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Moments of the nucleon transverse quark spin densities using lattice QCD
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We present the first calculation of the Mellin moments of the transverse quark spin densities in the
nucleon using lattice QCD simulations with physical values of the pion mass and in the continuum limit.
Specifically, we use three Ny = 2 + 1 + 1 twisted mass fermion gauge ensembles each at different lattice
spacings. The densities are extracted from the unpolarized and transversity generalized form factors. The
first moment of transversely polarized quarks in an unpolarized nucleon shows an interesting distortion,
which can be traced back to the sharp falloff of the transversity generalized form factor By,(Q?). The
isovector tensor anomalous magnetic moment is determined to be x; = 1.051(94), which confirms a

negative and large Boer-Mulders function, hf-, in the nucleon.

DOI: 10.1103/PhysRevD.107.054504

I. INTRODUCTION

Understanding the spin content of the nucleon from its
fundamental constituents, the quarks, and the gluons is a
key milestone of nuclear and particle physics. While
significant progress has been made in recent years revealing
the longitudinal spin structure of the nucleon [1-3], the
transverse spin structure remains less known from phenom-
enology [4-6]. In fact, one of the major goals of the
electron-ion collider (EIC) [7], a key experimental facility
for nuclear physics being built at Brookhaven, will be to
improve the measurements of such quantities. Therefore, an
ab initio calculation of the transverse spin of the nucleon
provides essential information for the EIC physics, as well
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as input for other planned experiments, such as the SoLID
experiment at Jefferson Laboratory that will measure the
transverse momentum structure of the nucleon [8,9]. In
addition, evaluating quantities like the tensor charge may
reveal physics beyond the Standard Model (SM).

In this paper, we use lattice QCD simulations to study the
transverse spin properties of the nucleon. The novelty of
this work is composed of the following:

(i) Avoiding the need of chiral extrapolations that for
the nucleon sector can introduce uncontrolled sys-
tematic errors by using simulations generated with
physical mass values for two mass-degenerate light,
strange, and charm quarks, referred to as N, =
2 4+ 1 + 1 physical point ensembles;

(i) Development of innovative algorithms for the Mar-
kov Chain Monte Carlo [10] without which the
simulations of such ensembles would not have been
possible, as well as for the analysis of the gauge
configurations [11]. An example is the multigrid
solver adapted for the twisted mass fermion discre-
tization scheme used in this work [12,13] that
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drastically improves both the simulations and the
analysis;

(iii) The current work is the first to use three physical
point ensembles of Wilson-type fermions to take the
continuum limit for these quantities;

(iv) A detailed analysis to eliminate the contribution of
excited states to the nucleon matrix elements is
performed. This is very important, especially when
analyzing physical point ensembles. We use a large
number of statistics to keep the statistical errors
constant as we search for convergence to the ground
state matrix element; and

(v) Subtraction of lattice artifacts from the required
renormalization constants, to all orders in the lattice
spacing and to one loop in perturbation theory.

We consider the first two Mellin moments of the three-
dimensional (3D) probability densities p(x,b,5,,S ),
where x is the longitudinal momentum fraction, s, the

transverse quark spin, b the transverse vector from the

center of momentum of the nucleon, and S | the transverse
spin of the nucleon. As discussed in Ref. [14], to access the
transverse spin densities one needs to compute the twist-two
matrix elements of the chiral-even unpolarized and chiral-
odd transversity generalized parton distributions (GPDs).
The probability density [14] is given as

/)(X, bJ_’ EJ.’ SJ_)

1 € =] - 7
=3 {H(x, b%) + :1—1\/} (S'LE'(x,b%) + 5 Efv(x,b%))
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+5181 (Hr(x,b@ ottty ”)
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M}’ (])

2
my

where my is the nucleon mass, €;; is the antisymmetric
tensor, and the derivatives are denoted as F' = 2%

T
8y, F =455 (b} 2%)F. The GPDs, H, E, Hy, Ey, and Hy
parametnze the generalized quark distributions of twist two
and are in general functions of the momentum transfer (x),
skewness (£), and squared momentum transfer (Q?) [15].
For the probability density of Eq. (1), the GPDs are needed
in impact parameter space at zero skewness (&= 0)

obtained via

and

H(x,b%) = / f2ﬂ) eP B H(x,=0,0%),  (2)

with A | the transverse momentum transfer and —Q* = A2,
Equation (2) for H generalizes to the other GPDs, and the
GPD E; in Eq. (1) is defined as E; = E; + 2H.

The moments are then computed as an integral over the
momentum fraction as

Ed - l Py <
(1) (b1.5,.5,) = /1 dx x"'p(x,b,.5.,81), (3)

where 7 is a positive nonzero integer corresponding to the
nth moment. The GPDs reduce to the generalized form
factors (GFFs) if integrated over x. For the unpolarized
case, we have

Anoz/dxx”_lH,
Bnoz/dxx"‘lE,
A= /dxx"‘lﬁ, (4)

and analogously, for the tensor GFFs,

ATn():/dxx”_lHT,
BTn():/dxx"_lET,
ATnOZ/dxx”_lI:IT. (5)

In this work, we are interested in GFFs that parametrize
off-forward nucleon matrix elements of local vector and
tensor quark operators, defined as

O = g()rqx),  OF =gyiDYqg(x),  (6)

o — é(x)o-[ﬂ{v]isl’}q(X), (7)

where D is the symmetrized covariant derivative,
{--+} denotes symmetrization and subtraction of the
trace, and |- - -] antisymmetrization of the enclosed indices.
In what follows, we restrict ourselves to the flavor nonsinglet
isovector combination, i.e., O} = it(x)y*u(x) — d(x)y*d(x)
for the local vector current and, similarly, for the other
three currents defined in Egs. (6) and (7), where u and d are
up- and down-quark fermion fields, respectively.

II. NUCLEON MATRIX ELEMENTS

The relevant quantities entering in the definition of the
moments of the transverse densities are the two lowest
Mellin moments of the vector and tensor operators given in
Egs. (6) and (7). The nucleon matrix elements of these
operators are expanded in terms of GFFs as given below [15]
converted to Euclidean space:
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The vector operator O, that yields the electromagnetic
Pauli and Dirac form factors

(N(p ) OLN(p.5)) = g (P o) [y,,ﬂ(Qz)

i6,,0" 5
- F 9 9
= F2(0) |y (p.5)
(8)
where in the notation of the previous section, Aq = F

and B 0= F 2.
The tensor operator (0%, yielding the first Mellin
moments of the tensor GFFs

NP ) [OF N (p. )
4 AY]
= (p'5) | o Ara(02) +

NI
+— Ano(Qz)] uy(p.s).
my

Br1p(0?)

N
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with P* = 227 In the forward limit, A714(0) gives
the tensor charge g; which we will denote with g%~ for
the isovector case considered here. The combination
B110(Q?) = Br19(Q?) + 2471(Q?) is also quoted in-
stead of Bro(Q?), with B7((0) = k; the anomalous
tensor magnetic moment which is related to the Boer-
Mulders function At ~ —iy.

The vector one-derivative operator %/, yielding the
second Mellin moments of the unpolarized GFFs

(N(p'.s)OVIN(p.s))

) _ ic\te g, pv}
=y () [ A (07} P+ B (09) 9
my
{u v}
+ Ca(0n) 124 ]ump,s). (10)
my

In the forward limit, A,,(0) gives the quark momen-
tum fraction, and specifically (x),_, in the isovector
case. The nucleon spin contributed by the quarks is
J =1[A20(0) + By(0)] in general, and we will use
J=4 to refer to the isovector case, i.e., the isovector
quark contribution to the nucleon spin.

