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Semi-invisible decays of mesons are a prime strategy for searches of new particles or forbidden decays.
At current and upcoming facilities beauty mesons are produced in pairs, and the second decay often
provides a “tag” to enhance signal reconstruction. Typical tags are fully reconstructed, hadronic decays,
whereas one tends to discard “semileptonic” modes, clean and abundant, but with an elusive neutrino. We
introduce a new strategy that makes semileptonic tags competitive with hadronic tags, potentially implying
a substantial increase in the usable event statistics for any semi-invisible meson or τ-lepton decay. Our
strategy rests on the use of appropriate kinematic quantities, collectively denoted asM2, that had never been
applied in the context of meson decays. We introduceM2 definitions that leverage two key features of high-
intensity meson-decay events: the known decaying-meson mass and its flight direction—accessible thanks
to the exquisite vertexing capabilities available. We benchmark these definitions in the B → Kτμ, a null test
of the Standard Model of great current interest. In an unrefined application we already observe a substantial
improvement in sensitivity—halfway to the ideal case of using fully reconstructed semileptonic tags with
true kinematics.
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Pair-produced particles decaying to partly invisible final
states are a ubiquitous type of events at high-intensity
experiments such as LHCb and Belle II. A prototype
example are B − B̄ pairs, each B decaying to final states
including at least one neutrino. Of these B-meson pairs, one
(Bsig) produces the “signal” decay, and the other (Btag) may
be used as a “tag.” Common tag decays are modes that can
be fully reconstructed, as is the case for many hadronic
tags. This way, even if the signal includes elusive particles,
the number of constraints is large enough to close
the kinematics. Such strategy, somewhat by definition,
excludes from consideration tag decays that contain unde-
tected particles, for instance most semileptonic tags. This is
unfortunate because semileptonic tags are often clean, thus
affording high efficiencies, and most importantly they have
large branching fractions—e.g., almost 20% for only four
Dð�Þlν modes. In this study we introduce a strategy that

achieves, with appropriately designed kinematic quantities,
a full event reconstruction in semileptonic tags, thus
making them competitive in resolution with hadronic tags,
and thereby substantially increase the usable statistics in,
potentially, any semi-invisible meson or τ-lepton decay.
Precisely events where both Bsig and Btag decay semi-

invisibly lend themselves to the use of kinematic variables
fit for purpose. Consider B mesons pair-produced in
electron-positron collisions at the ϒð4SÞ resonance, and
decaying as

B1B2 → V1ðp1Þχ1ðk1Þ þ V2ðp2Þχ2ðk2Þ; ð1Þ

where Vi are visible and χi invisible (sets of) particles. The
center-of-mass energy

ffiffiffi

s
p

is fixed, and the full momentum
of the eþe− system is known. Therefore, besides the visible
p1;2, in such events one measures the full missing three-
momentum Pmiss and can thereby construct the variable
known as M2 [1–3]

M2 ¼ min
k1þk2¼Pmiss

½maxfMð1Þ;Mð2Þg�; ð2Þ

where MðiÞ is the total invariant mass on decay branch
i ¼ 1, 2, i.e., M2

ðiÞ ¼ ðpi þ kiÞ2. Note that these momenta

correspond to those in Eq. (1) and that the Pmiss constraint
reduces to three the variables over which the minimization
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is performed, e.g., ðk1Þx;y;z. The construction in Eq. (2)
follows a well-defined logic [1]. The choice of the
maximum between the invariant masses of the two decay
branches is designed forM2 to access, through its endpoint
as a distribution, the heaviest physics scale of the decay, in
our case the B1;2 mass mB. The subsequent minimization
guarantees that MðiÞ—calculated for ki that are separately
unknown, hence may take on unphysical values—do not
result in unphysical parent-mass values, in particular ones
that are larger than mB.
This construction comes with built-in features that are

key in our context. The first is the possibility to estimate the
separate invisible momenta for the two decay chains. In
fact, it was shown that the minimum of Eq. (2), obtained for
unique values of k1;2—so-called M2-assisted on-shell
invisible momenta, or MAOS momenta [3–6]—is distrib-
uted around the physical k1;2. Second, the minimization in
Eq. (2) can be performed in the presence of additional
constraints, so the definition of M2 is extensible. Crucially
the larger their number, the more MAOS momenta
approach the physical momenta [6].
We can use such ‘extensibility’ to our advantage.

