AR (y5 + 4y
(14)

It is noteworthy that, in the NMS, decays to first-generation
quarks will only be present via CKM mixing, hence
strongly suppressed. In the DMS, instead, coupling to
first-generation quarks will be present and not necessarily
small, and they contribute to the final states to consider
when obtaining constraints on the model. In the following,
we will make use of Eqs (13) and (14) in order to impose
the constraint on (yng) »s Trom the By — B, mass mixing
and derive the constraint on the branching fractions.

Table III summarizes the parameters in the considered
scenario.

B. Squarklike final states:
Quark pairs + missing energy

The particular final states that will be detected at a
hadron collider, like the LHC, depend on the decays that are
possible, and ultimately on the mass hierarchy of the new
particles, as described in Sec. III. If we consider as a
benchmark a simple scenario where mg, > mp,

L
ms, > mfi’ and mfi > mfZ’ then each Sq can decay

either to an up-type quark plus F ,{ or a down-type quark

plus F z The latter further decays to F i plus a virtual W
boson. Hence, the detector signatures for a single S, decay,
as from Table II, are a heavy invisible particle manifesting
as a MET, plus either an up-type quark or a down-type
quark and a lepton-neutrino pair or quark-quark pair from
the virtual ¥V boson. While there are not yet dedicated
analyses for this specific model at the LHC experiments,
the considered production and decay modes share signifi-
cant similarities with some SUSY scenarios. In particular,
production via strong interaction of an S, pair, and its
decay to an invisible fermion plus a quark, shares several

similarities with a pair production of squarks, which then
further decay to quarks and neutralinos. We henceforth
make use of results from the LHC that explore such
signatures, in particular, Refs. [34,35].

For both the NMS and DMS, as at least y;;’ and y’ have to
be different from zero, both top quarks plus MET and charm
quarks plus MET final states need to be studied. The
experimental signature for charm and up quarks at the
LHC is not distinguishable at the moment, so they both
manifest as a jet of hadrons in the detector. The observable
quantities of interest in this case are the excluded cross
sections for the top quark pair plus neutralino production,
and the light quark pair plus neutralino production. It is
important to recall that, for the chosen value of the
hypercharge, the quantum numbers of the S, boson are
the same as the one of a (right-handed) stop quark, while the

quantum numbers of F i and 2 match those of Higgsinos, a
neutralino and a chargino, respectively.

In order to constrain the production cross section of these
processes, we perform the reinterpretation of two analyses
studying in an exclusive way the production of quark pairs
plus missing energy in the final state. In Refs. [34,35], limits
on the cross section for pp — 77*, with 7 — ty, or by, —
bWy, are derived, where following the SUSY notation 7 is
the stop and y, . are the neutralino and chargino, respec-
tively. In Ref. [34], exclusion limits are set on
PP — 43" — qq + xoxo. With g being a u, d, s, or ¢ quark.
The former limit can be used to put constraints on the
pp = 5,5, S, — t]:i orS, — b]—'z production, and the
latter for pp — §,5,* — cc + ]—'i]—'i or pp > S§,8," —
uit + F1Fy.

The inclusive cross sections via strong interaction for
pp = S,S," are identical to the one for pp — 77* multiplied
by the number of S, scalars in the model, i.e., Ny¢. In
particular, the excluded cross section values are taken as a
function of the mass of the stop (or light squark) and
neutralino, and interpreted as excluded values of the cross

section of an S, and F i with the same masses in the

F i +((F i +c,F i + u) final state. In order to constrain
the model, different values of Ny as well as the coupling
strengths and branching ratios are considered. The
excluded cross sections, therefore, are evaluated as follows
from the SUSY searches:
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Nrc
ms [TeV]

0.2 0.4 0.6 0.8
BR(S,S, - ttF}' F)

q!

Nrc

0.2 0.4 0.6 0.8
BR(S,S, = cCF} F*)

FIG. 5. Limits on the mass of the new S, boson vs Ny¢ vs the branching ratio to t(cc) + F i]—' i in the r7(cc) + invisible decay

channel on the left (right).

