
Quark hierarchical structures in modular symmetric flavor models at level 6

Shota Kikuchi, Tatsuo Kobayashi, Kaito Nasu, Shohei Takada, and Hikaru Uchida
Department of Physics, Hokkaido University, Sapporo 060-0810, Japan

(Received 17 January 2023; accepted 22 February 2023; published 13 March 2023)

We study modular symmetric quark flavor models without fine-tuning. Mass matrices are written in
terms of modular forms, and modular forms in the vicinity of the modular fixed points become hierarchical
depending on their residual charges. Thus modular symmetric flavor models in the vicinity of the modular
fixed points have a possibility to describe mass hierarchies without fine-tuning. Since describing quark
hierarchies without fine-tuning requires Zn residual symmetry with n ≥ 6, we focus on Γ6 modular
symmetry in the vicinity of the cusp τ ¼ i∞ where Z6 residual symmetry remains. We use only modular
forms belonging to singlet representations of Γ6 to make our analysis simple. Consequently, viable quark
flavor models are obtained without fine-tuning.
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I. INTRODUCTION

The origin of quark and lepton flavor structures such as
hierarchical masses and mixing angles is one of challenging
issues in particle physics. Indeed, many works were done in
order to solve the problem. Among such works, modular
symmetric flavor models are interesting. In these flavor
models, the quark and lepton mass matrices are written in
terms of modular forms, which are holomorphic functions
of the modulus τ [1].1 It is well known that the finite
modular groups ΓN for N ¼ 2; 3; 4; 5 are isomorphic to the
non-Abelian finite groups S3, A4, S4, and A5, respec-
tively [18]. This is interesting since the non-Abelian finite
groups are long familiar in flavor models for quarks and
leptons [19–29]. Inspired by this point, the modular
symmetric lepton flavor models have been proposed in
Γ2≃S3 [30], Γ3≃A4 [1], Γ4 ≃ S4 [31], and Γ5 ≃ A5 [32,33].
In addition, modular symmetries at levels 6 [34] and 7 [35]
were studied. Furthermore, modular forms of other groups
were also studied [8,36–39].
Using these various modular forms, the mass ratios and

flavor mixing of quarks and leptons have been discussed
successfully in these years. Phenomenological studies have
been developed in many works and interesting results have
been obtained [40–79]. However, one needs to fine-tune
coefficients of modular forms in Yukawa couplings in order

to describe the hierarchical structure of fermion masses, in
particular quark mass hierarchies.
Describing the lepton flavors without fine-tuning on

modular invariant models was proposed in Refs. [80,81].
Authors focusedon thevicinity of threemodular fixedpoints,
τ ¼ i, ωð¼e2πi=3Þ and i∞ where residual symmetries
remain [43]. The values of modular forms become hierar-
chical as close to these modular fixed points due to
approximate residual symmetries. Then, the hierarchy
among values of themodular forms is determined by charges
of residual symmetries at the modular fixed points. For
instance the modular forms of Γ4 ≃ S4 with Z4 (T-trans-
formation) charges 0, 1, 2 and 3 can take the sizes 1, ε, ε2 and
ε3, respectively in the vicinity of τ ¼ i∞, where ε expresses
the deviation from the modular fixed points. Indeed viable
leptonmodels on the double covering groups ofΓN ,Γ0

3 ≃ A0
4,

Γ0
4 ≃ S04, and Γ5 ≃ A0

5, were studied in Ref. [81]. This is one
successful way to generate hierarchical structures without
fine-tuning. Nevertheless the realization of the quark flavor
structure is not straightforward. Experiments show mass
hierarchies of up sector quarks as mu=mt ∼ 10−5 and
mc=mt ∼ 10−2 − 10−3 and ones of down sector quarks as
md=mb ∼ 10−3 and ms=mb ∼ 10−2 [82]. Suppose that
ε ¼ Oð0.1Þ. Then, we could explain thesemass ratios except
mu=mt ∼ 10−5. However, ε5 does not appear in the frame-
work of the finite modular group of level N less than 6 since
the present residual symmetries Z2, Z3, and ZN at τ ¼ i, ω
and i∞ do not possess the charge larger than 4. Thus
describing the quark flavor structure without fine-tuning
requires the way generating hierarchical mass ratios includ-
ing ε5 ¼ Oð10−5Þ.
One way is to relax the quark mass eigenvalues by tuning

the values of coupling constants in Yukawa couplings. In
Ref. [83], the quark flavor model with A4 modular
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1The modular flavor symmetry was also studied from the top-
down approach such as string theory [2–17].
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symmetry was studied and succeeded to generate both up
and down sector quark mass hierarchies by adjusting one
coupling constant ratio denoted by gu=gd to Oð10Þ. As a
result, quark mass hierarchies originate from following two
origins,

(i) The vacuum expectation value (VEV) of the modu-
lus τ (the deviation from the modular fixed points).

(ii) The coupling constants in Yukawa couplings.
Another way is to introduce the finite modular symmetry

including Zn residual symmetry with n ≥ 6. In such
models, the modular forms in the vicinity of the symmetric
points can take the sizes 1; ε; � � � ; εn−1 depending on their
residual charges. Hence, it may be possible to generate
mass hierarchies in both up and down sector quarks without
fine-tuning using the hierarchical values of the modular
forms up to ε5. Note that in this way quark mass hierarchies
simply originate from (i) above. In this paper, we study the
modular symmetric quark flavor model with the finite
modular group of level 6, Γ6 ≃ S3 × A4. The finite modular
symmetry Γ6 breaks into Z6 (T-transformation) residual
symmetry at τ ¼ i∞ and can generate the hierarchical
values of the modular forms up to ε5 in the vicinity
of τ ¼ i∞.
This paper is organized as follows. In Sec. II, we study

generic aspects for the modular symmetric quark flavor
models being able to realize both up and down sector quark
mass hierarchies without fine-tuning along the lines pro-
posed in Ref. [81]. In Sec. III, we study quark flavor models
with the finite modular group Γ6. Section IV is our
conclusion. We summarize group theoretical aspects of
Γ6 in Appendix A and the modular forms of level 6 in
Appendix B.

II. HIERARCHICAL QUARK MASS MATRICES
WITHOUT FINE-TUNING

In this section,wepresentmodular symmetric quark flavor
models without fine-tuning. We start from the following
assignment of modular weights to supermultiplets:

(i) Quark doublets Q ¼ ðQ1; Q2; Q3Þ are assigned into
three-dimensional (reducible or irreducible) repre-
sentation of a finite modular group with weight −kQ.

(ii) Up sector quark singlets uR ¼ ðu1R; u2R; u3RÞ are
assigned into three-dimensional (reducible or irre-
ducible) representation of a finite modular group
with weight −ku.

(iii) Down sector quark singlets dR ¼ ðd1R; d2R; d3RÞ are
assigned into three-dimensional (reducible or irre-
ducible) representation of a finite modular group
with weight −kd.

(iv) Each of up and down sector Higgs fields Hu;d is
assigned into one-dimensional representations of a
finite modular group with weight −kHu;d

.
Note that three-dimensional representations are constructed
by combining singlets, doublets and triplets of any finite
modular groups. Themost general form of the superpotential
relevant to up sector quark masses is written as

Wu¼
X
ri

2
64YðkYu Þ

ri ðQ1 Q2 Q3Þ

0
B@
α11ri α12ri α13ri
α21ri α22ri α23ri
α31ri α32ri α33ri

1
CA
0
B@
u1R
u2R
u3R

1
CAHu

3
75
1

;

ð1Þ

where Y
ðkYu Þ
ri denotes the modular forms of irreducible

representation ri for weight kYu
¼ kQ þ ku þ kHu

. Some
of coupling constants αij may be related each other when
quark doubletsQ and/or up sector quark singletsuR belong to
multiplets. Similarly the superpotential relevant to down
sector quark masses is written as

Wd¼
X
ri

2
64YðkYd Þ

ri ðQ1 Q2 Q3Þ

0
B@
β11ri β12ri β13ri
β21ri β22ri β23ri
β31ri β32ri β33ri

1
CA
0
B@
d1R
d2R
d3R

1
CAHd

3
75
1

;

ð2Þ

with kYd
¼ kQ þ kd þ kHd

. They lead to the up and down
sector quark mass matrices, Mu and Md,

ðQ1 Q2 Q3 ÞMu

0
B@

u1R
u2R
u3R

1
CA ¼

X
ri

2
64YðkYu Þ

ri ðQ1 Q2 Q3 Þ

0
B@

α11ri α12ri α13ri
α21ri α22ri α23ri
α31ri α32ri α33ri

1
CA
0
B@

u1R
u2R
u3R

1
CAhHui

3
75
1

; ð3Þ

ðQ1 Q2 Q3 ÞMd

0
B@

d1R
d2R
d3R

1
CA ¼

X
ri

2
64YðkYd Þ

ri ðQ1 Q2 Q3 Þ

0
B@

β11ri β12ri β13ri
β21ri β22ri β23ri
β31ri β32ri β33ri

1
CA
0
B@

d1R
d2R
d3R

1
CAhHdi

3
75
1

: ð4Þ
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We expect that the coefficients αij and βij are of Oð1Þ,
because we do not explain quark mass hierarchies by using
hierarchies of these coefficients. In particular, we restrict all
coupling constants αij and βij to �1 and study the
realization of the orders of mass ratios and the Cabibbo,
Kobayashi, Maskawa (CKM) matrix elements. Then free
parameter is only the value of the modulus τ (and the
choices of þ1 or −1 in coupling constants αij and βij).
The reference values of up and down quark mass ratios

are shown in Table I. Values at a high scale energy include
renormalization group effects, which depend on the sce-
nario. We use the values of Refs. [84,85] at the grand
unified theory (GUT) scale in the minimal supersymmetric
standard model with tan β ¼ 5.
In order to realize hierarchical quark masses as shown in