Specifically, we introduce two new kinematic requirements
that can be enforced on theM2 definition. These constraints
are new in the following respects: (i) they “overload” M2,
i.e., they reduce to zero the number of kinematic degrees of
freedom in the M2 distribution. Then M2 is no more a
distribution—its minimization becomes equivalent to find-
ing the unique solution of the event’s kinematic equations;
(ii) we consider kinematic requirements other than on-shell
mass constraints—in particular, constraints on the parent-
Bsig (or equivalently -Btag) flying directions, inferred from
vertex-reconstruction information. A third novelty is the
actual application, to namely B-meson decays with final-
state τ leptons, greatly topical at present. We next discuss
these three novelties in turn.
A first natural constraint at lepton colliders is the known

total collision energy

ðp1 þ k1 þ p2 þ k2Þ2 ¼ s: ð3Þ

In our application to meson decays, a further constraint are
the known decaying-parent masses

ðp1 þ k1Þ2 ¼ ðp2 þ k2Þ2 ¼ m2
B: ð4Þ

Note that the constraints (3) and (4), taken together, reduce
to zero the number of d.o.f. in the M2 minimization—i.e.,
make the M2 solution equivalent to finding the unique root
of a complete set of kinematic equations for the event. We
then introduce a first M2 definition, denoted as M2sB, and
constructed from Eq. (2), with the minimization further
constrained via Eqs. (3) and (4). In the literature, the
constraint in Eq. (4) has been discussed without the last
equality [7], i.e., without assuming a known mass for the

parent particles. In this case M2 is known to have the same
minimum as M2s [7]. To our knowledge (and surprise), a
discussion of M2 with the full constraint in Eq. (4) is
missing in the literature. This may be due to various
reasons. M2 was born as a variable for direct searches of
new—hence with unknown mass—pair-produced resonan-
ces decaying semi-invisibly; in fact, one of the defining
features ofM2 is that its endpoint as a distribution allows us
to measure the decaying-parent’s mass. On the contrary, our
M2sB is no more a distribution—its minimum is an exact
solver of the kinematic equations, event by event—as the
constraints (4) plus (3) close the event kinematics.
We next consider a further, qualitatively different, class

of constraints than those hitherto discussed in the literature
—namely constraints on the decaying-parent flight direc-
tion. Such constraints may well be valuable because of the
accurate vertex-reconstruction information available at
present and upcoming high-intensity colliders. Note that
imposing, e.g., the Bsig flight direction renders the Btag
counterpart redundant [8], so we will discuss the for-
mer only.
The Bsig flight direction is determined, event by event, as

v̂sig ¼ ðrsig − r0Þ=jrsig − r0j, where r0 and rsig are the
locations of the primary and respectively the Bsig-decay
vertices. Concretely, each component of r0 as well as rsig
comes with an error, which implies that the measured Bsig

flight vector spans a set of directions. If we denote v̂sig as
the vector obtained with the central values for r0 and for
rsig, we may impose the following constraint

arccosðp̂Bsig
· v̂sigÞ ≤ δsig; ð5Þ

where p̂Bsig
denotes the unit vector corresponding to

pBsig
¼ psig þ ksig, with ksig estimated through MAOS

[4,5]. The quantity on the right-hand side (rhs), δsig, can
be determined by scanning over v̂sig as the measured r0 and
rsig are varied within their standard deviations σr0 and σrsig .
One can thus expect that δsig will be of the same order as the
largest between the relative uncertainties for r0 and rsig.
Reference values for these uncertainties will be discussed in
the text around Fig. 1. Intuitively, the constraint in Eq. (5)
would dictate that the Bsig direction form a cone of maximal
aperture 2δsig with v̂sig. As the error on r0;sig tends to zero,
so does δsig [9]. Importantly, Eq. (5) amounts to an
inequality constraint, whose application does not reduce
the number of d.o.f. in the M2 minimization. Inequality
constraints may be very powerful for the purpose of
overloading M2, namely of bounding its minimization
with a number of requirements that equal or exceed the
number of kinematic d.o.f. available. We will return to this
point later. In our circumstances, we can follow a simpler
procedure. Event by event, we replace the true v̂sig with a
vector estimated by smearing with motivated distributions
both r0 and rsig around their true values. We then impose the
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thus-estimated v̂sig as an equality constraint (henceforth V)
on the Bsig flight direction.
“Directional” constraints such as Eq. (5) have, to our