0(8,8," S, = 1Fy or S, — bWFL)

=o(11*, T > tyy or 71— bWyy) X Nrc, (15)
(S,S,") x (BR(c, F}) + BR(u, F}))?
=0(qq".q = xo0) X Nrc. (16)

We recall that BR (u, F ,{) is negligible in the NMS, while it
could be sizeable in the DMS.

The first results that can be extracted are the limits
on the 6(S,S,) x BR(t, F})? and o(S,S,) x BR(c, Fi)?
reported in Fig. 5. By use of Eq. (8), it is possible to
translate the upper limits on the branching ratio shown in
Fig. 5 to a constraint on y;, y37, and y}} . However, in order
to extract constraints on the model, the flavor structure
needs to be defined. Once mgs_and m . are set, Eqs. (A7),

q L
(A10), and (A13) allow us to identify a unique value of
(yQyTQ)bs. By exploiting the relations in Egs. (13) and (14),
it is possible to identify a range for y7, y. If all are

14

0.05
12

0.04

Nrc

2

0.7 0.8 0.9 1.0 11 1.2 1.3 1.4 0.00

msq[TeV]

excluded, then the model for that combination of mg , mz,
and Nyc is excluded. Figure 6, left, shows the limit on
(yQyTQ) »s as a function of Ny¢ and ms,, by keeping Mt
fixed at 0.1 TeV. Finally, Fig. 6, right, shows the maximum
value of m ., excluded as a function of Nz¢ and m S, Those
values allow us to strongly constrain the model for values
of mg, in the 0.7 TeV range, but only larger Nrc are
excluded for values of mg_above 1 TeV.

C. Open channels

This reinterpretation can be extended by performing
analyses in different directions:

(1) The analyses used as a benchmark do not include
the potential case where the S, pair decays to
tc +.7-"i.7-",{. While this signature might be more
challenging, this could help constrain the model
further.

The S, leg with one LLCP + b, s, or d quark is not
considered. This could lead to challenging but

(i)

0.5

Nrc

2

0.7 0.8 0.9 1.0 11 1.2 1.3 1.4 0.0

mgq[TeV]

FIG. 6. Limits on the mass of the new S, boson vs Nz and vs the mixed coupling term (yQyTQ) by (left, m,, = 0.1 TeV), or vs the
L

My (right),
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well-identifiable final states with either two LLCP
plus two quarks, or one LLCP plus one quark and a
top or strange quark and MET.

No single production channel is considered. Further
studies are needed to determine whether single pro-
duction is relevant given the allowed coupling range.
Finally, this analysis only refers to the case

mg, > F !, mg . > F i in Table II, further channels
are open to study.

(iii)

(iv)

V. SUMMARY AND RESULTS

The constraints from the LHC measurements can be used
to derive information on the phase space available on ¢;, ,,
and Aa, by considering the relations in Egs. (AS) and

(A13) when excluding the values of (yQyB) »s Teported in

00k,

Theor. (]

107 Theor. + LHC const i ]

1072 .

1073 . ]

I U §

_§> ok |
S

= 1074 §

e
o o
bod
T T
.i
{
L
[

—107'} % .
i Nr¢=9

i

1 1
—10° 0 10° 10!
i
L)
(yzyy)

1
—10!

the left panel of Fig. 6 and the values of m s, and m .,

reported in the right panel of Fig. 6. The limits are evaluated

for two different values of Aa,: First, only dispersive
measurements from Refs. [6,36-56] are considered, then
the entire analysis is repeated by taking into account the
most recent values from lattice calculations as reported in
Ref. [57], and results are reported in the following. The
allowed values of (yo yTQ) b VS (VLV}) . before and after the
application of LHC constraints for Ny = 9 are reported in
Fig. 7. Constraints on ¢, , and Aa, for a representative
value of the coupling of (yQyTQ) s = 0.05 are reported in
Fig. 8. The black star illustrates the best fit for ¢;,, and
Aa,,, and the darker and lighter purple bands represent the
regions in agreement with the experimental values within 1
and 3 standard deviations, respectively.