The tensor one-derivative operator 04", yielding the
tensor GFFs

(N(p".s)1O7"IN(p.s))

yaY

—uy (p's") i PP A (@) + 2P B (02)

N
PhAY_ kP

ApBTZl(QZ) “N(P’S),

(11)

N my

TABLE 1. Parameters for the Ny =2 + 1 + 1 ensembles used
in this work. In the first column we give the name of the
ensemble, in the second the lattice volume, in the third f = 6/¢?
with g the bare coupling constant, in the fourth the lattice spacing,
and in the fifth the value of m,L.

Ensemble V/a* B a [fm] m,L
cB211.072.64 643 x 128 1.778 0.07975(32) 3.62
c¢C211.06.80 80% x 160 1.836 0.06860(20) 3.78
cD211.054.96 96% x 192 1.900 0.05686(27) 3.90

with the transversity moment given by A7, (0) that for
the isovector case yields (x)s,_s;- As in the local
tensor case, the combination Bryy = Bryo + 2A7s0
may be used instead of Byy.
The decomposition of the matrix elements for the
unpolarized and polarized projectors is given in the
Appendix.

III. LATTICE METHODOLOGY

A. Gauge ensembles

We employ the twisted-mass fermion discretization
scheme [16,17], which provides automatic O(a) improve-
ment [18]. The bare light quark mass is tuned to reproduce
the isosymmetric pion mass m, = 0.135 MeV [10,19],
while the heavy quark masses are tuned with inputs given
by the physical kaon and D-meson masses as well as the
D-meson decay constant, following the procedure of
Refs. [10,19]. The action also includes a clover term that
reduces isospin breaking effects. The parameters of the
ensembles analyzed in this work can be found in Table I.
The lattice spacing is determined from the nucleon mass,
as discussed in Ref. [20].

B. Correlation functions

To evaluate the nucleon matrix elements of the operators
in Egs. (6) and (7), we compute three- and two-point
correlation functions. The three-point functions are given by
CMD<F; Ei’ ﬁ/; Iy, Lings tO) = Z ei@i"b_%)"?e_i(}«"_%)'ﬁ/

x Tr[[(J (1. Xy)

s
X Ol;-lfj(tinwfins)_N(tO’fO)”?

where ¢ = p’ — p is the momentum transfer and O, is one
of the operators given in Eqs. (6) and (7) with the under-
standing that for the tensor operator there is an additional
index p, while for the electromagnetic current only one
index. The initial coordinate x is referred to as the source
position, x;,, as the insertion, and x as the sink. ' is a
projector acting on spin indices, and we will use either
the unpolarized Iy = % (1 +7y) or the three polarized

(12)
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TABLE II. The number of Gaussian smearing iterations ng and
the Gaussian smearing parameter a; used for each ensemble. We
also provide the number of APE-smearing iterations npg and
parameter a,pg applied to the links that enter the Gaussian
smearing hopping matrix. The resulting source rms radius
obtained is given in the last column where the error is due to
the uncertainty in the lattice spacing.

/(2
IAPE  APE {r7)yy [fm]

Ensemble ng Qg

cB211.072.64 125 0.2 50 0.5 0.461(2)
cC211.060.80 140 1.0 60 0.5 0.516(2)
cD211.054.96 200 1.0 60 0.5 0.502(3)

I’y = I'yiysy, combinations and Jy the standard nucleon
interpolating operator Jy (x) = €01 (x)[u’T(x)Cysd®(x)],
where u and d are up- and down-quark spinors and C = yy,
is the charge conjugation matrix.

To increase the overlap of the interpolating operator J
with the proton state and decrease overlap with excited
states, we use Gaussian smeared quark fields [21,22]
given by

Wimear (1, X) = ZF“b(i?; U)y"(r.y). (13)

where F=(1+4agH)" and H(X,y;U(t)) =

3 Ui(x)8,, + Ul (x =1)8,,4;] with APE smearing
[23] applied to the gauge fields U, entering the Gaussian
smearing hopping matrix H. The parameters used for
Gaussian and APE smearing for each ensemble are given
in Table II, tuned separately for each ensemble. Namely, we
tune the source root-mean-squared (rms) radius, defined as

- i - -
(Pl = iy 1 be ~(03 fn), with tre
precise values obtained listed in Table II.

The connected three-point functions are computed using
sequential propagators inverted through the sink, i.e., using
the so-called fixed-sink method. This requires new sequen-
tial inversions for each sink momentum, and we therefore
restrict to p’ = 0, meaning the source momentum p is
determined via momentum conservation by the momentum
transfer as p = —g. For the twisted-mass formulation
employed here, the disconnected quark loop contributions
are order a®> for finite @ and vanish in the continuum
limit [16].

C. Analysis of excited states

Connected three-point functions are computed using
several time separations, f,, between the application of
the creation and annihilation nucleon interpolating oper-
ators, namely 7, € [0.64,1.6] fm for the cB211.072.64,
t, €10.55,1.51) fm for the cC211.06.80, and ¢, €
[0.46, 1.14] fm for the cD211.054.96 ensemble, as shown

in Table III. This broad range of separations is necessary for
a thorough investigation and elimination of excited state
contributions. At constant statistics, the noise-to-signal ratio
increases exponentially with 7, and the increase is exacer-
bated at the physical point. We, thus, increase the number of
measurements with increasing ¢, in physical units by
increasing the number of source positions (7;,..), as shown

TABLE III. Statistics for computing the isovector matrix
elements for the cB211.072.64 (left table), the ¢C211.060.80
(middle table), and the cD211.054.96 (right table) ensemble. In
each table, we provide the sink-source separations used in lattice
(first column) and physical (second column) units and the number
of source positions per configuration (third column). For each
ensemble, the bottom row indicates the number of source
positions used for the two-point functions.

cB211.072.64

750 configurations

ts/a I [fm] Ngre
8 0.64 1
10 0.80 2
12 0.96 4
14 1.12 6
16 1.28 16
18 1.44 48
20 1.60 64
Nucleon 2pt 264

cC211.060.80

400 configurations

tS /a tS [fm] nS rc
6 0.41 1
8 0.55 2
10 0.69 4
12 0.82 10
14 0.96 22
16 1.10 48
18 1.24 45
20 1.37 116
22 1.51 246
Nucleon 2pt 650

cD211.054.96

500 configurations

ts/a I [fm] Ngre
8 0.46 1
10 0.57 2
12 0.68 4
14 0.80 8
16 0.91 16
18 1.03 32
20 1.14 64
Nucleon 2pt 368
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in Table III, to keep an approximately constant error for all
t,. Also we point out that for a given 7, we increase statistics
as we decrease a. Indicatively, for 7, = 0.96 fm we use a
total of 750 x 4 = 3,000 and 400 x 22 = 8, 800 measure-
ments for the cB211.072.64 and ¢cC211.060.80 ensembles,
respectively, and for #; =1.03 fm 500 x 32 = 16,000
measurements for the cD211.054.96 ensemble. As regards
autocorrelations, in our setup and for the quantities con-
sidered, we observe no increase in autocorrelation for the
involved correlators when going from the coarsest to the
finest ensemble.

