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In the present work, we investigate the productions of the molecular states composed of Dð�Þ
s D̄ð�Þ and

Dð�Þ
s D̄ð�Þ

s in the B and Bs decays by using an effective Lagrangian approach. The branching ratios in terms
of the model parameter α and the binding energy ΔE are estimated. Our estimations indicate that the
branching fractions are of the order of 10−4 and the relative ratios are very weakly dependent on the model
parameter α and the binding energy ΔE. The predicted ratios are helpful for searching the hidden-charm
molecular states with strange quarks in the future experiments at Belle II and LHCb.
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I. INTRODUCTION

The quark model has achieved great success in classify-
ing the observed hadrons into the mesons and baryons
composed of qq̄ and qqq, respectively [1,2]. However, a
large number of the so-called exotic hadron states have
been reported by the Belle, BESIII, CDF, and LHCb
collaborations in recent two decades. Among them, multi-
quark states with a pair of heavy-antiheavy quarks, also
known as the XYZ states, are the long-sought goal in
experiments and have become excellent candidates for
exotic hadron states (see Refs. [3–15] for recent reviews).
It is noteworthy that the most observed XYZ states are

located near the thresholds of a pair of heavy-antiheavy
hadrons. The nature of near-threshold states may shed light
on identifying their inner structures. For example, the
observed masses of the Xð3872Þ [16] and Zcð3900Þ [17–
19] are both near the threshold of DD̄� þ c:c:, and the
Zcð4020Þ is close to the threshold of D�D̄� [20,21],

indicating that they are good candidates of the hadronic
molecular state composed of Dð�ÞD̄�. The masses [22–26],
decay properties [27–32], and production processes [33–
36] of Zcð3900Þ and Zcð4020Þ have been investigate
extensively in the hadronic molecular scenario.
Upon the observations of the hidden-charm states, it is

natural to search their possible strange partners, which
should be in the vicinity of the thresholds of Dð�Þ

s Dð�Þ, and
such a kind of hidden-charm structures with strangeness
has been predicted in the literature [37–40]. Considering
the components of Zcs, we use Z½Dð�Þ

s Dð�Þ�
cs to represent the

possible molecular states composed of Dð�Þ
s and D̄ð�Þ. In

view of the fact that the Xð3872Þ and Zcð3900Þ were
observed in the processes B → Kπþπ−J=ψ and eþe− →
πþπ−J=ψ=π�ðDD̄�Þ∓ [16–19], the processes B → KϕJ=ψ
and eþe− → KþK−J=ψ=KþðD−

s D�0 þD�−
s D0Þ are hence

suitable for searching for the hidden-charm states with
strangeness. Recently, the BESIII Collaboration observed
the Zcsð3985Þ in the Kþ recoil-mass spectrum of the
process eþe− → KþðD−

s D�0 þD�−
s D0Þ [41], which estab-

lishes the first candidate of the charged hidden-charm states
with strangeness. The observed mass of Zcsð3985Þ is close
to the threshold of D�

sD̄, which could be the strange
partner of Zcð3900Þ. Later on, the LHCb Collaboration
reported another hidden-charm states with strangeness,
Zþ
csð4000Þ, in the J=ψK invariant mass spectrum of the
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Bþ → J=ψϕKþ process [42]. The observed mass of
Zcsð4000Þ is consistent with the one of Zcsð3985Þ, but
the widths are much different. Just as Zcð3900Þ explained
as DD̄� molecular state since its near-threshold nature,
Zcsð3985Þ can be naturally explained as a DsD̄� molecular
state [43–54]. In addition, the BESIII Collaboration
reported its search for the heavier partner of the
Zcsð3985Þ state in the eþe− → KþD�−

s D�0, an excess of
Z0
csð4120Þ → D�−

s D�0 candidates was observed with a
significance of 2.1σ, and the mass of Z0

csð4120Þ was
reported to be ð4123.5� 0.7stat � 4.7systÞ MeV [55], which
is close to the threshold of D�−

s D�0.
The observations of Zcsð3985Þ=Zcsð4000Þ and

Zcsð4120Þ not only enrich the charged charmoniumlike
states but also make this series of charmoniumlike states
special. The observations of charmoniumlike states near the

thresholds of D�D̄ð�Þ and Dð�Þþ
s D̄� motivate theorists to

further extend this series to the Dð�Þ
s D̄ð�Þ

s system [44,47,56–
63]. In Table I, we collect the predicted masses of the

charmoniumlike states near the thresholds ofDð�Þþ
s D̄ð�Þ and

Dð�Þþ
s Dð�Þ−

s , where the JPðCÞ quantum numbers of
Dþ

s D̄=Dþ
s D−

s systems are 0þðþÞ, while the ones of

D�þ
s D̄ð�Þ=D�þ

s Dð�Þ−
s system are 1þ−. Very recently, the

LHCb Collaboration reported a resonance structure,
Xð3960Þ, near the threshold of the Dþ

s D−
s threshold in

the Bþ → KþDþ
s D−

s with JPC ¼ 0þþ [64], which may
result from the Dþ

s D−
s interaction. Considering the com-

ponents of the molecular states, we use XDð�Þ
s D̄ð�Þ

s to represent

the possible molecular states composed of Dð�Þþ
s and Dð�Þ−

s

in the present work.
The rich experimental information of this group of near-

threshold exotic states provides theorists a good opportunity
to investigate the deuteronlike hadronic molecular states
systematically. To better understand the nature of such a kind
of charmoniumlike states, the investigations of their pro-
duction modes are necessary. In our previous work [65],

we studied the productions of Zcsð3985Þ=Zcsð4000Þ in the B
and Bs decays by assuming Zcsð3985Þ and Zcsð4000Þ are
the same Dþ

s D̄�0 þD�þ
s D̄0 molecular state. The estimated

branching ratio of Bþ → ϕZþ
cs → ϕKþJ=ψ is comparable

with the measurement from the LHCb Collaboration. In the

present work, we assume that the Dð�Þ
s D̄ð�Þ and Dð�Þ

s D̄ð�Þ
s

could form bound states and extend our previous work to
study the unobserved charmoniumlike states with strange
quarks in the B and Bs decays.
The rest of this work is organized as follows. After the

Introduction, we present the model used in the estimations

of the Z½Dð�Þ
s Dð�Þ�

cs and X½Dð�Þ
s D̄ð�Þ

s � productions. The numerical
results and discussions are given in Sec. III, and Sec. IV is
devoted to a brief summary.