T T T T T

00,

Theor. 7
1071 E Theor. + LHC const &
-3L =
10 %
8 107 1
< ok |
&3
=107 .
—1073} .
—1072f = .
i Nro=9
oL ! ’ re = .
_10 1 1 1 1 1
—10! —10° 0 10° 10!
T
(yLyL)W

FIG.7. Allowed values of (y, yIQ) ps V8 (VL yL) ., before (dark blue) and after (azure) the application of constraints from the LHC. In the
left plot, values of Aa, from dispersive measurements [6,36-56] are used, and in the right plot, lattice measurements [57] are used.

10’1 E T T T T . E
i (yng)b_;:().0037 theor. ]
1072 (yQyIQ)bSZO.OO& theor. + LHC
& ]
103E ]
> p .
at -
\E"/ ]
2 -
5 1074k ]
N ]
107 ]
o5l : . l 1
1074 107 107 100 102 10! 10*
Aay,

FIG. 8.

107! E T T T T T 3

F (Z/Q?/TQ)bs:O.OO:)), theor. ]

102k (YQud)p=0.003, theor. + LHC |

T 0 :

107k 3

- * 3

(<D} =

e ;
) -

_:,3 1074k E

S ]

1075k E

O—G I i 1 1 |

1071 101 1078 107> 1072 10! 10*
Aay,

Allowed values of ¢, ,, vs Aa, before (dark green) and after (bright green) the application of constraints from the LHC. In the

left plot, values of Aa, from dispersive measurements [6,36-56] are used; in the right, plot lattice measurements [57] are used. The black
stars indicate the best fit for ¢;,,, and Aa,,; the dark and light violet lines depict the regions in agreement with the experimental values

within 1 and 3 standard deviations, respectively.
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The constraints obtained hold true for the cases where
|mfz _mfi| < myy and mgg > myi,mgi. In other sce-
narios reported in Sec. III, such results only partially
constrain the model, as there is freedom for the Sq boson
to decay through different decay chains with respect to the
ones considered in Sec. IV. Dedicated analyses on proton-
proton collision data, searching for LLCPs, or MET plus
quarks and leptons, as described in Table II, would allow us
to detect the model’s signals for not-yet-excluded scenar-
i0s. Even in the absence of a signal, an analysis similar to
the one presented in Sec. III can be applied to further
constrain the model.

VI. CONCLUSIONS

For the past decades, several extensions of the SM have
been put forward ranging from the time-honored minimal
supersymmetric version to composite and radiative real-
izations including extra dimensions. At the same time,
evidence is being accumulated experimentally indicating
the existence of new physics beyond the SM. The goal of
this work is to establish a phenomenological template
mimicking different models from radiative to composite,
depending on how the underlying dynamics is realized, and
show that it can also be adopted as an experimental
template of new physics by either suggesting new searches
or adapting earlier ones to either discover or constrain the
parameter space of the theory. Another crucial aspect is that
the model is sufficiently flexible to accommodate the
various observed SM anomalies.

Specifically, as a first step, we consider a radiative
extension of the SM that reconciles the various exper-
imental results while further predicting the existence of new
bosons and fermions with a mass spectrum in the TeV
energy scale. The resulting spectrum is, therefore, within
the reach of the LHC experiments. We suggest new
interesting search strategies including the associate pro-
duction of SM particles with invisible or long-lived charged
particles. We further show that it is possible to employ
earlier SUSY-inspired searches to constrain the spectrum
and couplings of the newly introduced particles. We also
check that the template is sufficiently rich to accommodate
the observed experimental anomalies while allowing for
new experimental signatures at the LHC.

ACKNOWLEDGMENTS

R.C. and S.M.’s work was supported by the research
Grant No. 2017W4HA7S “NAT-NET: Neutrino and
Astroparticle Theory Network™ under the program PRIN
2017 funded by the Italian Ministero dell’Universita e della
Ricerca and by the research project Theoretical
Astroparticle Physics funded by the Istituto Nazionale di
Fisica Nucleare. G.C. is grateful to the LABEX Lyon
Institute of Origins (Grant No. ANR-10-LABX-0066)
Lyon for its financial support within the program

“Investissements d’Avenir” of the French government
operated by the National Research Agency.

