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We study modular symmetric quark flavor models without fine-tuning. Mass matrices are written in
terms of modular forms, and modular forms in the vicinity of the modular fixed points become hierarchical
depending on their residual charges. Thus modular symmetric flavor models in the vicinity of the modular
fixed points have a possibility to describe mass hierarchies without fine-tuning. Since describing quark
hierarchies without fine-tuning requires Z, residual symmetry with n > 6, we focus on I’y modular
symmetry in the vicinity of the cusp 7 = ioco where Z¢ residual symmetry remains. We use only modular
forms belonging to singlet representations of I'q to make our analysis simple. Consequently, viable quark

flavor models are obtained without fine-tuning.
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I. INTRODUCTION

The origin of quark and lepton flavor structures such as
hierarchical masses and mixing angles is one of challenging
issues in particle physics. Indeed, many works were done in
order to solve the problem. Among such works, modular
symmetric flavor models are interesting. In these flavor
models, the quark and lepton mass matrices are written in
terms of modular forms, which are holomorphic functions
of the modulus 7 [l].1 It is well known that the finite
modular groups 'y for N = 2, 3,4, 5 are isomorphic to the
non-Abelian finite groups S3, A4, S4, and As, respec-
tively [18]. This is interesting since the non-Abelian finite
groups are long familiar in flavor models for quarks and
leptons [19-29]. Inspired by this point, the modular
symmetric lepton flavor models have been proposed in
[h~85[30], T3~A, [1], Ty = 84 [31], and T's >~ A5 [32,33].
In addition, modular symmetries at levels 6 [34] and 7 [35]
were studied. Furthermore, modular forms of other groups
were also studied [8,36-39].

Using these various modular forms, the mass ratios and
flavor mixing of quarks and leptons have been discussed
successfully in these years. Phenomenological studies have
been developed in many works and interesting results have
been obtained [40-79]. However, one needs to fine-tune
coefficients of modular forms in Yukawa couplings in order

'"The modular flavor symmetry was also studied from the top-
down approach such as string theory [2—17].
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to describe the hierarchical structure of fermion masses, in
particular quark mass hierarchies.

Describing the lepton flavors without fine-tuning on
modular invariant models was proposed in Refs. [80,81].
Authors focused on the vicinity of three modular fixed points,
=i, w(=e**/3) and ico where residual symmetries
remain [43]. The values of modular forms become hierar-
chical as close to these modular fixed points due to
approximate residual symmetries. Then, the hierarchy
among values of the modular forms is determined by charges
of residual symmetries at the modular fixed points. For
instance the modular forms of I’y ~ S, with Z, (T-trans-
formation) charges 0, 1, 2 and 3 can take the sizes 1, €, &% and
€3, respectively in the vicinity of 7 = ico, where £ expresses
the deviation from the modular fixed points. Indeed viable
lepton models on the double covering groups of I'y, Iy ~ A,
Iy ~ 8, and I's ~ A%, were studied in Ref. [81]. This is one
successful way to generate hierarchical structures without
fine-tuning. Nevertheless the realization of the quark flavor
structure is not straightforward. Experiments show mass
hierarchies of up sector quarks as m,/m, ~107> and
m./m, ~ 1072 — 107> and ones of down sector quarks as
my/mpy ~ 1073 and m,/m, ~ 1072 [82]. Suppose that
e = 0(0.1). Then, we could explain these mass ratios except
m,/m, ~ 107>, However, ¢ does not appear in the frame-
work of the finite modular group of level N less than 6 since
the present residual symmetries Z,, Z3, and Zy at t = i, @
and ico do not possess the charge larger than 4. Thus
describing the quark flavor structure without fine-tuning
requires the way generating hierarchical mass ratios includ-
ing & = O(1079).

One way is to relax the quark mass eigenvalues by tuning
the values of coupling constants in Yukawa couplings. In
Ref. [83], the quark flavor model with A, modular
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symmetry was studied and succeeded to generate both up
and down sector quark mass hierarchies by adjusting one
coupling constant ratio denoted by g,/g, to O(10). As a
result, quark mass hierarchies originate from following two
origins,

(i) The vacuum expectation value (VEV) of the modu-

lus 7 (the deviation from the modular fixed points).

(i) The coupling constants in Yukawa couplings.

Another way is to introduce the finite modular symmetry
including Z, residual symmetry with n > 6. In such
models, the modular forms in the vicinity of the symmetric
points can take the sizes 1,¢,---,&""! depending on their
residual charges. Hence, it may be possible to generate
mass hierarchies in both up and down sector quarks without
fine-tuning using the hierarchical values of the modular
forms up to £°. Note that in this way quark mass hierarchies
simply originate from (i) above. In this paper, we study the
modular symmetric quark flavor model with the finite
modular group of level 6, T'g ~ S5 x A,. The finite modular
symmetry I'¢ breaks into Zg (7T-transformation) residual
symmetry at 7 = ico and can generate the hierarchical
values of the modular forms up to & in the vicinity
of 7 =ioo.

This paper is organized as follows. In Sec. II, we study
generic aspects for the modular symmetric quark flavor
models being able to realize both up and down sector quark
mass hierarchies without fine-tuning along the lines pro-
posed in Ref. [81]. In Sec. III, we study quark flavor models
with the finite modular group I¢. Section IV is our
conclusion. We summarize group theoretical aspects of
I in Appendix A and the modular forms of level 6 in
Appendix B.

II. HIERARCHICAL QUARK MASS MATRICES
WITHOUT FINE-TUNING

In this section, we present modular symmetric quark flavor
models without fine-tuning. We start from the following
assignment of modular weights to supermultiplets:

(i) Quark doublets Q = (Q', 02, Q%) are assigned into
three-dimensional (reducible or irreducible) repre-
sentation of a finite modular group with weight —k.

|

(i) Up sector quark singlets wup = (uk,u%,uy) are

assigned into three-dimensional (reducible or irre-
ducible) representation of a finite modular group
with weight —k,,.

(iii) Down sector quark singlets dr = (dk, d%,d3) are
assigned into three-dimensional (reducible or irre-
ducible) representation of a finite modular group
with weight —k,.

(iv) Each of up and down sector Higgs fields H, ; is
assigned into one-dimensional representations of a
finite modular group with weight —ky .