Table I without fine-tuning, it is necessary to generate
hierarchies by values of the modular forms. Actually such
hierarchical values of the modular forms can be realized in
a vicinity of three modular fixed points, τ ¼ i, ω and i∞.
This can be understood as follows. As an example let us
consider Zn symmetric point and quark doublets Q, up
sector quark singlets uR, and up-type Higgs field Hu with
the following Zn residual charges,

Q∶ ð1; n − 1; 0Þ; uR∶ ð1; 0; 0Þ; Hu∶ 0: ð5Þ

Then the entries of the up sector quark mass matrix, Mij
u ,

must have the following Zn residual charges to make
Lagrangian modular invariant,

Mij
u ∶

0
B@

n − 2 n − 1 n − 1

0 1 1

n − 1 0 0

1
CA: ð6Þ

In the vicinity of Zn symmetric point, the modular forms
with Zn residual charge q, fðτÞ, can be expanded by the
deviation from the symmetric point to the power of q [81]:
(1) τ ∼ i: fðτÞ ∼ εq, ε≡ τ−i

τþi.
(2) τ ∼ ω: fðτÞ ∼ εq, ε≡ τ−ω

τ−ω2.
(3) τ ∼ i∞: fðτÞ ∼ εq, ε≡ e−2πImτ=N (N is a level of the

finite modular group).
Thus the above up sector quark mass matrix can be
evaluated as

Mij
u ∼

0
B@

εn−2 εn−1 εn−1

1 ε ε

εn−1 1 1

1
CA; ð7Þ

in the vicinity of Zn symmetric point. Similarly, for the
down sector quark mass matrix as well as lepton mass
matrices, the modular forms take hierarchical values
depending on their residual charges and lead to hierarchical
mass matrices as close to the modular fixed points. In
Ref. [81], lepton flavor models without fine-tuning around
the vicinity of the modular fixed points was studied.
On the other hand, it is difficult to realize quark mass

hierarchies by the values of the modular forms in the
vicinity of τ ¼ i and ω. To realize both up and down sector
quark mass hierarchies in Table I simultaneously, we may
need ε to the fifth power, when ε ¼ Oð0.1Þ. Hence we need
five different residual charges. This requirement excludes
the vicinity of τ ¼ i and ω since they correspond to Z2 and
Z3 symmetries, respectively. In other words, such hierar-
chical masses can be realized in the vicinity of the cusp
τ ¼ i∞ with ZN charge for N ≥ 6.
Let us discuss the candidates of the modular symmetry.

As mentioned above the level of the modular symmetry
must be lager than 5. Here we focus on the levels 6 and 7,
that is, Γ6 ≃ S3 × A4 and Γ7 ≃ PSLð2; Z7Þ as the candidates
of the modular symmetry. As the irreducible representa-
tions less than four dimension, Γ7 ≃ PSLð2; Z7Þ has only
one singlet 1 and two triplets 3 and 3̄ [35]; this variety of
irreducible representations may not be enough to find the
models being able to realize both up and down sector quark
masses. In contrast, Γ6 ≃ S3 × A4 has six singlets, 100, 1

0
1,

102, 1
1
0, 1

1
1, and 112, three doublets, 20, 21, and 22, and two

triplets, 30 and 31 [34]. They would be sufficient to find
realistic models. In the following, we consider the models
with Γ6 modular symmetry and realize quark flavors
without fine-tuning in the vicinity of τ ¼ i∞.

III. THE MODELS WITH Γ6 MODULAR
SYMMETRY

Here we study the models with Γ6 modular symmetry
and realize the quark flavor structure without fine-tuning.
As we have mentioned in the previous section, we restrict
all couplings αij and βij to �1 in quark mass matrices to
avoid fine-tuning by them. We study the realization of the
orders of mass ratios and mixing angles. We use only the
modulus τ (and the choices of þ1 or −1 in αij and βij) as a
free parameter.
In Γ6 modular symmetry, ε to the power up to 5 can

appear in mass matrices. Indeed six Γ6 singlets with six
different T-charges correspond to different powers of ε in
the vicinity of τ ¼ i∞ as shown in Table II.
To realize the quark flavor structure, let us consider the

following four types of mass matrices,

TABLE I. Quark mass ratios for observed values [82] and GUT
scale values with tan β ¼ 5 [84,85].

mu
mt

× 106 mc
mt

× 103 md
mb

× 104 ms
mb

× 102

Observed values 12.6 7.38 11.2 2.22
GUT scale values 5.39 2.80 9.21 1.82
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Type I∶ Mu ∝

0
B@

ε5 ε3−aþb εb

�ε5þa−b �ε3 �εa

�ε5−b �ε3−a �1

1
CA; Md ∝

0
B@

ε3 ε2−aþb εb

�ε3þa−b �ε2 �εa

�ε3−b �ε2−a �1

1
CA; ð8Þ

Type II∶ Mu ∝

0
B@

ε5 ε3−aþb εb

�ε5þa−b �ε3 �εa

�ε5−b �ε3−a �1

1
CA; Md ∝

0
B@

ε4 ε2−aþb εb

�ε4þa−b �ε2 �εa

�ε4−b �ε2−a �1

1
CA; ð9Þ

Type III∶ Mu ∝

0
B@

ε5 ε2−aþb εb

�ε5þa−b �ε2 �εa

�ε5−b �ε2−a �1

1
CA; Md ∝

0
B@

ε3 ε2−aþb εb

�ε3þa−b �ε2 �εa

�ε3−b �ε2−a �1

1
CA; ð10Þ

Type IV∶ Mu ∝

0
B@

ε5 ε2−aþb εb

�ε5þa−b �ε2 �εa

�ε5−b �ε2−a �1

1
CA; Md ∝

0
B@

ε4 ε2−aþb εb

�ε4þa−b �ε2 �εa

�ε4−b �ε2−a �1

1
CA; ð11Þ

where � corresponds any possible combinations of signs
and a; b ∈ f0; 1; 2; 3; 4; 5g. Note that it is always possible
to fix the signs of (1,1), (1,2), and (1,3) components to þ1
by the basis transformation for right-handed quarks. We set
powers of ε on diagonal components in up and down sector
quark mass matrices to (5,3,0) and (3,2,0) for type I, (5,3,0)
and (4,2,0) for type II, (5,2,0) and (3,2,0) for type III and

(5,2,0), and (4,2,0) for type IV in order to realize their
hierarchical masses. Here, we use only six Γ6 singlets, 100,
101, 1

0
2, 1

1
0, 1

1
1, and 1

1
2, as irreducible representations to make

our analysis simple. Note that again powers of ε in mass
matrices are determined by Z6 charges of entries of mass
matrices. Thus mass matrices of each type can be led by the
following assignments,

Type I∶ Q ¼ ð1bmod 2
bmod 3; 1

amod 2
amod 3; 1

0
0Þ; uR ¼ ð15−bmod 2

5−bmod 3; 1
3−amod 2
3−amod 3; 1

0
0Þ; dR ¼ ð13−bmod 2

3−bmod 3; 1
2−amod 2
2−amod 3; 1

0
0Þ; ð12Þ

Type II∶ Q ¼ ð1bmod 2
bmod 3; 1

amod 2
amod 3; 1

0
0Þ; uR ¼ ð15−bmod 2

5−bmod 3; 1
3−amod 2
3−amod 3; 1

0
0Þ; dR ¼ ð14−bmod 2

4−bmod 3; 1
2−amod 2
2−amod 3; 1

0
0Þ; ð13Þ

Type III∶ Q ¼ ð1bmod 2
bmod 3; 1

amod 2
amod 3; 1

0
0Þ; uR ¼ ð15−bmod 2

5−bmod 3; 1
2−amod 2
2−amod 3; 1

0
0Þ; dR ¼ ð13−bmod 2

3−bmod 3; 1
2−amod 2
2−amod 3; 1

0
0Þ; ð14Þ

Type IV∶ Q ¼ ð1bmod 2
bmod 3; 1

amod 2
amod 3; 1

0
0Þ; uR ¼ ð15−bmod 2

5−bmod 3; 1
2−amod 2
2−amod 3; 1

0
0Þ; dR ¼ ð14−bmod 2

4−bmod 3; 1
2−amod 2
2−amod 3; 1

0
0Þ: ð15Þ

On the other hand, it is not always true that mass matrices in
four types are definitely realized by the above assignments.
It depends on weights of the Yukawa couplings. All of the
singlet modular forms of Γ6 with certain Z6 charges do not
exist for weights less than 14 as shown in Appendix B. For
instance, the modular forms of weight 12 belong to 111 do

not exist. Yukawa couplings of the weights less than 14 can
lead to mass matrices with some zeros due to this shortage
of the modular forms on low weights. We study the case of
Yukawa couplings of the weight 14 in Sec. III A and one of
the weights less than 14 in Sec. III B.

A. Weight 14

First of all, we study the models with Yukawa couplings
of weight 14 to avoid zero textures in mass matrices of four
types. We choose τ ¼ 3.2i as a benchmark point of the

modulus. At weight 14, seven singlet modular forms, Yð14Þ
100

,

Yð14Þ
112i

, Yð14Þ
101

, Yð14Þ
110

, Yð14Þ
102

, Yð14Þ
111

, and Yð14Þ
112ii

, exist and they are

approximated by ε as

TABLE II. T-charges of six Γ6 singlets and their orders in the
vicinity of τ ¼ i∞.