II. THEORETICAL FRAMEWORK

In this work, we systematically investigate the produc-

tions of hidden-charm molecular states Z½Dð�Þ
s D̄ð�Þ�

cs and

X½Dð�Þ
s D̄ð�Þ

s � in the Bs and B meson decays. Taking B0
s →

Z½Dð�Þ
s D̄ð�Þ�

cs Kþ as examples, the initial B0
s meson couples to a

pair of charm-strange mesons; then, the pairs of charm-
strange mesons transit into the final state KZþ

cs by
exchanging a proper charmed meson. The diagrams in
Fig. 1 reflect this production mechanism in the hadron
level. In a similar manner, one can obtain the loop dia-

grams contributing to B → ϕþ Z½DsD̄�
cs , B → ϕþ Z½D�

sD̄��
cs ,

B → K þ X½Dð�Þ
s D̄ð�Þ

s �, and Bs → ϕþ X½Dð�Þ
s D̄ð�Þ

s �, which are
collected in Table II.

A. Effective Lagrangian

The diagrams in Fig. 1 and Table II are evaluated at the
hadronic level, where the interactions between hadrons are
described by effective Lagrangians. The flavor wave
functions of the involved molecular states are

TABLE I. Theoretical predictions of the masses and binding energies of Dð�Þ
s D̄ð�Þ

s and Dð�Þ
s D̄ð�Þ molecular states. For comparison, the

threshold of Dð�Þ
s D̄ð�Þ

s and Dð�Þ
s D̄ð�Þ are also listed.

System DsD̄ D�
sD̄� DsD̄s DsD̄�

s D�
sD̄�

s

Threshold 3838.1 4119.1 3937.0 4080.8 4224.6

Reference ΔE M ΔE M ΔE M ΔE M ΔE M

Ref. [56] 2.3þ7.3
−2.3 3835.8þ2.3

−7.3 28þ22
−19 4091þ19

−22 13þ13
−10 3924þ10

−13 46þ25
−23 4035þ23

−25 48þ25
−23 4177þ23

−25
0.4þ8.1

−0.4 3837.7þ0.4
−8.1 22þ33

−24 4097þ24
−33 9þ19

−9 3928þ9
−19 41þ39

−33 4040þ33
−39 45þ40

−35 4180þ35
−40

Ref. [47] � � � � � � −5.1þ3.7
−5.6 4124.2þ5.6

−3.7 � � � � � � � � � � � � � � � � � �
Ref. [44] � � � � � � 27þ21

−26= − 10� 4 4092þ26
−21=4129� 4 � � � � � � � � � � � � � � � � � �

� � � � � � 36þ24
−35= − 19� 6 4083þ35

−24=4138� 6 � � � � � � � � � � � � � � � � � �
Ref. [57] � � � � � � � � � � � � 8� 5 3929� 5 � � � � � � � � � � � �
Ref. [61] � � � � � � � � � � � � � � � � � � 27� 17 4054� 17 29� 18 4195� 18

� � � � � � � � � � � � � � � � � � 20� 15 4060� 15 22� 16 4202� 16
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jZ½DsD̄�
cs i ¼ 1ffiffiffi

2
p ðjDþ

s D−i þ jD−
s DþiÞ;

jZ½D�
s D̄��

cs i ¼ 1ffiffiffi
2

p ðjD�þ
s D�−i þ jD�−

s D�þiÞ;

jX½DsD̄s�i ¼ jDþ
s D−

s i;

jX½D�
s D̄s�i ¼ 1ffiffiffi

2
p ðjD�þ

s D−
s i þ jD�−

s Dþ
s iÞ;

jX½D�
s D̄�

s �i ¼ 1ffiffiffi
2

p ðjD�þ
s D�−

s i þ jD�−
s D�þ

s iÞ: ð1Þ

The effective couplings of the molecular states to their
components are in terms of the effective Lagrangians

L
Z½DsD�
cs

¼
g
Z½DsD̄�
csffiffiffi
2

p Z†
csDsD̄þ H:c:;

L
Z
½D�

sD
��

cs
¼ i

g
Z
½D�

s D̄
��

cs ffiffiffi
2

p εμναβ∂
μZ†ν

csD�α
s D̄�β þ H:c:;

LX½DsDs � ¼ gX½DsDs �X†DsD̄s;

LX½D�
sDs � ¼

gX½D�
sDs �ffiffiffi
2

p X†μD�
sμD̄s þ H:c:;

LX½D�
sD

�
s � ¼ i

gX½D�
sD

�
s �ffiffiffi

2
p εμναβ∂

μX†νD�α
s D̄�β

s ; ð2Þ

where the involved effective coupling constants will be
discussed later.
We utilize the naive factorization approach to estimate

the decay amplitudes of B → Dð�Þ
s D̄ð�Þ and Bs → Dð�Þ

s D̄ð�Þ
s .