Note that three-dimensional representations are constructed
by combining singlets, doublets and triplets of any finite
modular groups. The most general form of the superpotential
relevant to up sector quark masses is written as

11 12 13

A O Oy ”11€
kv,) A1 92 3 21 22 23 2

W, = Y (0" 0* 0°) Ay, A O, up |Hyl
ri 31,32 33 3

& ooy Uy 1

(1)

k : .
where Yﬁi " denotes the modular forms of irreducible

representation r; for weight ky = ko + k, + kg . Some
of coupling constants o’/ may be related each other when
quark doublets Q and/or up sector quark singlets u belong to
multiplets. Similarly the superpotential relevant to down
sector quark masses is written as

11 12 pl13 dl
ri Frp Fr; R
(ky,)
Wd:E Y (0 0 03| B BB || dk | Hal

T 31 32 (233 3
ri r r dR

with ky, = kg + kg + ky,. They lead to the up and down
sector quark mass matrices, M, and M,

ul - all a2 al®\ /ul 7
(ky,)
(0" 0 M, | u | =) | (0" @ )| & aF & || u} |(H)]| . (3)
up L ' G &’ up 1,
dy [ o B B [ dy T
(0" > O M,| a; | =D |v' (0" @ Q)| A B B dk | (H) (4)
d3 ri 31 32 33 d3
R L T T T R 41
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We expect that the coefficients a”/ and " are of O(1),
because we do not explain quark mass hierarchies by using
hierarchies of these coefficients. In particular, we restrict all
coupling constants «”/ and A7 to +1 and study the
realization of the orders of mass ratios and the Cabibbo,
Kobayashi, Maskawa (CKM) matrix elements. Then free
parameter is only the value of the modulus 7 (and the
choices of +1 or —1 in coupling constants @'/ and SV).

The reference values of up and down quark mass ratios
are shown in Table I. Values at a high scale energy include
renormalization group effects, which depend on the sce-
nario. We use the values of Refs. [84,85] at the grand
unified theory (GUT) scale in the minimal supersymmetric
standard model with tanf = 5.

In order to realize hierarchical quark masses as shown in
Table I without fine-tuning, it is necessary to generate
hierarchies by values of the modular forms. Actually such
hierarchical values of the modular forms can be realized in
a vicinity of three modular fixed points, 7 = i, @ and ico.
This can be understood as follows. As an example let us
consider Z, symmetric point and quark doublets Q, up
sector quark singlets up, and up-type Higgs field H, with
the following Z, residual charges,

0: (1,n-1,0), ug: (1,0,0), H,: 0. (5

Then the entries of the up sector quark mass matrix, M f] ,
must have the following Z, residual charges to make
Lagrangian modular invariant,

n—-2 n—1 n-1

g 0 1 1. (6)
n-1 0 0

In the vicinity of Z, symmetric point, the modular forms
with Z, residual charge ¢, f(z), can be expanded by the
deviation from the symmetric point to the power of ¢ [81]:
(1) T~ f(r) ~ed, e =1
() t~w: f(1) ~el, e =12
(3) T~ico: f(7) ~e?, & = e >™/N (N is a level of the
finite modular group).
Thus the above up sector quark mass matrix can be

evaluated as

TABLE I. Quark mass ratios for observed values [82] and GUT
scale values with tanf =5 [84,85].

Mu 109 2ex 10 ;’;—leo‘* ;’;—ZXIOZ
Observed values 12.6 7.38 11.2 2.22
GUT scale values 5.39 2.80 9.21 1.82

M~ 1 e e |, (7)

in the vicinity of Z, symmetric point. Similarly, for the
down sector quark mass matrix as well as lepton mass
matrices, the modular forms take hierarchical values
depending on their residual charges and lead to hierarchical
mass matrices as close to the modular fixed points. In
Ref. [81], lepton flavor models without fine-tuning around
the vicinity of the modular fixed points was studied.

On the other hand, it is difficult to realize quark mass
hierarchies by the values of the modular forms in the
vicinity of 7 = i and w. To realize both up and down sector
quark mass hierarchies in Table I simultaneously, we may
need ¢ to the fifth power, when ¢ = O(0.1). Hence we need
five different residual charges. This requirement excludes
the vicinity of 7 = i and w since they correspond to Z, and
Z5 symmetries, respectively. In other words, such hierar-
chical masses can be realized in the vicinity of the cusp
7 = ioco with Zy charge for N > 6.

Let us discuss the candidates of the modular symmetry.
As mentioned above the level of the modular symmetry
must be lager than 5. Here we focus on the levels 6 and 7,
thatis, [y ~ S3 x A4 and I'; ~ PSL(2, Z,) as the candidates
of the modular symmetry. As the irreducible representa-
tions less than four dimension, I'; ~ PSL(2, Z;) has only
one singlet 1 and two triplets 3 and 3 [35]; this variety of
irreducible representations may not be enough to find the
models being able to realize both up and down sector quark
masses. In contrast, I'g & S5 x A4 has six singlets, 1), 19,
19, 13, 1}, and 1}, three doublets, 2y, 2;, and 2, and two
triplets, 3° and 3! [34]. They would be sufficient to find
realistic models. In the following, we consider the models
with T’ modular symmetry and realize quark flavors
without fine-tuning in the vicinity of 7 = ico.

III. THE MODELS WITH I'e MODULAR
SYMMETRY

Here we study the models with I'y modular symmetry
and realize the quark flavor structure without fine-tuning.
As we have mentioned in the previous section, we restrict
all couplings a”/ and A" to 41 in quark mass matrices to
avoid fine-tuning by them. We study the realization of the
orders of mass ratios and mixing angles. We use only the
modulus 7 (and the choices of +1 or —1 in @/ and /) as a
free parameter.

In I'¢ modular symmetry, & to the power up to 5 can
appear in mass matrices. Indeed six I'g singlets with six
different 7T-charges correspond to different powers of ¢ in
the vicinity of 7 = ico as shown in Table II.

To realize the quark flavor structure, let us consider the
following four types of mass matrices,

055014-3



KIKUCHI, KOBAYASHI, NASU, TAKADA, and UCHIDA

PHYS. REV. D 107, 055014 (2023)

& g3ath g
Typel: M, « | +&7teb £ fed
= Y |

e gImath b

Typell: M, < | £&31070 L3 L@
+e7b et 4]

85 82—a+b 817
Typelll: M, o | £&3te0 £ fe¢
L A= |

6’5 82—a+b gb
TypelV: M, « | £&t970 42 4@
+e370 L2 41

where £ corresponds any possible combinations of signs
and a,b € {0,1,2,3,4,5}. Note that it is always possible
to fix the signs of (1,1), (1,2), and (1,3) components to +1
by the basis transformation for right-handed quarks. We set
powers of € on diagonal components in up and down sector
quark mass matrices to (5,3,0) and (3,2,0) for type L, (5,3,0)
and (4,2,0) for type II, (5,2,0) and (3,2,0) for type III and

Typel: Q = (17043, 14042, 17),

Typell: Q = (171043, 14m002.17).

Typelll: Q = (14m042 1amod2

amod 3’

1),

TypeIV: © = (15 123083 1),

On the other hand, it is not always true that mass matrices in
four types are definitely realized by the above assignments.
It depends on weights of the Yukawa couplings. All of the
singlet modular forms of I'q with certain Z4 charges do not
exist for weights less than 14 as shown in Appendix B. For
instance, the modular forms of weight 12 belong to 1} do

TABLE II. T-charges of six I'¢ singlets and their orders in the
vicinity of 7 = ico.