APPENDIX A: ANOMALIES AND HIGH-
PRECISION MEASUREMENT CONSTRAINTS

In this section, we list and review all the precision
measurements that significantly constrain the radiative
model. Besides the muon anomalies in Ry and g—2,
we consider modifications of the Higgs coupling to muons,
B, — B, mass mixing, and the recent discrepancy in the YW
boson mass measurement at CDF II. In each subsection, we
report how the radiative model affects the theoretical
estimation of each observable. In the last subsection, we
comment how mass splits in the new fermions could
explain the WV boson mass value. The impact of these
bounds on collider searches will be discussed in the
following section.

1. Radiative muon mass and the Higgs coupling

The new Yukawa interactions in Eq. (1) contribute at
one-loop level to all SM fermion masses, in addition to the
SM-like Yukawa couplings. In fact, all masses could be
generated radiatively, except for the top quark one, whose
Yukawa coupling is of order one. In a general setup,
cancellations may occur between the tree-level coupling
and the loops; hence, one could have sizeable modifications
of the Higgs coupling to the fermions.

As we are interested in anomalies in the muon sector,
below we illustrate this effect for the muon. Schematically,
ignoring lepton flavor mixing terms, the muon mass will be
given by two competing terms:

SM
Yu v loo,
w = f/i + omy, P
(yLyE)/mm
167> /2

where Fjo,, is an order one function of the mass para-
meters [30], and m, is the measured muon mass. The
physical coupling of the Higgs boson to muons also
receives a correction with respect to the SM value given
schematically by

m

5% = Nyc Fioop(masses), (A1)

5m]oop \/im
yelf = ySM (1 + n: k3 Gloop(masses)> . oM = E
i
(A2)

where the function Gy,,, depends on the mass parameters.
Evidence for this coupling has been recently obtained at the
LHC Run-2 by the ATLAS and CMS Collaborations
[58,59]: Current data are consistent with the SM value
at the 43% level, while projections for the full run of the
LHC indicate that precision below 5% is achievable [60].
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Hence, the correction encoded in the second term in the
loop

parentheses of Eq. (A2), proportional to dm, -, must be
smaller than unity in absolute value.

If we allow for cancellations between the two terms in
Eq. (A1), large muon couplings to the new fermions and
scalars could generate Sm," > m,, hence, dangerously
enhancing the correction to the muon Higgs coupling.
There are two ways out: The coupling k4 could be small,
however suppressing the radiatively induced SM fermion
masses to be of the order of the muon mass for all down-
type fermions, or we could ask the product (y; yg) uu 10 be
small for muons. Sizeable effects in muon physics are
preserved if y; is sizeable while yg is small, as also
preferred by Ry (as we will see below). In this work,
we will follow the latter possibility. In summary, as long as
(YLYE)uu ~ my,/v viaasmall yg, the correction to the Higgs
coupling to muons is under control without affecting the
observables in the muon anomalies.

2. Rk and Rk anomalies

The relevant effective Hamiltonian for B — K®*)/] tran-
sitions is given by the following operators [22]:

4G I
LEy Vi CioY,

eff _ _
R = 4 /2

(A3)

where

O} = B Pob)[Ir,(1-y5)lV] = Of = O (A4)
We recall that the operator with right-handed quarks is
absent in the SM, and it is disfavored as a NP origin of the
anomaly by data; hence, we will not consider it here. The
dimensionful Wilson coefficients are

a 4GF
4z \/2
that encode NP contributions in the muon final state. More
details on the effective Hamiltonian and notation for the

i
Cr

(36 TeV)? (A3)

— * HEE
Corpy = thtsv L =~

by —4—— - -4---—4— 5L

Y7 rF]
pr —p—_t - - pur
Si

coefficients are reviewed in [12]. It is possible to rewrite the
Rk ratio as follows:

_ M+ Ac?

R : (A6)
: (e

where C3M ~8.64 (and we neglect the much smaller
contribution to right-handed leptons) [61] is the same for
muons and electrons. For R+, a similar expression holds.
The one-loop diagrams stemming from the radiative model
in Eq. (1) are reported in Fig. 9. As we assume y; > y for
the muons, the relevant contributions are the one with left-
handed quarks. In Ref. [61] is reported the expression for
the Wilson coefficient for the model being examined:

(yLyg);m(yQyTQ)ble(x y)
(4ﬂ)2m§m 4 00

(A7)

where x = mfgq / mzfﬁ, y=mg/ mszT, and the loop func-
tions expression is reported in Appendix C. Note that we
have neglected the mixing between the fermions F induced
by the k4 coupling in Eq. (1).