Singlet 100 112 101 110 102 111
T-charge 0 1 2 3 4 5

order 1 ε ε2 ε3 ε4 ε5
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Yð14Þ
100

=Yð14Þ
100

¼ 1 → 1; Yð14Þ
112i

=Yð14Þ
100

¼ 0.172 → ε;

Yð14Þ
101

=Yð14Þ
100

¼ 0.0208 → ε2;

Yð14Þ
110

=Yð14Þ
100

¼ 0.00358 → ε3;

Yð14Þ
102

=Yð14Þ
100

¼ 0.000435 → ε4;

Yð14Þ
111

=Yð14Þ
100

¼ 0.0000746 → ε5;

Yð14Þ
112ii

=Yð14Þ
100

¼ 0.00000156 → ε7; ð16Þ

at τ ¼ 3.2i. Note that Yð14Þ
112ii

∼ ε7 originates from Yð6Þ
110
Yð8Þ
102

∼

ε3 · ε4 while Yð14Þ
112i

∼ ε originates from Yð6Þ
112
Yð8Þ
100

∼ ε · 1. εn

for n > 5 can appear when the different modular forms of
the same irreducible representations exist. In what follows,

we ignore Yð14Þ
112ii

because it belongs to the same representa-

tion as Yð14Þ
112i

and Yð14Þ
112i

≫ Yð14Þ
112ii

.

1. Type I: (5,3,0) and (3,2,0)

The mass matrices of type I are given by

Mu ¼ hHui

0
BBBBB@

α11Yð14Þ
111

α12Yð14Þ
13þa−bmod2
3þa−bmod3

α13Yð14Þ
16−bmod2
6−bmod3

α21Yð14Þ
11−aþbmod2
1−aþbmod3

α22Yð14Þ
110

α23Yð14Þ
16−amod2
6−amod3

α31Yð14Þ
11þbmod2
1þbmod3

α32Yð14Þ
13þamod2
3þamod3

α33Yð14Þ
100

1
CCCCCA
;

ð17Þ

Md ¼ hHdi

0
BBBBB@

β11Yð14Þ
110

β12Yð14Þ
14þa−bmod2
4þa−bmod3

β13Yð14Þ
16−bmod2
6−bmod3

β21Yð14Þ
13−aþbmod2
3−aþbmod3

β22Yð14Þ
101

β23Yð14Þ
16−amod2
6−amod3

β31Yð14Þ
13þbmod2
3þbmod3

β32Yð14Þ
14þamod2
4þamod3

β33Yð14Þ
100

1
CCCCCA
;

ð18Þ

where αij and βij are coupling constants which we
restrict to �1. The hierarchical mass matrices in Eq. (8)
can be obtained by choosing þ1 or −1 appropriately in αij

and βij. As a result, we find best-fit mass matrices at
τ ¼ 3.2i,

Mu=ðYð14Þ
100

hHuiÞ¼

0
BBBBB@

Yð14Þ
111

Yð14Þ
102

Yð14Þ
110

Yð14Þ
102

Yð14Þ
110

Yð14Þ
101

−Yð14Þ
101

−Yð14Þ
112i

Yð14Þ
100

1
CCCCCA
=ðYð14Þ

100
hHuiÞ

¼

0
B@
0.0000746 0.000435 0.00358

0.000435 0.00358 0.0208

−0.0208 −0.172 1

1
CA

∼

0
B@

ε5 ε4 ε3

ε4 ε3 ε2

−ε2 −ε 1

1
CA; ð19Þ

Md=ðYð14Þ
100

hHdiÞ¼

0
BBBBB@

Yð14Þ
110

Yð14Þ
110

Yð14Þ
110

Yð14Þ
101

−Yð14Þ
101

−Yð14Þ
101

−Yð14Þ
100

Yð14Þ
100

−Yð14Þ
100

1
CCCCCA
=ðYð14Þ

100
hHdiÞ

¼

0
B@
0.00358 0.00358 0.00358

0.0208 −0.0208 −0.0208
−1 1 −1

1
CA

∼

0
B@

ε3 ε3 ε3

ε2 −ε2 −ε2

−1 1 −1

1
CA: ð20Þ

These mass matrices correspond to a ¼ 2, b ¼ 3 and can
be realized by

Q¼ð110;102;100Þ; uR¼ð102;111;100Þ; dR¼ð100;100;100Þ; ð21Þ

and their mass matrices are written by,

Mu ¼ hHui

0
BBBBB@

α11Yð14Þ
111

α12Yð14Þ
102

α13Yð14Þ
110

α21Yð14Þ
102

α22Yð14Þ
110

α23Yð14Þ
101

α31Yð14Þ
101

α32Yð14Þ
112i

α33Yð14Þ
100

1
CCCCCA
;

Md ¼ hHdi

0
BBBBB@

β11Yð14Þ
110

β12Yð14Þ
110

β13Yð14Þ
110

β21Yð14Þ
101

β22Yð14Þ
101

β23Yð14Þ
101

β31Yð14Þ
100

β32Yð14Þ
100

β33Yð14Þ
100

1
CCCCCA
; ð22Þ

with the following choices of þ1 or −1 in coupling
constants,
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0
B@

α11 α12 α13

α21 α22 α23

α31 α32 α33

1
CA ¼

0
B@

1 1 1

1 1 1

−1 −1 1

1
CA;

0
B@

β11 β12 β13

β21 β22 β23

β31 β32 β33

1
CA ¼

0
B@

1 1 1

1 −1 −1
−1 1 −1

1
CA: ð23Þ

They lead to the following quark mass ratios,

ðmu;mc;mtÞ=mt ¼ ð2.11 × 10−5; 7.07 × 10−3; 1Þ; ð24Þ

ðmd;ms;mbÞ=mb ¼ ð2.91 × 10−3; 1.97 × 10−2; 1Þ; ð25Þ

and the absolute values of the CKM matrix elements,

jVCKMj ¼

0
B@

0.973 0.231 0.000681

0.231 0.973 0.0270

0.00690 0.0261 1.00

1
CA: ð26Þ

Results are shown in Table III. Recall that our purpose is
to realize the order of quark mass rations and mixing angles
without fine-tuning. For this purpose, we have fixed the
coefficients, αij; βij ¼ �1 to make our point clear. We
could obtain more realistic values when we vary
αij; βij ¼ Oð1Þ. Also other models in this type could be
realistic when we vary αij; βij ¼ Oð1Þ. In addition, we have
a remark on normalization of modular forms. The nor-
malization of modular forms has ambiguity, but we expect
naturally that such normalization would not lead to a large
hierarchy. Our models may originate from compactification
of higher dimensional field theory or superstring theory. In
that case, values in our models appear in high energy scale
such as the GUT scale. Renormalization group effects

change values by some factors, although those effects
depend on the scenario. For example, renormalization
group effects in the minimal supersymmetric scenario were
studied in Refs. [84,85]. Table III also shows those values at
the GUT scale for tan β ¼ 5 as reference values.
As mentioned above, when we vary αij and βij, we can

obtain more realistic values. For example, we set

0
B@
α11 α12 α13

α21 α22 α23

α31 α32 α33

1
CA¼

0
B@

2.547 1.987 1.052

1.124 1.000 2.998

−2.511 −1.001 2.754

1
CA;

0
B@
β11 β12 β13

β21 β22 β23

β31 β32 β33

1
CA¼

0
B@

1.149 1.000 1.405

2.997 −2.999 −1.504
−2.961 1.664 −1.494

1
CA: ð27Þ

Then, we obtain the following quark mass ratios,

ðmu;mc;mtÞ=mt ¼ ð5.39 × 10−5; 2.80 × 10−3; 1Þ; ð28Þ

ðmd;ms;mbÞ=mb ¼ ð9.21 × 10−4; 1.82 × 10−2; 1Þ; ð29Þ

and the absolute values of the CKM matrix elements,

jVCKMj ¼

0
B@

0.974 0.225 0.00353

0.225 0.974 0.0400

0.00556 0.0398 0.999

1
CA: ð30Þ

Results are shown in Table IV.

TABLE III. The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point τ ¼ 3.2i in the
best-fit model by Eqs. (21) and (23) of type I with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values with
tan β ¼ 5 [84,85] are shown.

mu
mt

× 106 mc
mt

× 103 md
mb

× 104 ms
mb

× 102 jVus
CKMj jVcb

CKMj jVub
CKMj

Obtained values 21.1 7.07 29.1 1.97 0.231 0.0270 0.000681
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353

TABLE IV. The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point τ ¼ 3.2i in the
best-fit model by Eqs. (21) and (27) of type I with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values with
tan β ¼ 5 [84,85] are shown.

mu
mt

× 106 mc
mt

× 103 md
mb

× 104 ms
mb

× 102 jVus
CKMj jVcb

CKMj jVub
CKMj

Obtained values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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2. Type II: (5,3,0) and (4,2,0)

The mass matrices of type II are given by Eq. (17) and

Md ¼ hHdi

0
BBBBB@

β11Yð14Þ
102

β12Yð14Þ
14þa−bmod2
4þa−bmod3

β13Yð14Þ
16−bmod2
6−bmod3

β21Yð14Þ
12−aþbmod2
2−aþbmod3

β22Yð14Þ
101

β23Yð14Þ
16−amod2
6−amod3

β31Yð14Þ
12þbmod2
2þbmod3

β32Yð14Þ
14þamod2
4þamod3

β33Yð14Þ
100

1
CCCCCA
:

ð31Þ

The hierarchical mass matrices in Eq. (9) can be obtained
by choosing þ1 or −1 appropriately in αij and βij. As a
result, we find best-fit mass matrices at τ ¼ 3.2i,