Singlet 1 1 1 1 19 1!
T-charge 0 1 2 3 4 5
order 1 e & & e &

— 5—-bmod2 13—amod2
up = (137,03 1

_ 5—-bmod2 q3—amod?2
up = (1375 moa3 1

_ 5—bmod2 q2—amod?2
ug = (1375 moa3- 1

_ 5—bmod2 q2—amod?2
ug = (135 mea3- 1

&3 g2-a+b  gb
, My | £t L2 £e |, (8)
+e37b L2 £1
& g2-atb b
, Mg o | £ete7b 42 e |, 9)
+ett g2 41
&3 g2-atb b
. My | £e3T970 £e2 4@ |, (10)
+e370 20 4]
6‘4 52_a+b 8b
, My o | £ettet L2 Lo |, (11)
+ett L2 £]

(5,2,0), and (4,2,0) for type IV in order to realize their
hierarchical masses. Here, we use only six I'g singlets, 19,
19,19, 1}, 11, and 1}, as irreducible representations to make
our analysis simple. Note that again powers of € in mass
matrices are determined by Zg charges of entries of mass
matrices. Thus mass matrices of each type can be led by the
following assignments,

18)’ dR — (13—bmod2 12—amod2

0
3—amod3> 3—bmod3’ “2—amod3° 10)’

(12)

Tameas 1), dp = (1T30063, 1370003, 10), - (13)

ameds 10 dr = (B3 B 1), (14)
2—amod 3’ 18)’ dR - (13:2&183%’ 1%:2&1233’ 18) (15)

not exist. Yukawa couplings of the weights less than 14 can
lead to mass matrices with some zeros due to this shortage
of the modular forms on low weights. We study the case of
Yukawa couplings of the weight 14 in Sec. III A and one of
the weights less than 14 in Sec. III B.

A. Weight 14

First of all, we study the models with Yukawa couplings
of weight 14 to avoid zero textures in mass matrices of four
types. We choose 7 = 3.2i as a benchmark point of the

modulus. At weight 14, seven singlet modular forms, Y (14)

T
yI4 19 p4) 18 paa) g (14)

1; » 0 o 1 > 0o » 1 1:5 9
1 14 1, 1, 1 L

approximated by ¢ as

exist and they are
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o =11, YU =072 - 6,
0 0 2! 0
Yoo /v = 00208 - &,
1 0
14) , (14
V! /¥y = 000358 — &,
Yy 0D = 0.000435 — ¢,
2 0
YU /vhd — 0.0000746 — &,
1 0

14 14
Vi /Yy = 0.00000156 — ¢, (16)

at 7 = 3.2i. Note that Y S?i) ~ &' originates from Y;?) Y (1%‘;’) ~
2 0 2
e - ¢* while Y(ﬁ?) ~ ¢ originates from Y ;?) Yigo) ~e-l. €
2 2 0

for n > 5 can appear when the different modular forms of
the same irreducible representations exist. In what follows,
14
G

we ignore Y, because it belongs to the same representa-
2

. 14 14 14
tion as Y<1ii> and Y;;i) > Y;;i;.

1. Type I: (5,3,0) and (3,2,0)

The mass matrices of type I are given by

11y(14) 12y(14) 13y(14)
a Yll a Y13+a—bmod2 a Ylﬁ—bmodz
1 3+a—bmod3 6—bmod 3
21y(14) 22y,(14) 23y,(14)
MM — <HLl> (04 Yli—a+l7mod2 a Yll a Ylfs—umndZ 9
—a+bmod3 0 6—amod3
31y(14) 32y,(14) 33y,(14)
(24 Y1H~bm0d2 a Y13+amod2 a Y10
14+bmod3 3+amod3 0
(17)
11y(14) 12y,(14) 13y(14)
ﬁ Yll ﬂ Y14+a—bmud2 ﬁ Yl()—bmodz
0 4+a—bmod3 6—bmod 3
21y(14) 22y(14) 23y,(14)
Md — <Hd> ﬂ Y13—a+bmod2 ,B Ylo ﬁ Y16—umod2 B
3—a+bmod3 1 6—amod3

1y(14)
ﬂ3 Y13+hnmd2

3+bmod3

14 14
ﬂ32 Y§4+2x mod?2 ﬂ33 Y;g )

4+amod3

(18)

where o/ and BY are coupling constants which we
restrict to +1. The hierarchical mass matrices in Eq. (8)
can be obtained by choosing +1 or —1 appropriately in o/
and B. As a result, we find best-fit mass matrices at
T=3.2i,

(14) (14) (14)
LSTRIND STR 67
14 (14) (14) (14) 14
M/ E) = v vt Y )
(14) (14) +,(14)
-Y iy -r 1k Y 1

0.0000746 0.000435 0.00358
= 0.000435 0.00358 0.0208
-0.0208 —-0.172 1

et & |, (19)

(Y““) y4  y04)

5 1 5
14 14 14 14 14
Mo/ (v Ha)) = | V! v = | (Hy))
(14) (14) (14)
—Ylg Ylg —Ylg
0.00358 0.00358 0.00358
=1 0.0208 —0.0208 —0.0208
-1 1 -1
83 6‘3 63
~| & =&t =€ . (20)
-1 1 -1

These mass matrices correspond to a = 2, b = 3 and can
be realized by

0=(1512.17), ug=(12.11.17), dp=(15.13.15), (21)

and their mass matrices are written by,

11y(14) 12y(14) 13y,(14)
a Yli Ylg Y1})
14 14 14
M, = (H,) 21Y§2 ) ZZYi}) ) 23Y§? ) ’
31y(14) 32vy,(14) 33y(14)
Yo Vi Yo
ﬁllyill‘l) ﬁlzyill‘l) /313Y;]14)
0 0 0
14 14 14
M, = (H,) ﬁ21yig ) ﬂzzyi? ) ﬁBY;(l» ) ’ (22)
B! Yi‘l’4) B3 Y; }]4) B3 Yi })4)
0 0 0

with the following choices of +1 or —1 in coupling
constants,

055014-5
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al a'? ol 1 1 1 change values by some factors, although those effects
2 22 2| = 1 1 1 depend on the scenario. For example, renormalization
3 3 ’ group effects in the minimal supersymmetric scenario were
a ar o« -1 =11 studied in Refs. [84,85]. Table III also shows those values at
piopr pl 1 1 1 the GUT scale for tan# = 5 as reference values.
pLop2 o3| = 1 -1 =11l (23) As mentioned above, when we vary " and ", we can
obtain more realistic values. For example, we set
ﬁ31 ﬁ32 ﬂ33 -1 1 -1
They lead to the following quark mass ratios, al a'? ol 2.547 1.987 1.052
( )/ (211 x 10°5,7.07 x 103, 1) (24) ! o?* o | = 1.124 1.000 2.998 |,
9 Cco == . X b . X 9 K
M e T T A o o —2.511 —1.001 2.754
(mg, mg.my)/my, = (291 x 103,1.97 x 1072,1),  (25) pr pope 1.149  1.000  1.405
) pLpE R =1 2997 -2.999 -1.504 |. (27)
and the absolute values of the CKM matrix elements, B _2061 1664 —1.494