To obtain the desired ground state matrix element, we
take an appropriate ratio of three- to two-point functions as
done in our previous studies, e.g., in Refs. [24-26],

Rﬂv(r;ﬁ; tw tins)
_ Clll/(l"; 1_5; ts’ tins)
C(FO; ts)

o« C(Ty, Ps 15 = ting) C(Lo. 05 tins) C(To, 0 2,)
C(FO’ 0; Iy — tins)C(FO7 ﬁ; tins>C(F0’ ﬁ; ts)’

(14)

where from now on 7, and t;,, are taken to be relative to the
source t, i.e., we assume 7, = 0 without loss of generality,
and we drop the sink momentum (p’) as an argument to the
three-point function since as mentioned in our setup we use
p' = 0 throughout. The two-point functions appearing in
the ratio are given by

C(Ty. Pityatg) = »_e &P

';S

x Tr[Co (I (1. X)In (20, X)) (15)

In the limit of large time separations, (¢, — t;,,) > a and
tins > a, the lowest state dominates, and the ratio becomes
time independent:

RA(T; ity i)~ TI(T; ). (16)

ins>a

An essential step in any analysis of lattice QCD matrix
elements is to ensure that contributions from excited states
to the ground state matrix elements are sufficiently sup-
pressed. To this end we compare results from the following
three methods.

1. Plateau method

In this method we use the ratio in Eq. (14) in search of a
time-independent window (plateau) and extract a value by
fitting to a constant. We then seek convergence of the
extracted plateau value as we increase ¢, that then produces
the desired matrix element.

2. Two-state method

Within this method, we fit the two- and three-point
functions keeping terms up to the first excited state, as
detailed in Ref. [27]. Briefly, we use

C(FO7 é” tS) = C0<§)€_EN(§)IJ + cq (a)e_E*(‘?)t:’ (17)

CH(T5 3 1y, ing) = A (L, ) e (sl =Ex (@)
AT, §) et < (@)
AP, ) et ~Ex (@i
+ AM(T, §)e~ =) ~E'@tns - (18)

where my (m},) and Ey(q) (E*(g)) are the mass and energy
of the ground (first excited) state with momentum ¢,
respectively. The ground state corresponds to a single
particle, so its energy at finite momentum is given by

the continuum dispersion relation, Ey(g) = \/q*> + m%,
where § =2%7i with 7i a lattice vector with components
n; € (—4.%]. By modeling the ground and first excited
state explicitly, the leading correction to the two-state fit
method is expected to be due to the second excited state

energy.

3. Summation method

Summing over f,, in the ratio of Eq. (14) yields a
geometric sum [28,29] from which we obtain

ts—2a
SM”(F; Zi; ts) = Z R/w(r; 53 Ly, tins)

tins=2a

=+ T3 )1, + O(e™v"),  (19)

where the ground state contribution, IT#(T’; g), is extracted
from the slope of a linear fit with respect to f,. The
advantage of the summation method compared with the
plateau method is that, despite the fact that it still assumes a
single state dominance, the excited states are suppressed
exponentially with respect to 7, instead of 7, — ;.

For all three methods, we carry out correlated fits to the
data, i.e., we compute the covariance matrix C;; between
jackknife samples.

We illustrate our analysis in Fig. 1 by considering the
extraction of ¢4~ for the ensemble cC211.060.80 (see
Table I). As can be seen, from the first and second columns,
for g4~ there are large excited state contributions that would
require ¢, > 2 fm to suppress in the ratio [30]. Including the
first excited state yields results that are consistent while
varying #°¥, which indicate that contributions from the
second excited state are suppressed. Note that the approx-
imately constant two-state fit errors as we increase 1°¥ are
due to the fact that we have higher statistics at large values of
t,, such that statistical errors in the ratio are approximately
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FIG. 1. We show the analysis of the ratio from which we extract g4 = A7((0) (upper) and (x)s,_ss = A720(0) (lower) for the

c¢C211.060.80 ensemble. The left panels show the ratio versus the insertion time #;,,; shifted by half the sink-source time #,/2. The middle
panels show the value of the central point of the ratio of Eq. (14), i.e., for t;,, = #,/2. In the right panel, we show the values obtained
when we perform a two-state fit (black squares) and the summation method (green triangles), as we vary the lower fit range, 7°¥ used in
the fits. The open symbol and horizontal gray band spanning the three panels show the value we take. The gray curved band in the
middle panels shows the two-state fit prediction for the ratio for #,,, = #,/2 using the parameters determined by the open symbols.

constant with increasing #,. The summation method, on the
other hand, shows slower convergence as compared with the
two-state fit, which indicates contributions from the first
excited state are not sufficiently suppressed at the smaller
values of 'V considered. A similar analysis is performed for
the second Mellin GFFs. As an example, we show (x)s,_s4
for ensemble cC211.060.80 in the lower panel of Fig. 1. As
can be seen, the ratio also shows sizeable excited-state
contamination. Including the first excited state in a two-state
fit leads to a ground state matrix element that is significantly
lower compared with the plateau method. For increasing #°%
the summation fit agrees with the two-state fit. The latter
yields consistent results for all 7. Given the stability
observed when using the two-state fit for varying £°%, we
take this result as the best determination of the ground state
matrix element. This is done throughout our analysis of
the GFFs.

Unlike forward matrix elements, in general, the nucleon
matrix elements of the operators in Eqgs. (6) and (7) yield
linear combinations of the GFFs in the nonforward limit
depending on the insertion operator quantum numbers, the
nucleon spin projection, and components of the momentum
transfer. As mentioned previously, the expressions for the
linear combinations of IT*/(T; p), for the different oper-
ators, are given in the Appendix. We construct an over-
constrained system of equations that is inverted through a
singular value decomposition to obtain the individual
GFFs. For more details, see, e.g., Refs. [24,27,31].

The excited states’ analysis for finite momentum transfer
squared Q? follows the same procedure as for Q> = 0. In
Fig. 2 we show examples of the relevant ratios for the
derivative operators for the case of the c¢C211.060.80
ensemble and for the first nonzero momentum, namely
for 0% = 0.05 GeV?2.

IV. RENORMALIZATION FUNCTIONS

The isovector operators considered here are multiplica-
tively renormalized. We obtain the renormalization functions
(Z factors) nonperturbatively in the Rome-Southampton
method (RT' scheme) [32], which is a mass-independent
regularization. Thus, to appropriately take the chiral limit
we use five ensembles of N, = 4 twisted mass quarks at
different values of the pion mass. These ensembles are
specifically generated for the renormalization program using
the same S value as the three ensembles considered. For the
calculation of the vertex functions we employ the momen-
tum source method introduced in Ref. [33] and employed in
Refs. [34-36] for twisted mass fermions. This method offers
high statistical accuracy using a small number of gauge
configurations. In the RT' scheme, the vertex momentum, p,
is set equal to the renormalization scale y

Zq(,“o)
Tr[Vo(p)(AG*(P) 7] =’

Zo(po) = (20)

where V, is the amputated vertex function of the operator
under study. We define the renormalization functions for
the quark field and quark operator as y* = Z_ y* and
Of = Zp OF, respectively. Z, is given by matching the
propagator to its tree level value Ay*(p)

Z,(u0) = 3™ ()N

e (21)

P =Hy

We extract Z, at several values of the renormalization
scale, and each estimate is improved by subtracting finite
lattice artifacts [37], which are calculated in perturbation
theory. The chirally extrapolated values are then converted
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FIG.2. The same analysis as Fig. 1 but for the two GFFs of the vector derivative operator, A,, and B,, and the three GFFs of the tensor
derivative operator Azy, Brag, and Az for the first nonzero momentum transfer Q% = 0.05 GeV? of the cC211.060.80 ensemble.

to the MS scheme at a scale of 2 GeV. For details on our
approach, see Refs. [34-36]. In Table IV we provide the
MS estimates for the local and one-derivative tensor
operators. Also, in Fig. 3 we show Z; in the MS scheme
as a function of the initial RI' scale. We plot the purely
nonperturbative estimates, as well as the improved ones,
obtained by subtracting lattice artifacts computed in
perturbation theory.