Mu=ðYð14Þ
100

hHuiÞ¼

0
BBB@

Yð14Þ
111

Yð14Þ
102

Yð14Þ
110

Yð14Þ
102

Yð14Þ
110

−Yð14Þ
101

−Yð14Þ
101

−Yð14Þ
112i

−Yð14Þ
100

1
CCCA=ðYð14Þ

100
hHuiÞ

¼

0
B@
0.0000746 0.000435 0.00358

0.000435 0.00358 −0.0208
−0.0208 −0.172 −1

1
CA

∼

0
B@

ε5 ε4 ε3

ε4 ε3 −ε2

−ε2 −ε −1

1
CA; ð32Þ

Md=ðYð14Þ
100

hHdiÞ¼

0
BBB@

Yð14Þ
102

Yð14Þ
110

Yð14Þ
110

−Yð14Þ
110

Yð14Þ
101

Yð14Þ
101

Yð14Þ
112i

Yð14Þ
100

−Yð14Þ
100

1
CCCA=ðYð14Þ

100
hHdiÞ

¼

0
B@

0.000435 0.00358 0.00358

−0.00358 0.0208 0.0208

0.172 1 −1

1
CA

∼

0
B@

ε4 ε3 ε3

−ε3 ε2 ε2

ε 1 −1

1
CA: ð33Þ

These mass matrices correspond to a ¼ 2, b ¼ 3 and can
be realized by

Q¼ð110;102;100Þ; uR¼ð102;111;100Þ; dR¼ð111;100;100Þ; ð34Þ

and their mass matrices are written by,

Mu ¼ hHui

0
BBBBB@

α11Yð14Þ
111

α12Yð14Þ
102

α13Yð14Þ
110

α21Yð14Þ
102

α22Yð14Þ
110

α23Yð14Þ
101

α31Yð14Þ
101

α32Yð14Þ
112i

α33Yð14Þ
100

1
CCCCCA
;

Md ¼ hHdi

0
BBBBB@

β11Yð14Þ
102

β12Yð14Þ
110

β13Yð14Þ
110

β21Yð14Þ
110

β22Yð14Þ
101

β23Yð14Þ
101

β31Yð14Þ
112i

β32Yð14Þ
100

β33Yð14Þ
100

1
CCCCCA
; ð35Þ

with the following choices of þ1 or −1 in coupling
constants,

0
B@

α11 α12 α13

α21 α22 α23

α31 α32 α33

1
CA ¼

0
B@

1 1 1

1 1 −1
−1 −1 −1

1
CA;

0
B@

β11 β12 β13

β21 β22 β23

β31 β32 β33

1
CA ¼

0
B@

1 1 1

−1 1 1

1 1 −1

1
CA: ð36Þ

They lead to the following quark mass ratios,

ðmu;mc;mtÞ=mt ¼ ð2.14 × 10−5; 7.00 × 10−3; 1Þ; ð37Þ

ðmd;ms;mbÞ=mb ¼ ð7.16 × 10−4; 2.11 × 10−2; 1Þ; ð38Þ

and the absolute values of the CKM matrix elements,

jVCKMj ¼

0
B@

0.982 0.190 0.00309

0.190 0.982 0.0200

0.00683 0.0191 1.00

1
CA: ð39Þ

Results are shown in Table V.

TABLE V. The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point τ ¼ 3.2i in the
best-fit model by Eqs. (34) and (36) of type II with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values
with tan β ¼ 5 [84,85] are shown.

mu
mt

× 106 mc
mt

× 103 md
mb

× 104 ms
mb

× 102 jVus
CKMj jVcb

CKMj jVub
CKMj

Obtained values 21.4 7.00 7.16 2.11 0.190 0.0200 0.00309
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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3. Type III: (5,2,0) and (3,2,0)

The mass matrices of type III are given by Eq. (18) and

Mu ¼ hHui

0
BBBBB@

α11Yð14Þ
111

α12Yð14Þ
14þa−bmod2
4þa−bmod3

α13Yð14Þ
16−bmod2
6−bmod3

α21Yð14Þ
11−aþbmod2
1−aþbmod3

α22Yð14Þ
101

α23Yð14Þ
16−amod2
6−amod3

α31Yð14Þ
11þbmod2
1þbmod3

α32Yð14Þ
14þamod2
4þamod3

α33Yð14Þ
100

1
CCCCCA
:

ð40Þ

The hierarchical mass matrices in Eq. (10) can be obtained
by choosing þ1 or −1 appropriately in αij and βij. As a
result, we find best-fit mass matrices at τ ¼ 3.2i,

Mu=ðYð14Þ
100

hHuiÞ¼

0
BBBBB@

Yð14Þ
111

Yð14Þ
110

Yð14Þ
110

Yð14Þ
102

−Yð14Þ
101

−Yð14Þ
101

Yð14Þ
101

Yð14Þ
100

−Yð14Þ
100

1
CCCCCA
=ðYð14Þ

100
hHuiÞ

¼

0
B@
0.0000746 0.00358 0.00358

0.000435 −0.0208 −0.0208
0.0208 1 −1

1
CA

∼

0
B@
ε5 ε3 ε3

ε4 −ε2 −ε2

ε2 1 −1

1
CA; ð41Þ

Md=ðYð14Þ
100

hHdiÞ¼

0
BBBBB@

Yð14Þ
110

Yð14Þ
110

Yð14Þ
110

Yð14Þ
101

Yð14Þ
101

−Yð14Þ
101

Yð14Þ
100

−Yð14Þ
100

Yð14Þ
100

1
CCCCCA
=ðYð14Þ

100
hHdiÞ

¼

0
B@
0.00358 0.00358 0.00358

0.0208 0.0208 −0.0208
1 −1 1

1
CA

∼

0
B@
ε3 ε3 ε3

ε2 ε2 −ε2

1 −1 1

1
CA: ð42Þ

These mass matrices correspond to a ¼ 2, b ¼ 3 and can
be realized by

Q¼ð110;102;100Þ; uR¼ð102;100;100Þ; dR¼ð100;100;100Þ; ð43Þ

and their mass matrices are written by,

Mu ¼ hHui

0
BBBBB@

α11Yð14Þ
111

α12Yð14Þ
110

α13Yð14Þ
110

α21Yð14Þ
102

α22Yð14Þ
101

α23Yð14Þ
101

α31Yð14Þ
101

α32Yð14Þ
100

α33Yð14Þ
100

1
CCCCCA
;

Md ¼ hHdi

0
BBBBB@

β11Yð14Þ
110

β12Yð14Þ
110

β13Yð14Þ
110

β21Yð14Þ
101

β22Yð14Þ
101

β23Yð14Þ
101

β31Yð14Þ
100

β32Yð14Þ
100

β33Yð14Þ
100

1
CCCCCA
; ð44Þ

with the following choices of þ1 or −1 in coupling
constants,

0
B@

α11 α12 α13

α21 α22 α23

α31 α32 α33

1
CA ¼

0
B@

1 1 1

1 −1 −1
1 1 −1

1
CA;

0
B@

β11 β12 β13

β21 β22 β23

β31 β32 β33

1
CA ¼

0
B@

1 1 1

1 1 −1
1 −1 1

1
CA: ð45Þ

They lead to the following quark mass ratios,

ðmu;mc;mtÞ=mt ¼ ð1.04 × 10−4; 2.12 × 10−2; 1Þ; ð46Þ

ðmd;ms;mbÞ=mb ¼ ð2.91 × 10−3; 1.97 × 10−2; 1Þ; ð47Þ

and the absolute values of the CKM matrix elements,

jVCKMj ¼

0
B@

0.967 0.255 0.00000171

0.255 0.967 0.00706

0.00180 0.00682 1.00

1
CA: ð48Þ

Results are shown in Table VI.

TABLE VI. The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point τ ¼ 3.2i in the
best-fit model by Eqs. (43) and (45) of type III with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values
with tan β ¼ 5 [84,85] are shown.

mu
mt

× 106 mc
mt

× 103 md
mb

× 104 ms
mb

× 102 jVus
CKMj jVcb

CKMj jVub
CKMj

Obtained values 104 21.2 29. 1 1.97 0.255 0.00706 0.00000171
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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4. Type IV: (5,2,0) and (4,2,0)

The mass matrices of type IV are given by Eqs. (40) and
(31). The hierarchical mass matrices in Eq. (11) can be
obtained by choosingþ1 or −1 appropriately in αij and βij.
As a result, we find best-fit mass matrices at τ ¼ 3.2i,