To extract bounds on the model parameter space, we
impose the latest LHCb result, combining Runs 1 and 2
data given by [8]

Rilop = 08467005 (sa) 203 (sys0)  (A8)
in the ¢> = [1.1, 6] GeV? window. In practice, we require
0.807 < Rg < 0.888 [12]. Note that Rg: leads to similar
bounds, and we do not include it for simplicity.

In [12], the reader can find an in-depth model-indepen-
dent study of these anomalies.

3. B, - B, mass mixing

The contributions to the B, — B, mass mixing arise from
the diagrams at one-loop level shown in Fig. 10. The
dominant contributions are associated with the diagrams
with left-handed quarks. These contributions can be written
in terms of the following effective Hamiltonian [22]:

S
q
bp —4—7 - 4---—<4— SR
\ Ao Ar,
PR —p—L - - ---—p—— R
S;

FIG. 9. Radiative contribution to the B — K/! transition that affects Rg. In the right (left) panel is shown the contribution due to right-
(left-) handed quarks. The diagram that is used to compute the quantity ¢, ,, is the one on the left as y; < y;.
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by —P»———<¢——P»— SL

S, —4——Pp——<4— b,

b, —»—— -~ - ——— 5L

AF] \ i)

s, —4— - 4---L—<4— 10
SJ
q

bp —»— - - --—»— SR

SR —4— - 4---—<4— bg

FIG. 10. Radiative contribution to the B — B mixing. In the left (right) panel are shown the contributions with left- (right-) handed
quarks. As for Rk, the dominant contribution comes from the operators with left-handed quarks.

HEB = Cpp[Sur”PLbu[357,PLbp). (A9)

where a and f are color indices. The NP contribution from
the radiative model under investigation is given by [61]

(oyp)is 1
C‘Nl—3 = NTC—Q g —F(x,x),
BB (471)2;11%T 8

(A10)

where the loop function is defined in Appendix C and
x=m%/ mzf ;. It is possible to obtain constraints on the
q L

Wilson coefficient Cgg in terms of the ratio [22]

AM?

CNP
= _1= BB
o AMEY

T CSM?
CBB

Ryp (A11)

where the SM prediction is Cgl\é[(ZMW) ~8.2 %
1073 TeV~2 and the current bound on the NP contribution
reads CiP € [-2.8,1.3] x 107> TeV~* [22] at 3 standard

deviations.

4. Muon g -2 anomaly

The new fermions and scalars contribute to the
anomalous magnetic moment of the muon via their
left-handed couplings y;, as shown by the left graph in
Fig. 11. Additionally, the model contains a contribution
proportional to the Yukawa coupling k4, as shown by the
representative diagram in the right panel of Fig. 11. This
term will be proportional to the product of Yukawas

(yrYE) k1, which also contributes to the muon mass, as
shown in Eq. (A1l). The NP contribution can be computed
in terms of the following operator [22]:

a, e g
Hefr = —ay dm. [ic" u|F . (A12)
i

where m,, is the muon mass and e is the electron charge.
The NP contribution to a, is given by [61]

NTCm;% (yLyE);ka’U
Mg (O ) 4207Gunl)

+ (LY s [Z%EF 7(y)+2q5F 7(y)} ) : (A13)

— 2 2 — 2 2
where x = qu/mFZ and y = me/mfz' Here, g and gg,

are the charges of .7-"{ (gr =—1) and S, (qs, =0),
respectively. In our case, we have only the contribution

from fz since S, is neutral. The loop functions are
reported in Appendix C.

The main uncertainty on the SM prediction for a, comes
from the hadronic contribution to the photon vacuum
polarization. Recent lattice results [57,62—64] are in tension
with data-driven approaches based on dispersion relations
[40-45,65]. In the numerical analysis, we consider NP
contributions in agreement with the lattice results [57]
Aa, = (165+60) x 107" or dispersion estimates
Aa, = (251 £59) x 107! [6].
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L

L

E

E

FIG. 11.  One-loop contributions to (g —2), from the radiative model under investigation.