By applying the effective Hamiltonian at the quark level to
the hadron states, we can obtain the parametrized hadronic
matrix elements, which are [66,67]

h0jJμjPðp1Þi ¼ −ifpp1μ;

h0jJμjVðp1; ϵÞi ¼ fVϵμmV;

hPðp2ÞjJμjBðsÞðpÞi ¼
�
Pμ −

m2
BðsÞ −m2

P

q2
qμ

�
F1ðq2Þ þ

m2
BðsÞ −m2

P

q2
qμF0ðq2Þ;

hVðp2; ϵÞjJμjBðsÞðpÞi ¼
iϵν

mBðsÞ þmV

�
iεμναβPαqβAVðq2Þ þ ðmBðsÞ þmVÞ2gμνA1ðq2Þ − PμPνA2ðq2Þ

− 2mVðmBðsÞ þmVÞ
Pνqμ
q2

½A3ðq2Þ − A0ðq2Þ�
�
; ð3Þ

with Jμ ¼ q̄1γμð1 − γ5Þq2, Pμ ¼ ðpþ p2Þμ, and
qμ ¼ ðp − p2Þμ. The form factor A3ðq2Þ, which is the
linear combination of A1ðq2Þ and A2ðq2Þ, is given as [66]

A3ðq2Þ ¼
mBðsÞ þmV

2mV
A1ðq2Þ −

mBðsÞ −mV

2mV
A2ðq2Þ: ð4Þ

With Eq. (3), the amplitudes of B0
s → Dð�Þþ

s Dð�Þ−
s and

Bþ → Dð�Þþ
s D̄ð�Þ0 are written as

MðB0
s → Dþ

s D−
s Þ≡ABs→DsD̄sðp1; p2Þ;

MðB0
s → Dþ

s D�−
s Þ≡ABs→DsD̄�

s
ν ðp1; p2Þϵνðp2Þ;

MðB0
s → D�þ

s D−
s Þ≡ABs→D�

s D̄s
ν ðp1; p2Þϵνðp1Þ;

MðB0
s → D�þ

s D�−
s Þ≡ABs→D�

s D̄�
s

μν ðp1; p2Þϵμðp1Þϵνðp2Þ;
MðBþ → Dþ

s D̄0Þ≡AB→DsD̄ðp1; p2Þ;
MðBþ → D�þ

s D̄0Þ≡AB→D�
s D̄

μ ðp1; p2Þϵμðp1Þ;
MðBþ → Dþ

s D̄�0Þ≡AB→DsD̄�
ν ðp1; p2Þϵνðp2Þ;

MðBþ → D�þ
s D̄�0Þ≡AB→D�

s D̄�
μν ðp1; p2Þϵμðp1Þϵνðp2Þ: ð5Þ

(a) (b) (c)

FIG. 1. Diagrams contributing to Bs → K þ Zcs. The diagram

(a) corresponds to Bs → K þ Z½DsD̄�
cs , and the diagrams (b) and

(c) correspond to Bs → K þ Z½D�
s D̄��

cs .

TABLE II. Loops contributing to B → ϕþ Z½DsD̄�
cs ,

B → ϕþ Z½D�
s D̄��

cs , B → K þ X½Dð�Þ
s D̄ð�Þ

s � and Bs → ϕþ X½Dð�Þ
s D̄ð�Þ

s �.

Process Loops

B → ϕþ Z½DsD̄�
cs

Dþ
s D̄0Dþ

s , D�þ
s D̄0Dþ

s

B → ϕþ Z½D�
s D̄��

cs Dþ
s D̄�0D�þ

s , D�þ
s D̄�0D�þ

s

B → K þ X½DsD̄s� D̄�0Dþ
s D−

s

B → K þ X½DsD̄�
s � D̄�0D�þ

s D−
s , D̄0Dþ

s D�−
s , D̄�0Dþ

s D�−
s

B → K þ X½D�
s D̄�

s � D̄0D�þ
s D�−

s , D̄�0D�þ
s D�−

s

Bs → ϕþ X½DsD̄s� Dþ
s D−

s Dþ
s , D�þ

s D−
s Dþ

s

Bs → ϕþ X½DsD̄�
s � Dþ

s D�−
s Dþ

s , D�þ
s D�−

s Dþ
s

Dþ
s D−

s D�þ
s , D�þ

s D−
s D�þ

s

Bs → ϕþ X½D�
s D̄�

s � Dþ
s D�−

s D�þ
s , D�þ

s D�−
s D�þ

s
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Here, the expressions of Aðp1; p2Þ, Aνðp1; p2Þ, and Aμνðp1; p2Þ are collected in Appendix A.
For the couplings of the Dð�Þ

s Dð�ÞK and Dð�Þ
s Dð�Þ

s ϕ, one can construct the Lagrangians relevant to the light vector and
pseudoscalar mesons based on the heavy quark limit and chiral symmetry [68–70], which are

L¼ −igD�DPðD†
i ∂μPijD

�μ
j −D�μ†

i ∂μPijDjÞ þ
1

2
gD�D�PεμναβD

�μ†
i ∂

νPij ∂
↔α

D�β
j − igDDVD

†
i ∂
↔

μDjðVμÞij − 2fD�DVϵμναβð∂μVνÞij

× ðD†
i ∂
↔α

D�βj −D�β†
i ∂

↔α
DjÞ þ igD�D�VD

�ν†
i ∂

↔

μD
�j
ν ðVμÞij þ 4ifD�D�VD

�†
iμ ð∂μVν − ∂

νVμÞijD�j
ν þH:c:; ð6Þ

where the Dð�Þ ¼ ðDð�Þ0; Dð�Þþ; Dð�Þþ
s Þ is the charmed meson triplets, P and V are 3 × 3 matrix forms of the pseudoscalar

and vector mesons, and their concrete forms are

P ¼

0
BB@

π0ffiffi
2

p þ αηþ βη0 πþ Kþ

π− − π0ffiffi
2

p þ αηþ βη0 K0

K− K̄0 γηþ δη0

1
CCA;

V ¼

0
BB@

ρ0ffiffi
2

p þ ωffiffi
2

p ρþ K�þ

ρ− − ρ0ffiffi
2

p þ ωffiffi
2

p K�0

K�− K̄�0 ϕ

1
CCA; ð7Þ

where the parameters α and β related to the mixing angle are defined as

α ¼ cos θ −
ffiffiffi
2

p
sin θffiffiffi

6
p ; β ¼ sin θ þ ffiffiffi

2
p

cos θffiffiffi
6

p ;