Mu=ðYð14Þ
100

hHuiÞ ¼

0
BBBBB@

Yð14Þ
111

Yð14Þ
110

Yð14Þ
100

Yð14Þ
102

Yð14Þ
101

Yð14Þ
111

Yð14Þ
111

−Yð14Þ
110

−Yð14Þ
100

1
CCCCCA
=ðYð14Þ

100
hHuiÞ

¼

0
B@
0.0000746 0.00358 1

0.000435 0.0208 0.0000746

0.0000746 −0.00358 −1

1
CA

∼

0
B@
ε5 ε3 1

ε4 ε2 ε5

ε5 −ε3 −1

1
CA; ð49Þ

Md=ðYð14Þ
100

hHdiÞ¼

0
BBBBB@

Yð14Þ
102

Yð14Þ
110

Yð14Þ
100

Yð14Þ
110

−Yð14Þ
101

−Yð14Þ
111

Yð14Þ
102

Yð14Þ
110

−Yð14Þ
100

1
CCCCCA
=ðYð14Þ

100
hHdiÞ

¼

0
B@
0.000435 0.00358 1

0.00358 −0.0208 −0.0000746
0.000435 0.00358 −1

1
CA

∼

0
B@
ε4 ε3 1

ε3 −ε2 −ε5

ε4 ε3 −1

1
CA: ð50Þ

These mass matrices correspond to a ¼ 5, b ¼ 0 and can
be realized by

Q¼ð100;112;100Þ; uR¼ð112;110;100Þ; dR¼ð101;110;100Þ; ð51Þ

and their mass matrices are written by,

Mu ¼ hHui

0
BBBBB@

α11Yð14Þ
111

α12Yð14Þ
110

α13Yð14Þ
100

α21Yð14Þ
102

α22Yð14Þ
101

α23Yð14Þ
111

α31Yð14Þ
111

α32Yð14Þ
110

α33Yð14Þ
100

1
CCCCCA
;

Md ¼ hHdi

0
BBBBB@

β11Yð14Þ
102

β12Yð14Þ
110

β13Yð14Þ
100

β21Yð14Þ
110

β22Yð14Þ
101

β23Yð14Þ
111

β31Yð14Þ
102

β32Yð14Þ
110

β33Yð14Þ
100

1
CCCCCA
; ð52Þ

with the following choices of þ1 or −1 in coupling
constants,

0
B@

α11 α12 α13

α21 α22 α23

α31 α32 α33

1
CA ¼

0
B@

1 1 1

1 1 1

1 −1 −1

1
CA;

0
B@

β11 β12 β13

β21 β22 β23

β31 β32 β33

1
CA ¼

0
B@

1 1 1

1 −1 −1
1 1 −1

1
CA: ð53Þ

They lead to the following quark mass ratios,

ðmu;mc;mtÞ=mt ¼ ð7.46 × 10−5; 1.47 × 10−2; 1Þ; ð54Þ

ðmd;ms;mbÞ=mb ¼ ð1.01 × 10−3; 1.54 × 10−2; 1Þ; ð55Þ

and the absolute values of the CKM matrix elements,

jVCKMj ¼

0
B@

0.974 0.226 0.0000000194

0.226 0.974 0.000158

0.0000358 0.000154 1.00

1
CA: ð56Þ

Results are shown in Table VII.

B. Weights less than 14

Next we study the models with Yukawa couplings of
weights less than 14. In this case, some of entries in mass

TABLE VII. The mass ratios of the quarks and the absolute values of the CKMmatrix elements at the benchmark point τ ¼ 3.2i in the
best-fit model by Eqs. (51) and (53) of type IV with Yukawa couplings of weight 14. Observed values Ref. [82] and GUT scale values
with tan β ¼ 5 [84,85] are shown.

mu
mt

× 106 mc
mt

× 103 md
mb

× 104 ms
mb

× 102 jVus
CKMj jVcb

CKMj jVub
CKMj

Obtained values 74.6 14.7 10.1 1.54 0.226 0.000158 1.94 × 10−8

Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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matrices vanish because there do not exist modular forms of
proper weights and representations.

1. Weights 8 and 10

As an example, let us consider the case that Yukawa
couplings for the up sector have the weight 8 and ones for
the down sector have the weight 10. We choose τ ¼ 3.7i as
a benchmark point of the modulus. At weight 8, four singlet

modular forms, Yð8Þ
100
, Yð8Þ

112
, Yð8Þ

101
and Yð8Þ

102
, exist and they are

approximated by ε as

Yð8Þ
100
=Yð8Þ

100
¼ 1→ 1; Yð8Þ

112
=Yð8Þ

100
¼−0.0719→ ε;

Yð8Þ
101
=Yð8Þ

100
¼ 0.00732→ ε2; Yð8Þ

102
=Yð8Þ

100
¼ 0.0000535→ ε4;

ð57Þ

at τ ¼ 3.7i. At weight 10, five singlet modular forms, Yð10Þ
100

,

Yð10Þ
112

, Yð10Þ
101

, Yð10Þ
110

and Yð10Þ
111

, exist and they are approximated

by ε as

Yð10Þ
100

=Yð10Þ
100

¼ 1 → 1; Yð10Þ
112

=Yð10Þ
100

¼ 0.102 → ε;

Yð10Þ
101

=Yð10Þ
100

¼ 0.00732 → ε2;

Yð10Þ
110

=Yð10Þ
100

¼ 0.000744 → ε3;

Yð10Þ
111

=Yð10Þ
100

¼ 0.00000544 → ε5; ð58Þ

at τ ¼ 3.7i. As a result, we find the following best-fit mass
matrices of type III,

Mu=ðYð8Þ
100
hHuiÞ ¼

0
BBBBB@

0 0 Yð8Þ
101

Yð8Þ
102

Yð8Þ
101

Yð8Þ
112

0 −Yð8Þ
112

−Yð8Þ
100

1
CCCCCA
=ðYð8Þ

100
hHuiÞ

¼

0
B@

0 0 0.00732

0.0000535 0.00732 −0.0719
0 0.0719 −1

1
CA

∼

0
B@

0 0 ε2

ε4 ε2 −ε
0 ε −1

1
CA; ð59Þ

Md=ðYð10Þ
100

hHdiÞ¼

0
BBBBB@

Yð10Þ
110

Yð10Þ
110

Yð10Þ
101

−Yð10Þ
101

−Yð10Þ
101

Yð10Þ
112

Yð10Þ
112

−Yð10Þ
112

Yð10Þ
100

1
CCCCCA
=ðYð10Þ

100
hHdiÞ

¼

0
B@

0.000744 0.000744 0.00732

−0.00732 −0.00732 0.102

0.102 −0.102 1

1
CA

∼

0
B@

ε3 ε3 ε2

−ε2 −ε2 ε

ε −ε 1

1
CA: ð60Þ

These mass matrices correspond to a ¼ 1, b ¼ 2 and can
be realized by

Q¼ð102;111;100Þ; uR¼ð110;111;100Þ; dR¼ð111;111;100Þ; ð61Þ

and their mass matrices,

Mu ¼ hHui

0
BBBBB@

0 0 α13Yð8Þ
101

α21Yð8Þ
102

α22Yð8Þ
101

α23Yð8Þ
112

0 α32Yð8Þ
112

α33Yð8Þ
100

1
CCCCCA
;

Md ¼ hHdi

0
BBBBB@

β11Yð10Þ
110

β12Yð10Þ
110

β13Yð10Þ
101

β21Yð10Þ
101

β22Yð10Þ
101

β23Yð10Þ
112

β31Yð10Þ
112

β32Yð10Þ
112

β33Yð10Þ
100

1
CCCCCA
; ð62Þ

with the following choices of þ1 or −1 in coupling
constants,

0
B@

− − α13

α21 α22 α23

− α32 α33

1
CA ¼

0
B@

− − 1

1 1 1

− −1 −1

1
CA;

0
B@

β11 β12 β13

β21 β22 β23

β31 β32 β33

1
CA ¼

0
B@

1 1 1

−1 −1 1

1 −1 1

1
CA: ð63Þ

They lead to the following up quark and down quark mass
ratios,

ðmu;mc;mtÞ=mt ¼ ð1.27 × 10−5; 2.18 × 10−3; 1Þ; ð64Þ

ðmd;ms;mbÞ=mb ¼ ð1.44 × 10−3; 1.74 × 10−2; 1Þ; ð65Þ
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and the absolute values of the CKM matrix elements,

jVCKMj ¼

0
B@

0.974 0.227 0.00741

0.227 0.973 0.0300

0.0140 0.0276 1.00

1
CA: ð66Þ

Results are shown in Table VIII.

2. Weights 8 and 12

Next, let us consider the case that Yukawa couplings for
the up sector have the weight 8 and ones for the down sector
have the weight 12. The benchmark point of the modulus is

τ ¼ 3.7i. Four singlet modular forms of weight 8, Yð8Þ
100
,

Yð8Þ
112
, Yð8Þ

101
, and Yð8Þ

102
at τ ¼ 3.7i are given by Eq. (57). At

weight 12, six singlet modular forms, Yð12Þ
100i

, Yð12Þ
112

, Yð12Þ
101

,

Yð12Þ
110

, Yð12Þ
102

, and Yð12Þ
100ii

, exist and they are approximated

by ε as

Yð12Þ
100i

=Yð12Þ
100i

¼ 1 → 1; Yð12Þ
112

=Yð12Þ
100i

¼ 0.102 → ε;

Yð12Þ
101

=Yð12Þ
100i

¼ 0.0103 → ε2;

Yð12Þ
110

=Yð12Þ
100i

¼ 0.000744 → ε3;

Yð12Þ
102

=Yð12Þ
100i

¼ 0.0000757 → ε4;

Yð12Þ
100ii

=Yð12Þ
100i

¼ 0.000000554 → ε6; ð67Þ

at τ ¼ 3.7i. Note that Yð12Þ
100ii

∼ ε6 originates from Yð6Þ
110
Yð6Þ
110

∼

ε3 · ε3 while Yð12Þ
100i

∼ 1 originates from Yð6Þ
100
Yð6Þ
100

∼ 1 · 1. In

what follows, we ignore Yð12Þ
100ii

because it belongs to the

same representation as Yð12Þ
100i

and Yð12Þ
100i

≫ Yð12Þ
100ii

. As a result,

we find the following best-fit mass matrices of type III,

Mu=ðYð8Þ
100
hHuiÞ ¼

0
BBBBB@

0 0 Yð8Þ
101

Yð8Þ
102

Yð8Þ
101

Yð8Þ
112

0 −Yð8Þ
112

−Yð8Þ
100

1
CCCCCA
=ðYð8Þ

100
hHuiÞ

¼

0
B@

0 0 0.00732

0.0000535 0.00732 −0.0719
0 0.0719 −1

1
CA

∼

0
B@

0 0 ε2

ε4 ε2 −ε
0 ε −1

1
CA; ð68Þ

Md=ðYð12Þ
100i

hHdiÞ¼

0
BBBBB@

Yð12Þ
110

Yð12Þ
110

Yð12Þ
101

−Yð12Þ
101

−Yð12Þ
101

Yð12Þ
112

Yð12Þ
112

−Yð12Þ
112

Yð12Þ
100i

1
CCCCCA
=ðYð12Þ

100i
hHdiÞ

¼

0
B@
0.000744 0.000744 0.0103

−0.0103 −0.0103 0.102

0.102 −0.102 1

1
CA

∼

0
B@

ε3 ε3 ε2

−ε2 −ε2 ε

ε −ε 1

1
CA: ð69Þ

These mass matrices correspond to a ¼ 1, b ¼ 2 and can
be realized by

Q¼ð102;111;100Þ; uR¼ð110;111;100Þ; dR¼ð111;111;100Þ; ð70Þ
and their mass matrices,