5. M,,, anomaly

Recently, the CDF II Collaboration at the Fermilab
Tevatron Collider reported a new estimation of the W
boson mass using a sample of approximately (4x10% W
bosons. In Ref. [66], it is reported that

MSPF = 80433.5 + 6.4, + 6.9,

(A14)

The theoretical prediction for the same quantity within the
SM, as reported in Ref. [67], is
M, = 80357 + 4inputs T 4theory MeV.  (ALS)
The theoretical estimation is obtained with a combination
of perturbative expansions and a set of high-precision
measurements of observables in the EW sector. The
uncertainty on such a quantity can be divided into two
components. One is related to the uncertainties of the
observables used, and the latter is related to higher-order
terms in the perturbative SM calculation. It can be easily
shown that
AMyy|cpr = MSPF — M%, =76 £ 11 MeV.  (A16)
This means that there is a 7 standard deviation discrepancy

between the CDF experimental measurement and the
theoretical estimation. Previous measurements summarized

. = 80433.5 9.4 MeV.

in Table IV have a smaller accuracy and central values
closer to the SM prediction. A weighted average should be

considered, however, with error increased by the \/y?/ndf
factor [67] to account for the large discrepancies among the
four measures. The result determined in [12] yields

M4Y6 = 80409 + 17 MeV. (A17)

The deviation from the SM reduces to around 3 standard
deviations:

AMyy|ayg = MYS — M, =52 £ 18 MeV.  (Al8)

It is possible to explain Egs. (Al4) or (Al7) by
introducing beyond the SM physics as summarized in
[12]. The corrections from NP to the V) boson mass can be
expressed via the following approximate formula [71]:

AMN? ~300 MeV(1.43T —0.865),  (Al9)

where T and S are the so-called EW oblique parameters
[72-74]. We use the definition of S and 7 shown in
Ref. [75] reported in the following:

TABLE 1V. Recent measurements of the V boson mass at colliders.

LEP + TeVatron [68] ATLAS [69] LHCb [70] CDF-II [66]
Measurement 80385 £ 15 MeV 80370 £ 19 MeV 80354 £ 32 MeV 80433.5 £9.4 MeV
Pull from SM 28 £16 MeV 13 £ 19 MeV -3 +£32 MeV 76 £ 11 MeV
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Iy (M%) — 15 (0)

S=-—l16x

M2 '
11, (0) — 33(0)
Swewz

where sy =sinfy and cy = cosOy, Oy being the
Weinberg angle defined at the scale 4 = M, I3y is the
vacuum polarization of one ispospin and one hypercharge
current, while IT;; and I35 are the vacuum polarization of
the isospin currents. We illustrate the impact of the W
boson mass measurement on EW physics in Fig. 12, where
a red star indicates the SM prediction at one-loop level,
which corresponds to 7' = § = 0. The black dot marks the
observed value for the oblique parameters without includ-
ing the CDF result, corresponding to 7 = 0.09 & 0.14,
S =0.04 £0.11, with a covariance of p = 0.92 [76]. The
dashed orange ellipse and the shaded orange ellipse
correspond, respectively, to the covariance ellipse drawn
at 1o and 30 of the oblique parameters measure. They
include several EW precision measurements, including the
W boson mass: To separate its impact, we show the
determination of 7" and S from separate sources. The light
yellow dashed lines and the yellow region correspond to the
bound originating from asymmetries measured at LEP
experiments and from the determination of sin® . The
pink dashed line and the pink region is driven by the CDF
mass measurement My |-pr Within 16 and 36, respectively.
The same reasoning applies to the light violet dashed lines
and light violet region, which are relative to the average
estimation Myy|syg. We remark that the new measurement
pushes the preferred region toward positive values of T
with respect to the SM and the old results. This is confirmed
by new EW fits that include the CDF result in the average
[14,15] or in replace of the old values [16]. Hence, the new

|

6

0.8 T T T T T T T
0.6 -
04 4
02 = -
r" )
= 00fF - %7 —
—02}F Og? * SM -
NS e Exp. value
—04} — AMy
B A]WW:EO' _
|sin Ha{tfv 1 1 1 1 I Ajwwli 30
0808 06 04 —az 00 0.2 0.4 0.6 08
S
FIG. 12. In pink (violet) is shown the parameter space region

that is able to explain the AMyy|cpp (AMyy|syg) Within 36. The
black dot represents the experimental value of 7" and S, and the
orange ellipse is the corresponding covariance ellipse at 30. The
yellow region represents the bound originating from asymmetries
and determination of sin® 6.

physics effect must be related to some breaking
of the custodial symmetry defined in the SM Higgs
sector.