V. RESULTS

A. Fits of the Q>-dependence of GFFs

To fit the Q*-dependence of the GFFs we use the p-pole
ansatz [14,38],

F(0)

MO gy

(22)

This generalization of the more commonly used dipole
ansatz allows the Mellin moments of the quark densities to
fall off faster than 1/Q? when Q? — oo, as is expected from
an explicit evaluation of the spinor products that relate the
densities to the matrix elements [39]. Furthermore, the
Fourier transform to impact parameter space, needed to
obtain the moments of the transverse densities, can be
carried out analytically for general p, as can the derivatives
required in Eq. (1), yielding the modified Bessel functions.
For more details on the motivation for using the p-pole
ansatz and the expected values of p for each GFF, we refer
to Ref. [14].

TABLE IV. Renormalization functions for the local tensor operator and one-derivative vector and tensor operators used in this work.
The results are given in the MS scheme at an energy scale of 2 GeV. The number in the first parentheses is the statistical error, while the
number in the second parentheses corresponds to the systematic error obtained by varying the fit range in the (au,)?> — 0 extrapolation
or the systematic error coming from truncation effects in the perturbative conversion factors.

B Zy Zpy Zgy zZgr~ Zg Zer™

1.778 0.847(1)(1) 1151(1)4) 1.160(1)(3) 1.182(1)(2) 1.198(1)(5) 1.154(1)(9)
1.836 0.863(1)(2) 1.137(1)(11) 1.169(1)(11) 1.215(1)(13) 1.240(1)(14) 1.171(1)(7)
1.900 0.887(1)(2) 1.173(1)(11) 1.195(1)(12) 1.257(1)(14) 1.277(1)(14) 1.198(1)(7)
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FIG. 3. The renormalization function Z; for the local tensor

operator at # = 1.778. The unimproved (improved) estimates are
shown with black (magenta) points. The dashed line is the
extrapolation to (agg)? — 0, and the filled magenta point is the
final estimate.

We perform a separate fit to each of the ten GFFs for
each of the three ensembles. In general, there are three
parameters in each fit, namely F(0), the value of the GFF in
the forward limit; m ,, the pole mass; and p, the exponent.
Varying all three parameters leads to significant instabil-
ities, as also observed in Refs. [40,41]. We therefore use
Gaussian priors for p centered at p = 2 with a width of 0.5.
An exception is the case of A;o(Q?), Bio(Q?), Ax(Q?),
and A7,y (Q?), for which we restrict to dipole fits, i.e., we
fix p = 2. Furthermore, for the case of the Dirac form
factor, A o(Q?), we fix A;o(0) = 1, i.e., the proton charge.

a=0.080 fm A
a=0.069 fm
a=0.057 fm
— a=0 i

- HEH O

Br20(Q?)

o
=

0.0t 1 1 1 1 i
0.0 0.2 0.4 0.6 0.8 1.0

Q% [GeV?]

FIG. 4. The GFF Ay, (top) and By, (bottom) for the
cB211.072.64 (blue circles), cC211.060.80 (orange squares),
and ¢D211.054.96 (green triangles) ensembles. Fits to the p-
pole form of each ensemble are shown with the bands of same
color. The continuum limit is also shown (red band), obtained as
described in the text.

An example of the Q% dependence of the GFFs is shown
in Fig. 4 for the case of A7((Q?) and By (Q?). Similar fits
are carried out for all GFFs, yielding the five vector and five
tensor GFFs for each ensemble.

B. Continuum extrapolation

Our lattice formulation provides for automatic O(a)
improvement of all physical observables, and therefore we
perform a linear fit in @ to extrapolate the GFFs to a = 0.

In Fig. 5, we show the continuum limit of a selection of
GFFs in the forward limit. As can be seen, for most of the
cases the extrapolation is rather mild, and within the current
statistical precision the extrapolation is well captured by a
single term linear in a” with a slope that in most cases is not
very large.

In Table V, we quote the values of the GFFs shown in
Fig. 5 at Q*> = 0 and in the continuum limit. Of particular
interest is the continuum extrapolation of Azj, in the
forward limit which yields the isovector tensor charge.
This quantity plays a crucial role in the search for beyond
the SM interactions [42] by experiments such as DUNE [43]
and IsoDAR [44]. In Fig. 6, we compare our result, g~ =
0.924(54) [45], with those from other lattice QCD collab-
orations, all of which have used ensembles simulated with
larger than physical pion mass thus requiring a chiral
extrapolation to obtain their final value at the physical
point. Phenomenological determinations of gy are also
compared in Fig. 6, obtained through the transversity
(parton distribution function) PDFE. The most recent result
is obtained via a global analysis of electron-proton and
proton-proton data yielding a value of g; = 0.53(25) [6],
somewhat lower and with larger uncertainty than lattice

1.0F q
Ar10(0)
0.8k ,
0.6 _ ¥ §
——
2 Brz0(0)
> mm— 0 e
0.2} - Arz0(0) — i
e 4
0.0f By(0)3 . S - ]
0.000 0.002 0.004 0.006 0.008
a% [fm?]
FIG. 5. Continuum limit of selected unpolarized and tensor

GFFs in the forward limit as a function of a®. The lines with their
associated error bands are linear fits in a?. Results for By (0),
A2(0), Brao(0), Brip(0), Arz9(0), and Ary(0) are presented
with the name of each case being the closest to the corresponding
band. We have scaled some of the quantities as indicated in the
plot to avoid overlaps and improve presentation. Results are given
in the MS scheme at 4 GeV?>.
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TABLE V. Our values of the forward limit of GFFs presented in Fig. 5 in the continuum limit. J*~¢ is the isovector light quark

contribution to the nucleon spin.

g 4=Ar(0)  kr=Brip(0)  (x),_s = Ay(0) By(0)

J = =21A%(0) + Byo(0)]  (X)s,_sa = A720(0) Bry(0)

0.924(54) 1.051(94) 0.126(32)

0.186(67)

0.156(46) 0.168(44) 0.267(19)

QCD determinations. Planned measurements aim to reduce
the error of the phenomenological value and allow for better
comparison with the predicted lattice QCD value.

Beyond g7, another challenging quantity that is poorly
known is the anomalous tensor magnetic moment
k7 = Br10(0). It is a fundamental quantity, perhaps more
than E; and Hy [14], in describing the deformation of the
transverse polarized quark distribution in an unpolarized
nucleon. First lattice results were presented in the pioneering
work of the QCDSF/UKQCD collaboration [40], where a
value k7 = 1.03(16) was reported obtained using chiral
extrapolations from ensembles with pion masses of
m, > 400 MeV. Our much improved analysis confirms
their value using physical point ensembles and after taking
the continuum limit. Having confirmed this value without
the need of uncontrolled chiral extrapolations and at higher
accuracy in the continuum limit, we can conclude that the
phenomenological values k7 = 0.81 and 1.24 from two
approaches using the constituent quark model [55] and k7 =
1.73 using the quark-soliton model [56] are incompatible
and need to be revisited. Since k; ~ —hll [57], our value
confirms that the Boer-Mulders function, hlL, is negative and
sizeable and corroborates the result found in a lattice QCD
study of the transverse momentum dependent PDFs [58]
computed using a mixed action scheme of domain wall
valence fermions on staggered sea quarks with pion masses
m, = 369 and 518 MeV.