γ ¼ −2 cos θ −
ffiffiffi
2

p
sin θffiffiffi

6
p ; δ ¼ −2 sin θ þ ffiffiffi

2
p

cos θffiffiffi
6

p ; ð8Þ

with the mixing angle θ ¼ −19.1° [71,72].

B. Decay amplitude

Using the effective Lagrangians in Eq. (6), the amplitudes for B0
s → KþZcs corresponding to the diagrams in Fig. 1 are

obtained as

Ma ¼ i3
Z

d4q
ð2πÞ4A

Bs→D�
s D̄s

μ ðp1; p2Þ½gD�
sDKp3ν�

�g
Z½DsD̄�
csffiffiffi
2

p
�
−gμν þ pμ

1p
ν
1=m

2
1

p2
1 −m2

1

1

p2
2 −m2

2

F ðq2; m2
qÞ

q2 −m2
q

;

Mb ¼ i3
Z

d4q
ð2πÞ4A

Bs→DsD̄�
s

μ ðp1; p2Þ½−gDsD�Kp3ν�
�
−
g
Z
½D�

s D̄
��

cs ffiffiffi
2

p ερσαβp
ρ
4ϵ

σ
Zcs

�
1

p2
1 −m2

1

−gμα þ pμ
2p

α
2=m

2
2

p2
2 −m2

2

−gνβ þ qνqβ=m2
q

q2 −m2
q

F ðq2; m2
qÞ;

Mc ¼ i3
Z

d4q
ð2πÞ4A

Bs→D�
s D̄�

s
μν ðp1; p2Þ

�
−
1

2
gD�

sD�Kερτκξpτ
3ðp1 þ qÞκ

��
−
g
Z
½D�

s D̄
��

cs ffiffiffi
2

p εωσαβpω
4 ϵ

σ
Zcs

�
−gμξ þ pμ

1p
ξ
1=m

2
1

p2
1 −m2

1

−gνα þ pν
2p

α
2=m

2
2

p2
2 −m2

2

−gρβ þ qρqβ=m2
q

q2 −m2
q

F ðq2; m2
qÞ: ð9Þ

The rest of the amplitudes corresponding to the loop diagrams in Table II can be found in Appendix B. It should be noted
that Mb is proportional to ϵσp3p4qεZcs

σ ; thus, it becomes zero after we perform the integral over q. Similarly, the

corresponding amplitudes for the loop D�þ
s D̄0Dþ

s in B → ϕþ Z½DsD̄�
cs , D̄�0Dþ

s D�−
s in B → K þ X½DsD̄�

s �, D̄0D�þ
s D�−

s in
B → K þ X½D�

s D̄�
s �, and D�þ

s D−
s Dþ

s in Bs → ϕþ X½DsD̄s� also vanish after performing the loop integrals.
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In the amplitudes shown in Eq. (9), a form factor
F ðq2; m2Þ in monopole form is introduced to represent
the off-shell effect of the exchanging charmed or charm-
strange mesons and to avoid the ultraviolet divergences in
the loop integrals. Its concrete form is

F ðq2; m2Þ ¼ m2 − Λ2

q2 − Λ2
; ð10Þ

where Λ ¼ mþ αΛQCD [70] with ΛQCD ¼ 220 MeV.
Empirically, the model parameter α should be of the order
of unity [73–76], but its accurate value cannot be deter-
mined by the first principle methods. In practice, we
usually check the rationality of the model parameter by
comparing our estimations with the corresponding exper-
imental measurements.
With the amplitudes above, the partial width of Bs →

KZcs could be estimated by

ΓBs
¼ 1

8π

jp⃗j
m2

Bs

jMBs→KZcs
j2; ð11Þ

where the factor 1=ð8πÞ results from the average of Bs spins
and the integration of the phase space, p⃗ is the momentum
of Zcs orK in the rest frame of Bs, andmBs

is the mass of Bs

meson. The overline indicates the sum over the spins of the
final states.

III. NUMERICAL RESULTS AND DISCUSSION

A. Coupling constants

For a shallow bound state, the effective coupling of this
state to the two-body channel is related to the probability of
finding the two-hadron component in the physical wave
function of the bound states, and the effective coupling
constant can be determined by [77,78]

g2eff ≡ 16πðm1 þm2Þ2λ2
ffiffiffiffiffiffiffiffiffiffi
2ΔE
μ

s
; ð12Þ

where ΔE ¼ m1 þm2 −M denotes the binding energy,
μ ¼ m1m2=ðm1 þm2Þ is the reduced mass, and λ2 gives
the probability to find the molecular state in the physical
states. In the present molecular scenario, λ ¼ 1=

ffiffiffi
2

p
for

DsD̄, D�
sD̄�, D�

sD̄s, and D�
sD̄�

s system, while λ ¼ 1 for
DsD̄s system.
In the nonrelativistic limit, the effective Lagrangian of