knowledge, never been considered in connection with M2

and siblings. TheM2 definition of Eq. (2), plus the equality
V constraint just discussed will be referred to as M2V [16].
M2V reduces the number of d.o.f. available in the M2

minimization by two units—the constraint fixes one direc-
tion in 3-dimensional space. Note that, if we further use the
knowledge of s, we can fix not only the orientation, but also
the magnitude of pBsig

, and thereby close the kinematics. In
this case, that we will denote as M2sV , the minimization
must necessarily land at ksig ¼ ktruesig . On the other hand, if

one does not use the s information, as in M2V , s is an
outcome of the M2 algorithm.
We next turn to the actual application, the B� → K�τμ

search at Belle and Belle II. This decay is a null test of the
Standard Model, hence any signal would represent a clear
signature of new physics coupled to the third generation of
down-type quarks and leptons [17].
The search strategy in place at B factories (see, e.g.,

Refs. [18,19]) for B� → K�τμ is based on Bþ
sig → Kþ

sigτlsig

events, with 1-prong τ decays to lνν, πν and ρν (making
up over 70% of all τ decays), and associated with
a fully reconstructed, hadronic tag decay, e.g., B−

tag →
D0ð→K−πþÞπ− [20]. This Btag decay is referred to as

FIG. 1. Mrecoil distributions for different experimental setups, detailed in the text, and for different τsig decay modes (leftmost to
rightmost panels: hadronic, leptonic τ decays, or both).
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hadronic B-tagging, and allows us to completely recon-
struct the Bsig decay as well. There exists an entire set of
additional, independent semileptonic (SL) tag decays
such as B−

tag → D0ðKπÞl−ν̄, which at present cannot be
exploited within the above strategy. In fact, these decays
involve escaping neutrinos, which hinder full event
reconstruction. Our strategy is key precisely in these
SL-tag decays, and makes them competitive to hadronic-
tag ones, as we will show in terms of increase in statistics
and of gain in branching-ratio sensitivity. Our chosen decay
is meant to benchmark the strategy, and our results suggest
it is exploitable in numerous other applications, some of
which we mention at the end of the paper.
The overall resolution of a given set of BsigBtag decay

channels—whether the tag is hadronic or SL—may be
quantified by Mrecoil. In our chosen decay, this has the
crucial advantage of reducing the search to a “bump hunt”
in the total invariant mass of the signal-side τ decay
products. In fact, if correctly estimated, Mrecoil must peak
at mτ. Mrecoil can be constructed as

M2
recoil ≡ ðp�

eþe− − p�
Btag

− p�
Ksiglsig

Þ2

¼ m2
Btag

þm2
Ksiglsig

− 2ðE�
Btag

E�
Ksiglsig

þ jp�Btag
jjp�Ksiglsig

j cos θÞ: ð6Þ

Here asterisks denote the center-of-mass frame, where
Mrecoil takes a simple form, although it is Lorentz-invariant
by definition; besides, E�

Btag
¼ ffiffiffi

s
p

=2, and θ is the angle

between p�Btag
and p�Ksiglsig

. Equation (6) allows us to

immediately identify the main current limitation of SL
tags: since the tag side is not fully reconstructed, θ is
unknown. For SL-tag analyses, the cosine of this angle is
currently taken as uniformly distributed. We find that, for
this reason, the current SL-tag resolution is about 5 times
worse than the hadronic tag’s [21].
Thus, our stated objective can be recast as the following

task in our considered decay: improving the cos θ estimate
in SL tags, and quantifying the improvement in Mrecoil as
well as in the ensuing branching-ratio sensitivity. To that
end, we adopt a numerical procedure whose technical
details are relegated to a supplemental section.
A complete comparison of the performance of M2sB,