In the radiative model under investigation, this effect
may dominantly arise from a mass difference between the
components of the doublet of fermions F 2 and F i, which
contribute at one-loop level to the ¥V boson mass. In
Fig. 13, we show the relevant diagram for this correction.
This effect can be expressed in terms of the oblique
parameters in Eq. (A20), which take the following
expressions:

S = M{2(41/+ 3)x, + 2(—4Y + 3)x, =2V In"L + |:<%+ 2Y>x1 + Y} g(xy) + K%— 2Y>x2 - Y} g(xz)},

X2

where x; = (mfI/Mz)z, Xy = (m]-‘i/MZ)z’ and

flanss) =57 =
X1 =Xy X2
1

x) = —4v4x — 1 arctan ——. A22

For equal masses x; = x,, the contribution to 7 vanishes
as f(x,x) = 0. This is clearly understood as such a mass
difference can only occur via breaking of the weak isospin,
which is generated by the mixing induced by the couplings

(A21)

FIG. 13. Loop correction to »V boson mass stemming from the
radiative model.
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In color is shown the parameter space that is able to compensate AM,,, from CDF II (left panel) and the average value shown

in Eq. (A18) (right panel). For each Ny¢, the bands represent the 3o allowed region, while the dashed lines show the 1o contour.

k4 # k. Hence, the states running in the loop should be the
final mass eigenstates after diagonalization. The results in
Eq. (A21) are valid in the limit of small mixing.

In Fig. 14 on the left (right) panel, we show the
parameter space region that is able to explain AMyy|cpr
(AM | sve) within 36 for fixed values of N ¢, correspond-
ing to different color shading. The dashed lines represent
the agreement within 1o with the experimental measure-
ments. The plot investigates the dependence on the F
mass versus the mass difference: The horizontal lines
correspond to mass splits equal to My, reported as a
reference. In the region above (below) the top (bottom)
line, decays among the two components are kinematically
open, hence allowing the on-shell decay

Fl oW+ F U (F b ->wWh+Fi N, (A23)

The plots show that, for Ny > 1, the mass splits are
required to be smaller than the W mass, but still sizeable.
Henceforth, the above decays can still occur via an off-shell
W boson.

If the isospin breaking in the fermion sector is too small,
the leading effect may arise at two-loop level, involving
the couplings y’é with the third-generation quarks. The
mass difference between top and bottom already induces
a sizeable isospin violation, while the loop suppression
can be compensated by the large y, couplings of the third-
generation quarks.

APPENDIX B: PARAMETER SPACE

Figures 15 and 16 show the available parameter space,
respectively, using the dispersive [6,36—56] and lattice [57]
Aa, measurements, in the planes (yQyTQ)bs Vs (yLyz)

VLYE) ek VS (¥0¥G)sr and (VLY VS (VLYL)

Hp

APPENDIX C: LOOP FUNCTIONS

In this section, we report the loop functions used in
Appendix A:

Flr.y) = 1 N x2Inx
R C Iy STy R G s TP
y*Iny
(1=y)>(y=x)
_ ) 2
Flr.1) = F(I.x) = ”4;( 13’; +)32x inx.
- X
1-x*+xlnx
F(x, x) T =xf
1
F(1.1) =3, (C1)
Foy) = F;(y7")  1—6y+3y*? 42y’ +6y*Iny
ETT T 12(1 —y)* ’
5 1
Fr(1) =7 (C2)
1 —4y+3y> =2y’ Iny
G = ,
r(y) 2(1 —y)3
1
Gir(l) = 3, (C3)
Frr(y) =1,
1
Frr(1) :6- (C4)

Such functions were taken from [22,23] and adapted to
our case.
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APPENDIX D: DIAGRAMS
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