Z½D�
sD��

cs and its components should be

L
Z
½D�

s D̄
��

cs
¼ i

g
Z
½D�

s D̄
��

cs ffiffiffi
2

p mZcs
εijkZ

†i
csD

�j
s D̄�k þ H:c: ð13Þ

In this case, the Eq. (12) should be written as

g2
Z
½D�

s D̄
��

cs

≡ 16π
ðm1 þm2Þ2

m2
Zcs

λ2

ffiffiffiffiffiffiffiffiffiffi
2ΔE
μ

s
: ð14Þ

The couplings of X½D�
s D̄�

s � are similar to that of Z½D�
sD��

cs . We

list the coupling constants of Z½Dð�Þ
s D̄ð�Þ�

cs and X½Dð�Þ
s D̄ð�Þ

s � with
their components in terms of the binding energy ΔE in
Table III.
In view of the heavy quark limit and chiral symmetry, the

coupling constants in Eq. (6) satisfy [68,70]

gDDV ¼ gD�D�V ¼ βgVffiffiffi
2

p ; fD�DV ¼ fD�D�V

mD�
¼ λgVffiffiffi

2
p ;

gD�DP ¼ 2g
fπ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mDmD�

p
; gD�D�P ¼ gD�DPffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mDmD�
p ; ð15Þ

where β ¼ 0.9 and gV ¼ mρ=fπ with fπ ¼ 132 MeV [68].
The parameters λ ¼ 0.56 GeV−1 and g ¼ 0.59 [79], which
are estimated by matching the form factor obtained from
the light-cone sum rule with that calculated from lat-
tice QCD.
As for the form factors in the decay amplitudes of B →

Dð�Þ
s D̄ð�Þ and Bs → Dð�Þ

s D̄ð�Þ
s , they are usually estimated in

the quark model and only known in the spacelike regions
[66]. One can analytically extend them to the timelike

region. In Refs. [66,67], the form factor for BðsÞ → Dð�Þ
ðsÞ is

parametrized as

FðQ2Þ ¼ Fð0Þ
1 − aζ þ bζ2

ð16Þ

with ζ ¼ Q2=m2
Bs
. In Table IV, the parameters Fð0Þ, a, and

b for BðsÞ → Dð�Þ
ðsÞ are collected.1

TABLE III. The coupling constants of Z½Dð�Þ
s D̄ð�Þ�

cs and X½Dð�Þ
s D̄ð�Þ

s �
with their components in terms of ΔE.

Molecular DsD̄ D�
sD̄� DsD̄s DsD̄�

s D�
sD̄�

s

ΔE ¼ 10 MeV 7.31 1.88 10.5 7.66 1.86
ΔE ¼ 30 MeV 9.61 2.48 13.9 10.1 2.47
ΔE ¼ 50 MeV 10.9 2.83 15.8 11.5 2.81

1In Ref. [67], the transition matrix elements of Bs → P=V
are presented in a different expression, hPðp2ÞjJμjBsðpÞi ¼
Fþðq2ÞPμ þ F−ðq2Þqμ; hVðp2; ϵÞjJμjBðsÞðpÞi ¼ ϵν

mþm2
½−gμνP ·

qA0ðq2Þ þ PμPνAþ ðq2Þ þ qμPνðq2Þ þ iεμναβPαqβVðq2Þ�;
which are identical with the expression in Eq. (3). By comparing the
paramatrizaiton above with that in Eq. (3), one can find the form
factors have the following relation: F1ðq2Þ¼Fþðq2Þ;F0ðq2Þ¼

q2

m2
Bs
−m2

P
F−ðq2ÞþFþðq2Þ;AVðq2Þ¼−iVðq2Þ;A2ðq2Þ¼ iAþðq2Þ;

A1ðq2Þ¼ iP·q
ðmBsþmV Þ2A0ðq2Þ;A3ðq2Þ−A0ðq2Þ¼ iq2

2mV ðmBsþmV ÞA−ðq2Þ:
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To avoid ultraviolet divergence in the loop integrals and
evaluate the loop integrals with Feynman parametrization
methods, we further parametrize the form factors in the
form

FðQ2Þ ¼ Fð0Þ Λ2
1

Q2 − Λ2
1

Λ2
2

Q2 − Λ2
2

; ð17Þ

where the values of Λ1 and Λ2 are obtained by fitting
Eq. (16) with Eq. (17) and the resultant values are list in
Table V.

B. Branching ratios

In our previous work [65], we take α ¼ 1 ∼ 3 to estimate
the branching fractions of the processes B0

s →
K−Zþ

csð3985Þ and Bþ → ϕZþ
csð3985Þ, and the results are

comparable with the measurements from the LHCb
Collaboration. In this work, we first take α ¼ 2 to estimate

the productions of Z½Dð�Þ
s Dð�Þ�

cs and XDð�Þ
s D̄ð�Þ

s in B=Bs decays. In
the left panels of Figs. 2 and 3, we present the branching

fractions of Bþ → ϕZ½Dð�Þ
s D̄ð�Þ�

cs , Bþ → KþX½Dð�Þ
s D̄ð�Þ

s �,

B0
s → K−Z½Dð�Þ

s D̄ð�Þ�
cs , and B0

s → ϕX½Dð�Þ
s D̄ð�Þ

s � in terms of the
binding energy when α ¼ 2. From Eq. (12), one can
find the effective coupling constant is proportional to
ðΔEÞ1=4; thus, when ΔE ¼ 0, the effective coupling con-

stants geff ¼ 0, and then the branching fraction of B →

ϕZ½Dð�Þ
s D̄ð�Þ�

cs =KX½Dð�Þ
s D̄ð�Þ

s � and Bs → KZ½Dð�Þ
s D̄ð�Þ�

cs =ϕX½Dð�Þ
s D̄ð�Þ

s �
are also zero. With the increasing of the binding energy,
the branching fractions increase quickly below ΔE ¼
5 MeV and then become weakly dependent on the binding
energy. When ΔE is greater than 5 MeV, the magnitudes of
branching fractions are of the order of 10−4, which are at
the same order as the branching fractions of B0