Mu ¼ hHui

0
BBBBB@

0 0 α13Yð8Þ
101

α21Yð8Þ
102

α22Yð8Þ
101

α23Yð8Þ
112

0 α32Yð8Þ
112

α33Yð8Þ
100

1
CCCCCA
;

Md ¼ hHdi

0
BBBBB@

β11Yð12Þ
110

β12Yð12Þ
110

β13Yð12Þ
101

β21Yð12Þ
101

β22Yð12Þ
101

β23Yð12Þ
112

β31Yð12Þ
112

β32Yð12Þ
112

β33Yð12Þ
100i

1
CCCCCA
; ð71Þ

TABLE VIII. The mass ratios of the quarks and the absolute values of the CKMmatrix elements at the benchmark point τ ¼ 3.7i in the
best-fit model by Eqs. (61) and (63) of type III with up sector Yukawa couplings of weight 8 and down sector Yukawa couplings of
weight 10. Observed values Ref. [82] and GUT scale values with tan β ¼ 5 [84,85] are shown.

mu
mt

× 106 mc
mt

× 103 md
mb

× 104 ms
mb

× 102 jVus
CKMj jVcb

CKMj jVub
CKMj

Obtained values 12.7 2.18 14.4 1.74 0.227 0.0300 0.00741
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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with the following choices of þ1 or −1 in coupling
constants,

0
B@

α11 α12 α13

α21 α22 α23

α31 α32 α33

1
CA ¼

0
B@

1 1 1

1 1 1

1 −1 −1

1
CA;

0
B@

β11 β12 β13

β21 β22 β23

β31 β32 β33

1
CA ¼

0
B@

1 1 1

−1 −1 1

1 −1 1

1
CA: ð72Þ

They lead to the following up quark and down quark mass
ratios,

ðmu;mc;mtÞ=mt ¼ ð1.27 × 10−5; 2.18 × 10−3; 1Þ; ð73Þ

ðmd;ms;mbÞ=mb ¼ ð1.76 × 10−3; 2.02 × 10−2; 1Þ; ð74Þ

and the absolute values of the CKM matrix elements,

jVCKMj ¼

0
B@

0.974 0.227 0.0103

0.226 0.974 0.0308

0.0170 0.0276 0.999

1
CA: ð75Þ

Results are shown in Table IX.
Thus it is also possible to realize a realistic quark flavor

structure in the models with Yukawa couplings of weights
less than 14 despite some zeros in mass matrices. Here we
studied two cases that Yukawa couplings for the up sector
haveweight 8 and ones for the down sector have weights 10
or 12 but other cases may be available for realization of the
quark flavor structure.

C. Comment on the origin of Γ6 modular symmetry

Here we comment on a plausible origin of Γ6 modular
symmetry of the theories. For example, some modular
forms are derived from the torus compactification T2

1 ×
T2
2 × T2

3 of the low-energy effective theory of the super-
string theory with magnetic flux background [7–12].
The group Γ6 may originate from one of T2

i , while the
others T2

j lead to a trivial symmetry. Alternatively, since
Γ6 ≃ S3 × A4 ≃ Γ2 × Γ3, it may be expected that Γ2 ≃ S3
originates from one torus T2

1 and Γ3 ≃ A4 originates from

another torus T2
2 with the moduli stabilization τ1 ¼ τ2 ≡ τ.

Then T2
3 contributes to the group symmetry trivially.

IV. CONCLUSION

We have discussed the possibility to describe mass
hierarchies of both up and down sector quarks as well
as mixing angles without fine-tuning. Describing the quark
flavor structure requires Zn residual symmetry with n ≥ 6.
We have studied the modular symmetric quark flavor
models of Γ6 ≃ S3 × A4 in the vicinity of the cusp τ ¼
i∞ where Z6 residual symmetry remains. Then the values
of the modular forms become hierarchical as close to the
cusp depending on their Z6 residual charges.
In order to obtain viable models, we consider four types

of quark mass matrices; the diagonal components in up and
down sector quark mass matrices are written by ε with the
powers of (5,3,0) and (3,2,0) respectively for type I, (5,3,0)
and (4,2,0) for type II, (5,2,0) and (3,2,0) for type III, and
(5,2,0) and (4,2,0) for type IV. The powers of nondiagonal
components in up and down sector quark mass matrices
have been treated as model depending values. When we
assign the irreducible representations into quarks and Higgs
fields, powers of ε in mass matrix components are
determined by residual charges of mass matrix compo-
nents. For simplicity, we have used only six singlets 100, 1

0
1,

102, 1
1
0, 1

1
1, and 1

1
2 as the irreducible representations of Γ6. In

addition, we have restricted the values of the coupling
constants to �1 to avoid fine-tuning by them.
First, we have investigated the case that up and down

sector Yukawa couplings have weight 14. In such cases,
mass matrices have no zeros, that is, all of their components
are written in terms of the modular forms for Γ6 of weight
14. Consequently, we have obtained viable models at τ ¼
3.2i for each type without fine-tuning.
Second, we have shown the viable model in the case that

Yukawa couplings of the up sector have weight 8 and ones
of the down sector have weight 10 as well as weight 12. In
this case some components of mass matrices can become
zero because there do not exist modular forms of proper
weights and representations. As a result, we have obtained
the viable model at τ ¼ 3.7i despite three zeros in the up
quark mass matrix, Eq. (59).
Thus, the modular symmetric quark flavor models based

on Γ6 in the vicinity of the cusp τ ¼ i∞ lead to successful

TABLE IX. The mass ratios of the quarks and the absolute values of the CKM matrix elements at the benchmark point τ ¼ 3.7i in the
best-fit model by Eqs. (70) and (72) of type III with up sector Yukawa couplings of weight 8 and down sector Yukawa couplings of
weight 12. Observed values Ref. [82] and GUT scale values with tan β ¼ 5 [84,85] are shown.

mu
mt

× 106 mc
mt

× 103 md
mb

× 104 ms
mb

× 102 jVus
CKMj jVcb

CKMj jVub
CKMj

Obtained values 12.7 2.18 17.6 2.02 0.227 0.0308 0.0103
Observed values 12.6 7.38 11.2 2.22 0.227 0.0405 0.00361
GUT scale values 5.39 2.80 9.21 1.82 0.225 0.0400 0.00353
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quark mass matrices without fine-tuning. As we have
commented in the end of previous section, Γ6 ≃ S3 × A4 ≃
Γ2 × Γ3 may originate from the torus compactification
T2
1 × T2

2 × T2
3 of the low-energy effective theory of super-

string theory. Motivated this point, the modular flavor
models based on the direct product of finite modular
groups, ΓN1

× ΓN2
× ΓN3

, may be interesting. Also we
can extend our analysis to the lepton sector. We will study
them in the near future.
In our models, the important parameter is the modulus τ.

It must be stabilized such that the proper mass hierarchies
are realized. We would study such modulus stabilization
elsewhere.2
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APPENDIX A: TENSOR PRODUCT
OF Γ6 GROUP

Here, we give a review on group theoretical aspects of
Γ6. The generators of Γ6 are denoted by S and T, and they
satisfy the following algebraic relations:

S2 ¼ ðSTÞ3 ¼ T6 ¼ ST2ST3ST4ST3 ¼ 1: ðA1Þ

In Γ6 group, there are 12 irreducible representations,
six singlets 100, 1

0
1, 1

0
2, 1

1
0, 1

1
1, and 112, three doublets 20,

21, and 22, two triplets 30 and 31 and one six-dimensional
representation 6. Each irreducible representation is
given by

1rk∶ S ¼ ð−1Þr; T ¼ ð−1Þrωk; ðA2Þ

2k∶ S ¼ 1

2

�
−1

ffiffiffi
3

p
ffiffiffi
3

p
1

�
; T ¼ ωk

�
1 0

0 −1

�
; ðA3Þ

3r∶ ð−1Þra3; ð−1Þrb3; ðA4Þ

6∶
1

2

�
−a3

ffiffiffi
3

p
a3ffiffiffi

3
p

a3 a3

�
; T ¼

�
b3 0

0 −b3

�
; ðA5Þ

where r ¼ 0; 1, k ¼ 0; 1; 2 and

a3¼
1

3

0
B@
−1 2 2

2 −1 2

2 2 −1

1
CA; b3¼

0
B@
1 0 0

0 ω 0

0 0 ω2

1
CA: ðA6Þ

In this basis, the Kronecker products between irreducible
representations are

1ri ⊗ 1sj ¼ 1tm; 1ri ⊗ 2j ¼ 2m;

1ri ⊗ 3s ¼ 3t; 1ri ⊗ 6 ¼ 6; ðA7Þ

2i ⊗ 2j ¼ 10m ⊕ 11m ⊕ 2m; 2i ⊗ 3r ¼ 6;

2i ⊗ 6 ¼ 30 ⊕ 31 ⊕ 6; ðA8Þ

3r ⊗ 3s ¼ 1t0 ⊕ 1t1 ⊕ 1t2 ⊕ 3t1 ⊕ 3t2;

3r ⊗ 6 ¼ 20 ⊕ 21 ⊕ 22 ⊕ 6 ⊕ 6; ðA9Þ

6 ⊗ 6 ¼ 100 ⊕ 101 ⊕ 102 ⊕ 110 ⊕ 111 ⊕ 112 ⊕ 20 ⊕ 21 ⊕ 22

⊕ 30 ⊕ 30 ⊕ 31 ⊕ 31 ⊕ 6 ⊕ 6; ðA10Þ

where i, j ¼ 0; 1; 2, r, s ¼ 0; 1, m ¼ iþ jðmod 3Þ, and
t ¼ rþ sðmod 2Þ. In the following, we show the Clebsch-
Gordon (CG) coefficients of these products.