0973  0.231 0.000681
[Verm| = 0.231 0.973 0.0270 |. (26) Then, we obtain the following quark mass ratios,

0.00690 0.0261 1.00
(my.me,mg)/m; = (539 x 107°,2.80 x 1073,1),  (28)
Results are shown in Table III. Recall that our purpose is
to realize the order of quark mass rations and mixing angles
without fine-tuning. For this purpose, we have fixed the
coefficients, o/, "/ = +1 to make our point clear. We (Mg, my, my)/m, = (9.21 x 1074,1.82 x 107,1),  (29)
could obtain more realistic values when we vary
o', p7 = O(1). Also other models in this type could be  and the absolute values of the CKM matrix elements,
realistic when we vary @/, #/ = O(1). In addition, we have
a remark on normalization of modular forms. The nor-

malization of modular forms has ambiguity, but we expect 0.974 0.225  0.00353
naturally that such normalization would not lead to a large [Vekm| = | 0225 0974 0.0400 |. (30)
hierarchy. Our models may originate from compactification 0.00556 0.0398  0.999

of higher dimensional field theory or superstring theory. In
that case, values in our models appear in high energy scale
such as the GUT scale. Renormalization group effects  Results are shown in Table IV.

TABLE III. The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point 7 = 3.2i in the
best-fit model by Egs. (21) and (23) of type I with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values with
tan f = 5 [84,85] are shown.

m, 6 m, 3 m 4 my 2

X100 Rex100 Rxl0t R 10 Ve [Vehl Vi
Obtained values 21.1 7.07 29.1 1.97 0.231 0.0270 0.000681
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

TABLE IV. The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point 7 = 3.2i in the
best-fit model by Eqs. (21) and (27) of type [ with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values with
tan f = 5 [84,85] are shown.

my, 6 mg. 3 m, 4 mg 2 ‘

X100 G0 k10t 10 il Vel [V
Obtained values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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2. Type II: (5,3,0) and (4,2,0)
The mass matrices of type II are given by Eq. (17) and

ﬂlly(})‘*)

Md = <Hd> ﬂzl 12 u+bmod2

2—a+bmod3

31
ﬁ Y 7+bmodZ

2+h mod3

12
ﬂ Y14+a bmod2

4+a—bmod3

ﬂ22Y 0

13
ﬂ Yl(w bhmod2

6—bmod3

23
ﬂ Ylﬁ amod2

6—amod3

32
ﬁ Y 4+amod7

4+a mod 3

ﬁ33 Ylo
(31)

The hierarchical mass matrices in Eq. (9) can be obtained
by choosing +1 or —1 appropriately in @/ and /. As a

result, we find best-fit mass matrices at 7 = 3.21,
(14) (14) (14)
Yl} Ylg Yl}]
14 14 14 14 14
M) = | Ve Y - ot )
_y4 _y(4) _Yi‘l’4>
0
0.0000746 0.000435 0.00358
=1 0.000435 0.00358 —0.0208
—-0.0208 -0.172 -1
e & &
~| & & =€ |, (32)
—&? — —1
(14) (14) (14)
Ylg Ylg Yl(l)
14 14 14 14
Mo/ (v Ha) = | vt vt v ot )
(14) (14) (14)
Ylgi Ylg _Ylg

0.000435 0.00358 0.00358
—0.00358 0.0208 0.0208

0.172 1 -1

et &

—83 82

1

&3

82

-1

(33)

&€

These mass matrices correspond to @ = 2, b = 3 and can
be realized by

TABLE V. The mass ratios of the quarks and the absolute values of

0=(1513.17), ug=(1311.17), dp=(11.13.15), (34)
and their mass matrices are written by,
all Yi?) alzyi(lf) 13Y%4)
M, = (H,) O’ZIYi‘l;) 22Yi:1,4) a23Y§‘1’4) ’
el Y%‘*) 32Yi];> 33 Y%‘l)
ﬁllyi};) ﬁlzygi‘*) ﬁBYS?)
M, = (H,) ﬁ“Yi‘;‘) ﬁ22Y;.}4> B> Y;;.4> : (35)
B Y; 1;1) B2 Y;(I)‘*) B3 Y;})‘*)

with the following choices of +1 or —1 in coupling
constants,

adl a2 ol 1 1 1

2 a2 2| = 1 1 -1,

B 32 o -1 -1 =1

/}11 ﬂ12 ﬂ13 1 1 1

ﬁZl [}22 [}23 — -1 1 1 (36)

,B31 ﬂ32 ﬂ33 1 1 =1
They lead to the following quark mass ratios,
(my,me,m,)/m, = (2.14 x 107,7.00 x 1073, 1),  (37)
(mg,mg,mp)/my, = (7.16 x 1074,2.11 x 1072,1),  (38)

and the absolute values of the CKM matrix elements,

0982  0.190 0.00309
Vexml = | 0190  0.982  0.0200 (39)
0.00683 0.0191  1.00

Results are shown in Table V.

the CKM matrix elements at the benchmark point 7 = 3.2/ in the

best-fit model by Eqgs. (34) and (36) of type II with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values

with tan f = 5 [84,85] are shown.

2 % 102

my 6 m, 3 m, 4 .

m % 10 m, % 10 m_»l x 10 m, |V |VCKM ‘VCKM
Obtained values 214 7.00 7.16 2.11 0.190 0.0200 0.00309
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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3. Type I1II: (5,2,0) and (3,2,0)
The mass matrices of type III are given by Eq. (18) and

14 14 14
all Yil ) a12Y§4+1)1—bm0d2 0!13Y§6_2modz
1 4+a—bmod3 6—bmod3
21y(14) 22 y(14) 23y/(14)
M, = <Hu> a Yll—a+bmod2 a Ylu a Ylﬁ—amodz
1-a+bmod3 1 6—amod3
31y(14) 32y/(14) 33y(14)
a Y11+bmod2 a Y14+umod2 a Ylo
1+bmod3 4+amod3 0

(40)

The hierarchical mass matrices in Eq. (10) can be obtained
by choosing +1 or —1 appropriately in @/ and /. As a
result, we find best-fit mass matrices at = = 3.2i,

Yg‘i“) Yi?) Y%“)
14 (14) (14) (14) 14
M,/ (H)) = [ Y v v | ()
(14) (14) (14)
Yl(l) Y18 —Ylg

0.0000746 0.00358 0.00358

= | 0.000435 —0.0208 —0.0208
0.0208 1 ~1
65 {:‘3 83
~| & =& =& |, (41)
e 1 -1
(14) (14) (14)
VATRAD SR 4%
10 10 10
14 14 14 14 14
M/ (Y (H) = | v v v )
(14) (14) (14)
V' =Y Yy