s →
K−Zþ

csð3985Þ and Bþ → ϕZþ
csð3985Þ estimated in our

previous work [65]. Considering the observations of
Zcsð4000Þ in the decay Bþ → J=ψϕKþ, the observations
of other hidden-charm molecular states in the B and Bs
decays should be possible at Belle II and LHCb.
Our estimations indicate that the ΔE dependences of the

relevant branching fractions are very similar. Thus, the

FIG. 2. Branching fractions of Bþ → ϕZ½Dð�Þ
s D̄ð�Þ�

cs and Bþ →

KþX½Dð�Þ
s D̄ð�Þ

s � (left panel) and their ratios (right panel) depending
on the binding energy when α ¼ 2.

TABLE IV. The values of the parameters Fð0Þ, a, and b in the

form factors for B → Dð�Þ [66] and Bs → Dð�Þ
s [67].

F Fð0Þ a b F Fð0Þ a b

F0 0.67 0.65 0.00 F1 0.67 1.25 0.39
AV 0.75 1.29 0.45 A0 0.64 1.30 0.31
A1 0.63 0.65 0.02 A2 0.61 1.14 0.52
Fþ 0.770 0.837 0.077 F− −0.355 0.855 0.083
Aþ 0.630 0.972 −0.092 A− −0.756 1.001 0.116
A0 1.564 0.442 −0.178 V 0.743 1.010 0.118

FIG. 3. Branching fractions of B0
s → K−Z½Dð�Þ

s D̄ð�Þ�
cs and B0

s →

ϕX½Dð�Þ
s D̄ð�Þ

s � (left panel) and their ratios (right panel) depending on
the binding energy when α ¼ 2.

TABLE V. Values of the parameters Λ1 and Λ2 obtained by
fitting Eq. (16) with Eq. (17).

Process Parameter AV A0 A1 A2 F0 F1

B → Dð�Þ Λ1 6.32 5.32 7.83 7.35 7.75 6.53
Λ2 7.00 9.41 10.99 7.35 11.00 6.84

Process Parameter Aþ A− A0 V Fþ F1

Bs → Dð�Þ
s

Λ1 5.48 5.77 9.75 5.74 6.30 6.25
Λ2 18.00 14.63 11.00 14.61 15.92 15.58
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ratios of these branching fractions are expected to be
weakly dependent on the binding energy. Here, we can
categorize the production processes according to two
different criterions. First, we can categorize these produc-
tion processes into four groups by the initial meson and
final light meson, and we can define the ratios of the
branching fractions for different channels as

RB
1 ¼ B½B → ϕZ½D�

s D̄��
cs �

B½B → ϕZ½DsD̄�
cs �

;

RB
2 ¼ B½B → KX½D�

s D̄s��
B½B → KX½DsD̄s�� ;

RB
3 ¼ B½B → KX½D�

s D̄�
s ��

B½B → KX½DsD̄s�� ;

RBs
1 ¼ B½Bs → KZ½D�

s D̄��
cs �

B½Bs → KZ½DsD̄�
cs �

;

RBs
2 ¼ B½Bs → ϕX½D�

s D̄s��
B½Bs → ϕX½DsD̄s�� ;

RBs
3 ¼ B½Bs → ϕX½D�

s D̄�
s ��

B½Bs → ϕX½DsD̄s�� : ð18Þ

As shown in the right panels of Figs. 2 and 3, one can
find that these ratios are very weakly dependent on the
binding energy, which are consistent with our expectation.
From Fig. 2, one can find that RB

1 is greater than 1 and the
maximum of RB

1 is 2.49, which indicate the production rate

of ZD�
s D̄�

cs is a bit larger than the one of ZDsD̄
cs in the decay

B → ϕZ½Dð�Þ
s D̄ð�Þ�

cs . As for RB
2 , it is almost independent on the

binding energy, and its value is about 1, which indicates

that in the process B → KX½Dð�Þ
s D̄ð�Þ

s �, the production frac-
tions of X½D�

s D̄s� are comparable to X½DsD̄s�. Likewise, our
estimations also indicate that RB

3 is also greater than 1; thus,
the production rate of X½D�

s D̄�
s � is larger than X½DsD̄s� in the

process B → KX½Dð�Þ
s D̄ð�Þ

s �. In a very similar manner, one can
find that the ratio RBs

1 is a bit larger than 1 and its maximum

is 1.64, which indicate the production rates of Z½D�
s D̄��

cs are

similar to the that of Z½DsD̄�
cs in the process Bs → KZ½Dð�Þ

s D̄ð�Þ�
cs .

As for RBs
2 and RBs

3 , both of them are smaller
than 1; moreover, RBs

2 is greater than RBs
3 , which indicates

the branching fractions satisfy B½Bs → ϕX½D�
s D̄�

s �� <
B½Bs → ϕX½D�

s D̄s�� < B½Bs → ϕX½DsD̄s��.
We can also categorize the discussed processes into five

groups by the involved hidden-charm molecular states, and
the relevant ratios are defined as

rBs=B
1 ¼ B½Bs → KZ½DsD̄�

cs �
B½B → ϕZ½DsD̄�

cs �
;

rBs=B
2 ¼ B½Bs → KZ½D�

s D̄��
cs �

B½B → ϕZ½D�
s D̄��

cs �
;

rBs=B
3 ¼ B½Bs → ϕX½DsD̄s��

B½B → KX½DsD̄s�� ;

rBs=B
4 ¼ B½Bs → ϕX½D�

s D̄s��
B½B → KX½D�

s D̄s�� ;

rBs=B
5 ¼ B½Bs → ϕX½D�

s D̄�
s ��

B½B → KX½D�
s D̄�

s �� : ð19Þ

In Fig. 4, we plot the second type of the ratios defined in
Eq. (19) depending on the binding energy with α ¼ 2.
Similar to the first type of ratios shown in the right panels of
Figs. 2 and 3, the second ratios are also very weakly
dependent on the binding energy. In particular, the ratios
rBs=B
1 , rBs=B