M2V , andM2sV in theMrecoil distribution is presented in the
histogram array of Fig. 1. The random-cos θ case is shown
as baseline. To ease readability, we note that the array’s
columns refer to the different 1-prong decay modes
considered for the signal τ: from left to right, hadronic,
leptonic τ decays, or both. The choice of the decay modes
affects all of M2sB, M2V , and M2sV . The array’s rows, in
turn, represent different scenarios for the V constraint,
defined by the uncertainties σr0 and σrsig in the primary
vertex and in the Bsig decay vertex, respectively. Upper to
lower rows represent the current setup at Belle II; the setup

expected at the Belle II design luminosity; a hypothetical
future scenario [22], respectively. By definition, these
different scenarios affect M2ðsÞV only, not M2sB. The
M2sB distributions are shown in every figure row only
for comparison with M2ðsÞV .
This comparison shows that M2sB performs better than

M2ðsÞV in the hadronic τsig-decay case, whereas M2sB and
M2ðsÞV are comparable in the leptonic-decay instance. This
implies a somewhat better M2sB performance when the
channels are combined. These conclusions hold in the
“current Belle-II” scenario (first row) and to a lesser degree
in the “Belle-II design-luminosity” scenario (second row).
We see from the lower two rows that, if the σrsig value were
to halve with respect to the 25 μm figure, the M2ðsÞV
performance would be very close to M2sB in the hadronic
τsig-decay case, and even superior to it in the leptonic-decay
case, implying a comparable performance between M2sB
and M2ðsÞV in the combined-channel case.
These findings suggest that M2sðBÞ and M2ðsÞV have

distinct advantages and disadvantages: the former has a
strong sensitivity to the mνν̄ constraint; the latter has little
sensitivity in that respect, and allows us to profitably use
vertex-reconstruction information—to the extent that it is
accurate enough. In fact, the choice of M2ðsÞV over M2sB

hinges on the considered detector’s vertexing capabilities,
and in case of comparable performances the best strategy
would be a combined analysis, where M2 is overloaded
with all of the s, B, and V constraints.
The Mrecoil distributions can finally be translated into an

upper limit on BðB → KτμÞ. This is calculated at 90% con-
fidence level with an established frequentist method (see,
e.g., Ref. [24]). For each given Mrecoil distribution, we
apply our selection to a Monte Carlo sample consisting of
all possible backgrounds, of overall size equal to the Belle
dataset. This allows us to constrain the background shape in
the signal region beyond a simple sideband extrapolation.
Given the superiority ofM2sB overM2ðsÞV within the Belle-
II setup in the foreseeable future, for this study we deploy
M2sB alone, with the m̂νν̄ ansatz for τsig → lþ νν̄. The
analysis uses somewhat simplifying assumptions: 1-prong
τsig decays are reconstructed as π=μ=e, i.e., the ρ is
currently not being reconstructed; besides cross-feed
across the different categories is neglected. These effects,
however, are not expected to sizeably change the overall
picture. With these simplifications, we get a 90% C.L.
upper bound on BðB� → K�τ�μ∓Þ ¼ 1.2 × 10−5 with
710 fb−1. Within our approximations, this limit equals
the one that we obtain with the hadronic tag. The
corresponding limits obtained with Mrecoil (random
cos θ) and withMtrue

recoil (using the true cos θ) are respectively
2.0 and 0.6 both in units of 10−5 (see also [21]). Hence a
no-frills application of M2sB leads per se to an improve-
ment already halfway between the current strategy and the
fully-reconstructed SL case.
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Our approach opens several lines of development. First,
the constraints discussed can be applied toM2, Eq. (2), in a
number of combinations, according not only to the con-
straints that are actually included, but also to whether they
are imposed exactly (i.e., as equalities) or as inequality
relations. In particular, one may exceed the total number of
kinematic d.o.f. available—thus overloading M2—by
implementing constraints as inequalities. In this respect,
V constraints are especially promising, also in that they can
be deployed at hadronic facilities, where s is not available,
but accurate vertex reconstruction typically is. Second, the
B → Kτμ analysis we discussed may be carried over to
many additional channels of topical interest. One example
is B → τμ, that features at least two clear advantages: the τ
is monochromatic in the parent-B rest frame, and the signal
has lower combinatorial backgrounds. Another example is
B → Kνν̄, a key constraint for model-building [25] and
even for searches of light supersymmetric states (e.g., [26]).
We expect our approach to make SL tags as practicable as
hadronic tags in these and other modes. Our work is in the
direction of what may be denoted as the “efficiency
frontier.” The next step toward improving tag-based analy-
ses even further is then to enlarge the set of hadronic tags
used—in what is instead the “resolution frontier.” This step
seems however very dependent on the specific decay
considered, i.e., it does not seem to admit a universal
approach such as the one laid out here.
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APPENDIX: TECHNICAL DETAILS