0.00358 0.00358 0.00358

= 0.0208 0.0208 -0.0208
1 -1 1
e & &
~| e & —€|. (42)
-1 1

TABLE VI

These mass matrices correspond to a =2, b = 3 and can
be realized by

0=(13,19.19), ur=(13.10.1)), dr=(13,1.19), (43)

and their mass matrices are written by,

anyi?) 012Y5(11J4> a13Y51‘1)4)
(14) (14) (14)
Mu <Hu> 21 Ylg 22 Yl‘l] 23 Yl‘l) ,
31Y;(1)4> 32Y;(1)4> 33Y;‘1,4>
1 0 0
ﬁllyi114) ﬁ12Y;114) ﬁ13Y5114)
0 0 0
M, = (H,) ﬂzlyi(ll)‘l) ﬁzzY;;)4) ﬁ23Y;:1,4) ’ (44)
14 14 14
ﬂ3lyig ) ﬂ3zyig ) ﬂ33yig )

with the following choices of +1 or —1 in coupling
constants,

11 12 a13 1 1 1
21 22 a23 — 1 =1 =1 ,
e SR SRl o 1 1 -1
ﬂl 1 ﬂ12 ﬁ13 1 1 1
,BZI ﬂ22 ﬁ23 =11 1 =11. (45)
ﬂ3l ﬂ32 ﬁ33 1 =1 1

They lead to the following quark mass ratios,
(my,me,m;)/m, = (1.04 x 1074,2.12 x 1072, 1),  (46)
(mg,mg,mp)/my, = (291 x 1073,1.97 x 1072,1),  (47)
and the absolute values of the CKM matrix elements,

0967 0255  0.00000171
0255 0967  0.00706 |[. (48)
0.00180 0.00682 1.00

|VCKM| =

Results are shown in Table VI.

The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point 7 = 3.2i in the

best-fit model by Eqgs. (43) and (45) of type III with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values

with tan f = 5 [84,85] are shown.

m, 6 m, 3 m 4 my 2

m, X 10 m, X 10 m, X 10 m, * 10 |Vekn Veku Vékm
Obtained values 104 21.2 29. 1 1.97 0.255 0.00706 0.00000171
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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4. Type 1V: (5,2,0) and (4,2,0)

The mass matrices of type IV are given by Egs. (40) and
(31). The hierarchical mass matrices in Eq. (11) can be
obtained by choosing +1 or —1 appropriately in a’/ and /.
As a result, we find best-fit mass matrices at 7 = 3.2i,

y4  pa  p0e

1! 1! 10
1 0 0
14 (14) 14 14 14
M) = | v vt v o)
(14) (14) (14)
Yli —Ylé —Ylg
0.0000746 0.00358 1
= 0.000435 0.0208 0.0000746
0.0000746 —0.00358 -1
e & 1
~| et 2 e |, (49)
e - -1
(14) (14) (14)
Y]g Y15 Y18
14 14 14 4
Mo/ (v H) = | V! vt vy ot )
(14) (14) (14)
Ylg Y1(1, —Ylg
0.000435 0.00358 1
=] 0.00358 —0.0208 —0.0000746
0.000435 0.00358 -1
et & 1
~| & - -& |. (50)
e & -1

These mass matrices correspond to @ =5, b = 0 and can
be realized by

0=(10.13,13), ur=(13.13.13), dr=(1%,13.19). (51)

and their mass matrices are written by,

TABLE VIL

(14)

14 14
a”Y;}> aleil> alsylg

22! Y(14)

Bl Y(14) ﬂ12yi:1]4) ﬂ13 Y%‘*)

B! Y(14) iz Yi‘lf) iz Y;I}4)

ﬁ31Y(14) ﬁ32Y§(11]4) ﬁ33Y;§4)

with the following choices of +1 or —1 in coupling
constants,

all a2 ob3 1 1 1

' a? B =1 1 1],

Al 9P 1 -1 -1

ﬂll ﬂ12 ﬁ13 1 1 1

ﬂ2' ﬂ22 ﬁ23 =11 -1 -11]. (53)
ﬂSI ﬂ32 ﬁ33 1 1 -1

They lead to the following quark mass ratios,
(my,me,m,)/m; = (7.46 x 107,1.47 x 1072, 1), (54)
(mg,mg,mp,)/my, = (1.01 x 1073,1.54 x 1072, 1),  (55)
and the absolute values of the CKM matrix elements,

0.974 0.226  0.0000000194
0.226 0.974 0.000158
0.0000358 0.000154 1.00

|Vekm| = . (56)

Results are shown in Table VII.

B. Weights less than 14

Next we study the models with Yukawa couplings of
weights less than 14. In this case, some of entries in mass

The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point 7 = 3.2i in the

best-fit model by Egs. (51) and (53) of type IV with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values

with tan f = 5 [84,85] are shown.

n, 6 nme 3 m 4 my 2 us c u

m, 10 m, % 10 TZ x 10 m, 10 [VEkm [Vém [Vm
Obtained values 74.6 14.7 10.1 1.54 0.226 0.000158 1.94 x 1078
Observed values 12.6 7.38 11.2 222 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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matrices vanish because there do not exist modular forms of
proper weights and representations.

1. Weights 8 and 10

As an example, let us consider the case that Yukawa
couplings for the up sector have the weight 8 and ones for
the down sector have the weight 10. We choose 7 = 3.7 as

a benchmark point of the modulus. At weight 8, four singlet
modular forms, Y gﬁ), Yﬁ), Y ;ﬁ) and Y ;?, exist and they are
0 2 1 2

approximated by ¢ as

y®r®—151, vy = 00719,
0 0 2 0
8 8 8 8
Yﬁg)/ Y ig) —0.00732 = ¢2, Yig) /Y§8> —0.0000535 — ¢*,
(57)

(10)
1

att = 3.7i. At weight 10, five singlet modular forms, Y

yo yllo 'y i110) and ¥'1% exist and they are approximated
0

1 > (U 1 >
12 11 11

by € as

YO 1 s YOy Z 0102 e,
0 0 B :
10 10

vl v = 000732 - &,

YU/ veY = 0.000744 — &,
0 0

10 10
v /¥y = 000000544 — €, (58)

at 7 = 3.7i. As aresult, we find the following best-fit mass
matrices of type III,

0 0 vy
M E) = | v vy vy )
(S S
0 0 000732
— | 0.0000535 0.00732 —0.0719
0 0.0719 -1
0 0 &
~ et &2 —e |, (59)
0 e -1

(10) (10) (10)
Yl(,) Yl(l) Yl.;
10 10 10 10 10
Mo/ (V" (H) = | =1 =y v )
(10) (10) (10)
YI; —YI; Ylg

0.000744 0.000744 0.00732
= —0.00732 -0.00732 0.102

0.102 —0.102 1
e & &

~| =2 =& e |. (60)
e —€

These mass matrices correspond to @ = 1, b = 2 and can
be realized by

0=(19.1119), up=(131110), dp=(11,1119), (61)

and their mass matrices,

0 0 ary
M, = (H,) QZIYS) azzyg) aZBYS) ’
0 a2 Y(le) o3 Y;E(E)
ﬁllyijl]o) ﬂlZY%O) /313Y£:1,0)
M, = (H,) ﬁZIY%O) ﬁzng}l,O) ﬁBY%O) ’ (62)
B Yi 10) B2 Y; 10) JiEE YSO)

with the following choices of +1 or —1 in coupling
constants,

_ - ol - — 1

@ B l=11 1 1],

- a2 o - -1 -1

/)711 [)»12 ﬁ13 1 1 1

U s =] -1 -1 1. (63)
/}31 ﬂ32 [}33 1 -1 1

They lead to the following up quark and down quark mass
ratios,

(my,me,m,)/m, = (127 x 107,2.18 x 1073, 1),  (64)

(mg,mg,mp)/my, = (1.44 x 1073, 1.74 x 1072,1),  (65)
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TABLE VIIL

The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point z = 3.7i in the

best-fit model by Eqs. (61) and (63) of type III with up sector Yukawa couplings of weight 8 and down sector Yukawa couplings of
weight 10. Observed values Ref. [82] and GUT scale values with tan f = 5 [84,85] are shown.