2 , and rBs=B
5 are close to 1, which indicates the

production rates of ZDsD̄
cs , ZD�

s D̄�
cs , and XD�

s D̄�
s in B and Bs

decays are very similar. rBs=B
3 and rBs=B

4 are greater than 1,
which means the production rates of XDsD̄s and XD�

s D̄s in the
Bs decay are larger than that in the B decay, and these
hidden-charm molecular states may be observed in the Bs
decay processes.
As discussed in Ref. [65], when we take the model

parameter α ¼ 1 ∼ 3, the estimated branching fraction of
Bþ → J=ψϕKþ is comparable with the experimental
measurement. In the above estimations, we mainly focus
on the binding energy dependences of the branching
fractions, and in the following, we further discuss the
model parameter dependence of the branching fractions. In
Table VI, we list the predicted branching ratios (in units of
10−4) with α ¼ 1, 2, 3 and ΔE ¼ 10, 30, 50 MeV,
respectively. From the Table, one can find that the branch-
ing fractions are also weakly dependent on the model

FIG. 4. The ratios defined in Eq. (19) when α ¼ 2.
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parameter α when we fix the binding energy, and most of
the estimated branching fractions of the considered proc-
esses are of the order of 10−4. As shown in Figs. 2 and 3,
the binding energy dependences of the branching fractions
are rather weak when ΔE > 5 MeV; thus, we can fix ΔE to
discuss the α dependences of the branching fractions. For
example, when we take ΔE ¼ 30 MeV, we can obtain the
ratios

B½B → KX½DsD̄s��∶B½B → KX½D�
s D̄s��∶B½B → KX½D�

s D̄�
s ��

¼ 1.09þ1.37
−1.02∶1∶2.26

þ1.91
−1.87 ;

B½Bs → ϕX½DsD̄s��∶B½Bs → ϕX½D�
s D̄s��∶B½Bs → ϕX½D�

s D̄�
s ��

¼ 1.39þ1.55
−1.15∶1∶0.77

þ1.08
−0.71 ; ð20Þ

where the center value is estimated by taking α ¼ 2 and the
uncertainties result from variation of model parameter α
from 1 to 3. Moreover, combining with the results in
Ref. [65], one can conclude

B½B → ϕZ½DsD̄�
cs �∶B½B → ϕZ½D�

s D̄�
cs �∶B½B → ϕZ½D�

s D̄��
cs �

¼ 3.11þ1.88
−1.92∶1∶6.28

þ6.24
−4.59 ;

B½Bs → KZ½DsD̄�
cs �∶B½Bs → KZ½D�

s D̄�
cs �∶B½Bs → KZ½D�

s D̄��
cs �

¼ 0.66þ0.36
−0.44∶1∶0.93

þ0.82
−0.69 : ð21Þ

All the above relations could be tested by future experi-
ments at Belle II and LHCb, which can help us to better
understand the hidden-charm molecular states with strange
quarks.

IV. CONCLUSIONS

In the present work, we perform a systematical inves-
tigation of the production of hidden-charm tetraquarks with
strange quarks in the Bs and B meson decays. The present
estimations indicate that the branching fractions of the

relevant processes are of the order of 10−4, which are at the
same order of the branching ratios of B0

s → K−Zþ
csð3985Þ

and Bþ → ϕZþ
csð3985Þ estimated in our previous

work [65]. Considering the observation of Zcsð3985Þ in
the process Bþ → J=ψϕKþ, one can conclude that the
observations of the discussed hidden-charm molecular
states with strange quarks in the B and Bs decays should
be possible at Belle II and LHCb.
In addition, our estimations indicate the binding energy

ΔE and model parameter α dependences of the branching
fractions are very similar; thus, one can expect the ratios of
the branching fractions should be weakly dependent on the
model parameter and binding energy. According to the
values of the relative ratios, we propose the promising
channels of searching these hidden-charm molecular
states with strange quarks; for example, the process
Bs → ϕX½DsD̄s� should be more suitable for observing the
X½DsD̄s� than the process B → KX½DsD̄s�. Moreover, we also
predict the ratios of the branching fractions of B → KX and

Bs → ϕX for each X½Dð�Þ
s D̄ð�Þ

s �,= and the ratios of the
branching fractions of B → ϕZcs and Bs → KZcs for each

Z½Dð�Þ
s D̄ð�Þ�

cs , which could be tested by future experimental
measurements at Belle II and LHCb.
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TABLE VI. Predicted branching ratios (in units of 10−4) when we take α ¼ 1, 2, 3 and ΔE ¼ 10, 30, 50 MeV.