ðα1Þ1ri ⊗
�
β1

β2

�
2j

¼ α1Pr
2

�
β1

β2

�
2m

;

ðα1Þ1ri ⊗

0
B@

β1

β2

β3

1
CA

3s

¼ α1Pi
3

0
B@

β1

β2

β3

1
CA

3t

;

ðα1Þ1ri ⊗

0
BBBBBBBB@

β1

β2

β3

β4

β5

β6

1
CCCCCCCCA

6

¼ α1P6ðr; iÞ

0
BBBBBBBB@

β1

β2

β3

β4

β5

β6

1
CCCCCCCCA

6

;

�
α1

α2

�
2i

⊗
�
β1

β2

�
2j

¼ 1ffiffiffi
2

p ðα1β1 þ α2β2Þ10m

⊕
1ffiffiffi
2

p ðα1β2 − α2β1Þ11m

⊕
1ffiffiffi
2

p
�

α1β1 − α2β2

−α1β2 − α2β1

�
2m

;

�
α1

α2

�
2i

⊗

0
B@

β1

β2

β3

1
CA

3r

¼ P6ðr; iÞ

0
BBBBBBBB@

α1β1

α1β2

α1β3

α2β1

α2β2

α2β3

1
CCCCCCCCA

6

;

2See for modulus stabilization in modular flavor symmetric
models Refs. [86–90].
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�
α1

α2

�
2i

⊗

0
BBBBBBBB@

β1

β2

β3

β4

β5

β6

1
CCCCCCCCA

6

¼ Pi
3ffiffiffi
2

p

0
B@

α1β1 þ α2β4

α1β2 þ α2β5

α1β3 þ α2β6

1
CA

30

⊕
Pi
3ffiffiffi
2

p

0
B@

α1β4 − α2β1

α1β5 − α2β2

α1β6 − α2β3

1
CA

31

⊕
P6ð0; iÞffiffiffi

2
p

0
BBBBBBBB@

α1β1 − α2β4

α1β2 − α2β5

α1β3 − α2β6

−α1β4 − α2β1

−α1β5 − α2β2

−α1β6 − α2β3

1
CCCCCCCCA

6

;

0
B@

α1

α2

α3

1
CA

3r

⊗

0
B@

β1

β2

β3

1
CA

3s

¼ 1ffiffiffi
3

p ðα1β1 þ α2β3 þ α3β2Þ1t0 ⊕
1ffiffiffi
3

p ðα1β2 þ α2β1 þ α3β3Þ1t1 ⊕
1ffiffiffi
3

p ðα1β3 þ α2β2 þ α3β1Þ1t2

⊕
1ffiffiffi
3

p

0
B@

2α1β1 − α2β3 − α3β2

−α1β2 − α2β1 þ 2α3β3

−α1β3 þ 2α2β2 − α3β1

1
CA

3t1

⊕
1ffiffiffi
2

p

0
B@

−α2β3 þ α3β2

−α1β2 þ α2β1

α1β3 − α3β1

1
CA

3t2

;

0
B@

α1

α2

α3

1
CA

3r

⊗

0
BBBBBBBB@

β1

β2

β3

β4

β5

β6

1
CCCCCCCCA

6

¼ Pr
2ffiffiffi
3

p
�
α1β1 þ α2β3 þ α3β2

α1β4 þ α2β6 þ α3β5

�
20

⊕
Pr
2ffiffiffi
3

p
�
α1β2 þ α2β1 þ α3β3

α1β5 þ α2β4 þ α3β6

�
21

⊕
Pr
2ffiffiffi
3

p
�
α1β3 þ α2β2 þ α3β1

α1β6 þ α2β5 þ α3β4

�
22

⊕
P6ðr; 0Þffiffiffi

2
p

0
BBBBBBBB@

α1β1 − α3β2

−α2β1 þ α3β3

−α1β3 þ α2β2

α1β4 − α3β5

−α2β4 þ α3β6

−α1β6 þ α2β5

1
CCCCCCCCA

6

⊕
P6ðr; 0Þffiffiffi

2
p

0
BBBBBBBB@

α2β3 − α3β2

α1β2 − α2β1

−α1β3 þ α3β1

α2β6 − α3β5

α1β5 − α2β4

−α1β6 þ α3β4

1
CCCCCCCCA

6

;

0
BBBBBBBB@

α1

α2

α3

α4

α5

α6

1
CCCCCCCCA

6

⊗

0
BBBBBBBB@

β1

β2

β3

β4

β5

β6

1
CCCCCCCCA

6

¼

1ffiffi
6

p ðα1β1 þ α2β3 þ α3β2 þ α4β4 þ α5β6 þ α6β5Þ100
⊕ 1ffiffi

6
p ðα1β2 þ α2β1 þ α3β3 þ α4β5 þ α5β4 þ α6β6Þ101

⊕ 1ffiffi
6

p ðα1β3 þ α2β2 þ α3β1 þ α4β6 þ α5β5 þ α6β4Þ102
⊕ 1ffiffi

6
p ðα1β4 þ α2β6 þ α3β5 − α4β1 − α5β3 − α6β2Þ110

⊕ 1ffiffi
6

p ðα1β5 þ α2β4 þ α3β6 − α4β2 − α5β1 − α6β3Þ111
⊕ 1ffiffi

6
p ðα1β6 þ α2β5 þ α3β4 − α4β3 − α5β2 − α6β1Þ112

⊕
1ffiffiffi
6

p
�

α1β1 þ α2β3 þ α3β2 − α4β4 − α5β6 − α6β5

−ðα1β4 þ α2β6 þ α3β5 þ α4β1 þ α5β3 þ α6β2Þ

�
20

⊕
1ffiffiffi
6

p
�

α1β2 þ α2β1 þ α3β3 − α4β5 − α5β4 − α6β6

−ðα1β5 þ α2β4 þ α3β6 þ α4β2 þ α5β1 þ α6β3Þ

�
21

⊕
1ffiffiffi
6

p
�

α1β3 þ α2β2 þ α3β1 − α4β6 − α5β5 − α6β4

−ðα1β6 þ α2β5 þ α3β4 þ α4β3 þ α5β2 þ α6β1Þ

�
22
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⊕
1

2
ffiffiffi
3

p

0
B@

2α1β1 − α2β3 − α3β2 þ 2α4β4 − α5β6 − α6β5

2α3β3 − α1β2 − α2β1 þ 2α6β6 − α4β5 − α5β4

2α2β2 − α1β3 − α3β1 þ 2α5β5 − α4β6 − α6β4

1
CA

30

⊕
1

2

0
B@

α2β3 − α3β2 þ α5β6 − α6β5

α1β2 − α2β1 þ α4β5 − α5β4

−α1β3 þ α3β1 − α4β6 þ α6β4

1
CA

30

⊕
1

2

0
B@

α2β6 − α3β5 − α5β3 þ α6β2

α1β5 − α2β4 − α4β2 þ α5β1

−α1β6 þ α3β4 þ α4β3 − α6β1

1
CA

31

⊕
1

2
ffiffiffi
3

p

0
B@

2α1β4 − α2β6 − α3β5 − 2α4β1 þ α5β3 þ α6β2

−α1β5 − α2β4 þ 2α3β6 þ α4β2 þ α5β1 − 2α6β3

−α1β6 þ 2α2β5 − α3β4 þ α4β3 − 2α5β2 þ α6β1

1
CA

31

⊕
1

2
ffiffiffi
3

p

0
BBBBBBBB@

2α1β1 − α2β3 − α3β2 − 2α4β4 þ α5β6 þ α6β5

−α1β2 − α2β1 þ 2α3β3 þ α4β5 þ α5β4 − 2α6β6

−α1β3 þ 2α2β2 − α3β1 þ α4β6 − 2α5β5 þ α6β4

−2α1β4 þ α2β6 þ α3β5 − 2α4β1 þ α5β3 þ α6β2

α1β5 þ α2β4 − 2α3β6 þ α4β2 þ α5β1 − 2α6β3

α1β6 − 2α2β5 þ α3β4 þ α4β3 − 2α5β2 þ α6β1

1
CCCCCCCCA

6

⊕
1

2

0
BBBBBBBB@

α2β3 − α3β2 − α5β6 þ α6β5

α1β2 − α2β1 − α4β5 þ α5β4

−α1β3 þ α3β1 þ α4β6 − α6β4

−α2β6 þ α3β5 − α5β3 þ α6β2

−α1β5 þ α2β4 − α4β2 þ α5β1

α1β6 − α3β4 þ α4β3 − α6β1

1
CCCCCCCCA

6

:

Here we have used the notations,

P2 ¼
�

0 1

−1 0

�
; P3 ¼

0
B@

0 0 1

1 0 0

0 1 0

1
CA;

P6ðr; iÞ ¼
�

03 13
−13 03

�r�P3 03
03 P3

�i

: ðA11Þ

Further details can be found in Ref. [34].