The average momentum fraction, (x) = A,(0), is com-
puted for the first time in the continuum limit without any
chiral extrapolations. For the isovector momentum fraction,

SRR RS :
=& o075t 1
= {
0.50 { { ]
025¢ . . . . , . . ]
S > & S Lo & < N
Q N N ©
Y PP STSE S
RS S
~ € &

FIG. 6. We show lattice QCD results (green symbols for N =
2+ 1+ 1 and yellow for Ny = 2 + 1 ensembles) for g4=4 from
ETMC [46,47] using only physical mass point ensembles;
PNDME [48], yQCD [49], NME [50], and CLS-Mainz [51].
The PNDME and Mainz results are those cited as final results in
the recent FLAG [52] reportfor Ny =2+ 1 + land Ny =2 + 1,
respectively. Open green and yellow symbols denote lattice QCD
results without continuum extrapolation. Results from phenom-
enology are shown with the black circles [5,6,53,54].

(x),_y4» we find a value that is in agreement with the precise
values extracted from phenomenology [59-61]. While the
momentum fraction is well-known, this is not the case for
B(0), which is needed for the determination of the nucleon
spin [62], J = [A5(0) + Byy(0)]/2. With the isovector
combinations of (x),_, and our prediction for Byy(0), we
can compute the quark isovector contribution, i.e., the u — d
contribution, to the spin of the nucleon (J*~¢). From the
values of A,(0) and Byy(0) from Table V we find
J'=4 = 0.156(46). Note, however, that A,,(0) and B,y(0)
exhibit dependence on the lattice spacing but with opposite
slopes so that the resulting value of J“~¢ in the continuum is
compatible with our previous determination of J“~¢ =
0.161(24) [2,27] obtained using only the cB211.072.64
ensemble.

For the second moment of the isovector transversity PDF
(X) su_sa = A120(0), as well as for Bpyy(0) there are no
phenomenological results, and lattice QCD, thus, provides a
prediction. We find a very mild dependence on the lattice
spacing and, thus, a value in agreement with our previous
study using the cB211.072.64 ensemble [27]. On the other
hand and unlike the case for k7, QCDSF/UKQCD [40],
using ensembles with pion masses m, > 400 MeV found a
value of Bpyy(0) = 0.160(39), which is lower than our
value. This highlights the need to study these quantities with
physical point ensembles. The RQCD collaboration [41],
which included in their analysis one gauge ensemble with
pion mass of 160 MeV, found a value compatible with ours.

For a review of lattice QCD results for ¢%~¢, we refer the
reader to the 2021 FLAG review [52]. In addition to g%‘d,
lattice QCD results for (x),_, and (x),_s, are summarized
in a recent community white paper, Ref. [63], and in the
review of Ref. [64]. These reviews include our result
obtained on the cB211.072.64 ensemble and from other
collaborations which include ensembles at heavier than
physical pion masses. As mentioned, the present work is
the first to extract these quantities with three values of a at
the physical point, thus eliminating the need for a chiral
extrapolation.

After fitting the Q> dependence of GFFs for each
ensemble to the p-pole form as described above, the
GFFs are available at any value of Q%. We perform a linear
fit in a” at each of 50 common Q? values, extrapolating to
a = 0. While the ensembles at different values of a are
independent, the GFFs evaluated at the 50 Q2 values are
correlated within the same ensemble, and this correlation is
propagated to the continuum GFF by performing the linear
extrapolation within a superjackknife [65]. The resulting
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GFFs in the continuum limit are shown in Fig. 7. As can be
seen, the GFFs are determined with good precision,
especially for the n = 1 case. As expected, for the higher
moment, n = 2, the GFFs have smaller values as compared
with the n = 1 GFFs. In addition, we observe that A,,(Q?)
and A7,(Q?) have a rather flat behavior.

Having the ten GFFs for 50 values of Q? in the
continuum limit, we perform fits to the p-pole form. We
obtain the continuum fits for the ten GFFs shown in Fig. 7.
The parameters of the fits to the Q? dependence in the
continuum are given in Table VI. The error in the
parameters is estimated via superjackknife, obtained using
the superjackknife samples from the a = 0 extrapolation
described above. Having determined the continuum form of
the GFFs we can compute the first two moments of the
transverse quark spin densities given in Eq. (1).

The Fourier transform to impact parameter space for a
p-pole form is known [14] and given by

m%F(0)

= o) b )  Kpet(mpbL).(23)

F(b%)

where I'(x) is the Euler gamma function, K, (x) = K_,(x)

the modified Bessel functions, and b, = /b3. F(b?) is
obtained for each GFF using the parameters in Table VI.
The first and second moment of the probability density

p(x, I;J_, 51, §l) are then constructed via Eq. (1) for four

1.4 :

1.2 B1w(Q)/2 E

1.0 FA110(Q) 1

08F oo 1

0.6 "»\‘ATlO(QZ)IZ ‘\“‘~~‘Q‘_‘ E

0.4 il ]

02| Bro@2

0.3F ; ; ; ; ; .

0.2l B30(Q?) |

0.1} Az(Q¥»/2 ]

0.0} Ao@Qy4
—0.1F A120(Q) 1
—0.2F e 1
-0.3 \_ETZO(QZ)\ ! \ \

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Q* [GeV?]

FIG. 7. Results for GFFs for n = 1 (top) and n = 2 (bottom) in
the continuum limit as a function of the momentum transfer
squared (Q2). Results for Ay, B, Arno, Arno, and By, are
presented with the name of each case being the closest to the
corresponding band. We scale some GFFs as indicated in the plot
to avoid overlaps and improve presentation. Results are given in
the MS at 2 GeV.

TABLE VI. The parameters obtained from fitting the Q2
dependence to the p-pole form after taking the continuum limit
of the GFFs. Errors are obtained via a superjackknife analysis
over the three ensembles used. Parameters with no errors were
fixed for the corresponding fit.

GFF F(0) m, [GeV] p
Ay 1 1.253(56) 2
By 2.691(99) 1.337(82) 2
Ario 0.924(54) 1.45(19) 1.45(35)
Br1o 1.039(93) 1.01(11) 1.93(28)
Aro -1.60(15) 0.90(12) 2.16(34)
Ay 0.126(32) 4.52(46) 2
By 0.195(59) 1.61(27) 1.63(26)
Ao 0.168(44) 3.66(51) 2
By 0.272(18) 1.39(10) 2.04(10)
Ary 0.427(54) 1.38(17) 1.872(70)

combinations of the transverse quark spin (s5,) and the

transverse spin of the nucleon (§ 1)
The first moment of the
(1),(x, b,.5..5,) is shown in Fig. 8. It is very interesting
that for all cases we observe a sizeable deformation. We
consider four cases: (i) For unpolarized quarks in a
transversely polarized nucleon, we observe a large distortion
toward the positive b, direction. This can be traced back to
the GFF B, contributing to the term for £’ of Eq. (1) that,
as seen in Fig. 7, is large and decreases fast yielding a large
derivative. The origin of this behavior is related to the Sivers
effect [66], a connection that was made in Ref. [67]. (ii) For
transversely polarized quarks in an unpolarized nucleon, we
can also observe a distortion; however, it is much milder
compared with the previous case. This is because in the
isovector combination the Byjo(h3) term contributing
here has a milder Q? dependence. This behavior is in
contrast to that of the stronger Q® dependence of the
individual quark contributions to Byjo(b3) observed in
Ref. [40]. (iii) Another interesting case is when both quarks
and the nucleon are transversely polarized. In this situation,
all the terms in Eq. (1) contribute leading to a significant
deformation of the density. (iv) If one chooses the polari-
zation to be perpendicular between the quarks and the
nucleon, the third term of Eq. (1) drops out, and the fourth
one creates a significant impact, leading to a distortion also

in the b, direction.