X 106 ex 10° e 10t mex 107 |V Vb, V&
Obtained values 12.7 2.18 14.4 1.74 0.227 0.0300 0.00741
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
and the absolute values of the CKM matrix elements, 0 0 Y(s)
1
8 8 8
M) = | vy vy v )
0974  0.227 0.00741 0 y® y®
Verml = | 0227 0973 0.0300 (66) L i
0.0140 0.0276 1.00 0 0 0.00732
= | 0.0000535 0.00732 -0.0719
0 0.0719 -1
Results are shown in Table VIIIL. 0 0 &2
~ et &2 —e ], (68)
2. Weights 8 and 12 e —1
Next, let us consider the case that Yukawa couplings for (12) 12) o(12)
the up sector have the weight 8 and ones for the down sector Y 1 Yl(l) ch;
have the weight 12. The benchmark point of the modulus is (12) (12) (12) o(12) (12)
= -Y -Y Y
7 = 3.7i. Four singlet modular forms of weight 8, Y ;?,) Ma/ (Ylgi (Ha)) 1 1 1 / (Ylgi {Ha))
()
(12) (12) (12)
Y(l?, Y(I?,), and Yffz,) at 7 = 3.7i are given by Eq. (57). At Y1; _Y1; Y1gi
weight 12, six singlet modular forms, ¥',”, Y|\, v{,?, 0.000744 0.000744 0.0103
0 2 1
Y (112>, Yﬂ,z), and Yg(l)?i), exist and they are approximated =| —0.0103 -0.0103 0.102
b ! : 0 0.102  —0.102 1
y € as
PR B )
~| - —& ¢ (69)
e —¢e 1

Yl /Y =11 ¥y =0102 - e,
o ot ! o;
12 12
Yl Y = 00103 - &,
Y07 7YY = 0.000744 — &,
0 ol

Vi /¥y = 0.0000757 — e,

12 12
Y;gh) /Yggl) = 0.000000554 — °, )
at 7 = 3.7i. Note that Y%fi) ~ % originates from Y;E) Y(l? N

& - e while Y 5},2) ~ 1 originates from Y;? Y gﬁ) ~1-1.In
o 0 o

what follows, we ignore Y%.) because it belongs to the
0

same representation as Y ;1.,? and Yﬁ.f) > Y;loi) As a result,
0 0 0

we find the following best-fit mass matrices of type III,

These mass matrices correspond to @ = 1, b = 2 and can
be realized by

0=1310.17), up=(1511.15), dp=(1.13.15), (70)

and their mass matrices,

0 0 al3y;§1,>
M, = (H,) 021Yi80) azngg.,) a23yi§) ,
2 1 2
0 aﬂyg? a33Y5§)
11y(12) 12y(12) 13y(12)
ﬂ Yl(l] ﬁ Yl(l] ﬁ Ylll)
M, = (H,) ﬁZ]Yi(IIJZ) ﬂZZY;(IIJZ) ﬁ23 Y;I;) ’ (71)
12 12 12
’HMY% ) '3321/;é ) ﬁ33yigi)
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TABLE IX. The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point 7 = 3.7/ in the
best-fit model by Eqs. (70) and (72) of type III with up sector Yukawa couplings of weight 8 and down sector Yukawa couplings of
weight 12. Observed values Ref. [82] and GUT scale values with tanf = 5 [84,85] are shown.

m, 6 me 3 m, 4 my 2 s . "

m, % 10 m x 10 m, % 10 m, % 10 [Vikm [Vekm VEkm
Obtained values 12.7 2.18 17.6 2.02 0.227 0.0308 0.0103
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

with the following choices of +1 or —1 in coupling
constants,

a a? ab 1 1 1

' ad? B =1 1 11,

al a? o 1 -1 -1

ﬁll ﬂ12 ﬁ13 1 1 1

ﬁ21 ﬁ22 ﬁ23 — -1 -1 1 (72)
ﬁ31 ﬁ32 ﬁ33 1 -1 1

They lead to the following up quark and down quark mass
ratios,

(my,me,m,)/m, = (1.27 x 1072,2.18 x 1073, 1),  (73)

(mg,mg,mp)/my, = (1.76 x 1073,2.02 x 1072,1),  (74)

and the absolute values of the CKM matrix elements,

0974  0.227 0.0103
0226  0.974 0.0308
0.0170 0.0276  0.999

(75)

|VCKM| =

Results are shown in Table IX.

Thus it is also possible to realize a realistic quark flavor
structure in the models with Yukawa couplings of weights
less than 14 despite some zeros in mass matrices. Here we
studied two cases that Yukawa couplings for the up sector
have weight 8 and ones for the down sector have weights 10
or 12 but other cases may be available for realization of the
quark flavor structure.

C. Comment on the origin of I's modular symmetry

Here we comment on a plausible origin of I'¢ modular
symmetry of the theories. For example, some modular
forms are derived from the torus compactification 77 x
T3 x T} of the low-energy effective theory of the super-
string theory with magnetic flux background [7-12].
The group 'y may originate from one of 77, while the
others sz- lead to a trivial symmetry. Alternatively, since
I~ 83 x Ay ~T', xI'3, it may be expected that ', ~ S5
originates from one torus T% and I'; ~ A, originates from

another torus 73 with the moduli stabilization 7, = 7, = 7.
Then T3 contributes to the group symmetry trivially.

IV. CONCLUSION

We have discussed the possibility to describe mass
hierarchies of both up and down sector quarks as well
as mixing angles without fine-tuning. Describing the quark
flavor structure requires Z,, residual symmetry with n > 6.
We have studied the modular symmetric quark flavor
models of I'q ~ S3 x A4 in the vicinity of the cusp 7 =
ioco where Zg residual symmetry remains. Then the values
of the modular forms become hierarchical as close to the
cusp depending on their Zg residual charges.