Process B → ϕZ½DsD̄�
cs B → ϕZ½D�

s D̄��
cs B → KX½DsD̄s� B → KX½D�

s D̄s� B → KX½D�
s D̄�

s �

Parameter α ¼ 1 α ¼ 2 α ¼ 3 α ¼ 1 α ¼ 2 α ¼ 3 α ¼ 1 α ¼ 2 α ¼ 3 α ¼ 1 α ¼ 2 α ¼ 3 α ¼ 1 α ¼ 2 α ¼ 3

ΔE ¼ 10 0.50 1.01 1.44 0.55 1.54 2.89 0.33 1.06 2.12 0.41 1.00 1.64 1.21 2.44 3.50
ΔE ¼ 30 0.67 1.46 2.17 0.98 2.95 5.68 0.51 1.73 3.55 0.61 1.59 2.68 1.63 3.60 5.37
ΔE ¼ 50 0.73 1.70 2.59 1.34 4.23 8.27 0.62 2.18 4.53 0.73 1.97 3.38 1.82 4.23 6.47

Process Bs → KZ½DsD̄�
cs Bs → KZ½D�

s D̄��
cs Bs → ϕX½DsD̄s� Bs → ϕX½D�

s D̄s� Bs → ϕX½D�
s D̄�

s �

Parameter α ¼ 1 α ¼ 2 α ¼ 3 α ¼ 1 α ¼ 2 α ¼ 3 α ¼ 1 α ¼ 2 α ¼ 3 α ¼ 1 α ¼ 2 α ¼ 3 α ¼ 1 α ¼ 2 α ¼ 3

ΔE ¼ 10 0.50 1.00 1.43 0.48 1.20 2.12 2.31 4.62 6.60 1.34 2.85 5.21 0.61 1.90 3.73
ΔE ¼ 30 0.62 1.36 2.03 0.72 1.93 3.56 3.06 6.68 9.91 1.83 4.79 9.57 1.13 3.67 7.32
ΔE ¼ 50 0.65 1.50 2.30 0.87 2.47 4.65 3.37 7.76 11.8 2.15 6.35 13.3 1.58 5.28 10.6
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APPENDIX A: THE EXPRESSIONS OF Aðp1; p2Þ, Aνðp1; p2Þ, AND Aμνðp1; p2Þ
Here, we collect all the functions used in Eq. (5), which are

ABs→DsD̄sðp1; p2Þ ¼ −
iGFffiffiffi
2

p VcbV�
csa1fDs

ðm2
Bs
−m2

Ds
ÞFBsDs

0 ðp2
1Þ;

ABs→D�
s D̄sðp1; p2Þ ¼

2GFffiffiffi
2

p VcbV�
csa1fD�

s
mD�

s
p2μF

BsDs
1 ðp2

1Þ;

ABs→DsD̄�
s

ν ðp1; p2Þ ¼
GFffiffiffi
2

p VcbV�
csa1fDs

1

mBs
þmD�

s

fðmBs
þmD�

s
Þ2gμνpμ

1A
BsD�

s
1 ðp2

1Þ − ðp1 þ 2p2Þμðp1 þ 2p2Þνpμ
1A

BsD�
s

2 ðp2
1Þ

− 2mD�
s
ðmBs

þmD�
s
Þðp1 þ 2p2ÞνðABsD�

s
3 ðp2

1Þ − ABsD�
s

0 ðp2
1ÞÞg;

ABs→D�
sD̄�

s
μν ðp1; p2Þ ¼

GFffiffiffi
2

p VcbV�
csa1fD�

s
mD�

s

i
mBs

þmD�
s

fiεμναβðp1 þ 2p2Þαpβ
1A

BsD�
s

V ðp2
1Þ þ ðmBs

þmD�
s
Þ2gμνABsD�

s
1 ðp2

1Þ

− ðp1 þ 2p2Þμðp1 þ 2p2ÞνABsD�
s

2 ðp2
1Þg;

AB→DsD̄ðp1; p2Þ ¼ −
iGFffiffiffi
2

p VcbV�
csa1fDs

ðm2
B −m2

DÞFBD
0 ðp2

1Þ;

AB→D�
s D̄

μ ðp1; p2Þ ¼
2GFffiffiffi

2
p VcbV�

csa1fD�
s
mD�

s
p2μFBD

1 ðp2
1Þ;

AB→DsD̄�
ν ðp1; p2Þ ¼

GFffiffiffi
2

p VcbV�
csa1fDs

1

mB þmD�
fðmB þmD� Þ2gμνpμ

1A
BD�
1 ðp2

1Þ − ðp1 þ 2p2Þμðp1 þ 2p2Þνpμ
1A

BD�
2 ðp2

1Þ

− 2mD�ðmB þmD�Þðp1 þ 2p2ÞνðABD�
3 ðp2

1Þ − ABD�
0 ðp2

1ÞÞg;

AB→D�
sD̄�

μν ðp1; p2Þ ¼ i
GFffiffiffi
2

p VcbV�
csa1fD�

s

mD�
s

mBs
þmD�

fiεμναβðp1 þ 2p2Þαpβ
1A

BD�
V ðp2

1Þ þ ðmB þmD� Þ2gμνABD�
1 ðp2

1Þ

− ðp1 þ 2p2Þμðp1 þ 2p2ÞνABD�
2 ðp2

1Þg:

APPENDIX B: DECAY AMPLITUDE

The amplitudes corresponding to the loop diagrams contributing to process B → ϕþ Zcs are

MDþ
s D̄0Dþ

s
¼ i3

Z
d4q
ð2πÞ4 A

B→DsD̄ðp1; p2Þð−gDsDsϕðp1ρ þ qρÞϵρϕÞ
�g

ZðDsD̄Þ
csffiffiffi
2

p
�

1

p2
1 −m2

1

1

p2
2 −m2

2

1

q2 −m2
q
F ðq2; m2

qÞ;

MD�þ
s D̄0Dþ

s
¼ i3

Z
d4q
ð2πÞ4 A

B→D�
s D̄

μ ðp1; p2Þð−2fDsD�
sϕερτδξp

ρ
3ϵ

τ
ϕðpδ

1 þ qδÞÞ
�g

ZðDsD̄Þ
csffiffiffi
2

p
�
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The amplitudes corresponding to the loop diagrams contributing to process B → K þ X are
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The amplitudes corresponding to the loop diagrams contributing to process B0
s → ϕþ X are
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