In Fig. 9, we show the second moment of the probability
densities, (x),(x,b,,5,,S,), for the same four cases
discussed in Fig. 8. A general observation is that the
distortion is milder and the densities are more localized

probability  density,

around b L= 0. One reason is that Ay (Q?) is relatively flat
compared with A,y(Q?), leading to a rather localized
density.
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FIG. 8. Contours of the first moment of the probability density
defined in Eq. (1), <1)p [fm~2] as a function of the two
components of b 1> by, and by. Top left: transversely polarized
quarks in an unpolarized nucleon. Top right: Unpolarized quarks
in a transversely polarized nucleon. Bottom left: transversely
polarized quarks in a transversely polarized nucleon. Bottom-
right: same as the bottom-left but with perpendicular polar-
izations between them.
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FIG. 9. Second moment of the probability density defined in
Eq. (1) (x>/) [fm~2]. The notation is the same as in Fig. 8.

VI. CONCLUSIONS

We present the first lattice QCD calculation of the first
two Mellin moments of the isovector transverse quark spin
densities in the nucleon in the continuum limit directly at
the physical point. The calculation is performed using
three twisted-mass fermion gauge ensembles with lattice
spacings a ~0.057, 0.069, 0.080 fm enabling for the
first time a controlled continuum extrapolation directly at
the physical point avoiding uncontrolled errors due to the
chiral extrapolation. We confirm the existence of a
sizeable Sivers and Boer-Mulders effect determining the

anomalous tensor magnetic moment k7 = 1.051(94). The
results for the transverse quark spin densities demonstrate
that significant deformations exist in the nucleon that are
more prominent for the first moment. For the second
moment the densities are more localized around the center
of momentum of the proton.
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APPENDIX: PARAMETRIZATION
OF MATRIX ELEMENTS

We present the decomposition of the nuclear matrix
elements of the operators of interest employing different
projectors in terms of Lorenz-invariant GFFs. The expres-
sions are given in Euclidean space. We focus on the rest
frame for the final state, p’ = iE' =im and p = —Q,
which is what is used in this work. For simplicity in the
presentation we use m = my. The normalization of the
states is given by C = \/2m?/E(E + m).

The local vector operator decomposes into the Dirac and
Pauli form factors,

(N(p',s")|OyIN(p, s))
Al/

io
=ay(p'.s) |1 F1(Q%) ——5—

2 o) | in(ps). (A

(N(P'.s'|OFIN(P. 5))

=iy(p'.s") |:0IWAT10 +i m

where uy(p, s) is the nucleon spinor. The parametrization
for the ground state of the vector matrix elements, H"‘/,
projected with the unpolarized and polarized parity pro-
jectors, becomes

m 2
0. 5) = 50 (R + 2omie). (2

00.5) = €72 (Fu@) + 2, F(0)). j#0
(A3)
(I §) = C L2 (7 (02) + F2(0%). 20, (A4)

where repeated indices are summed over.
The local tensor operator decomposes into three form
factors, that is

yaY PlAY

AT10:| uy(p.s),

Brio +

(AS)

and, thus,
5 . i(p,0o, — PO i(p,0o, — PO ~ ilm+ E Oy — PO
H’} (Fo;P) :ATIOC (p[l 0 p 0;4) +BT10C (p[l (0] P 0;4) +AT10C ( )(pﬂ 0 V4 0;4) i (A6)
2m 2m?
v > ime vk0O + Po€uvke (m(50 + 501/)6 vko + l(p €uk0c — Pu€ kOU))po‘
17 (Ty; p) = ArioC . . + Br10C . . 2” £ . (A7)
2m dm
For the vector one-derivative operator we have three GFFs, given by
_ icthaQ pvh kvt
v — v o a q
(N(P',s")|OGIN(p,s)) = ay(p',s") [Azo(Qz)}’{”P bt Bzo(Qz)Tczo(Q%T} uy(p.s), (A8)
and we obtain
3E E* m E E? E* m E E° E* m
Mm%y, p) = ApCl ——=-——-— B, C| ——= C,C — =, A9
v (To. ) 2°< 8  4m 8>+20< 8 " 8m 16m 16>+ 20 <2 22 am 4) (49)
. E m p? E2 m piEp; E2 m pE p3
I/ (Ty, p) = ApoC| = + =+ L) + By C — -1 CyCl——+—+L54+1), A10
v(To. P) = Ao <8+8+4m TP T Tem T 16 Twm Tam) TN Tam T a T T o (A10)
i (r A €jkopPjPp B, .€jkopPjPp All
(00 ) = A (<802 ) g (i 2002 ), (A1)
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0 - .pj  .PE pj .DE? p;E?

I (Ty. B) :A20C<zzj+lﬁ) +BZOC(1§J—1 o )+C20c<—17+z ) (A12)
i - P, DoE Py PoE

H(/O(Flw p) = A2OC<_€jk0p <— gp - —81;71 )) + B2OC<_€jk0p (‘ 8p Sl;n )) (A13)

[Ty, ) = A Cp]pz+B cf _PiPiE sz PiPL\ | ¢ p,,-szer,,-pz (Al4)
1% 20 20 ’m 20 2 om )
j wPi1Pp  .€lk0pPjPp €ikopP1Pp  .€LkopPjiPp

HJI r,. ArnC € jkoy / pl jEp BonC JkOp / plikp ) AlS
V< k p) 20 < 8m - 8m + B 8m i 8m ( )

According to Refs. [15,39,68] the one-derivative tensor operator decomposes into four GFFs, namely Az, Brag, A7ag.
and By, as Eq. (11):
YAy PrAY _ [« prl

(N(p'.s"|OF?IN(p.s)) = ay(p'.s") |:“7MP'DAT2O +— o PPBry + i———PPAry + !
m?

A7 Bnl] uy(p,s). (A16)

Depending on the projector I'y or I'; used we obtain

< ((m + E)pﬂ vp 6mp/450up pu((m + E)éﬂp - 6m50ﬂp))

47 (To: p) = AprgC
T ( OP) 720 16m
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16m
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_ (Wl + E)(éov(m(m + E)éu/) + 6pﬂp/)) - 60ﬂ(m(m + E)5l//) + 6pup/1))
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16m
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+ Ay C
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HI}W)(Fk; ) iAryC

< (p0(250p€/wk(7 + 501/ upko — 50ﬂ€y/)ko-) + pu(_eupkO) + Pu€upko + 2p/)€/41/k0)
8

pﬂ(pﬂ(_ev/)ko') + Pu€upke + 2p/)€;wkr7) - m2 (50;4 + 601/ - 260/))€ﬂy/)k>

+ 8m

~+ iB7yC

3ip6 (m2 (60;4p + 60up)€;wko' + Pp (pyeuk()a - pyeﬂkOJ))
16m?
Po (_zpuéoueupka + puéopeupka + 2p1/50[4€[lpk6 - pu50p€;4pka + Py (50/4 + 50u)€;wk5)>
16m

<3ipo'(m2(50ﬂp + 5pr)€/wko' + pp(pyeukOa - pyeﬂkOU))
8m?

+ iByy,C

po‘(_2pﬂ 60y€upka + pyéopeupku + 2pu50/4€/4pko' - pyéopeypko' + pp(50/4 + 5Oy)€yyko')>

. (A18)

054504-13



C. ALEXANDROU et al.

PHYS. REV. D 107, 054504 (2023)

[1] X. Ji, F. Yuan, and Y. Zhao, Nat. Rev. Phys. 3, 27 (2021).

[2] C. Alexandrou, S. Bacchio, M. Constantinou, J. Finkenrath,
K. Hadjiyiannakou, K. Jansen, G. Koutsou, H. Panagopoulos,
and G. Spanoudes, Phys. Rev. D 101, 094513 (2020).