In order to obtain viable models, we consider four types
of quark mass matrices; the diagonal components in up and
down sector quark mass matrices are written by e with the
powers of (5,3,0) and (3,2,0) respectively for type I, (5,3,0)
and (4,2,0) for type II, (5,2,0) and (3,2,0) for type III, and
(5,2,0) and (4,2,0) for type IV. The powers of nondiagonal
components in up and down sector quark mass matrices
have been treated as model depending values. When we
assign the irreducible representations into quarks and Higgs
fields, powers of & in mass matrix components are
determined by residual charges of mass matrix compo-
nents. For simplicity, we have used only six singlets 1), 19,
19, 1}, 1}, and 1} as the irreducible representations of I'. In
addition, we have restricted the values of the coupling
constants to +1 to avoid fine-tuning by them.

First, we have investigated the case that up and down
sector Yukawa couplings have weight 14. In such cases,
mass matrices have no zeros, that is, all of their components
are written in terms of the modular forms for I'g of weight
14. Consequently, we have obtained viable models at 7 =
3.2i for each type without fine-tuning.

Second, we have shown the viable model in the case that
Yukawa couplings of the up sector have weight 8 and ones
of the down sector have weight 10 as well as weight 12. In
this case some components of mass matrices can become
zero because there do not exist modular forms of proper
weights and representations. As a result, we have obtained
the viable model at © = 3.7i despite three zeros in the up
quark mass matrix, Eq. (59).

Thus, the modular symmetric quark flavor models based
on g in the vicinity of the cusp 7 = ico lead to successful
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quark mass matrices without fine-tuning. As we have
commented in the end of previous section, ['g ~ S35 X A4 ~
I, xI'; may originate from the torus compactification
T2 x T3 x T3 of the low-energy effective theory of super-
string theory. Motivated this point, the modular flavor
models based on the direct product of finite modular
groups, [y, x 'y, x 'y, may be interesting. Also we
can extend our analysis to the lepton sector. We will study
them in the near future.

In our models, the important parameter is the modulus 7.
It must be stabilized such that the proper mass hierarchies
are realized. We would study such modulus stabilization
elsewhere.”
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APPENDIX A: TENSOR PRODUCT
OF I's GROUP

Here, we give a review on group theoretical aspects of
I's. The generators of I are denoted by S and 7', and they
satisfy the following algebraic relations:

§? = (ST)? = T® = ST?>ST3ST*ST®> = 1.  (Al)
In T’y group, there are 12 irreducible representations,
six singlets 19, 19, 19, 13, 1}, and 11, three doublets 2,
2,, and 2,, two triplets 3° and 3! and one six-dimensional
representation 6. Each irreducible representation is

given by
1: S=(-1), T = (—l)’a)k, (A2)
1/ -1 3 1 0
% s:_( f), T:wk( ) (A3)
2\V3 1 0 -1
3¥: (-1)as, (=1)"bs, (A4)
- 3 b 0
6:1< a3 \/_as>, T:<3 >’ (AS)
2 \/§a3 a; 0 -—b;
where r =0,1, k=0,1,2 and
. -1 2 2 10 0
a3:§ 2 -1 2 5 b3: 0w O (A6)
2 2 -1 00 o

*See for modulus stabilization in modular flavor symmetric
models Refs. [86-90].

In this basis, the Kronecker products between irreducible
representations are

reu=1, 182=2,
¥ =3 1'®6=6, (A7)
2®2=1e1,®2, 203¥=6,
286=3"03" a6, (A8)
¥e¥=1l,olleol,e3 o3,
IR®6=2D2,D2, D66, (A9)

66=110 110111 B2 D2, B2,
030303030606, (A10)
where i, j=0,1,2, r, s=0,1, m =i+ j(mod 3), and

t = r + s(mod 2). In the following, we show the Clebsch-
Gordon (CG) coefficients of these products.

1
(al)lf ® <£2)2j N 0«'1P£<:§l>2mv

P P
(0‘1)1; ® | b2 = alPé P> )
P/ 3 P/ x
P b
P P
(1) ® P = a, Py (r, 1) P ;
4 P
Ps Ps
Ps/ 6 Ps/ 6

1
(0), 2 (), =gt o

1
%(alﬂZ - azﬂl)l,l,,

EBL( afy — af > 7
2m

®

\/E —a1f — mp

a1 p

a1 ps
o b ~ | @b
( > ® | b | =Ps(ri) ,
2 af)
b/ ¥

p

P/ g
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B i — axp,
p apr — af
2 . aify + axpy : a1 fs — mpy . v
<a,> ® B3 B s+ ap ®P3 a1fis — arf GBM a1 p3 — axf
A /2, n \/§ . . \/E s . \/§ —a;fs — wp ’
af3 + afs ) 3 afs —af3 )z
Ps —a1fs — mp
Ps/ 6 —a1fs —mps/ ¢
“ hi 1 1 1
o | ®h| = e (a1f1 + aofps + azfr) . @ e (@12 + afi + azf3)u @ e (@13 + oy + sy
a3 3 ﬁ3 3
201 — axff3 — azfr —af3 + a3 f
@ % —a1fy — mf + 2033 @ E —a1fy + mp ,
—a1f3 + 2mp, — a3 3 a1 f3 — azfy 3
B
u B
1
P | P5(afr+afs+asp P} (a1 + axffy + a3fs P (13 + iy + a3p
[2%) ® = — b —= <
Pa V3 \aifs + afs + asfs 2, V3 \aifs + afs + azfs 2, V3 \aifs + afs + aspy 2,
as J 3 Bs
Ps/ 6
a1 fy — azf af3 — azf
—f) + azf; aifp, — ap
Pg(r,0) | —a1f3 + axp; Pg(r,0) | —a1f3 + azf
(&) S —F—— ,
\/i a1 fy — azfs \/5 afs — azfis
—fs + a3fs afs — afy
—a 1P + ®fs/ g —a1fs + P/ ¢

5 ﬁ (1) + aafps + a3y + aufs + asfe + aﬁﬂ5)1g
ay 1

@ 5, ® ﬁ (o1 fpr + oy + a3z + aufs + asfs + 0‘6ﬁ6)1(;
o B @ Tz (a1f3 + oy + 3Py + aufis + asPs + agfa)y
Qy ® B| @ \/Lg (14 + @i + azfs — aufp — asPy — aghs)y
s Ps @ \/Lg (o1 fs + axfpy + a3fo — aufr — aspy — a6ﬁ3)1}
%7 Ps/ ® \/Lg (o1 f6 + axfps + a3fa — aufs — aspr — a6ﬁ1)1;

( a1y + afs + a3fr — ayfy — asPs — agPs >
—(a1fs + s + a3fs + Py + asPs + agh) / o,

1 ( a1y + s + a3fz — ayfis — asPs — agPs )
—(a1fs + afy + a3fs + APy + asP + aghs) / o,