APPENDIX B: MODULAR FORMS OF Γ6

Here we give a review on the modular forms of Γ6. The
modular forms of level 6 of even weights can be constructed
from the products of the Dedekind eta function [34],

ηðτÞ ¼ q1=24
Y∞
n¼1

ð1 − qnÞ; q ¼ e2πiτ: ðB1Þ

Usingη, four linearly independentmodular forms ofweight 2
can be written down as

Yð2Þ
30
ðτÞ ¼

0
B@

−Y2
1ffiffiffi

2
p

Y1Y2

Y2
2

1
CA; Yð2Þ

112
ðτÞ ¼ Y3Y6 − Y4Y5;

Yð2Þ
20
ðτÞ ¼ 1ffiffiffi

2
p

�
Y1Y4 − Y2Y3

Y1Y6 − Y2Y5

�
; ðB2Þ

Yð2Þ
6 ðτÞ ¼ 1ffiffiffi

2
p

0
BBBBBBBBB@

Y1Y4 þ Y2Y3ffiffiffi
2

p
Y2Y4

−
ffiffiffi
2

p
Y1Y3

Y1Y6 þ Y2Y5ffiffiffi
2

p
Y2Y6

−
ffiffiffi
2

p
Y1Y5

1
CCCCCCCCCA
; ðB3Þ

where

Y1ðτÞ ¼ 3
η3ð3τÞ
ηðτÞ þ η3ðτ=3Þ

ηðτÞ ; ðB4Þ

Y2ðτÞ ¼ 3
ffiffiffi
2

p η3ð3τÞ
ηðτÞ ; ðB5Þ

Y3ðτÞ ¼ 3
ffiffiffi
2

p η3ð6τÞ
ηð2τÞ ; ðB6Þ

Y4ðτÞ ¼ −3
η3ð6τÞ
ηð2τÞ −

η3ð2τ=3Þ
ηð2τÞ ; ðB7Þ

Y5ðτÞ ¼
ffiffiffi
6

p η3ð6τÞ
ηð2τÞ −

ffiffiffi
6

p η3ð3τ=2Þ
ηðτ=2Þ ; ðB8Þ

Y6ðτÞ ¼ −
ffiffiffi
3

p η3ð6τÞ
ηð2τÞ þ 1ffiffiffi

3
p η3ðτ=6Þ

ηðτ=2Þ −
1ffiffiffi
3

p η3ð2τ=3Þ
ηð2τÞ

þ
ffiffiffi
3

p η3ð3τ=2Þ
ηðτ=2Þ : ðB9Þ

Then we can construct the modular forms of weight 4 by the
CG coefficients shown in Appendix A as

Yð4Þ
100
ðτÞ ¼ ðYð2Þ

20
Yð2Þ
20
Þ
100
; Yð4Þ

101
ðτÞ ¼ ðYð2Þ

112
Yð2Þ
112
Þ
101
;

Yð4Þ
20
ðτÞ ¼ ðYð2Þ

20
Yð2Þ
20
Þ
20
; ðB10Þ

Yð4Þ
22
ðτÞ ¼ ðYð2Þ

112
Yð2Þ
20
Þ
22
; Yð4Þ

30
ðτÞ ¼ ðYð2Þ

20
Yð2Þ
6 Þ

30
;

Yð4Þ
31
ðτÞ ¼ ðYð2Þ

112
Yð2Þ
30
Þ
31
; ðB11Þ

Yð4Þ
6i ðτÞ ¼ ðYð2Þ

112
Yð2Þ
6 Þ

6
; Yð4Þ

6ii ðτÞ ¼ ðYð2Þ
20
Yð2Þ
30
Þ
6
: ðB12Þ
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Note thatYð4Þ
6i andYð4Þ

6ii stand for two linearly independent six-
dimensional modular forms of weight 4. We use the same
convention for other modular forms. Similarly, we construct
the modular forms of weight 6 as

Yð6Þ
100
ðτÞ ¼ ðYð2Þ

20
Yð4Þ
20
Þ
100
; Yð6Þ

110
ðτÞ ¼ ðYð2Þ

112
Yð4Þ
101
Þ
110
;

Yð6Þ
112
ðτÞ ¼ ðYð2Þ

112
Yð4Þ
100
Þ
112
; ðB13Þ

Yð6Þ
20
ðτÞ ¼ ðYð2Þ

20
Yð4Þ
100
Þ
20
; Yð6Þ

21
ðτÞ ¼ ðYð2Þ

20
Yð4Þ
101
Þ
21
;

Yð6Þ
22
ðτÞ ¼ ðYð2Þ

112
Yð4Þ
20
Þ
22
; ðB14Þ

Yð6Þ
30i
ðτÞ ¼ ðYð2Þ

30
Yð4Þ
101
Þ
30
; Yð6Þ

30ii
ðτÞ ¼ ðYð2Þ

30
Yð4Þ
100
Þ
30
;

Yð6Þ
31
ðτÞ ¼ ðYð2Þ

112
Yð4Þ
30
Þ
31
; ðB15Þ

Yð6Þ
6i ðτÞ ¼ ðYð2Þ

20
Yð4Þ
31
Þ
6
; Yð6Þ

6ii ðτÞ ¼ ðYð2Þ
6 Yð4Þ

100
Þ
6
;

Yð6Þ
6iiiðτÞ ¼ ðYð2Þ

30
Yð4Þ
20
Þ
6
: ðB16Þ

In Table X we summarize the modular forms of level 6 of
even weights up to 6.
Also we construct the singlet modular forms of weights

8, 10, 12, and 14 which we have used in our analysis. First,
the singlet modular forms of weight 8 are given by

Yð8Þ
100

¼ ðYð4Þ
100
Yð4Þ
100
Þ
100
; Yð8Þ

101
¼ ðYð4Þ

100
Yð4Þ
101
Þ
101
;

Yð8Þ
102

¼ ðYð4Þ
101
Yð4Þ
101
Þ
102
; Yð8Þ

112
¼ ðYð4Þ

20
Yð4Þ
22
Þ
112
: ðB17Þ

The singlet modular forms of weight 10 are given by

Yð10Þ
100

¼ ðYð4Þ
100
Yð6Þ
100
Þ
100
; Yð10Þ

101
¼ ðYð4Þ

101
Yð6Þ
100
Þ
101
;

Yð10Þ
110

¼ ðYð4Þ
100
Yð6Þ
110
Þ
110
; ðB18Þ

Yð10Þ
111

¼ ðYð4Þ
101
Yð6Þ
110
Þ
111
; Yð10Þ

112
¼ ðYð4Þ

100
Yð6Þ
112
Þ
112
: ðB19Þ

The singlet modular forms of weight 12 are given by

Yð12Þ
100i

¼ ðYð6Þ
100
Yð6Þ
100
Þ
100
; Yð12Þ

100ii
¼ ðYð6Þ

110
Yð6Þ
110
Þ
100
;

Yð12Þ
101

¼ ðYð6Þ
112
Yð6Þ
112
Þ
101
; ðB20Þ

Yð12Þ
102

¼ ðYð6Þ
110
Yð6Þ
112
Þ
102
; Yð12Þ

110
¼ ðYð6Þ

100
Yð6Þ
110
Þ
110
;

Yð12Þ
112

¼ ðYð6Þ
100
Yð6Þ
112
Þ
112
: ðB21Þ

The singlet modular forms of weight 14 are given by

Yð14Þ
100

¼ ðYð6Þ
100
Yð8Þ
100
Þ
100
; Yð14Þ

101
¼ ðYð6Þ

100
Yð8Þ
101
Þ
101
;

Yð14Þ
102

¼ ðYð6Þ
100
Yð8Þ
102
Þ
102
; ðB22Þ

Yð14Þ
110

¼ ðYð6Þ
110
Yð8Þ
100
Þ
110
; Yð14Þ

111
¼ ðYð6Þ

110
Yð8Þ
101
Þ
111
;

Yð14Þ
112i

¼ ðYð6Þ
112
Yð8Þ
100
Þ
112
; ðB23Þ

Yð14Þ
112ii

¼ ðYð6Þ
110
Yð8Þ
102
Þ
112
: ðB24Þ

In Table XI we summarize the singlet modular forms of
level 6 of weights 8, 10, 12, and 14.

TABLE XI. The singlet modular forms of level 6 of weights 8,
10, 12, and 14.

Modular form YðkY Þ
r

kY ¼ 8 Yð8Þ
100
, Yð8Þ

101
, Yð8Þ

102
, Yð8Þ

112

kY ¼ 10 Yð10Þ
100

, Yð10Þ
101

, Yð10Þ
110

, Yð10Þ
111

, Yð10Þ
112

kY ¼ 12 Yð12Þ
100i

, Yð12Þ
100ii

, Yð12Þ
101

, Yð12Þ
102

, Yð12Þ
110

, Yð12Þ
112

kY ¼ 14 Yð14Þ
100

, Yð14Þ
101

, Yð14Þ
102

, Yð14Þ
110

, Yð14Þ
111

, Yð14Þ
112i

, Yð14Þ
112ii

TABLE X. Themodular forms of level 6 of even weights up to 6.

Modular form YðkY Þ
r

kY ¼ 2 Yð2Þ
112
, Yð2Þ

20
, Yð2Þ

30
, Yð2Þ

6

kY ¼ 4 Yð4Þ
100
, Yð4Þ

101
, Yð4Þ

20
, Yð4Þ

22
, Yð4Þ

30
, Yð4Þ

31
, Yð4Þ

6i , Y
ð4Þ
6ii

kY ¼ 6
Yð6Þ
100
, Yð6Þ

110
, Yð6Þ

112
, Yð6Þ

20
, Yð6Þ

21
, Yð6Þ

22
, Yð6Þ

30i
, Yð6Þ

30ii
, Yð6Þ

31
,

Yð6Þ
6i , Y

ð6Þ
6ii , Y

ð6Þ
6iii
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