[3] G. Wang, Y.-B. Yang, J. Liang, T. Draper, and K.-F.
Liu (chiQCD Collaboration), Phys. Rev. D 106, 014512
(2022).

[4] M. Radici, A. Courtoy, A. Bacchetta, and M. Guagnelli,
J. High Energy Phys. 05 (2015) 123.

[5] Z.-B. Kang, A. Prokudin, P. Sun, and F. Yuan, Phys. Rev. D
93, 014009 (2016).

[6] M. Radici and A. Bacchetta, Phys. Rev. Lett. 120, 192001
(2018).

[7] R. Abdul Khalek ef al., Nucl. Phys. A1026, 122447 (2022).

[8] J.P. Chen, H. Gao, T. K. Hemmick, Z. E. Meziani, and P. A.
Souder (SoLID) (2014).

[9] Z. Zhao, T. Liu, and H. Gao, Proc. Sci. SPIN2018 (2019)
175.

[10] C. Alexandrou et al., Phys. Rev. D 98, 054518 (2018).

[11] C. Alexandrou, J. Phys. Soc. Jpn. Conf. Proc. 37, 011013
(2022).

[12] C. Alexandrou, S. Bacchio, J. Finkenrath, A. Frommer, K.
Kahl, and M. Rottmann, Phys. Rev. D 94, 114509 (2016).

[13] C. Alexandrou, S. Bacchio, and J. Finkenrath, Comput.
Phys. Commun. 236, 51 (2019).

[14] M. Diehl and P. Hagler, Eur. Phys. J. C 44, 87 (2005).

[15] M. Diehl, Phys. Rep. 388, 41 (2003).

[16] R. Frezzotti and G.C. Rossi, J. High Energy Phys. 08
(2004) 007.

[17] R. Frezzotti, P. A. Grassi, S. Sint, and P. Weisz (Alpha
Collaboration), J. High Energy Phys. 08 (2001) 058.

[18] M. Constantinou et al. (ETM Collaboration), J. High Energy
Phys. 08 (2010) 068.

[19] J. Finkenrath et al., Proc. Sci. LATTICE2021 (2022) 284
[arXiv:2201.02551].

[20] C. Alexandrou et al. (Extended Twisted Mass Collabora-
tion), Phys. Rev. D 104, 074515 (2021).

[21] C. Alexandrou, S. Gusken, F. Jegerlehner, K. Schilling, and
R. Sommer, Nucl. Phys. B414, 815 (1994).

[22] S. Gusken, Nucl. Phys. B, Proc. Suppl. 17, 361 (1990).

[23] M. Albanese et al. (APE Collaboration), Phys. Lett. B 192,
163 (1987).

[24] C. Alexandrou, M. Constantinou, S. Dinter, V. Drach, K.
Jansen, C. Kallidonis, and G. Koutsou, Phys. Rev. D 88,
014509 (2013).

[25] C. Alexandrou, M. Brinet, J. Carbonell, M. Constantinou,
P. A. Harraud, P. Guichon, K. Jansen, T. Korzec, and M.
Papinutto, Phys. Rev. D 83, 094502 (2011).

[26] C. Alexandrou, G. Koutsou, J. W. Negele, and A. Tsapalis,
Phys. Rev. D 74, 034508 (2006).

[27] C. Alexandrou et al., Phys. Rev. D 101, 034519 (2020).

[28] L. Maiani, G. Martinelli, M. L. Paciello, and B. Taglienti,
Nucl. Phys. B293, 420 (1987).

[29] S. Capitani, M. Della Morte, G. von Hippel, B. Jager, A.
Juttner, B. Knippschild, H. B. Meyer, and H. Wittig, Phys.
Rev. D 86, 074502 (2012).

[30] O. Bir, Phys. Rev. D 94, 054505 (2016).

[31] C. Alexandrou, J. Carbonell, M. Constantinou, P.A.
Harraud, P. Guichon, K. Jansen, C. Kallidonis, T. Korzec,
and M. Papinutto, Phys. Rev. D 83, 114513 (2011).

[32] G. Martinelli, C. Pittori, C. T. Sachrajda, M. Testa, and A.
Vladikas, Nucl. Phys. B445, 81 (1995).

[33] M. Gockeler, R. Horsley, H. Oelrich, H. Perlt, D. Petters,
P.E.L. Rakow, A. Schafer, G. Schierholz, and A. Schiller,
Nucl. Phys. B544, 699 (1999).

[34] C. Alexandrou, M. Constantinou, T. Korzec, H.
Panagopoulos, and F. Stylianou, Phys. Rev. D 83, 014503
(2011).

[35] C. Alexandrou, M. Constantinou, T. Korzec, H.
Panagopoulos, and F. Stylianou, Phys. Rev. D 86, 014505
(2012).

[36] C. Alexandrou, M. Constantinou, and H. Panagopoulos
(ETM Collaboration), Phys. Rev. D 95, 034505 (2017).

[37] M. Constantinou, R. Horsley, H. Panagopoulos, H. Perlt,
P.E. L. Rakow, G. Schierholz, A. Schiller, and J. M. Zanotti,
Phys. Rev. D 91, 014502 (2015).

[38] D. Brommel et al. (QCDSF/UKQCD Collaborations), Eur.
Phys. J. C 51, 335 (2007).

[39] M. Diehl, Eur. Phys. J. C 19, 485 (2001).

[40] M. Gockeler, P. Higler, R. Horsley, Y. Nakamura, D. Pleiter,
P.E.L. Rakow, A. Schifer, G. Schierholz, H. Stiiben, and
J. M. Zanotti (QCDSF, UKQCD Collaborations), Phys. Rev.
Lett. 98, 222001 (2007).

[41] G. S. Bali, S. Collins, M. Gockeler, R. Rddl, A. Schifer, and
A. Sternbeck, Phys. Rev. D 100, 014507 (2019).

[42] A. Courtoy, S. BaeBler, M. Gonzalez-Alonso, and S. Liuti,
Phys. Rev. Lett. 115, 162001 (2015).

[43] I. Bischer and W. Rodejohann, Phys. Rev. D 99, 036006
(2019).

[44] M. Abs et al., arXiv:1511.05130.

[45] C. Alexandrou et al., Proc. Sci. LATTICE2022 (2023) 092
[arXiv:2210.05743].

[46] C. Alexandrou et al., arXiv:2202.09871.

[47] C. Alexandrou, S. Bacchio, M. Constantinou, J. Finkenrath,
K. Hadjiyiannakou, K. Jansen, G. Koutsou, and A. Vaquero
Aviles-Casco, Phys. Rev. D 102, 054517 (2020).

[48] R. Gupta, Y.-C. Jang, B. Yoon, H.-W. Lin, V. Cirigliano, and
T. Bhattacharya, Phys. Rev. D 98, 034503 (2018).

[49] D. Horkel, Y. Bi, M. Constantinou, T. Draper, J. Liang, K.-F.
Liu, Z. Liu, and Y.-B. Yang (yQCD Collaboration), Phys.
Rev. D 101, 094501 (2020).

[50] S. Park, R. Gupta, B. Yoon, S. Mondal, T. Bhattacharya,
Y.-C. Jang, B. Jo6, and F. Winter (Nucleon Matrix Elements
(NME) Collaboration), Phys. Rev. D 105, 054505 (2022).

[51] T. Harris, G. von Hippel, P. Junnarkar, H. B. Meyer, K.
Ottnad, J. Wilhelm, H. Wittig, and L. Wrang, Phys. Rev. D
100, 034513 (2019).

[52] Y. Aoki et al. (Flavour Lattice Averaging Group (FLAG)),
Eur. Phys. J. C 82, 869 (2022).