( ai1fp3 + axfy + a3fy — ayfs — asPs — agPs )
—(1Bs + afs + azfs + aufs + asPy + asPi) / ,
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2001 — axfp3 — a3fy + 2044 — asPs — agPs

f3 — azfy + asPs — agfs

7] 23 20303 — a1y — mP + 20a6P6 — aufis — aspPy 7] 3 a1 fr — axffy + ayfis — aspy
200, — a1ff3 — aafy + 2a5P5 — aufis — agPs ) 3 —a1f3 + a3y — P + agfs ) 3
! fs — azfis — asPz + agfh 20004 — axffs — a3fis — 2a4) + asfz + agf
© 3 a1fs — axfs — aufr + asp S ﬁ —a1fs — wfs + 20306 + aufr + aspy — 2a¢f3
—a1fs + afs +asfs —aghi ) n —a1fs + 205 — a3fs + aufs — 2a5p5 + agfi ) »
2011 — aafp3 — a3fy — 2044 + asPs + agPs o f3 — azfy — asPs + agPs
—ai1fr — mf + 20363 + aufs + asfy — 2a6fs a1fr — afy — aufs + asp,
@ 1 —a1f33 + 200, — a3fy + aufis — 2asP5 + agfs @ 1 —a1 3 + azf + aufls — agPa
2V3 | “2a1B4 + mPs + azfs — 24y + asPs + aghs 2| —ofs + azfs — asPs + agp,
afs + arfy — 20306 + aufpy + asp — 2063 —a1fis + Py — asPr + aspP
a1fe — 20205 + asfy + aufps — 2056, +asPy /g a1 fs — a3fs + Pz —asfy /g
|
Here we have used the notations, where
0 0 1 3 3 3 3)
0 1 vi(p) =3 TG0, B4
P2—<_1 0), P3: 1 0 0], l(T) ’1(,[) + 7](1) ’ ( )
01 0 3( )
. n’ (37
0 1:3\7 /Py 03\ Y =3v2 , B5
Pé(r,i):< } 3) ( . 3). (A11) 2(1) =32 () (B3)
-13 03 0; P
3
Further details can be found in Ref. [34]. Y5(r) = 3\/5’7 (67) 7 (B6)
n(27)
APPENDIX B: MODULAR FORMS OF I'
Here we give a review on the modular forms of I'g. The an n(27) n(2z)
modular forms of level 6 of even weights can be constructed
from the products of the Dedekind eta function [34], 3(6 3(3¢/2
P [ ] YS(T):\/EW(T)—\/gn(T/)y <B8)
% _ n(27) n(z/2)
1@ =g [[0-q).  q=e"  (B1) . . .
n=l B n’(6r) 1 n’(z/6) 1 n’(27/3)
Yo(r) = -V3 N T R T A
Using 5, four linearly independent modular forms of weight 2 n(27) V3 a(e/2) V3 n(2e)
be written d 3(37/2
can be written down as 3l (3z/ ) (B9)
—Y2 ’l(T/2>
1
Y (3%) () = | V2v,Y, |. Yﬁ) (7) = Y3Yg — Y4Ys, Then we can construct the modular forms of weight 4 by the
y2 CG coefficients shown in Appendix A as
2
Y, Y,-Y,Y
Oy = L ( e 3), B2) Y@=V, YW@=y
0 \/j Y] Y6 - Y2 Y5 0 0 1 2 2 1
@y _ v@y(2)
Y\Y,+ Y7, Y3, () = (Yzo Y3, )20» (B10)
V2Y,Y, 4 2) (2 4 2) (2
v = vy . YY) = (v,
Y(Z)( ) 1 _\/EYI Y; (B3) ? -
T) =— ,
6 V2 | Y Y6+ Y,Ys Y (o) = (Yﬁ) Y;%))sl, (B11)
V2Y, Y
4 2) (2 4 2) (2
VA, Ys YQ@=dvd) . Yo =rd). (B12)
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TABLE X. The modular forms of level 6 of even weights up to 6. TABLE XI. The singlet modular forms of level 6 of weights 8§,
10, 12, and 14.

Modular form Y, Sk”

Modular form Y, ﬁkY)

_ @ v O @)
ky =2 el YR YR Y - o e
ky =4 v Y o Yol v v v vl A D

© 56 L6 6 w6 o) y6) e e  ky=10 YOO v (Y, yo (o y (o
v — 6 Y18 ’ Ylb Y Vo Yol Yo Yoo Yoo Yy ( )10 ( )11 ( )10 ( )11 ( )12 12)
Yy — _ 12 12 12 12 12 12

Yg), Yé?}, Yéfft ky =12 Ylgi ’ Ylgii’ Y1‘; ’ Ylg ’ Ylg, ’ Yl;
ky = 14 pU9 P4 p(4) P04 p(14) p(14) 014)

[ 0 0 1 > 1 1; » 157
1 17 1; 1y 1 1Li L

Note that Yé?) and Y, git.) stand for two linearly independent six-

dimensional modular forms of weight 4. We use the same

10 4) (6 10 4) (6
convention for other modular forms. Similarly, we construct Yi; )= (Y;g) Yi‘l))) o Y;; = (Y53>Y<1;) o (B19)
the modular forms of weight 6 as ! :
Yi? (r) = (Y<22) Yg“)) . Y90 = @@y | The singlet modular forms of weight 12 are given by
0 UG 1, L 1
(6) 2)y4)
V(o) = (YY) . (BI3)  L(12) _ (4(6) () (12) _ (6 p(©)
L Lok %:mﬁm,qu%%w
©)y _ (y@y® ©)\ _ (v y@) (12) _ (y(6)y,(6)
Y2 () = (Yzo Ylg )20’ Yy (7)) = (Yzo Y1‘1’ )21’ Yl‘l’ = (YI; Yli )1?’ (B20)
6 2) 1, (4
Vi @) = (rvy), (B14)
(12) (6)y,(6) (12) (6)y,(6)
6 2) (4 6 2) (4 Y (YY) . Yo=Y ) s
Y@ = (Vg v) o Yau(e) = (rgvy) 1 15 5 Rt
(12) (6)y,(6)
v = (v, B15) Y = ¥y, (B21)
©) .\ _ (y2@y@ ©) .y _ (y@y@
Yo' (7) = (Yzo Y31 )67 Ygi (7) = (Yg Y1g )6’ The singlet modular forms of weight 14 are given by
6 2) (4
V() = (Y@ v3),. (B16)
vl = (vl o v = ridr)
In Table X we summarize the modular forms of level 6 of 0 o ol 1 o 1l
even weights up to 6. YOy = (r'9y®) (B22)
Also we construct the singlet modular forms of weights 1 Loy
8, 10, 12, and 14 which we have used in our analysis. First,
the singlet modular forms of weight 8 are given by
(14) (6)y,(8) (14) (6)y,(8)
YO Z Oy @)y ey o~ Uy, = ),
L L 1 1 1 L5 1 (14) 6)+/(8)
Y., =Y,,/Y,) , (B23)
(®) _ (y@) @) ®) _ (y@y4) 1 L
The singlet modular forms of weight 10 are given by
Vi = (V¥ . (B24)
(10) _ (y(4)y(6) (10) _ (y(4)y(6) z 02
g =gy, Yy = MgV, 2
v = vy | (B18)  In Table XI we summarize the singlet modular forms of
b bt level 6 of weights 8, 10, 12, and 14.
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