Here we collect information that is not necessary for the
general understanding of our approach, but is needed for
fully reproducing our results.
The first point concerns our numerical setup and

assumptions. Our results use phase-space events populated
through the EvtGen Monte Carlo [27]. For consistency with
the on-going Belle analysis [18], and as already mentioned,
we restrict to the 1-prong τ decays to lνν, πν and ρν. We
note that our thus-generated event sample includes realistic
detector smearing, which in our case affects pi [see Eq. (1)],
Pmiss, and the locations of the interaction point and of the
decay vertices. We also assume that the combinatorial
ambiguity due to the assignment of the visible particles to
one of the two decay chains has completely been resolved.
The purpose is to single out the signal quality degradation
due solely to the presence of undetected particles on the
tag side.
The second point concerns the actual construction of one

of the inputs to M2, Eq. (2) The constraints (3) and (4)
require knowledge of k21;2, the invariant masses of the

invisible systems on the signal and tag sides. While k22 ¼ 0,
k21 is unknown for a leptonically decaying signal-side τ—it
is the invariant mass squared of the two final-state neu-
trinos. A simple ansatz often adopted in the literature is
k21 ¼ 0, see in particular [4,5]. This is however not realistic,
as the physical m2

νν̄ distribution peaks around 1 GeV2, as
shown in Fig. 2 (left). We then consider an improved ansatz
for k21, expecting that it will make more effectual the M2

constraints where k21 enters. TheM2 definition proper is, on
the other hand, expected to be less affected by the k21 ansatz
[4,5,28]. We construct our k21 ansatz as follows. We start
from the B in its rest frame, and boost it with the total
beams momentum. We then obtain k1 by subtracting the
sum of the visible final-state momenta. This approximation
neglects the back-to-back momentum of the B − B̄ pair in
the center-of-mass frame, which is however small with
respect to the boost induced by the beams asymmetry. As a
result of our ansatz, the k21 distribution is neatly close to the
physical one for about 86% of the events, and yields
unphysical negative values for the remaining 14%. For
these events we switch the overall k21 sign. The resulting
ansatz for the νν̄ invariant mass, to be denoted as m̂νν̄, gives
rise to the distribution shown in Fig. 2.
We implemented m̂νν̄ in all of M2sðBÞ and M2ðsÞV and

tested the improvement directly in the Mrecoil distribution.
In Fig. 3 we show these four M2 definitions, plus the
random-cos θ distribution as reference. The three panels
correspond to the three choices mνν̄ ¼ fmtrue

νν̄ ; m̂νν̄; 0g,
respectively. As the figure shows in terms of the distribu-
tions’ height/width, the improvement due to m̂νν̄ with
respect to mνν̄ ¼ 0 is significant for the M2ðsÞV , whereas
it is only slight forM2sB. However, forM2sB the m̂νν̄ ansatz
has the other effect of removing a bias present in the peak
position with themνν̄ ¼ 0 ansatz. All things considered, the
accuracy of the mνν̄ ansatz appears to impact especially
M2sB. This sensitivity seems to be due to the B constraint.
In fact, the quality of the peak in Mrecoil calculated with
M2sB improves dramatically from the m̂νν̄ to themtrue

νν̄ cases,
whereas the corresponding improvement in M2s or M2ðsÞV
is marginal or absent.

FIG. 2. Distribution for m̂νν as defined in the text, and
comparisons with the physical distribution.
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νν̄ ; m̂νν̄; 0g (panels left to

right). The random-cos θ distribution is also shown as reference.
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Eq. (5), ineffectual. Conversely, σr0z ≃ 350 μm at Belle II,
and expected to further improve to 150 μm at the design
luminosity [23]. The secondary vertex rsig is determined
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