[53] G.R. Goldstein, J. O. Gonzalez Hernandez, and S. Liuti,
arXiv:1401.0438.

[54] M. Pitschmann, C.-Y. Seng, C.D. Roberts, and S.M.
Schmidt, Phys. Rev. D 91, 074004 (2015).

[55] B. Pasquini, M. Pincetti, and S. Boffi, Phys. Rev. D 72,
094029 (2005).

[56] T. Ledwig, A. Silva, and H.-C. Kim, Phys. Rev. D 82,
054014 (2010).

[57] M. Burkardt, Phys. Rev. D 72, 094020 (2005).

[58] B. U. Musch, P. Hagler, M. Engelhardt, J. W. Negele, and A.
Schafer, Phys. Rev. D 85, 094510 (2012).

054504-14


https://doi.org/10.1038/s42254-020-00248-4
https://doi.org/10.1103/PhysRevD.101.094513
https://doi.org/10.1103/PhysRevD.106.014512
https://doi.org/10.1103/PhysRevD.106.014512
https://doi.org/10.1007/JHEP05(2015)123
https://doi.org/10.1103/PhysRevD.93.014009
https://doi.org/10.1103/PhysRevD.93.014009
https://doi.org/10.1103/PhysRevLett.120.192001
https://doi.org/10.1103/PhysRevLett.120.192001
https://doi.org/10.1016/j.nuclphysa.2022.122447
https://doi.org/10.22323/1.346.0175
https://doi.org/10.22323/1.346.0175
https://doi.org/10.1103/PhysRevD.98.054518
https://doi.org/10.7566/JPSCP.37.011013
https://doi.org/10.7566/JPSCP.37.011013
https://doi.org/10.1103/PhysRevD.94.114509
https://doi.org/10.1016/j.cpc.2018.10.013
https://doi.org/10.1016/j.cpc.2018.10.013
https://doi.org/10.1140/epjc/s2005-02342-6
https://doi.org/10.1016/j.physrep.2003.08.002
https://doi.org/10.1088/1126-6708/2004/08/007
https://doi.org/10.1088/1126-6708/2004/08/007
https://doi.org/10.1088/1126-6708/2001/08/058
https://doi.org/10.1007/JHEP08(2010)068
https://doi.org/10.1007/JHEP08(2010)068
https://doi.org/10.22323/1.396.0284
https://arXiv.org/abs/2201.02551
https://doi.org/10.1103/PhysRevD.104.074515
https://doi.org/10.1016/0550-3213(94)90262-3
https://doi.org/10.1016/0920-5632(90)90273-W
https://doi.org/10.1016/0370-2693(87)91160-9
https://doi.org/10.1016/0370-2693(87)91160-9
https://doi.org/10.1103/PhysRevD.88.014509
https://doi.org/10.1103/PhysRevD.88.014509
https://doi.org/10.1103/PhysRevD.83.094502
https://doi.org/10.1103/PhysRevD.74.034508
https://doi.org/10.1103/PhysRevD.101.034519
https://doi.org/10.1016/0550-3213(87)90078-2
https://doi.org/10.1103/PhysRevD.86.074502
https://doi.org/10.1103/PhysRevD.86.074502
https://doi.org/10.1103/PhysRevD.94.054505
https://doi.org/10.1103/PhysRevD.83.114513
https://doi.org/10.1016/0550-3213(95)00126-D
https://doi.org/10.1016/S0550-3213(99)00036-X
https://doi.org/10.1103/PhysRevD.83.014503
https://doi.org/10.1103/PhysRevD.83.014503
https://doi.org/10.1103/PhysRevD.86.014505
https://doi.org/10.1103/PhysRevD.86.014505
https://doi.org/10.1103/PhysRevD.95.034505
https://doi.org/10.1103/PhysRevD.91.014502
https://doi.org/10.1140/epjc/s10052-007-0295-6
https://doi.org/10.1140/epjc/s10052-007-0295-6
https://doi.org/10.1007/s100520100635
https://doi.org/10.1103/PhysRevLett.98.222001
https://doi.org/10.1103/PhysRevLett.98.222001
https://doi.org/10.1103/PhysRevD.100.014507
https://doi.org/10.1103/PhysRevLett.115.162001
https://doi.org/10.1103/PhysRevD.99.036006
https://doi.org/10.1103/PhysRevD.99.036006
https://arXiv.org/abs/1511.05130
https://doi.org/10.22323/1.430.0092
https://arXiv.org/abs/2210.05743
https://arXiv.org/abs/2202.09871
https://doi.org/10.1103/PhysRevD.102.054517
https://doi.org/10.1103/PhysRevD.98.034503
https://doi.org/10.1103/PhysRevD.101.094501
https://doi.org/10.1103/PhysRevD.101.094501
https://doi.org/10.1103/PhysRevD.105.054505
https://doi.org/10.1103/PhysRevD.100.034513
https://doi.org/10.1103/PhysRevD.100.034513
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://arXiv.org/abs/1401.0438
https://doi.org/10.1103/PhysRevD.91.074004
https://doi.org/10.1103/PhysRevD.72.094029
https://doi.org/10.1103/PhysRevD.72.094029
https://doi.org/10.1103/PhysRevD.82.054014
https://doi.org/10.1103/PhysRevD.82.054014
https://doi.org/10.1103/PhysRevD.72.094020
https://doi.org/10.1103/PhysRevD.85.094510

MOMENTS OF THE NUCLEON TRANSVERSE QUARK SPIN ...

PHYS. REV. D 107, 054504 (2023)

[59] R.D. Ball et al. (NNPDF Collaboration), Eur. Phys. J. C 77,
663 (2017).

[60] S. Dulat, T.-J. Hou, J. Gao, M. Guzzi, J. Huston, P. Nadolsky,
J. Pumplin, C. Schmidt, D. Stump, and C.P. Yuan, Phys.
Rev. D 93, 033006 (2016).

[61] L. A. Harland-Lang, A.D. Martin, P. Motylinski, and R. S.
Thorne, Eur. Phys. J. C 75, 204 (2015).

[62] X.-D. Ji, Phys. Rev. Lett. 78, 610 (1997).

[63] H.-W. Lin et al., Prog. Part. Nucl. Phys. 100, 107 (2018).

[64] M. Constantinou et al., Prog. Part. Nucl. Phys. 121, 103908
(2021).

[65] J.D. Bratt et al. (LHPC Collaboration), Phys. Rev. D 82,
094502 (2010).

[66] M. Bury, A. Prokudin, and A. Vladimirov, J. High Energy
Phys. 05 (2021) 151.

[67] M. Burkardt, Nucl. Phys. A735, 185 (2004).

[68] P. Hagler, Phys. Lett. B 594, 164 (2004).

054504-15


https://doi.org/10.1140/epjc/s10052-017-5199-5
https://doi.org/10.1140/epjc/s10052-017-5199-5
https://doi.org/10.1103/PhysRevD.93.033006
https://doi.org/10.1103/PhysRevD.93.033006
https://doi.org/10.1140/epjc/s10052-015-3397-6
https://doi.org/10.1103/PhysRevLett.78.610
https://doi.org/10.1016/j.ppnp.2018.01.007
https://doi.org/10.1016/j.ppnp.2021.103908
https://doi.org/10.1016/j.ppnp.2021.103908
https://doi.org/10.1103/PhysRevD.82.094502
https://doi.org/10.1103/PhysRevD.82.094502
https://doi.org/10.1007/JHEP05(2021)151
https://doi.org/10.1007/JHEP05(2021)151
https://doi.org/10.1016/j.nuclphysa.2004.02.008
https://doi.org/10.1016/j.physletb.2004.05.014

